D-Convexity: A Unified Differentiable Convex Shape Prior via Quasi-Concavity
for Data-driven Image Segmentation

Supplementary Material

A. Proof of Theorem 1

Zero-order quasi-concavity condition: v € C° is quasi-
concave <= For any x,y € Q, A € [0,1], u(Ax + (1 —
A)y) = min{u(x), u(y)}

Proof. (=) Denote v = min{u(x),u(y)}. Apparently
u(x),u(y) > ~, which means x,y € S,. Given that u is
quasi-concave, its super-lever set .S, is convex. Therefore,
any convex combination of X,y,ie. Ax + (1 — Ay € S,,.
This means u(Ax + (1 — A)y) > v = min{u(x), u(y)}.
(<) For any +, consider x,y € S,. By defini-
tion, u(x),u(y) > ~. Therefore, u(Ax + (1 — \)y) >
min{u(x),u(y)} > «. This means the convex combina-
tion Ax + (1 — \)y € S,, i.e. u’s super-level set is convex,
and u is quasi-concave. O

B. Proof of Lemma 1

Supporting hyperplane given by the gradient: Let u :
) — R be a C! function. Fix v € R and consider the
super-level set S, := {x € QJu(x) > ~}. Assume S, is
convex. Let y € 05, be a boundary point with u(y) = ~
and suppose Vu(y) # 0. Then the affine hyperplane,

Ty := {x € QVu(y) (x —y) = 0} (15)

is a supporting hyperplane of S, at y, i.e. S, is contained
in the closed half-space

S, C Hy :={x € QVu(y)" (x —y) > 0}. (16)

In particular, Ty is also tangent to the contour 0S5, =
{x € Qlu(x) = 7}, therefore the normal vector of any
supporting hyperplane at y can be chosen parallel to Vu(y).

Proof. Since u € C*, the first-order Taylor expansion at y
gives, for x near y,

v(x):=u(x) —uly) = Vu(y)T(x —y)+rx), (A7)
r(x)
[x — vl

Take any x € S, (so u(x) > u(y)). Because S, is
convex and y € 0S., the line segment

where —0asx —y. (18)

E(t) ::y+t(x—y), te [07 1]7 (19)

lies in S,. Define the scalar function ¢(t) = u(€(t)).
Note that ¢(0) = u(y) and ¢(1) = u(x) > u(y), hence

¢(t) > u(y) for all t € [0,1] because each point of the
segment belongs to S, . Differentiating ¢ at ¢t = 0 yields

0) = Vuly) (x—y). (20)

¢'(
Since ¢(t) > ¢(0) for small positive ¢, we must have
¢'(0) >0, ie.

Vu(y)' (x—y) > 0. Q1)

This inequality exactly says that the affine hyperplane
Ty is supporting, since every x € S, lies in the closed half-
space determined by Ty,.

Since Vu(y) # 0, the Implicit Function Theorem im-
plies that the contour {x € Q|u(x) = v} is a C! hypersur-
face in a neighborhood of y. Its tangent space at y is the
kernel of Vu(y), i.e.

Ty = ker(Vu(y)) = {d| Vu(y)"d = 0}

22
— xeQVuy) Tx-y) =0}

If a supporting hyperplane at y has normal n, then by
uniqueness of the tangent (since u is differentiable and
Vu(y) # 0) we have n parallel to Vu(y), which proves
the final claim. O

C. Proof of Theorem 2

<

S(y) ={x€ Qux) =}

Figure 5. Illustration of the first-order condition. If u(x) > u(y),
then vectors x — y and Vu(y) must form an acute angle.

First-order quasi-concavity condition: v € C! is quasi-
concave <= If u(x) > u(y), then Vu(y) (x —y) > 0.

Proof. (=) Suppose u is quasi-concave. Then every super-
level set S, = {x € Q|u(x) > v} is convex. According



to Lemma 1, for any boundary point y with u(y) = 7, if
Vu(y) = 0, the condition holds trivially. Otherwise, S, is
contained in the closed half space of Ty, i.e.

ux) >y=uly)=x€S8,

(23)
=x¢€Hy ={xecQVu(y) (x—y) >0}

Since 7 is arbitrary, for any x,y with u(x) > u(y), we
have Vu(y) " (x —y) > 0.

(<) Conversely, fix any v and consider the super-level
set S,. Take arbitrary x¢,x; € S, and define

o(t) = u((1 —t)xo + tx1), t € [0,1]. (24)

If ¢ attained a value strictly below min{¢(0), (1)} at
an interior tg € (0,1), w.lo.g, let ¢(1) > ¢(0) > ¢(to).
According to continuity and Intermediate Value Theorem,
there exists an interval [to,¢1] C [0,1] such that ¢(t9) <
¢(t1) = ¢(0), and ¢(t) < ¢(0) when t € [tg,t1]. Such
an interval exists by continuity, and can be found easily by
extending (0, ¢(0)) along ¢ axis and check the intersections
with ¢(t).

Take t € (to,t1), and let x; = (1 — t)xo + tx1. By the
hypothesis, since both u(xg), u(x1) > u(x¢),

Vu(x,) (x; —x4) >0, i=0,1, (25)
which gives

tVu(x,) " (xo — x1) >
(1- t)Vu(xt)T(xo —x1) <

b

0
(26)
0

b

collectively,
Vu(x,) " (x1 —x0) =0, Vt € (to,t1). 27)

According to Mean Value Theorem, there exists t* €
(to, t1), such that

0 < ¢(t1) — d(to) = Vulxe) " (xt, — Xp,) 28)

= (t; — to)Vu(xp) " (x1 — x0) = 0,
which is contradictory. Therefore ¢(t) > min{$(0), #(1)}
for all ¢, so the segment [x¢, x1] C S,,. Hence S, is convex.
Since v was arbitrary, u is quasi-concave. O

D. Proof of Theorem 5

Second-order quasi-concavity sufficient condition: Let
u € C2,if the Hessian V2u(x) < 0 (strict negative definite)
on tangent space T for all x € 2 such that Vu(x) # 0,
then u € C? is quasi-concave.

Vux)T(y—x) <0

Vu(x)

Figure 6. Illustration of the second-order condition. For fixed x, if
u is quasi-concave, then on the half space Vu(x) " (y — x) < 0,
maximum value of u is taken at x.

Proof. Fix any « and consider the super-level set S,. Take
arbitrary xg,x; € 5, and define

o) =u((1 —t)xg +tx1), t € [0,1], 29
x: = (1 — t)xg + tx;.

If ¢ attained a value strictly below min{¢(0), ¢(1)} atan
interior ¢ty € (0, 1), without loss of generality, let ¢(1) >
#(0) > ¢(to). Then according to continuity and Extreme
Value Theorem, ¢ attains a strict interior minimum at some
t* € (0,1) such that ¢(1) > ¢(0) > ¢(t*). At this t*, we
have ¢’ (t*) = 0, ¢”(¢t*) > 0. Further, ¢'(¢*) = 0 implies

¢ (t*) = Vu(xe-) T (x1 — x0) = 0, (30)

which means x; — xg € Tk,.. According to the negative
definite hypothesis,

(x1 = %0) " V2u(x¢+ ) (x1 — x0) < 0. 3D
Howeyver, this contradicts with
(") = (x1 — x0) ' V2u(xp)(x1 —%0) > 0. (32)

Therefore, for all ¢, ¢(t) > min{¢(0), (1)}, so the seg-
ment [xg,x;] C S,. Hence S, is convex. Since v was
arbitrary, u is quasi-concave. O

E. Explicit form of convex loss gradient

In the proposed convex gradient projection module, the term
VL convez (1) can be either computed by auto-gradient, or
by using an explicit form, and both approaches are efficient.
Let D,, Dy, Dy, Dy, Dy, be fixed linear convolution op-

erators with adjoints D}, D}, D}, D}, D] realizing first



and second order finite differences. Specifically,

0 0 0 0 1 0
D,=10 -1 0|,D,=D!D,=0 -2 0],
0 1 0] 0 1 0
[0 0 0] 0 0 0
Dy=10 -1 1|,Dy,=D,D,=|1 -2 1|,
0 0 0 0 0 0
0 0 0
D,y =D, (DyD, + D, D,) 0 -1 1
0o 1 -1
(33)
For any function u :  — [0, 1] define
T — Dm ) =D ’
U U, Uy YU (34)
Ugz = Dzatl,  Uyy = Dyyu, Uzy = Dyyu.
Explicit gradient of £5,,. The loss is
Lona(u > IVux)| R(x (35)
‘Q| xEQ
where R = ReLU(Q2 + §), and H = 1[Q2 + § > 0]
(indicator function). Therefore,
\Y% ['2nd V ||V’LL ||R(X)
R ,;z (36)
+ [[Vu(x)[[Vu R(x)].

With Q2 = u2uy,
partial derivatives are

— Uy Uy Ugy + UL Uy, the pointwise

232 = 2UgUyy — 2UyUsgy, % = 2UyUgy — 2Ugplyy,
T Y
8@2 2 8Q2 2 aQZ o
=u’, =uz, = —2u uy.
Oy Y7 Ouy, OUgy
(37)

Since u, = D_u etc. are linear in u, the chain rule with
operator adjoints gives the discrete gradient

V.Qa(u) = D, (u2) + D], (u2) + D], (~2u,u,)

+ DI (2uptyy — 2uylUyy) + DJ(Zuyum — 2Ug Uy ).
(38)
For numerical stability use the smoothed magnitude

[Vul| = \/u2 +uZ +e (e >0), (39)

oNVul _ ue  OIVull _ uy
Ouy — |[Vul” Ouy  [[Vull’

and the chain rule yields

T Ux T Yy
Dm(nwn) * Dy(wu)‘ @D

(40)

V|V =

Substituting above with V, R = HV, Q5 gives

ﬁ |Di(r ||$Z||) + (R ||$Z||)

through g=||Vu/|-

+ DIVl H (2ugtyy — 2uytiy) )

VuLona(u) =

via Q2 /Ouy

+ D;S(HVUHH (2uyuzy — 2uxuxy)>

via 0Q2/0uy

+ DL(IVullH u2) + Dy (IVul H u?) |

via Q2 /0Ugy,0Q2 [ Otyy

+ DLVl H (~2u,,)) |

via 0Q2/Ougy
(42)

1/(1+e7°)

With the elementwise sigmoid u = o(0) =
one has % = u (1 — u), hence

VoLond(u(o)) = (Vulona(u)) © u(l—u).

Explicit gradient of £,,;. Let D,, D, be fixed linear
convolution operators and write

Vuly) = (Duly), Dyu(y)) . (43)

For a temperature £ > 0 define the smoothed sigmoid

! ol(t) = 1as(t)(l—ae(t)). (44)

o:(t) = Tt % e

Given a neighborhood Ny C 2 around each y, set for
every ordered pair (x,y) with x € Ny:

S(X7 y) = UE(U(X) _U(Y))’ Vxy = XY,
R(x,y) = H(x,y) (—~Vu(y) ' vxy),

where H(x,y) = 1[Vu(y) " vxy < 0]. The loss reads

‘Clst ZZSXY )

yEQ XGN

(45)

For any pixel p € £, the partial derivative
[VuLisi(w)](p) collects all terms in which u(p) appears.
There are three kinds of appearances.

(A) u(p) as a “source” value u(x) in S(x,y). Here u(x)
contributes when x = p and p € Ny
d5(x,y) {og(u@) —uy)), x=p,

“oulp) (46)

0, X # p.



Thus the contribution is
> olulp) —uly)) R(p.y). 47)
y: pENy
(B) u(p) as an “anchor” value u(y) in S(x,y). Here u(y)
contributes when y = p and x € N
8S(X’ y) _ _O.(/E(u(x) - u(p))a y=n,
du(p) 0, y #p.

Thus the contribution is

=Y ol(u(x) - u(p)) R(x,p). (49)

xEN,

(43)

(C) u(p) through the anchor gradient Vu(y) inside
R(x,y). R(x,y) depends on u through the anchor gradient
Vu(y). Collecting all such contributions over y, the re-
sulting gradient can be written compactly using the adjoint
operators D}, D, .

Write v (X,y) = (X — ¥)a, Uy(X,y) = (x —y)y. Then

R(x.y) = —H(x,)(Douly) va(x,¥) + Dyuly) v, (x.y) ).

(50)
Introduce two auxiliary fields C,,Cy : Q@ — R,
Cx(p) = - Z S(X7p) H(Xap) U.T(Xap)7
xeNp
(5D
Cy(p) = - Z S(X7p) H(Xap) Uy(xap)7
xEN,

Therefore, the part of the objective depending on R can
be rewritten as

> ) Sxy)R(xy)

yEQ XEN,

=3 Coly) Douly) + Y Cyly) Dyuly).

yeQ yEQ

(52)

To differentiate it, note that both D, D, are linear op-
erators, and we use the following standard identity: for any
linear operator A and any coefficient field c,

Z c(y) (Au)(y) = ¢" Au = (AT¢) Tu, (33)

y

hence
B (Z c(y) (Au)(y)) =A'e, (54)

Applying this identity to the two terms gives

Vu Y Y Sxy)R(xy) 55)

yEQ xENy
T T
— D] C,+D]C,.

via R

Summing (A)+(B)+(C),

(V) = [ 30 allule) —u(y) Rp.y)

via 85 /0u

— Z ol(u(x) — u(p)) R(x,p)

xEN,

via 8S/0u
+[DIC, + D} C,) () ]

viaOR/0u

(56)
If u = o(0) is the elementwise sigmoid of logits o, then
VoList(u(o)) = (Vuﬁlst(u)) ® u(1 — u) elementwise.



F. Qualitative Visualization on ACDC Dataset.




G. Qualitative Visualization on CASIA
Dataset.




H. Qualitative Visualization on REFUGE
Dataset.




I. Qualitative Visualization on RIM-ONE-r3
Dataset.




J. Ten Trials Results for the Ablation Study

Trial Prior Backbone Dice ToU HD Backbone Dice ToU HD Backbone Dice IoU HD
- 83.02 7097 1256 8532 7440 7.530 7452 5939 1218

Oth 8293 70.83 1252 . 85.19 7420 7.516 7449 5935 12.17

0 1st UNet  g350 7181 1167 SWUmel g3 7564 7003 DPoPLAOVID o0ce 6015 11.00
ond 8478 73.58 9.837 88.53 79.43 5.969 8212 69.67 8527

- 8428 72.83 11.04 86.65 7644 6.965 7721 62.88 11.04

0th 8422 7274 1099 . 86.56 7631 6942 7716  62.81 11.04

! 1st UNet  gigg 7374 1031 SWnUnet ons 2935 6464 DPEPLAOVID 2600 6531 10.10
Ind 86.30 7590 8.764 88.74 7975 5.665 8293 70.84 8244

- 83.66 7191 11.99 8872 7973 6.137 7597 6125 11.42

0th 8331 7139 11.86 . 88.69 79.67 6.117 7595 6123 11.42

2 1st U-Net 383 72,16 11.02 SWIMUMC o931 8069 5783 DePLOVIP 5706 6388 10.42
Ind 84.85 73.69 9.687 90.73 83.03 5.043 82.80 70.65 8.183

- 8548 74.65 9.804 8629 7589 8377 7754 6332 1074

0th 8550 74.68 9.640 . 86.14 75.65 8256 7753 6330 1073

3 1st UNet  ¢597 7539 o973 SWinUnel oo' 5907 7s54p DoePLabV3D s5e5 6651 9618
ond 86.09 7558 8.055 8879 79.84 7.082 84.66 73.41 7390

- 84.98 73.88 10.20 87.01 77.01 10.59 7720 62.87 11.26

Oth 84.93 73.80 10.16 . 86.81 76.69 10.50 7719 62.85 11.25

4 1st UNet o556 7476 9380 SWIUmel gouy 7768 8020 DPLAOVID 2510 (550 1031
ond 86.50 7621 8.106 87.95 7849 7.349 83.80 72.12 8.092

- 8374 72.02 11.86 8435 7294 7.777 7840 6448 10.93

0th 83.57 71.78 11.78 . 8426 72.81 17777 7836 6441 1093

S g UNet o5 g079 1102 SWIURC g5 i3 qaqy 7330 PePLAOVIP o530 6720 9616
Ind 85.66 7492 8977 8751 77.80 6.243 8425 7278 17.580

- 8395 7234 11.49 83.07 71.05 8.197 76.80 6234 1220

0th 83.68 71.94 11.40 . 8299 70.92 8.190 76.81 6235 1220

6 1st UNet o417 7267 1068 SWIMUMC g3gy 7200 7773 DeePLabV3P 5960 6614 1018
Ind 8503 73.96 9.489 8590 7528 6.847 8543 7457 17370

- 83.68 71.94 11.69 84.58 7328 8912 7772 6355 10.72

0th 8344 7159 11.58 . 84.11 72.58 8.783 7769 6352 1071

7 1st UNet o101 7243 1091 SWInUmel ooae 7443 7938 DePLadV3D 2500 co66 9505
ond 8533 7441 9558 87.64 77.99 6.789 83.95 7234 7.462

- 8503 73.96 1039 86.99 7698 6.555 7896 6524 1039

0th 8491 73.77 1030 . 86.93 76.89 6.539 7896 6523 1038

8 1st UNet o550 7470 9608 SWIUml oo e 7708 6169 DPEPLAOVIP gha9 6701 9661
ond 86.85 7676 8.281 8927 80.62 5431 83.97 7237 7.832

- 83.50 71.67 11.96 8582 75.16 8.329 7773 6357 11.19

0th 8327 7133 11.77 . 8527 7432 8.193 7769 6351 11.18

? 1st UNet  g383 72,16 1109 SWmUmet goos 7579 7387 DeePLabVip 255, 6603 1022
ond 8503 73.96 9.832 8749 7776 6.648 83.83 72.16 8.148




