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A. Smoothness
In this section, we prove that the set of GS orthogonal ma-
trices form a smooth manifold using a slightly different no-
tation which is more convenient for these purposes. To do
this, let us define additional objects we are going to use fur-
ther.

For i = 1, . . . , m let Bi be a block-diagonal matrix
with ki orthogonal blocks of size bi → bi and let Pi for
i = 1, . . . , m ↑ 1 be an arbitrary fixed permutation ma-
trix. Based on these notation, we define a set of orthogonal
matrices A

orth
m :

A
orth
m = {A | A = BmPm→1 . . . B1} .

These set of matrices is a significantly more general set than
GS orthogonal matrices, considered in Section 3.2 due to
the arbitrariness of m, the choice of every permutation ma-
trix and the choice of the number of blocks in each Bi. For
this set we provide our main technical contribution.

Theorem 3. A
orth
2 is a submanifold in O(N) and in

GLN (R).

Proof. To prove this, let us firstly define groups Bi:

Bi = O(n1) → · · · → O(nki) (14)

and their Cartesian product G = B2 → B1. Note that
G is a Lie group as it is a Cartesian product of two Lie
groups. Additionally, G is compact because it is closed (be-
ing defined by the system of closed polynomial equations
AA

↑
= I) and bounded (each element of the Cartesian

product is bounded by the square root of the matrix size in
the Frobenius norm).

Note that the orthogonality condition implies that the
transpose operation preserves the block-diagonal structure
and orthogonality. It also gives us an opportunity to de-
fine Lie group action: G = B2 → B1 ⊋ M where M is
a manifold. In our case we can choose M = O(N) or
M = GLN (R) and take x = P1 ↓ M . The rule of action is
defined as follows:

g · x : B2 → B1 → M ↔ M : B2xB
↑
1 . (15)

Let us prove that it is really action by definition:
• g · x ↓ M because orthogonal matrices are closed under

multiplication.
• (g

↓
g) · x = B

↓
2B2x(B

↓
1B1)

↑
= B

↓
2B2xB

↑
1 (B

↓
1)

↑
= g

↓
·

(g · x).

• e · x = I2 · x · I
↑
1 = x · I

↑
1 = x.

• The action is smooth as the composition of polynomial
(hence smooth) matrix operations.

Thus, by definition ([1, 16]), this is indeed a Lie group ac-
tion.

Using the fact that the action of a compact Lie group on
a manifold (either GLN (R) or O(N)) yields submanifold
(see [1, Theorem 2.3] or [16, Corollary 21.6 & Problem 21-
17]), we obtain the desired result. In addition to that, using
the relation concerning group orbits we get: OrbG(x) ↗=

G/StabG(x), where

StabG(P1) = {(B2, B1) ↓ B2 → B1 |

B2P1B
↑
1 = P1 ↘≃ B2 = P1B1P

↑
1

} (16)

and ↗= denotes diffeomorphism (see the proof in, e.g., [16]).

Remark 1. We note that Theorem 3 is more general than
our particular use case: diagonal blocks of Bi can be of
different size and belong to U (unitary matrices), SO (spe-
cial orthogonal matrices), or SU (special unitary matrices).
Moreover, the theorem statement is true for any matrix P1

taken from the manifold M (not necessarily a permutation
matrix).

Since we have shown that A
orth
2 is a submanifold, mul-

tiplying on the left (or right) by a fixed permutation ma-
trix is a smooth diffeomorphism, and therefore the image
{ PLAPR | A ↓ A

orth
2 } is also a submanifold for any fixed

permutation matrices PL, PR.

B. GS-orthogonal matrices merging
The main problem in GS-orthogonal matrices merging is
that the orbit of the action is diffeomorphic to a homoge-
neous space. It means that the same matrix in manifold
M can be obtained in several ways. Here Perfect Shuffle
permutation plays an important role: on the one hand, it
provides good mixing, and on the other hand, its similarity
transformation allows us to rather easily compute the stabi-
lizer, i.e., obtain a description of the orbit. For the latter, we
recall the result from [4, 8].

Lemma 1 ([4, 8]). Let P be a Perfect Shuffle permutation
matrix. For any diagonal matrix D of size k1 → k1 and any
matrix M of size b1 → b1, the following equation holds:

P (D ⇐ M)P
↑

= M ⇐ D.



From Lemma 1, it follows that when k1 ⇒ b2 the sta-
bilizer is discrete. Consequently, by [16, Theorem 21.17,
Theorem 21.18], the discrete stabilizer implies that the or-
bit attains its maximal possible dimension:

dim OrbG(P1) = dim
G

StabG(P1)
=

= dimG ↑ dim StabG(P1) ⇑ dim G ↑ 0 = dim G.

(17)

The following lemma formally clarifies the desired re-
sult.

Lemma 2. Stabilizer is discrete when k1 ⇒ b2.

Proof. To prove that stabilizer is discrete, we need to solve

B2 = P1B1P
↑
1 , (18)

where

B2 = diag(B
1
2 , B

2
2 , . . . , B

k2
2 ), B

i
2 ↓ O(b2) (19)

Let us denote C = P1B1P
↑
1 . In terms of index notation,

block-diagonal property for B2 means that

(B2)ij ⇓= 0 =≃

⌊
i ↑ 1

b2

⌋
=

⌊
j ↑ 1

b2

⌋

Now consider an element (B
l
2)i→j→ within a block of B2,

with local indices i
↓
, j

↓
↓ {1, . . . , b2} and global indices

i = (l ↑ 1)b2 + i
↓, j = (l ↑ 1)b2 + j

↓. According to
Lemma 1, to be non-zero, (i, j)-th of B2 must satisfy i ⇔ j

(mod k1), and thus i
↓

⇔ j
↓

(mod k1). In the case k1 ⇒

b2 the condition i
↓
⇔ j

↓
(mod k1) for i

↓
, j

↓
↓ {1, . . . , b2}

holds only when i
↓
= j

↓ since |i
↓
↑ j

↓
| < b2 ⇑ k1. Thus, the

matrix B
l
2 can have nonzero elements only on the diagonal.

Since B
l
2 is orthogonal, it must be a diagonal orthogonal

matrix. The diagonal elements of such a matrix are ±1.
This set is finite and, as any stabilizer, forms a subgroup
of G [16]. The same result can be obtained for the case of
blocks from SO.

For the cases where k1 ⇒ b2 does not hold, the stabilizer
(in general) is non-discrete.

Remark 2. Note that the Perfect Shuffle permutation is not
the only matrix yielding maximum dimension under the con-
dition k1 ⇒ b2. However, Perfect Shuffle is optimal from
the dense matrix formation perspective, as it minimizes the
number of nonzero elements in the resulting matrix [9]. For
these practical reasons, we employ Perfect Shuffle in our
structured representation.

Now, knowing the structure of the manifold, we can find
the geodesics. To do this, we need some additional theory
from [7, 16].

Definition B.1 ([7, 16]). Let M and M̃ be two manifolds.
A map p : M̃ ↔ M is a smooth covering map if:
• p is smooth and surjective,
• for every point x ↓ M , there exists a neighborhood U

of x in M such that p
→1

(U) is a disjoint union
⋃

i↔I Ui

of open subsets of M̃ , and for each i ↓ I , the restriction
p : Ui ↔ U is a diffeomorphism.

Definition B.2 ([7]). Let (M, g) and (M̃, h) be two Rie-
mannian manifolds. A map p : M̃ ↔ M is a Riemannian
covering map if:
• p is a smooth covering map,
• p is a local isometry.

While the formal definitions of isometry and local isom-
etry are available in [7], they will not be essential for our
subsequent development.

Proposition 4 ([16], Proposition 21.28). Every discrete
subgroup of a Lie group is a closed Lie subgroup of dimen-
sion zero.

Proposition 5 ([16], Proposition 21.34). For each n ⇒ 1,
the Lie groups SO(n), U(n), SU(n) are connected.

Proposition 6 ([16], Theorem 21.29). If G is a connected
Lie group and ! ↖ G is a discrete subgroup, then G/! is a
smooth manifold and the quotient map ω : G ↔ G/! is a
smooth normal covering map.

Proposition 7 ([7], Proposition 2.18). Let p : N ↔ M be a
smooth covering map. For any Riemannian metric g on M ,
there exists a unique Riemannian metric h on N such that p

is a Riemannian covering map.

Proposition 8 ([7], Proposition 2.81). Let p : (N, h) ↔

(M, g) be a Riemannian covering map. The geodesics of
(M, g) are the projections of the geodesics of (N, h), and
the geodesics of (N, h) are the liftings of those of (M, g).

Proposition 9 ([1, 16]). The following diagram is commu-
tative:

G

G/StabG(P1) OrbG(P1) ↖ SO(N)

ω εP1

f

where ω : G ↔ G/H is surjective map that sends each
element g ↓ G to its corresponding coset gH (H denotes
StabG(P1)): ω(g) = gH . εP1 : G ↔ OrbG(P1) is the
map defined by action εP1(g) = g·P1 = B2P1B

↑
1 . Finally,

f : G/H ↔ OrbG(P1) is the diffeomorphism defined by
the rule: f(gH) := g · P1.



Proof. Commutativity of the diagram means that for every
g ↓ G, the following identity holds:

εP1(g) = f(ω(g)).

Verification: By the definition of ω: ω(g) = gH . By the
definition of f : f(ω(g)) = f(gH) = g · P1. By the defini-
tion of εP1 : εP1(g) = g · P1.

Thus, εP1(g) = f(ω(g)) for all g ↓ G, which proves the
commutativity of the diagram.

Now let us combine these statements for the case k1 ⇒

b2. In this case, the stabilizer forms a subgroup.
Therefore, using Propositions 4, 5, the fact that the

Cartesian product of connected Lie groups is connected,
and Proposition 6, we conclude that ω : G ↔ G/H is a
smooth covering map, where H = StabG(P1).

Next, we show that the action map εP1 is also a smooth
covering map. To do this, it is sufficient to show, by Propo-
sition 9, that the composition of the diffeomorphism f and
the smooth covering map ω is a smooth covering map. Since
ω is a smooth covering, for any x̄ ↓ G/H there exists an
evenly covered open neighborhood U ↙ G/H such that
ω
→1

(U) =
⊔

i↔I Vi, where each Vi ↙ G is open and the
restriction ω|Vi : Vi ↔ U is a diffeomorphism. Because f

is a diffeomorphism, W = f(U) is an open neighborhood
of f(x̄) in OrbG(P1). Then:

ε
→1
P1

(W ) = ω
→1

(f
→1

(W )) = ω
→1

(U) =

⊔

i↔I

Vi.

For each i, the restriction εP1 |Vi = f ∝ ω|Vi is a diffeomor-
phism Vi ↔ W , as it is a composition of two diffeomor-
phisms. Thus, εP1 satisfies the exact definition of a smooth
covering map.

Finally, let g be the standard Riemannian metric on
SO(N) induced by the Frobenius inner product. As
OrbG(P1) is an embedded submanifold, it inherits a Rie-
mannian metric gorb. According to Proposition 7, there ex-
ists a unique Riemannian metric h on G such that εP1 :

(G, h) ↔ (OrbG(P1), gorb) is a Riemannian covering map.
By Proposition 8, exact geodesics on the orbit are projec-
tions of exact geodesics in (G, h). Such metric need not
necessarily be identical across blocks, nor necessarily co-
incide with the Frobenius norm. Nevertheless, we can per-
form a block-wise connection (uniform across blocks) using
formula (4) and empirically verify that the resulting curve
exhibits nearly constant velocity in the Frobenius norm,
consistent with the constant-speed property of geodesics
(see, [7, Definition 2.77]), thereby supporting its interpreta-
tion as a meaningful geodesic approximation with respect to
the Frobenius norm. These findings are visually confirmed
in Figure 5.

Note that another natural approach is to follow a
geodesic in the ambient space SO(N); however, this is

computationally expensive, inefficient, and generally does
not stay within the GS manifold. Nevertheless, we em-
pirically demonstrate that the resulting block-wise curve
closely approximates a geodesic in the ambient space
SO(N) (see Figure 6).

Observe that also that to obtain the group action we
added transposition on the right, but we are given matri-
ces in the form L1PR1 = L1P (R

↑
1 )

↑ and L2PR2 =

L2P (R
↑
2 )

↑, and that’s why we need to make additional
transposition after connecting R

↑
1 and R

↑
2 . Below we prove

that this approach is equivalent to directly combining the
matrix blocks without introducing additional transposition.

Proposition 10. For A1, A2 ↓ SO(n) let

ϑA1,A2
(t) = A1 exp

(
t log(A

↑
1A2)

)
, t ↓ [0, 1],

be the standard geodesic joining A1 to A2. Construct the
analogous geodesic between the transposed matrices,

ϑ
A↑

1,A↑
2

(t) = A
↑
1 exp

(
t log(A1A

↑
2)
)
,

and transpose the result. Then

ϑA1,A2
(t) =

[
ϑ

A↑
1,A↑

2

(t)

]↑
.

Proof.

[
ϑ

A↑
1,A↑

2

(t)

]↑
= exp

(
t log(A1A

↑
2)
)↑

A1.

Now let’s use (exp M)
↑

= exp(M
↑
) and (log M)

↑
=

log(M
↑
) (this follows from the absolute convergence of the

Taylor series):

[
ϑ

A↑
1,A↑

2

(t)

]↑
= exp

(
t log(A2A

↑
1)
)
A1.

Let ” = log(A
↑
1A2) ↓ SO(n). Since

A1 exp(”)A
↑
1 = A1

( ↗∑

k=0

”
k

k!

)
A

↑
1

=

↗∑

k=0

1

k!
A1”

k
A

↑
1 =

↗∑

k=0

1

k!
(A1”A

↑
1 )

k

= exp(A1”A
↑
1 ).

A similar matrix equation is true for the logarithm function:
for A1 ↓ SO(N) we have

A1 log(”)A1 = log(A1”A1).

Then

A2A
↑
1 = A1 exp(”)A

↑
1 = exp(A1”A

↑
1).
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Thus

log(A2A
↑
1) = A1”A

↑
1 = A1 log(A

↑
1A2)A

↑
1.

Finally, we obtain:

ϑA↑
1 ,A↑

2
(t) = exp

(
t log(A2A

↑
1)
)
A1 =

= exp
(
tA1 log(A

↑
1A2)A

↑
1

)
A1 =

=A1 exp
(
t log(A

↑
1A2)

)
A
↑
1A1 =

=A1 exp
(
t log(A

↑
1A2)

)
= ϑA1,A2

(t).

(20)

C. Proof of Proposition 1
Proof. Utilizing eigendecomposition of B(t)

B(t) = U#U
↘
, # = diag(x1+iy1, . . . , xn+iyn), (21)

satisfying |xi|
2

+ |yi|
2

= 1. Since the eigenvalues of B(t)

lie on a unit sphere, we can express them as e
iϑi for each i =

1, . . . , n. Then, for the principle branch of the logarithm,
we have

log(B(t)) = U log(#)U
↘

=

= U log(diag(e
iϑ1 , . . . e

iϑn))U
↘

=

= U diag(iϖ1, . . . iϖn)U
↘
.

(22)



Now let us consider B(t)→B(t)↑

2 . Using eigendecomposi-
tion, we have

B(t) ↑ B(t)
↑

2
= U diag(iy1, . . . iyn)U

↘
. (23)

Subtracting from (22) the final form of (23), we obtain

log(B(t)) ↑
B(t) ↑ B(t)

↑

2
=

= U diag (i(ϖ1 ↑ y1), . . . i(ϖn ↑ yn)) U
↘

(24)

Using that yi = sin ϖi, and assuming that yi is close to 0
(which is satisfied in practice), we can utilize Taylor expan-
sion for sin function and finally obtain

U diag (i(ϖ1 ↑ y1), . . . , i(ϖn ↑ yn)) U
↘

=

= U diag
(
O(ϖ

2
1), . . . , O(ϖ

2
n)
)
U

↘
=

= U diag
(
O(y

2
1), . . . , O(y

2
n)
)
U

↘
=

= O
(
′ diag(y1, . . . , yn)′

2
2

)
,

(25)

where the latter matrix belongs to O
(
′B(t) ↑ I′

2
2

)
. In-

deed,

′B(t) ↑ I′
2
2 =

= ′ diag(x1 ↑ 1 + iy1, . . . , xn ↑ 1 + iyn)′
2
2 =

= ′ diag(

√
1 ↑ y

2
1 ↑ 1 + iy1, . . . ,

√
1 ↑ y2

n ↑ 1 + iyn)′
2
2 ↭

↭ 1/2′ diag(y1, . . . , yn)′
2
2

(26)

for small enough maxi |yi|, which completes the proof.

D. Proof of Proposition 3

Proof. Set skew-symmetric matrix K(t) :=
B(t)→B(t)↑

2 .
From proposition 1 we have:

log B(t) = K(t) + O
(
′B(t) ↑ I′

2
2

)
.

Hence,

BRotated(t) = exp (ϱ(t) log B(t)) =

= exp
(
ϱ(t)K(t) + O(′B ↑ I′

2
2)
)
.

(27)

In last equation we used that ϱ(t) has a closed form 1 +

4t(1 ↑ t), which is bounded on [0, 1]. Using smoothness of
the matrix exponential we get:

BRotated(t) = exp(ϱ(t)K(t)) + O
(
′B(t) ↑ I′

2
2

)
.

From Proposition 2, with ϱ(t) we obtain the following:

exp(ϱ(t)K(t)) =


I ↑

ϱ(t)

2
K(t)

→1 
I +

ϱ(t)

2
K(t)


+

+ O
(
′ϱ(t)K(t)′

2
2

)
.

(28)

As ′ϱ(t)K(t)′2 = O(′K(t)′2) = O(′B(t)↑ I′2), we
obtain

exp(ϱ(t)K(t)) = BOrthoFuse(t) + O
(
′B(t) ↑ I′

2
2

)
.

Combining all the results, we get

BOrthoFuse(t) = BRotated(t) + O
(
′B(t) ↑ I′

2
2

)
.

E. Additional Results on FLUX
We further evaluate OrthoFuse on the FLUX model to ver-
ify that our merging procedure can be applied to different
model architectures. Figure 7 shows qualitative generations
obtained after merging a style adapter and a concept adapter
in FLUX. Each row corresponds to a distinct style-concept
pair, while each column shows outputs for different text
prompts applied to the same merged adapters.

The results demonstrate that OrthoFuse produces stable
and coherent merges across a diverse set of style–concept
combinations. Even under varying prompts, the merged
adapters consistently preserve the underlying concept while
expressing the intended style.

F. Necessity of Eigenvalue Rotation for High-
Quality Merging

OrthoFuse method combines block-wise geodesic interpo-
lation with spectra restoration, which can be considered as
a specific eigenvalue rotation along the unit sphere, preserv-
ing orthogonality (see Section 4 for more details). While
block-wise geodesics provide a natural and accurate ap-
proximation of the real local minimizing geodesic in prac-
tice, we observe that fusing GS orthogonal adapters with
the help of block-wise geodesics only is insufficient for
achieving high-quality semantic merging in diffusion mod-
els. Specifically, geodesic approximation via block-wise
interpolation tends to drift away from the target concept
and often fails to consistently align the style transformation
across blocks.

Figure 8 illustrates this effect by comparing the merg-
ing trajectories obtained with block-wise geodesic approx-
imation and our full OrthoFuse procedure. At intermediate
interpolation levels – most clearly at t = 0.6 – the block-
geodesic trajectory produces partially fused images where
the transferred style is incomplete and the underlying con-
cept begins to degrade. In contrast, OrthoFuse maintains
both style fidelity and concept integrity, demonstrating that
eigenvalue rotation plays a critical role in stabilizing the la-
tent path and preventing semantic collapse.

All images in Figure 8 were generated with the prompt:
“A <concept> <superclass> in jungle in <style> style.”



Figure 7. Qualitative results of OrthoFuse merging on the FLUX model. Each row shows generations produced from different prompts
after merging a style adapter and a concept adapter. OrthoFuse maintains consistent concept preservation and style fidelity across prompts.

These results confirm that spectra restoration operation
is not merely an auxiliary refinement but an essential oper-
ation for producing coherent and high-quality merges.

G. Additional Results on SDXL

We additionally provide extended qualitative results on the
SDXL backbone to complement the evaluations in the main
paper. Figure 9 presents generations obtained after merg-
ing a style adapter and a concept adapter within SDXL. In
this visualization, each row corresponds to a different text
prompt, while each column shows outputs for distinct style-
concept adapter pairs applied to the same prompt.

Across all prompts and adapter configurations, Ortho-
Fuse consistently achieves coherent style–concept integra-
tion, demonstrating strong concept preservation and stable

expression of the intended style.

H. Ablation study on other merging methods
H.1. Low-rank adapter merging
To highlight the applicability of orthogonal fine-tuning and
extend the experimental scale, we provide a similar adapter
merging experiment but for a fixed-rank manifold: we train
low-rank adapters with LoRA for style and concept and try
to merge them as fixed-rank manifold elements. Assume
that we aim to merge two low-rank matrices XC and XS

which are low-rank weight updates for an arbitrary model
layer:

XC = UCV
↑
C , XS = USV

↑
S , (29)

where UC , US ↓ Rn≃r
, VC , VS ↓ Rm≃r. In the case of

low-rank adapters, we aim to minimize the following ob-



Figure 8. Comparison of block-wise geodesic interpolation and OrthoFuse merging trajectories. At t = 0.6, OrthoFuse achieves
near-ideal style transfer while preserving the target concept. All images were generated with the prompt: “A <concept>< superclass> in
jungle in <style> style”.

jective: for t ↓ [0, 1] we seek to optimize

t·d
2
Mr

(Xt, XS)+(1↑t)·d
2
Mr

(Xt, XC) ↔ min
rk(Xt)=r

, (30)

where dMr (·, ·) denotes the distance along the manifold e.g.
the shortest curve between two points along the manifold.
In our implementation, we replace the distance inside the
manifold with the help of the Frobenius norm. Such a sub-
stitution is inspired by [18], which proposes certain theoret-
ical guarantees on the closeness of such an approximation
when the optimization is done with the change of the exact
distance to its upper bound. Having replaced the manifold
distance with the Frobenius norm, we obtain the following

minimization:

t′Xt ↑ XS′
2
F + (1 ↑ t)′Xt ↑ XC′

2
F ↔ min

rk(Xt)=r
. (31)

This problem appears to be solved efficiently via ALS
algorithm. Indeed, for the current low-rank approximation
of Xt = UtV

↑
t we are able to alternately update its skeleton

factors with short recurrent formulas:
• V-step: QR-decomposing U = QUR and Xt = QU V̂ ,

we rewrite the task to the following one:

′V̂ ′
2
F ↑ 2∞V̂

↑
, QU (tXS + (1 ↑ t)XC)∈ ↔ min

V̂
(32)



Figure 9. Qualitative results of OrthoFuse merging on SDXL. Rows correspond to different prompts; columns show generations obtained
from different style–concept adapter pairs. OrthoFuse yields coherent style–concept merges across both prompts and adapter combinations.

Taking the gradient by V̂ , it gives us the update for V :

2V̂ ↑ 2
(
Q

↑
U (tXC + (1 ↑ t)XS)

)↑
= 0 ≃

≃V̂ = (tXC + (1 ↑ t)XS)
↑

QU

(33)

• U-step: in a similar to V -step manner, one can ob-
tain the following update rule for U : considering QR-
decomposition of V = QV R and Xt = ÛQ

↑
V we need to



Figure 10. Comparison of OrthoFuse (orthogonal adapters merging) with merging low-rank (LoRA) adapters. Merging low-rank
adapters results in noticeably weaker performance compared to OrthoFuse, even when both approaches are tuned to use approximately
the same number of trainable parameters. We attribute this gap to the scale mismatch inherent to low-rank adapters, which makes their
merging substantially more difficult. All images were generated with the prompt: “a <concept> dog in the jungle in <style> style”.

solve the same optimization problem

′Û′
2
F ↑ 2∞Û

↑
, QV (tXS + (1 ↑ t)XC)∈ ↔ min

Û
, (34)

from which we immediately obtain

Û = (tXC + (1 ↑ t)XS)
↑

QV . (35)

It is worth mentioning that this problem can be easily
generalized to the case of several low-rank adapters. In this
case, in V -step and U -step one need to replace the term
(tXC ↑ (1 ↑ t)XS) with the weighted sum of the corre-
sponding low-rank adapters.

To validate this approach, in Figure 10 we report the em-
pirical performance of the proposed merging method and
compare it with OrthoFuse side by side. It can be observed
that merging method applied to low-rank adapters performs
worse than for GS orthogonal adapters failing to preserve
concept pattern and style fidelity. To make the comparison
fair, both methods were tuned using approximately the same
number of parameters in corresponding parameter-efficient
adapters.

H.2. Orthogonal adapter merging via multiplica-
tion

In order to additionally explain the motivation to take into
account the geometry of the GS orthogonal manifold, we
try the evaluate the most trivial way to merge orthogonal
adapters together by multiplying their weight updates. On
Figure 11 we report images obtained by multiplying orthog-
onal weight updates of the concept and style respectively.
It can be seen that such an approach to fuse orthogonal
adapters fails to preserve both style and concept patterns,
which shows that for orthogonal adapters we need a more
complicated approach which explicitly treats the structure
of both orthogonal adapters.

I. Ablation study of Fusion Parameters
In this appendix, we present ablation studies analyzing the
impact of two key fusion parameters, ϱ0 and t, on the per-
formance of our proposed method.

I.1. Ablation of ϱ0

Figure 12 illustrates the results of the ablation study for the
fusion parameter ϱ0:
• When ϱ0 = 0, the merged adapter collapses to the identity

matrix, leading to no concept or style blending.
• At ϱ0 = 1, the model reduces to block-wise geodesic

interpolation.
• The optimal performance is observed around (ϱ0 ∋ 2),

while larger values tend to degrade performance.
This analysis emphasizes the importance of appropri-

ately selecting the fusion parameter ϱ0 to achieve the de-
sired balance between concept and style.

I.2. Ablation of t

Figure 13 presents the results of the ablation study for the
fusion parameter t:
• At t = 0, the method maximizes image similarity and

minimizes style similarity.
• As t increases, image similarity decreases while style

similarity increases, with the maximum style similarity
achieved at t ∋ 0.8.

• Notably, the stylistic effects exhibited at t = 0.8 are
stronger than those observed at t = 1. This is because,
for t < 1, the eigenvalue transformation is applied, which
can amplify the stylistic components. When t = 1, this
transformation is disabled to recover the original style
adapter from (7), which can make the result at t = 0.8

appear stylistically stronger by comparison.



Figure 11. Direct Merging via Multiplication. The result of directly merging orthogonal adapters, accomplished through the multiplica-
tion of two GS orthogonal matrices, exhibits limitations in style preservation, struggles to maintain color consistency, and has a negative
impact on concept fidelity.

Figure 12. Ablation of the fusion parameter ω0.

This behavior indicates the trade-off between image and
style similarity, underscoring the significance of fine-tuning
parameter t for optimal performance.

Figure 13. Ablation of the fusion parameter t.

J. User Study
In this appendix, we provide further details about the user
study conducted to evaluate the effectiveness of our pro-
posed method compared to K-LoRA and ZipLoRA. To ad-
dress the limitations of automatic metrics in assessing con-
cept–style trade-offs, we designed a user study involving 65
participants. This study resulted in 1,460 pairwise compar-
isons across all images used in the evaluation.

Participants were asked to compare images generated by
different methods applied to the same concept–style pair
and respond to the following questions:

Q1: Which image better captures the features of the

style? Evaluate whether the style is recognizable through
visual characteristics (colors, textures, brush strokes, lines,
etc.); can we say that the concept is genuinely represented
in this style, rather than just slightly altered?

Q2: Which image better preserves the concept? Assess
how well the original object (concept) is maintained; is it
recognizable (shape, proportions, structure), and are impor-
tant details retained? Please disregard any changes in pose.

Q3: Which method, in general, handled the task of style
transfer to the concept better? Assess the overall result of
the style transfer:
• Does it create the impression that the concept is naturally

executed in the given style?
• How well does the style harmonize with the object?

If you do not see a difference regarding any question or
are uncertain about your choice, please select ”not sure.”

K. OrthoFuse Implementation Details
This section provides implementation details of the Ortho-
Fuse algorithm used to construct the fused adapter A(t)

from independently trained concept and style adapters.
As described in Section 3.2, both adapters are rep-

resented via block structures. In algorithms below we
denote concept and style corresponding weight matrices
(D

(i)
C , D

(i)
S ). Importantly, (D

(i)
C , D

(i)
S ) are weight matrices

which are used to build skew-hermitian matrices for a sub-
sequent Cayley transform application.



All merging operations are then performed indepen-
dently on each corresponding pair of blocks.

K.1. Full OrthoFuse: Geodesic Block Interpolation
The full OrthoFuse method performs interpolation along the
geodesic in the orthogonal group for each block.

For every pair
(
B

(i)
C , B

(i)
S ) we compute:

B(i)
(t) = Geodesic

(
B

(i)
C , B

(i)
S , t

)
. (36)

In practice, the geodesic is computed via:
1. Conversion to skew-symmetric generators using the

Cayley parameterization;
2. Spectral decomposition of B

↑
S BC ;

3. Logarithmic interpolation in the Lie algebra;
4. Exponential map back to the orthogonal group

The corresponding pseudocode for a single block is
shown below.

Algorithm 1 OrthoFuse merging
Require: DC , DS .

1: KC =
DC→D↑

C
2 ; KS =

DS→D↑
S

2 ;
2: BC = torch.linalg.solve((I↑KC)(I+KC));

BS = torch.linalg.solve((I ↑KS)(I +KS));
3: #, U = torch.linalg.eig(B

↑
S BC);

4: #log = log(#).imag · i;
5: Bt = BCtorch.linalg.matrix exp(↑t ·

U#logU
↘
).real;

6: return Bt.

The postprocessing step is defined as follows.

Algorithm 2 OrthoFuse postprocess
Require: Bt.

1: ϱ = 1 + 4t(1 ↑ t)

2: Q = ϱBt/2;
3: Q

skew
=

Q→Q↑

2 ;
4: Q = torch.linalg.solve((I ↑ Q

skew
)(I +

Q
skew

));
5: return Q.

Overall, the full OrthoFuse procedure is de-
fined as: OrthoFuse = OrthoFuseMerging +
OrthoFusePostprocess.

K.2. Accelerated OrthoFuse (Merge Inside Cayley
Space)

We also implement a computationally efficient approxima-
tion.

Instead of performing geodesic interpolation in O(k), we
interpolate directly in the Cayley parameter space:

D
(i)
merge = tD

(i)
C + (1 ↑ t)D

(i)
S (37)

The merged skew-symmetric block is then mapped to the
orthogonal group via the Cayley transform.

Algorithm 3 OrthoFuse: merge inside Cayley space
Require: DC , DS .

1: Dmerge = tDC + (1 ↑ t)DS

2: Kmerge =
Dmerge→D↑

merge

2 ;
3: Bt = torch.linalg.solve((I ↑ Kmerge)(I +

Kmerge));
4: return Bt.

The full accelerated pipeline is therefore:
FastOrthoFuse = MergeInsideCayleySpace

+ OrthoFusePostprocess.

K.3. Theoretical Justification of Accelerated Ortho-
Fuse

First, we show that the matrix logarithm is correctly defined.

Lemma 3. Assume orthogonal matrices BS , BC ↓ SO(n)

satisfy ′BS ↑ I′2 ⇑ ς < 1 and ′BC ↑ I′2 ⇑ ς < 1. Then
the matrix logarithm log(B

↑
S BC) is well-defined.

Proof. Using the triangle inequality and submultiplicativ-
ity, we bound the spectral norm of the difference:

′B
↑
S BC ↑ I′2 ⇑ ′B

↑
S ↑ I′2 + ′BC ↑ I′2 ⇑ 2ς.

Since B
↑
S BC is orthogonal, its eigenvalues lie on the unit

circle. If ↑1 were an eigenvalue, the distance to the identity
I would be at least |↑1↑1| = 2. Hence, whenever 2ς < 2,
the matrix B

↑
S BC has no eigenvalues equal to ↑1.

Now we make use of the following auxiliary lemma.

Lemma 4. For sufficiently small matrices X and Y with
′X′2, ′Y ′2 = O(ς), the matrix logarithm of their expo-
nential product is given by:

log(exp(X) exp(Y )) = X + Y +
1

2
[X, Y ] + O(ς

3
)

Proof. This follows from well-known (see, for exam-
ple, [16]) Baker-Campbell-Hausdorff formula. By sub-
multiplicativity, the norm of the commutator satisfies
′[X, Y ]′2 ⇑ 2′X′2′Y ′2 = O(ς

2
). Consequently,

nested commutators such as [X, [X, Y ]] inherently possess
a higher order of smallness O(ς

3
). Similarly arguing by

induction, it is straightforward to establish that each sub-
sequent nesting of the commutator increases the order of
smallness.

Finally, we prove that geodesics can be approximated by
a connection in the space of skew-symmetric matrices.



Figure 14. Comparative analysis of OrthoFuse and its accelerated version. Using identical concept and style adapters and the same
fusion parameter t, both methods produce visually indistinguishable results. The accelerated version removes the eigendecomposition step
while preserving identity and style fidelity. We note, however, that the two methods are not strictly identical; for example, in the first row,
the dog’s right paw in the OrthoFuse result is not fully placed on the surfboard, whereas in FastOrthoFuse it is.

Proposition 11. Let BC , BS ↓ SO(n) be orthog-
onal matrices parameterized by skew-symmetric ma-
trices DC , DS ↓ so(n) via the Cayley transform:
BC = Cayley(DC) and BS = Cayley(DS), where
′DC′2, ′DS′2 = O(ς). The Cayley transform of their lin-
early interpolated generators approximates the exact Rie-
mannian geodesic B(t) = BC exp(↑t log(B

↑
S BC)) up to

a third-order error:

B(t) = Cayley((1 ↑ t)DC + tDS) + O(ς
3
)

Proof. Recall that the Cayley transform matches the ma-
trix exponential up to the second order: Cayley(K) =

exp(K) + O(ς
3
). We rewrite our endpoints as BC =

exp(DC) + O(ς
3
) and B

↑
S = Cayley(↑DS) =

exp(↑DS) + O(ς
3
). Applying Lemma 4, we approximate

the logarithm term:

log(B
↑
S BC) = log(exp(↑DS) exp(DC))

= DC ↑ DS ↑
1

2
[DS , DC ] + O(ς

3
)

Substituting this into the geodesic equation yields B(t) =

exp(DC) exp(V ) + O(ς
3
), where the exponent is defined

as V = ↑t(DC ↑ DS) +
t
2 [DS , DC ]. We apply Lemma

4 a second time to combine these into a single exponential
exp(Z), where Z = DC + V +

1
2 [DC , V ].

Given that [DC , V ] =
1
2 [DC , ↑t(DC ↑ DS)] + O(ς

3
),

we expand Z:

Z = DC ↑ t(DC ↑ DS) +
t

2
[DS , DC ]

+
1

2
[DC , ↑t(DC ↑ DS)]

Due to the anti-symmetry of the Lie bracket, the second-
order commutators perfectly cancel each other out:

1

2
[DC , ↑t(DC ↑ DS)] =

t

2
[DC , DS ] = ↑

t

2
[DS , DC ]

This exact cancellation reduces the exponent to Z = (1 ↑

t)DC + tDS . Therefore, the geodesic simplifies to B(t) =

exp((1↑t)DC +tDS)+O(ς
3
). Applying the Padé equiva-

lence exp(Z) = Cayley(Z) + O(ς
3
) once more concludes

the proof.

Another way to think about this is as follows. After train-
ing the adapters using skew-symmetric matrices, we obtain
their final representations and then apply the Cayley trans-
form (a retraction) to obtain orthogonal matrices. Thus,
performing linear interpolation in the skew-symmetric pa-
rameter space corresponds to mixing weights — a concept
reminiscent of task arithmetic (see, e.g., [12]).

K.4. Computational Considerations
The computational bottleneck of the full OrthoFuse algo-
rithm is the eigendecomposition step:



#, U = torch.linalg.eigh(Q
↑
S QC). (38)

For the matrix sizes used in our adapters, this opera-
tion accounts for approximately 90% of the total merging
time. In PyTorch, this routine is not efficiently parallelized
in our setting and dominates the wall-clock runtime.

The accelerated variant completely removes the eigende-
composition. All remaining operations (matrix multiplica-
tions, linear solves, and matrix exponentials) are efficiently
parallelized, leading to a substantial speedup. In practice,
the fast version performs adapter merging in under one sec-
ond while nonaccelerated version works in 90 seconds.

K.5. Empirical Observation
Despite the simplification, the accelerated version produces
images that are visually almost indistinguishable from those
obtained using the full geodesic interpolation (see Fig-
ure 14). In our experiments, we observe no meaningful
degradation in identity preservation or style transfer qual-
ity, while achieving a significant reduction in computational
cost.

L. Limitations
While OrthoFuse is training-free, it requires adapters to be
in GS-orthogonal form. Most community adapters are stan-
dard LoRAs; applying our method directly to them would
need a projection, which risks losing the information en-
coded in the original LoRA weights. Extending our fusion
to LoRA weights is a promising future direction.
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