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Abstract

In this paper, we propose an extremely efficient, training-
free method to extract token-level reward signals directly
from an existing deep reward model. Our core idea is to
attribute the overall process reward to individual tokens by
estimating each token’s influence. This influence is defined
as the change in the final macroscopic reward (e.g., the pro-
cess reward) when a token is replaced with a semantically
null token. Naively calculating this influence is compu-
tationally infeasible, requiring N forward passes through
the PRM for an N -token sequence. We overcome this bot-
tleneck by proposing a highly efficient gradient-based es-
timator. Specifically, we use a first-order Taylor approxi-
mation, which simplifies the influence calculation to the in-
ner product of the difference between the token embedding
and the null token embedding, and the gradient of the re-
ward with respect to the token embedding. This requires
only a single forward and backward pass. The resulting
token-level rewards enable standard RL algorithms to per-
form precise credit assignment without requiring additional
reward model training. Experiments on challenging rea-
soning benchmarks demonstrate that our method substan-
tially improves policy optimization efficiency and enhances
the generalization of LLM reasoning capabilities. Our
P2T outperforms the outcome reward by +4.9% on Math-
Vista for Qwen2.5-VL-7B-Instruct, and +11.5% on AIME24
for Qwen2.5-Math-7B. The code is available at: https:
//github.com/JIA-Lab-research/P2T.

1. Introduction
Reinforcement Fine-Tuning (RFT) has become a corner-
stone paradigm for advancing the reasoning capabilities of
Large Models [9, 14, 17, 39, 45]. The two most preva-
lent forms of supervision signals are the Outcome Reward
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(based on the final answer’s correctness) and the Process
Reward. The latter typically requires training a dedicated
Process Reward Model (PRM) to evaluate the quality of in-
dividual steps within a reasoning trajectory. However, both
outcome and process rewards ultimately share the limitation
of coarse-grained supervision. Even PRM step-level scores
remain ambiguous across the hundreds or thousands of to-
kens in a single step.

In parallel, recent work attempts to decompose coarse
rewards into fine-grained, token-level supervision. Exist-
ing methods fall into two categories: The first involves
training a dedicated token-level reward model, often rely-
ing on weakly- or unsupervised methods [8, 36] to generate
synthetic labels. However, this approach incurs substantial
training costs while yielding reward models of uncertain re-
liability due to the high noise and low fidelity of the pseudo-
labels. The second avenue employs cheap, heuristic proxy
metrics, such as token entropy [1], as substitutes for true
rewards. While computationally inexpensive, these proxies
fundamentally lack semantic alignment with the actual to-
ken quality; they serve as mere heuristics only loosely cor-
related with a token’s contribution to the final reward, rather
than principled reward estimators. Consequently, current
token-level supervision is caught in a dilemma: either in-
cur heavy costs for uncertain models or compromise opti-
mization fidelity with inaccurate proxy signals. Crucially,
training a truly fine-grained, token-level reward model is
infeasible due to the prohibitive expense of acquiring large-
scale human annotations. A critical open question emerges:
How can we devise a method for token-level reward esti-
mation that is simultaneously cost-effective, principled, and
robust?

In this paper, we propose a principled, efficient, and ro-
bust solution, termed process-to-token (P2T) reward attri-
bution. P2T directly decomposes the reward from any dif-
ferentiable coarse-grained reward model (like a PRM) into
accurate token-level rewards. Our core idea is to attribute
the influence of each token on the coarse-grained reward.
Specifically, a token’s influence is defined as the change in
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the overall process reward if that token were replaced with
a non-informative “null” token. However, a naive imple-
mentation of this approach would require N separate PRM
inferences (one per token) for an N -token sequence, ren-
dering it computationally expensive. To achieve efficient
computation, we propose an approximation solver. This es-
timator allows us to obtain the token-level influence score
for all tokens in the entire process simultaneously with only
a single forward and backward pass. Conclusively, the con-
tribution of any token to the whole process is approximated
using a first-order Taylor expansion: the inner product be-
tween (a) the gradient of the process reward with respect to
the token’s embedding, and (b) the difference between the
null token embedding and the token’s original embedding.
Subsequently, we normalize the calculated token influences
and use them as weights to redistribute the coarse-grained
process reward, yielding the final token-level reward for
each token.

Our method offers three key advantages: (1) Training-
free. It builds on the powerful PRM while eliminating the
significant cost of training dedicated token reward models.
(2) High fidelity. The resulting token rewards are attributed
based on reliable PRM outputs, significantly outperform-
ing proxy metrics in both interpretability and accuracy. (3)
Scalable efficiency. The gradient-based approximation en-
ables the efficiency of our attribution computation. Ex-
tensive experiments demonstrate that our P2T significantly
improves policy optimization stability and final reasoning
accuracy across various benchmarks, outperforming both
proxy-based and trainable token reward baselines. For ex-
ample, P2T outperforms the outcome reward by +4.9%
and +5.6% on MathVista for Qwen2.5-VL-7B-Instruct and
LLaVA-CoT-11B, respectively. For text-only LLMs, P2T
still exhibits strong advantages of +11.5% on AIME24 over
the outcome reward for Qwen2.5-Math-7B and +14.2% on
MinervaMath for DeepSeek-R1-Distill-Qwen-1.5B. In ad-
dition, P2T can accelerate training, achieving convergence
approximately 4× faster than the outcome reward counter-
part. Our contributions are threefold:
• We propose a novel and principled algorithm to con-

vert process-level rewards into token-level rewards in a
completely training-free manner, effectively bridging the
gap between coarse and fine-grained supervision for re-
inforcement learning.

• We propose a highly efficient approximation for token
contribution attribution, reducing the complexity from
O(N) to O(1), ensuring its practical application to large-
scale RL training.

• We empirically demonstrate that using the derived token-
level rewards for RL training leads to significant im-
provements in the reasoning performance of LLMs com-
pared to both sparse rewarding methods and other fine-
grained rewarding methods.

2. Related Work

Reinforcement fine-tuning (RFT) [43, 45] can substantially
enhance the performance of large models [4, 9, 14, 39, 48],
including their reasoning and generalization abilities [7].
The RFT paradigm generally relies on two key components.
The first is the reinforcement learning algorithm, which
uses these rewards to compute advantages and drive policy
updates, progressively refining the model’s parameters to
maximize expected performance under the given reward cri-
teria. The second is the reward function or model, respon-
sible for assessing the quality and alignment of the model’s
outputs and providing the scalar feedback that guides learn-
ing. Next, we introduce the specific designs of the reward
functions.
Outcome Reward. Initially, a series of works starting with
DeepSeek-R1 [14] leveraged the simplest form of reward
construction: a binary outcome reward that solely deter-
mines whether the model’s final output is correct. This out-
come reward paradigm has proven highly effective on nu-
merous reasoning tasks, such as code and mathematical rea-
soning [9, 19, 39, 47, 57, 59]. Recent work [23, 38, 52, 66]
involves using powerful Large Language Models (LLMs)
as reward models. These LLMs are instructed to score the
output of the model under training based on grammar, cor-
rectness relative to the truth, and preference. This score is
then used as the reward. The advantage of this technique
is its versatility, making it suitable for a wide range of un-
structured tasks. Furthermore, several open-source reward
models [30, 58], such as DeepSeek-GRM [30], are available
and can be employed for reward modeling across a broad
range of applications, including writing and mathematical
proof. However, outcome rewards suffer from a severe lim-
itation: reward sparsity. The vast majority of tokens and
intermediate reasoning steps generated by the model do not
receive customized reward signals. This often leads to train-
ing instability, where, for instance, incorrect early steps in
an otherwise correct reasoning trajectory might still be in-
advertently reinforced [49].

Process Reward. Due to the shortcomings of outcome re-
wards, research into process supervision [24, 26, 29, 31, 33,
37, 40, 44, 49, 51, 62], which provides a more fine-grained
reward signal than the outcome alone, has gained signifi-
cant attention. Training a Process Reward Model (PRM)
requires extensive annotation of fine-grained data. OpenAI
[27] utilized human labor to annotate a massive volume of
step-level preference data specifically in the mathematics
domain, which could then be used to train mathematics-
focused PRMs. Math-Shepherd [51] proposed an auto-
mated pipeline for efficiently annotating step-wise reward
data. Specifically, it generates multiple rollouts starting
from an arbitrary existing step, calculates the accuracy of
these rollouts, and uses this accuracy value as an effective
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proxy for the reward signal of that particular step. Some
open-source works [45], such as qwen2.5-math-PRM [65],
also provide options that can serve as PRMs for more gen-
eral scenarios. Some recent works [10, 28, 35, 53, 63] have
also explored constructing PRMs for multimodal settings.
VisualPRM [53], for instance, compiles 400K reward sam-
ples for vision-language PRM training and shows promising
results in both multimodal and text-only reward tasks. Sim-
ilarly, URSA [35] collects over one million vision-language
reward samples to train an 8B PRM, substantially boosting
the capabilities of math-oriented VLLMs. Although pro-
cess rewards are more fine-grained than outcome rewards,
they remain relatively coarse, as each step still encompasses
many tokens [60].

Token Reward. Constructing token-level rewards and ap-
propriately assigning them to individual tokens can signif-
icantly improve both training effectiveness and efficiency
[5, 8, 12, 20, 21, 36, 56]. PRIME [8] proposes using the dif-
ference in log probabilities between the reward model and
the reference model as the reward for each token. SPRO
[12] assigns each token a reward based on the difference
in log probabilities between the policy model and a refer-
ence model, without requiring any additional reward model.
OREAL [36] trains a token-level reward model by reusing
the policy network backbone to assign scalar scores to each
token, ensuring that the average token score matches the
trajectory’s final binary reward, and uses these scores to
reweight the policy loss during training. CAPO [56] con-
verts step-level rewards into token-level rewards by assign-
ing each token the reward of its corresponding step, using a
pre-existing LLM to identify incorrect reasoning steps and
applying a penalty to tokens within those steps, without re-
quiring a dedicated token-level reward model. TVM [21]
trains a token-level reward model, built on the LLM archi-
tecture with an added scalar head, to predict each token’s
probability of leading to a correct final answer, using sam-
pled reasoning paths and minimizing the MSE between pre-
dicted scores and the true probabilities. T-SPMO [20] as-
signs each token a reward equal to its expected incremen-
tal contribution given the preceding prefix, computed as the
difference between the average rewards of responses with
the prefix and those with the prefix followed by the token,
relying solely on binary outcome rewards without any addi-
tional model.

3. Method

In this section, we describe our approach to converting the
more macroscopic rewards provided by a Reward Model
into token-level rewards in an efficient, training-free man-
ner. The key idea is token attribution, that is, the marginal
effect of each token on the overall reward. Then we will
show how to estimate this using first-order gradient in-

formation, thereby enabling reinforcement fine-tuning with
token-level credit assignment.

3.1. Definition of Token Attribution Score
The output of the policy model is treated as a sequence of to-
kens Y = (y1, y2, . . . , yN ), where each token yi has an as-
sociated embedding vector ei ∈ Rd. These vectors form the
full sequence embedding E = [e1, e2, . . . , eN ]. A differ-
entiable reward model R(·) then computes a scalar reward
R(E) ∈ R for the entire sequence. We define the Token
Attribution Score Ii for a token yi as the precise differ-
ence in the total reward when its embedding ei is replaced
by a dedicated null token embedding e∅, without changing
the sequence length:

Ii = R(E)−R(Ei←∅), (1)

where Ei←∅ denote the modified sequence embedding
where the i-th token’s embedding ei is substituted by e∅,
R(E) is the original reward, and R(Ei←∅) is the new re-
ward after null-token replacement. This score provides a di-
rect, localized measure of the marginal importance of token
yi to the final sequence reward. A positive score (I > 0)
indicates that yi was a positive contributor to the sequence’s
high reward, as replacing it caused the reward to drop. Con-
versely, a negative score (I < 0) suggests yi was a detri-
mental contributor that lowered the overall reward, and a
score near zero signifies that yi has a negligible marginal
effect.

Choice of NULL Tokens. We select the Padding Token
(e.g., [PAD]) from the model’s existing vocabulary to serve
as the dedicated null token, e∅, for calculating the Token
Attribution Score Ii. This choice is highly motivated by
the padding token’s inherent design within standard Trans-
former architectures: it is explicitly engineered to lack prac-
tical semantic meaning and is used solely to maintain fixed
input lengths without contributing content, perfectly align-
ing with the requirement that e∅ represents a null input.
Furthermore, in many implementations, attention mecha-
nisms are configured to explicitly mask out the padding to-
ken, minimizing its interaction with other tokens in the se-
quence embedding E. By substituting the i-th token’s infor-
mative embedding ei with the padding token’s embedding
e∅, we leverage the model’s built-in mechanism to treat that
position as semantically inert, allowing the resulting attribu-
tion score, Ii = R(E)−R(Ei←∅), to precisely quantify the
reward loss incurred when the original token’s contribution
is replaced by a known non-contributory placeholder.

3.2. Efficient Approximation
While conceptually simple and direct, this substitution
method is computationally intensive, requiring N forward
passes through the reward model to compute all token
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scores for a sequence of length N , which motivates the
search for efficient gradient-based approximations.

We approximate it via a first-order Taylor expansion
around ei:

IGrad
i ≈ ∇eiR(E)⊤ (ei − e∅) . (2)

Here, ∇eiR(E) is the gradient of the reward with respect to
the embedding of token i. This approximation can be com-
puted efficiently in a single backward pass, since gradients
with respect to all token embeddings are obtained simulta-
neously. A positive value indicates that token yi contributes
positively to the reward, while a negative value suggests the
opposite.

3.3. Implementation Details
Next, we will introduce some application details: how to
calculate our P2T token reward in Sec.3.3.1, and how to
integrate it with popular RL algorithms in Sec.3.3.2.

3.3.1. P2T Token Reward Calculation
The attribution score Ii, derived from the aforementioned
vanilla gradient-based approximation or the integrated gra-
dient approximation, provides a fine-grained token influ-
ence score, but these scores are not directly used as rewards.
Instead, we normalize the calculated token influences and
use them as weights to redistribute the coarse-grained pro-
cess reward R, yielding the final token-level reward Ri for
each token yi:

RP2T
i = R+ ω ·R · exp(Ii)∑N

j=1 exp(Ij)
(3)

This normalization and redistribution strategy guarantees
that the sum of the token-level rewards exactly equals the
original sequence reward. This also ensures that the reward
R is fairly distributed according to the measured marginal
contribution of each token, allowing the policy to accurately
learn which specific actions (token generation) led to the
high or low coarse-grained reward.

It is worth noting that we do not entirely discard the
coarse-grained sequence Reward (R) in this framework. In
the calculation of our final token-level reward Ri, we intro-
duce the macro-level R as a baseline (the first term in the
equation), and the estimated token-level influence scores,
after normalization and exponentiation, are reweighted by a
factor ω and added to this baseline to yield the final token
reward Ri. The coarse-grained sequence reward R serves
as a baseline, providing a stable, minimum reward signal to
every token. This is crucial because the attribution scores
Ii, often derived from approximate gradient calculations,
can be inherently noisy or imprecise. Introducing R as the
baseline limits the disturbance that attribution errors can in-
troduce to the final reward, preventing the policy from fluc-
tuating too wildly or being dominated by a few noisy token
rewards during the learning phase.

3.3.2. GRPO with P2T Token Reward
The core step in applying token-level rewards to standard
reinforcement learning algorithms is correctly calculating
the advantage function at the token level. Taking GRPO
[45] as an example, it is designed to be value-function-free
and estimates the advantage by comparing the reward of a
generated response to the average reward of other responses
in the same group.

Ân =
Rout

n − mean({Rout})
std({Rout})

, (4)

where Rout
n is the outcome reward of n-th response. For

example, for math problems, it can be the correctness indi-
cator of the final answer (1 for correct and -1 for wrong).
When incorporating our P2T token-level rewards, the ad-
vantage will be

Ãn,i = Ân + α ·RP2T
n,i , (5)

where i is the token index, and RP2T
n,i denotes the P2T reward

for i-th token in n-th response. α is a weight to balance the
contribution of the original outcome-derived advantage and
our token-level guidance. By default, we set α = 0.1 for
short CoT models (such as Qwen2.5 series) and α = 1.0 for
long CoT models (such as DeepSeek-R1-Distill models).

4. Experiments
4.1. Settings
Baseline Models. We conduct RL training on various
multimodal and text-only models, encompassing a diverse
range of models from the Qwen and LLaMA series with
varying sizes (from 0.6B to 7B). For multimodal models, we
utilize Qwen2.5-VL-7B-Instruct [4] for its popularity and
strong performance. For text-only models, we consider both
base models after pre-training (Qwen2.5-Math [58]), and
instruction-tuned models from post-training with different
reasoning paradigms: CoT-style model LLaMA3.2-Instruct
[11]), LongCoT-style models (DeepSeek-R1-Distill-Qwen
[14], DeepScaleR-1.5B-Preview [34]), and hybrid-style
models (Qwen3 [59]).
Training Dataset. For multimodal LLMs, we employ a
mixture of two data sources: VerMulti-65K [41] and Vision-
R1-10K [18], ensuring a coverage of both general and math
multimodal tasks. For text-only LLMs, the training data
is specialized by different models and tasks. By default,
we use the MATH [16] dataset for mathematical training
and the LeetCodeDataset [55] for code generation tasks.
For recent models, like DeepScaleR-1.5B-Preview [34] and
Qwen3 [59], we utilize the more challenging DeepScaleR-
40K [34] as training data accordingly. For the Eurus-2-7B-
SFT [8] model, we adopt the Eurus-2-RL-Data [8] as its
training corpus, following prior works [8, 12] for a fair com-
parison.
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Table 1. Comparison of LLMs trained on math reasoning dataset using GRPO with outcome reward and our P2T token reward. The
advantages of the P2T token reward over the outcome reward are highlighted in red. For Qwen3 model, the results are reported in the
format: performance in “thinking mode” / “non-thinking mode”.

Model AIME24 AIME25 AMC23 MATH-500 MinervaMath Avg

Qwen2.5-Math-7B 13.2 9.8 40.0 53.6 17.2 26.8
+ GRPO (outcome reward) 28.8 14.1 67.3 81.8 36.1 45.6
+ GRPO (P2T token reward) 40.3 (+11.5) 20.0 (+5.9) 72.8 (+5.5) 84.5 (+2.7) 41.9 (+5.8) 51.9 (+6.3)

LLaMA3.2-3B-Instruct 3.3 0.2 22.5 48.0 16.5 18.1
+ GRPO (outcome reward) 13.3 1.5 27.5 56.8 20.2 23.9
+ GRPO (P2T token reward) 21.7 (+8.4) 10.8 (+9.3) 46.5 (+19.0) 62.6 (+5.8) 27.9 (+7.7) 33.9 (+10.0)

DeepSeek-R1-Distill-Qwen-1.5B 28.9 22.8 62.9 83.9 26.5 45.0
+ GRPO (outcome reward) 30.0 23.6 67.5 84.3 27.2 46.5
+ GRPO (P2T token reward) 37.8 (+7.8) 28.6 (+5.0) 76.5 (+9.0) 88.2 (+3.9) 41.4 (+14.2) 54.5 (+8.0)

Qwen3-1.7B 46.7 / 13.4 35.4 / 8.8 85.3 / 50.5 91.9 / 73.0 49.2 / 32.6 61.7 / 35.7
+ GRPO (outcome reward) 53.7 / 23.5 42.5 / 19.5 88.7 / 63.1 92.8 / 83.5 50.7 / 40.6 65.7 / 46.0

+ GRPO (P2T token reward)
59.0 / 31.9

(+5.3) / (+8.4)
47.0 / 30.1

(+4.5) / (+10.6)
90.9 / 70.4

(+2.2) / (+7.3)
93.4 / 86.9

(+0.6) / (+3.4)
52.0 / 44.2

(+1.3) / (+3.6)
68.5 / 52.7

(+2.8) / (+6.7)

Table 2. Comparison of different dense rewards for RL. All the experiments use the Eurus-2-7B-SFT [8] as the baseline model, which is
finetuned from Qwen2.5-Math-7B-Base on math and code datasets. The training dataset for RL is Eurus-2-RL-Data [8].

Model AMC MATH OlympiadBench K12 CodeForces CodeContests Avg

Eurus-2-7B-SFT 21.1 48.1 13.9 40.0 5.2 11.3 22.8
+ GRPO (outcome reward) 23.6 51.8 20.5 48.6 28.6 28.1 33.5
+ PRIME 31.2 52.7 25.4 54.6 26.4 25.9 36.0
+ SPRO 31.9 53.6 28.2 55.0 29.4 32.1 38.4
+ GRPO (P2T token reward) 33.8 (+1.9) 55.4 (+1.8) 30.6 (+2.4) 56.1 (+1.1) 32.3 (+2.9) 35.8 (+3.7) 40.7 (+2.3)

Evaluation. All the multimodal LLMs are evaluated on
three multimodal math benchmarks (MathVista [32], Math-
Verse [64], and MathVision [50]) and two general multi-
modal benchmarks (MMMU [61] and MMStar [6]). For
text-only LLMs trained on math data, the evaluation is con-
ducted on seven commonly-used challenging math bench-
marks, including AIME24 [2], AIME25 [2], AMC23 [3],
MATH-500 [16], MinervaMath [22], OlympiadBench [15],
and GaoKao2023en [13]. Following [8, 12], for the experi-
ments on Eurus-2-7B-SFT [8] model trained on a combina-
tion of math and code data, we perform evaluation on five
benchmarks, including AMC23, MATH, OlympiadBench,
CodeForces [42], and CodeContests [25], For each test data,
we generate 8 responses with the temperature of 0.6 and
topp of 0.95. The averaged pass@1 accuracy is reported
as metric.

Training Settings. The multimodal models are trained for 1
epoch with a global batch size of 128. The text-only models
are trained for 500 steps with a global batch size of 256. We
use a constant learning rate of 1×10−6 and weight decay of
0.01. For each training data, we generate 8 responses with
temperature of 1.0 and topp of 1.0. The KL coefficient is
set to 0.001.

Implementation Details in P2T. Our Process-to-Token
(P2T) method relies on a Process Reward Model (PRM)
to provide the process-level reward for each reasoning step.

The choice of the PRM is critical and tailored to the domain.
In our experiments, we use VisualPRM [54] to provide the
process reward for multimodal models, due to the strength
of VisualPRM in handling a diverse range of multimodal
tasks, including both general multimodal understanding and
domain-specific tasks such as multimodal mathematics rea-
soning. For text-only models, we obtain the process reward
from ReasonFlux-PRM [67] as it offers the crucial advan-
tage of supporting and evaluating LongCoT reasoning tra-
jectories, which is not well-supported in earlier PRMs. For
the hyperparameter ω in Eq. (3), we set ω = 0.6 by default.
For α in Eq. (5), we set α = 0.1 for short CoT models and
α = 1.0 for long CoT models.

4.2. Main Results
4.2.1. Comparison with Outcome Reward RL
To verify the effectiveness of fine-grained supervision with
our P2T token-level reward, we compare it against the stan-
dard outcome reward. For fair comparison, all experiments
are trained with the same policy optimization algorithm,
GRPO [46], except for the reward scheme.

Multimodal LLMs. As shown in Figure 1, our P2T to-
ken reward demonstrates robust and clear advantages in the
complex multimodal tasks over the outcome reward coun-
terpart. For Qwen2.5-VL-7B-Instruct model, P2T achieves
an improvement of +6.9% on MathVista, while outcome re-
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Figure 1. Comparison of MLLMs trained using GRPO with out-
come reward and our P2T token reward.

ward only brings +2.0% gain. The key insight here lies in
the difficulty of multimodal credit assignment. A final in-
correct answer could stem from a visual perception error, a
textual reasoning flaw, or a failure to correctly ground the
text in the visual data. A coarse outcome reward struggles
to distinguish these failure modes, providing a noisy signal.
While, our P2T reward excels in this scenario by precisely
identifying the source of failure. This strongly suggests that
P2T is effectively identifying and correcting subtle errors
in the visual-textual reasoning chain that the outcome re-
ward fails to directly reveal. Crucially, P2T consistently
outperforms outcome reward on every single benchmark for
both models, demonstrating its robustness in multimodal
settings.
Text-only LLMs. For base models without explicit in-
struction tuning (e.g., Qwen2.5-Math-7B in Table 1), we
first note that RL fine-tuning with both outcome reward and
P2T token reward achieves significant performance gains
over the pre-trained baseline (e.g., more than +20 points for
the average pass@1 accuracy of seven math benchmarks)
However, our P2T token reward provides a notably larger
improvement. On Qwen2.5-Math-7B, while outcome re-
ward lifts the average score from 26.8% to 45.6%, our P2T
reward pushes it further to 51.9% (with +6.3% gain com-
pared to only outcome reward). This is a crucial finding:
it demonstrates that fine-grained supervision is not a crutch
only for smaller and weaker models. As models become
more capable, their errors often become more subtle and
deeply embedded in the reasoning process. A coarse out-
come reward may fail to identify these nuanced mistakes,
while our P2T method can precisely pinpoint and correct
them. This suggests that the more powerful the model, the
more it may benefit from the precise credit assignment that
P2T provides.
CoT-instruct LLMs. CoT instruction-tuned models have
already undergone extensive post-training and possess ca-

pabilities far exceeding the base models. We observe that
the gains from outcome reward are often minimal on these
already capable models. For example, in Table 1, our
P2T achieves a +15.8% averaged accuracy improvement for
LLaMA3.2-3B-Instruct model on math benchmarks, sur-
passing outcome reward by +10.0%.

This highlights a key insight: CoT-instruction mod-
els frequently produce a structural reasoning chain that is
mostly correct but fails due to a single subtle error (e.g., a
miscalculation or a flawed logical step). A coarse outcome
reward punishes the entire correct sequence for this one er-
ror, providing a sparse and noisy learning signal. Our P2T
reward, however, excels in this scenario. It performs sur-
gical credit assignment, identifying the specific flawed to-
kens responsible for the failure and penalizing them, while
simultaneously reinforcing the correct portions of the rea-
soning path. This ability to precisely correct nuanced errors
is why P2T continues to deliver strong improvements even
on highly optimized models where outcome-based RL has
hit a performance ceiling.
LongCoT-instruct LLMs. LongCoT-instruct LLMs con-
duct a deeper, deliberative thinking process before generat-
ing the final solution, thus their reasoning trajectory is char-
acterized by a long-form pattern. This poses a more serious
challenge for outcome-based RL. When a reward is only
provided at the end of a very long sequence, the model can-
not effectively learn which steps in the long chain were erro-
neous. As shown in Table 1, the outcome reward struggles
to improve DeepSeek-R1-Distill-Qwen-1.5B, achieving a
minimal average gain of only +1.5% (45.0% vs. 46.5%).
In contrast, our P2T reward, which provides precise, fine-
grained supervision at every token, boosts the average accu-
racy from 45.0% to 54.5%, which is +8.0% better than the
outcome reward. As the reasoning chain length increases,
the utility of outcome reward diminishes, while the neces-
sity and effectiveness of our P2T token reward become even
more pronounced. Notably, P2T’s advantage is not uni-
formly distributed on each benchmark; instead, it is more
significant on difficult benchmarks. For example, on Min-
ervaMath, the outcome reward saw a marginal gain of just
+0.7%, while our P2T reward achieves a substantial +14.9%
improvement. This verifies P2T’s ability to identify and fix
specific, deep-seated flaws in the long-form reasoning pro-
cess that a coarse-grained reward signal completely over-
looks.
Hybrid-mode LLMs. Unlike the CoT or LongCoT instruct
models, hybrid-mode models are designed to operate in two
distinct paradigms based on the input prompt: a “thinking
mode” which generates an explicit Chain-of-Thought (CoT)
reasoning path, and a “no-thinking mode” which provides a
direct CoT trajectory. Consequently, we report performance
for both modes in Table 1 for the Qwen3 series, which is
the representative open-source LLM with hybrid thinking
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Table 3. Ablation Study for key designs in our P2T reward calculation. The experimental setup is identical to the Qwen2.5-Math-7B,
except for (e), which follows the Qwen2.5-VL-7B-Instruct setup.

(a)
Null Token Pad Token EOS Token Zero Embedding Mean of all tokens in vocab

Pass@1 53.8 50.3 51.4 52.5

(b)

ω in Eq.(5) 0.25 0.5 0.75 1.0

Pass@1 53.5 53.8 53.4 53.2

(c)

m in Eq.(4) 2 3 4 5

Pass@1 5 53.8 53.4 53.0

(d)
PRM

(text-only)
ReasonFlux

PRM-7B
Qwen2.5-Math

PRM-7B
Skywork
PRM-7B

Pass@1 53.8 52.4 50.0

(e)
PRM

(multimodal)
Visual
PRM

MM
PRM

Pass@1 57.5 55.3

(f)

Reward Outcome
+ process-reward

from PRM
+ token-reward

from P2T

Pass@1 48.0 50.6 53.8

(g)
Approx
Method

Vanilla
in Eq.(2)

Integrated
in Eq.(4)

Pass@1 52.6 53.8

mode. The results show that our P2T token reward provides
consistent and significant improvements in both modes. For
instance, on the Qwen3-1.7B model, P2T achieves a +2.2%
average gain in “thinking mode” and an even larger +5.6%
average gain in “no-thinking mode” compared to the out-
come reward. This demonstrates the versatility of our P2T
token reward.

4.2.2. Comparison with Existing Token-level Reward
We compare our P2T token reward with other existing
token-level reward mechanisms, including: (1) PRIME [8]
that introduces an auxiliary network that is co-optimized
during RL training to provide token-level credit; (2) SPRO
[12] that calculates a token-level reward by using the log-
probability difference between the policy model and refer-
ence model.

For a fair comparison, all methods are applied to the
same Eurus-2-7B-SFT model, using the Eurus-2-RL-Data
for training, following the setup in [8]. As shown in Ta-
ble 2, our P2T approach achieves the best performance
among these dense reward methods, surpassing the SPRO
by +2.3% and PRIME by an even larger margin of +4.7%.
Compared with PRIME, our P2T is training-free during the
RL stage, which does not require co-optimizing an auxiliary
network, making the fine-tuning process more stable, effi-
cient, and straightforward. The advantage over SPRO lies in
the source and interpretability of the reward signal. SPRO
uses a heuristic proxy statistic as the token-level reward,
while somehow reasonable, but does not explicitly evalu-
ate the correctness of the reasoning step itself. In contrast,
our P2T reward is derived from a well-trained Process Re-
ward Model (PRM) that was explicitly optimized to judge
the quality of reasoning steps, enabling a more reasonable
and interpretable credit attribution.

4.2.3. Breaking the Bottleneck
Interestingly, we discover that P2T can serve as a secondary
optimization step to unlock further performance. As shown
in Figure 2, models that are fully converged using outcome
reward exhibited a significant performance boost after be-
ing fine-tuned with our P2T reward on the same training
data, for example, +12.1% on MinervaMath and +6.8% on
AIME24 for DeepScaleR-1.5B-Preview.

Figure 2. Effect of breaking the outcome-based RL convergence
bottleneck. We further finetune the (a) Vision-R1-7B [18] and (b)
DeepScaleR-1.5B-Preview [34] model using GRPO with our P2T
reward. Note that we use the same training dataset used in their
outcome-based RL process (i.e., Vision-R1-10K and DeepScaleR-
40K, respectively).

4.2.4. Training Efficiency

Our P2T can boost the convergence speed by approximately
4× compared with the outcome reward under RL with
GRPO algorithm.

4.3. Ablation Study

We ablate the key design of our method, including the effect
of hyperparameter ω, the choice of different PRMs, and the
independent effect of PRM score and our token attribution
credit assignment strategy. Full results are shown in Table
3.

5. Conclusion

In this paper, we present a highly efficient, training-free
method to extract token-level reward signals from existing
deep reward models. By defining a token’s influence as
its impact on the final process reward, we use a gradient-
based, first-order Taylor approximation to compute token-
level rewards with just a single forward and backward pass.
This enables precise credit assignment for standard RL al-
gorithms without additional reward model training. Ex-
periments on challenging reasoning benchmarks show that
our method significantly improves policy optimization effi-
ciency and LLM generalization.
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