The Geometry of Robustness: Optimizing Loss Landscape Curvature and
Feature Manifold Alignment for Robust Finetuning of Vision-Language Models

Supplementary Material

A. Layerwise Curvature Analysis of CLIP

To examine the geometric heterogeneity of Vi-
sion—Language Models, we conduct a layerwise Hessian
curvature analysis of the CLIP ViT models. Whereas
global curvature metrics (e.g., top eigenvalue or Frobenius
norm of the full Hessian) summarize the overall sharpness
of the loss landscape, they obscure the internal variation
across transformer depth. Our goal is to resolve this
structure by measuring second-order curvature within each
residual block.

Method. Let the model parameters be partitioned into
disjoint blocks {6} corresponding to the ¢-th transformer
layer. For a batch loss £(6), we estimate the trace of the
blockwise Hessian H, = V%eﬁ using a block-restricted
Hutchinson estimator:

> )T (HuW), (10)

j=1

tr(Hy) =~

where () ~ N(0, 1) and v\ is the subvector associated
with block /. We use m=750 probe vectors and compute
Hessian—vector products via double backpropagation. We
report the normalized curvature

tr(Hy)
10cllo

which approximates the average curvature per parameter in
block 4.

(1)
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Findings. As shown in Fig. 7, the curvature k, varies
substantially across depth for all three CLIP variants (ViT-
B/32, ViT-B/16, and ViT-L/14). Some layers operate in rel-
atively sharp regions of the loss landscape, while others lie
in significantly flatter regimes. This non-uniformity demon-
strates that CLIP exhibits strong layerwise anisotropy in its
second-order geometry.

Implications. Because curvature differs by more than an
order of magnitude across layers, applying a single pertur-
bation strength or smoothing radius—as in uniform SAM,
AWP, or adversarial fine-tuning—is inherently misaligned
with the model’s structure. This motivates our Layerwise
Adaptive Adversarial Weight Perturbation, which modu-
lates perturbation rank based on local curvature estimates
to better match the geometry of each layer.
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Figure 7. Layerwise curvature anisotropy in CLIP. Normal-
ized Hutchinson curvature «, for each transformer block of CLIP
ViT-B/32, ViT-B/16, and ViT-L/14. All models exhibit substantial
variation in curvature across depth, indicating strong layerwise ge-
ometric heterogeneity.

B. Preliminaries

B.1. Image Classification with Vision—-Language
Models

In a K-class image classification problem with inputs z €
X and labels y € {1,..., K}, CLIP-style VLMs frame



classification as image—text matching [24]. Each class la-
bel k is converted into a caption using a prompt template
such as “A photo of a {label}”, yielding prompts

{te i

The text encoder G, produces class-specific text embed-
dings gr = Gy(t;) € RP, which are stacked to form the
classification head

Go(t1)"
W = : e REXD, (12)
Go(tx)"
The image encoder Fy maps an input image x to an em-
bedding z(z) = Fp(x) € RP (often f5-normalized). Class
logits for x are then

u(z) = Wz(z) € RE, (13)
and the predictive distribution is given by the softmax
exp(u®())

s exp(uld)(z))”

ply=k|z)= k=1,..., K.

(14)
B.2. Fine-Tuning VLMs for Image Classification

Although VLMs exhibit strong zero-shot performance
across diverse domains, their accuracy on a specific down-
stream dataset D = {(x,y)} can typically be improved via
fine-tuning. A standard approach is to update all or some
subset of the model parameters 6 to minimize the cross-
entropy loss

Lep(0, W) == )" log (Softmax™ (W Fy())).
(z,k)eD
(15)
Full fine-tuning (updating all of #) can yield strong in-
distribution performance, but is computationally costly and
prone to overfitting and catastrophic forgetting. This moti-
vates parameter-efficient adaptation schemes such as LoRA.

B.3. Low-Rank Adaptation (LoRA)

Large-scale VLMs are heavily over-parameterized, which
makes full fine-tuning expensive and increases the risk of
drifting away from the pre-trained manifold. Low-Rank
Adaptation (LoRA) [8] mitigates this by restricting weight
updates to a low-rank subspace. For any weight matrix
W € R™*"™2 in the pre-trained model, LoRA parameter-
izes its fine-tuned version as

W =W*+ %BA, (16)

where W* denotes the frozen pre-trained weights, and B €
R™%7 A € R"*"2 are trainable low-rank factors. The rank
r < min(ni, ny) and scaling factor & € R are hyperparam-
eters. Only A and B are updated; W* remains fixed. This
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Figure 8. Schematic of LoRA weight updates. Weight up-
dates are parameterized by low-rank matrices A and B of rank
r, constraining deviations from the pre-trained weights to a low-
dimensional subspace.

reduces the number of trainable parameters, improves effi-
ciency, and implicitly constrains the adaptation to remain
close to the pre-trained solution, consistent with the KL
term in our PAC-Bayesian analysis. The overall schemat-
ics of the low-rank weight updates in LoRA can be seen in
Figure 8.

B.4. Adversarial Training

Adversarial training [16] aims to make neural networks ro-
bust to perturbations within a bounded norm ball. Given a
model f and a perturbation set S = {J : ||§]|,< €}, the
robust optimization objective is

m}nE(%y)ND rgleag(ﬁ(f(aﬂr&),y)] (17)

The inner maximization can be approximated by gradient-
based methods:

Fast Gradient Sign Method (FGSM). FGSM performs
a single-step update

Tadv = X + esgn(VmE(f(x), y))a (18)

where sgn/(-) is the element-wise sign function.

Projected Gradient Descent (PGD). PGD performs a
multi-step refinement

=T (o +ysen(Vae £(f (@), 9)), (19)



where v is the step size, ¢ indexes the iteration, and Ils
is the projection operator onto the perturbation set S. PGD-
based adversarial training is the standard baseline for robust
learning, but often converges to sharp minima and can harm
natural generalization [20, 37].

B.S5. Adversarial Weight Perturbation (AWP)

The geometry of the weight—loss landscape is strongly cor-
related with both standard and robust generalization [11,
20]. Adversarial Weight Perturbation (AWP) [37] intro-
duces a second adversary in parameter space to explicitly
regularize loss-landscape flatness under adversarial train-
ing.

Let 8 denote the current model parameters and p an ad-
versarial weight perturbation. AWP alternates between ad-
versarial input and weight updates:

Adversarial input update. Starting from 2° = z, and

with p initially set to 0, AWP first generates adversarial ex-
amples using the perturbed model:

et =Tls (fﬂt + 71 880(Vr L(Fpy (), y)))v (20)

for a chosen number of steps and step size ;.

Adversarial weight update. Given the adversarial sam-
ples {«}™,, AWP then updates the weight perturbation
by ascending the loss:

V[L% Zgil ‘C(F0+H(xz)7yz) HQH)
IV 2oy L(Fosp(h), wi)ll, 7

N:HF<M+72
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where Il projects onto a bounded perturbation set in pa-
rameter space, and y, is a step size. This update can be
done in one or multiple steps.

Model parameter update. Finally, the base parameters
are updated via SGD on the perturbed model:

1 m
0=(0+u) —1Vorn > L(Fopu(ah), i) — p, (22)
i=1

with learning rate ~s. Intuitively, p identifies directions
in parameter space where the adversarial loss increases
sharply, and the outer update drives the model toward flatter,
more robust regions.

C. Extended Theoretical Analysis

This section provides complete proofs and extended deriva-
tions for the theoretical results presented in Section 3. We
include proofs for Theorem 3.1 (Robust PAC-Bayes Bound)
and Lemma 3.2, additional supporting lemmas, and clarifi-
cations on the assumptions used in the main text.

C.1. Notation

Let 6 denote the pre-trained parameters of a VLM encoder,
and @ its fine-tuned counterpart. The risk for domain s €
{ID, 00D, Adv} is

RS(Q) = E(r,y)NDS [E(f(’ (.T), y)]

The robust risk is Rgon(f) = maxs Rs(6). We denote by
P = N(0y,0%I) the prior and Q = N (6,0%I) the poste-
rior.

C.2. Proof of Theorem 3.1

We now provide the complete derivation of the robust PAC-
Bayesian bound.

C.2.1. PAC-Bayes Preliminaries

We use the standard PAC-Bayesian inequality [18, 21]: for
any prior distribution P and posterior () over model param-
eters, with probability at least 1 — § over the training set,

Egq[R(0')] < E@/NQ[R(Q’)H\/KL(QHP); In(24/n/9)

n

(23)

To extend this to the robust risk Ryob(0) = maxs Rs(0),
we apply a union bound over the domains.

C.2.2. KL Divergence under Low-Rank Adaptation
(LoRA)

In the main text we consider a Gaussian prior P =
N (6y,0%I) and posterior Q@ = N(6,0%I). When fine-
tuning with LoRA, however, only a low-dimensional sub-
space of the parameters is updated. Let the LoRA update be
A0 = Wiora = BA, where A € R"™*F and B € R4,
with r < d. Thus the effective parameterization lies in an
rk-dimensional subspace.

We therefore define the prior and posterior over the
LoRA parameters:

P :N(0702Irk)a Q :N((AaB)anIrk)'

The KL divergence becomes:

1 2
KLQIP) = 5og (1A B13) = 1Vemalle -
LoRA therefore reduces the complexity term in the PAC-
Bayesian bound by restricting the posterior to a low-rank
subspace. This provides a natural proximity regularization
mechanism, ensuring that fine-tuning remains close to the
pre-trained parameters while controlling the variance of the
posterior.

C.2.3. Second-Order Expansion and Sharpness Term

Using Assumption | (bounded Hessian), we apply a
second-order Taylor expansion around 6:

00+ €)=L(0) + € VLO) + %Jv%(a)e +O(|lell®).



Taking expectation w.r.t. € ~ N (0, 0%1):

E [0+ €)] = £(0) + %2 Tr(V3L(0)) + O(c®).  (25)

Applying the same to Ry, yields:

Ep—0[Rion(8)] = Raon(0)+ % Te(V2Ria (0))+0(0%).

2
(26)

The trace term acts as an average curvature (“sharpness”)
penalty.

C.2.4. Union Bound for Multi-Domain Robust Risk

The robust risk satisfies:

Rrob(0) = max Ry(0) < > R.(0).

Applying PAC-Bayes to each domain and union bounding
over |S|= 3 domains gives a factor In(2n/¢).

C.2.5. Final Bound
Combining (23), (24), (26) for the robust case yields:

Wieralh | o°
Weoralle | o= 1y g2 py . (0))

<
Rrob(0) < Rip(0) + 552 5
+ Hﬁx d'HAH (Dsa Dt) + )\*7
27)
which completes the proof.
O

C.3. Proof of Lemma 3.2

We derive an upper bound on the HAH-divergence be-
tween domains s and ¢ under a Lipschitz encoder.

C.3.1. Feature-Space Decomposition
The HAH-divergence satisfies [1]:
dyan(Ds,Dy) =2 sup |Pr[h# I'] — Pr[h # I]|.
hhieH ! s t

For linear separators on a feature map ¢(x), this reduces
to the discrepancy between distributions of ¢(z). Using As-
sumption 2 (Lipschitz continuity of fy),

1fo(x) = fo(a")I< Lysll6 — ']
Let p¢, 3¢ denote class-conditional mean and covari-
ance. A standard result on Wasserstein/TV bounds yields:

k
d(Ds,Dy) <2Lg Y me (s — w155 — Zflr)

c=1

and noting || A||r= +/Tr(AT A) produces the stated bound:

k
duau(Do, D) < 2L 3 me (1 = pflla+V/Te(TE = 27)%)
c=1

O

C.4. Supporting Lemmas and Clarifications

Lemma C.1 (Hessian Boundedness). If ||V2¢||< M for all
samples, then

Tr(V2R(9)) = E[Tr(V2£(6))] < Md.

Lemma C.2 (Taylor Remainder). Under Assumption 1, the
third-order term satisfies

M
| Rs|< gEHdIg: O(c?).

C.4.1. Discussion of Assumptions

Smoothness. Large VLMs exhibit bounded Hessian spec-
tra due to normalization layers, residual connections, and
pre-trained initialization. Empirically we find the global
Hessian spectral norm remains controlled.

Feature Regularity. CLIP encoders map to the unit
sphere via normalization, and are Lipschitz due to bounded
Jacobians in ViT and ResNet blocks.

C.5. Additional Remarks on the Robustness Decom-
position

The three terms in Theorem 3.1 correspond to:

* (A) Proximity to Prior: Prevents drift from the learned
manifold, safeguarding zero-shot transfer.

* (B) Parameter-Space Sharpness: Controls curvature of
the loss landscape and protects against adversarial pertur-
bations.

* (C) Feature-Space Stability: Ensures aligned class ge-
ometry across ID/OOD domains, enabling robustness to
natural distribution shifts.

This decomposition motivates GRACE’s design: low-
rank adaptive adversarial weight perturbation handles (B),
proximity regularization handles (A), and cross-domain fea-
ture stabilization handles (C).

D. Experimental Details for Empirical Valida-
tion of Failure Modes

This appendix details the class-conditional metrics and cur-
vature estimation used in Section 4.

D.1. Feature-Space Geometry Metrics

Feature extraction. We use the penultimate image-
encoder layer of CLIP ViT-B/32. Each embedding z(x) €
R? is /5-normalized to lie on the unit hypersphere. For each
regime r € {ID, OOD, Adv} and class ¢, we collect 100 im-
age embeddings and compute all statistics within-class.



Class-conditional cosine alignment. For each class c, we
define domain-specific centroids

1
Hr = THeT ().
i 25,
Alignment between domains is then given by

CSICD~>AdV = <MICD7 :u/c%dv>'

We report their averages over classes.

CSip—00p = {Hips Ho0D) 5

Local Intrinsic Dimensionality (LID) and ALID. LID
measures local manifold complexity [15]. For each feature
z; within class ¢ and regime 7, let {z; ;}5_, be its k=20
nearest neighbors in cosine distance r; ; = 1 — (2, 2 ;).
The LID estimate is

1 b T4 -1
LID(z;) = —(EZlog —J) .
j=1

Tk

We compute the mean per-class, per-regime LID:

, 1

LID§ = ——— ) LID(z).
|DT | z;€D¢

The class-conditional change in dimensionality relative to
ID is:

ALIDS, .. = LIDS — LID§,, 7 € {OOD, Adv}.

We report the class-averaged ALID values in Table 2.
Lower ALID indicates that the local manifold geometry is
preserved under the shift.

PCA visualization. For qualitative plots (Figs. 2, A2), we
fit a 3D PCA basis on pooled ID/OOD/Adv features from
three random classes across methods and seeds, and project
all features into this common basis for visual comparison.

D.2. Parameter-Space Curvature Estimation

Hessian estimation. We estimate the top eigenvalue A«
and normalized Frobenius norm || H ||z /v/d of the Hessian
of the training loss £(6) with respect to all trainable param-
eters. We use stochastic power iteration with T'=>50 itera-
tions and batch size 512:

H’Ut

——— Amax = vp Hug.
||HUt||2 ) max Vp VT

V41 =

We estimate ||H || via Hutchinson’s trace estimator with
Gaussian probes u; ~N (0, I):

1 m
IHlE~ — > |1 Hug3.
j=1

These metrics provide curvature proxies for model flatness
and parameter-space complexity.

Loss-surface visualization. 2D/3D loss slices (Fig. 2(b),
Fig. A3) are obtained along two orthonormal perturbation
directions (d1,02) in the flattened parameter vector, nor-
malized to [|d;||2= 1, visualizing £(6 + «dy + (Bd2) for
a, f € [—1,1]. Plots are qualitative and used only for illus-
tration.

E. Method Details

E.1. LAR-AWP Rank Curriculum and Curvature
Estimation

Here we give the full description of the curvature estimator
and rank curriculum used in LAR-AWP (Section 5.3). A
central component of LAR-AWP is the assignment of layer-
wise perturbation ranks based on the local curvature of the
loss landscape. Ideally, curvature would be measured using
the diagonal of the Hessian diag(V3,£(0)) for each weight
matrix W. However, computing or storing the exact Hes-
sian is computationally infeasible for CLIP-scale VLMs: a
single iteration of finite-difference diagonal Hessian estima-
tion requires one backward pass per parameter, while es-
timating eigenvalues by power iteration incurs prohibitive
memory and compute overhead for hundreds of millions of
parameters.

Gauss—Newton Proxy. Following Sophia [14], we adopt
a tractable first-order proxy given by the diagonal of the
Gauss—Newton matrix. For a mini-batch B,,; of size n,, let

1
gw = VW”TJ Z L(Fo(x:),ys) -
(4,Y:) EByal

The curvature estimator is then defined as

hw = ny (9w © gw), (28)
where © denotes elementwise multiplication. For common
losses such as cross-entropy, the expectation of (g ® gw)
approximates the diagonal of the Gauss—Newton matrix
Hgn < V2L. Therefore, /f\LW is a biased underestimator of
the true Hessian diagonal: it systematically underestimates
curvature, but preserves the relative ordering of layers.

Bias and Its Impact on Rank Adaptation. LAR-AWP
does not require an unbiased estimate of curvature. Rather,
it requires a stable relative ordering of layers by sharpness.
Since the Gauss—Newton proxy shrinks curvature uniformly
but monotonically, layers with higher true curvature still
satisfy /f\zwl > EWQ whenever Hyy, > Hyy,. Rank assign-
ment is based on curvature percentiles:

rawp o< 1 {iALW > Tp} , Tp = quantile({EW}W7 p) ,

with p = 0.8 in our implementation. Thus, any consistent
monotonic bias is harmless: only the ranking matters.



Algorithm 1 GRACE: Unified Robust Fine-Tuning with
LoRA, LAR-AWP, and Gram Alignment

Require: Pretrained CLIP model Fjp,; training data D;
LoRA rank r; perturbation radius p; PGD budget ¢;
tradeoff parameters A\ AR, AGy-

1: Initialize LoRA parameters © = {Aw, Bw }w; freeze
backbone weights.

2: Initialize layerwise AWP ranks r%ﬁ < 0 and curva-

ture EMA hy < 0 for all layers W.

3: for each training iteration do
Sample minibatch {(x;,y;)}E ;.
5: Compute clean image features fip(x;) and task loss
Etask-

// Step 1: Generate adversarial images

6: For each 7, run PGD with radius € to obtain x
arg max||5 < L(Fo(zi +6), yi).

7: Compute adversarial features faqy(z;) from x

Adv ~

Adv.
/] Step 2: LAR-AWP inner maximization (sharpness
control)

: fort =1to TAWP do
9: Update  low-rank  perturbation

(Aawp, Bawp) by gradient ascent:

10: (Aawp, Bawp)
NV AL(Foa(z}),yi).

11: Project A onto the low-rank ball ||A||< p using
layerwise rank masks r%@.

12: end for

13: Compute perturbed features fawp(x;) using
Whert (0, A) in Eq. (6).

// Step 3: Gram-volume feature alignment
14: For each 4, form Gram matrix G; from
(fin(), faav(wi), fawp(z;)) using Eq. (8).
15: Compute Gram Alignment Loss Lgyv =
v/ |det(G;)].
// Step 4: Curvature-based rank update (periodic)
16: if iteration mod K' = 0 then

factors

(Aawp, Bawp) +

17: Estimate curvature proxy hy ~ E[||Vy L]?]
using validation mini-batch gradients.
18: Map {hw }w to percentile bins and update lay-

erwise ranks r/(\‘/\},/g: sharper layers = higher r%@.
19: end if

/] Step 5: Outer minimization update
20: Update LoRA parameters © by minimizing

LGrRACE = Liask + ALARLLAR-AWP + Agv LGV

21: end for

Stabilization via Exponential Moving Average. To mit-
igate mini-batch noise, we maintain an EMA of the curva-

ture proxy:
) = gaY 41 -pnl), B e[0.85,0.95]
(29)

We also normalize by parameter size to avoid scale inflation
in large matrices:

norm 1 i
th :thw

Curvature updates are performed once every K iterations
(K = 1000 by default), balancing responsiveness and sta-
bility.

Practical Rank Allocation. Given the stabilized curva-
ture values {hyy }, we assign AWP ranks via a piecewise
mapping: sharp layers (top 20%) receive the highest rank,
moderately curved layers receive intermediate ranks, and
flat layers (bottom 20%) receive minimal or zero rank. This
curriculum focuses smoothing where the loss landscape is
most anisotropic.

E.2. Using AWP as a Proxy for Out-of-Distribution
Robustness

A key motivation behind LAR-AWP is the observation that
weight-space adversarial perturbations provide a tractable
proxy for natural distribution shifts. In this subsection, we
formalize this connection and provide empirical support for
the use of AWP as an OOD surrogate in VLM fine-tuning.

Background: OOD shifts as structured adversarial per-
turbations. Recent studies have suggested that natural
distribution shifts often correspond to structured, low-
dimensional perturbations in the feature space of pre-
trained models. In CLIP-like VLMs, these shifts manifest
primarily as changes in texture, lighting, occlusion statis-
tics, or object context. Such variations induce predictable
deformations in the intermediate representations of the vi-
sual encoder that can be approximated by parametric per-
turbations of the model weights.

Formally, let Pip and Poop denote the ID and OOD
input distributions. For a model fy, the OOD-induced rep-
resentation drift for sample z is

Aoop(z) = fo(z) — fo(z'), &' ~ Poop(- | x),
where 2’/ denotes an OOD variant of = (e.g., ImageNet-
R, -V2, -S, A/A+). Empirically, Apop(z) lies in a low-
dimensional subspace associated with sharp, anisotropic di-
rections of the weight-loss landscape. This provides the
bridge to weight-space adversarial perturbations.



AWP as a local surrogate for OOD feature drift. Ad-
versarial Weight Perturbation (AWP) [37] searches for a
weight perturbation A that maximally increases loss on a
given input:

Aawp = arg max L(fora(2),y).
IAlI<p

In high-dimensional VLMs, the maximizer A awp tends to

align with directions of high curvature, i.e., eigenvectors

corresponding to large eigenvalues of V;L. These direc-

tions correspond to feature-space instabilities that are also

amplified under natural OOD shifts. Thus,

Axwp(z) || Aocop(w)

This alignment implies that AWP perturbs the model along
directions that mimic OOD-induced representation drift.

Why AWP captures OOD geometry in CLIP. Pre-
trained CLIP encoders exhibit highly anisotropic curva-
ture: a small fraction of layers (often the late transformer
blocks) dominate the Hessian spectrum. These layers are
also empirically the most sensitive to OOD corruption, as
shown in our layerwise curvature analysis (App. A). There-
fore, weight-space adversarial perturbations naturally con-
centrate in the same regions of parameter space that domi-
nate OOD behavior.

In GRACE, the rank-adaptive LAR-AWP module explic-
itly targets these layers, ensuring that adversarial perturba-
tions span the high-curvature subspace where OOD feature
drift resides.

Empirical evidence: AWP feature drift correlates with
OOD drift. We measure the correlation between: (i) fea-
ture displacement induced by AWP, and (ii) feature dis-
placement induced by real OOD samples.

Let

dawp (z) = || fo(%) = foranwe (7) |2, doop(z) (30)
= Eu'nPoop [ fo(x) — fo(a")l2].

Across ImageNet-V2/S/R and ImageNet-A/A+, we observe
a strong positive correlation (Table 9, Figure 9), confirming
that AWP and OOD shifts induce similar instability patterns
in CLIP’s feature space. Layers with large curvature exhibit
the strongest coupling.

Implication for training. Because AWP tracks OOD-
sensitive directions, optimizing robustness against AWP im-
plicitly improves generalization on OOD benchmarks:

m‘ginmgxﬁ(f9+A) = mgin max L(fg(x)).

z'~Poop

(up to a monotone scaling factor).

Shift Cosine Similarity L2 Distance
ID—O00D 0.35 6.61
ID—AWP 0.32 6.87

Table 9. Feature-space displacement induced by OOD data
and AWP. We report cosine similarity and L2 feature distance
between ID representations and those produced under OOD sam-
ples or adversarial weight perturbations. The similar displacement
magnitudes show that AWP produces feature shifts comparable
to true OOD drift, supporting its utility as a proxy for robustness
stress-testing.
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Figure 9. 3D visualization of CLIP feature geometry under dif-
ferent shifts. Using normalized embeddings projected onto the
unit sphere, we compare ID samples, natural adversarial (Nat Adv)
variants, OOD samples, and features obtained under AWP pertur-
bations. AWP produces feature displacements that closely follow
the structure of real OOD and natural adversarial shifts, confirm-
ing that curvature-aligned weight perturbations serve as an effec-
tive proxy for robustness-critical distribution drift.

This explains why GRACE improves both adversarial and
OOD robustness, even though OOD samples are not used
during training.

Conclusion. LAR-AWP acts as a computationally effi-
cient surrogate for natural distribution shifts in CLIP. By
perturbing the model along high-curvature directions that
correlate with OOD drift, GRACE enforces stability in pre-
cisely those regions of parameter space where OOD gener-
alization typically fails.



E.3. Training Algorithm

Algorithm | presents full pseudocode for GRACE, includ-
ing adversarial example generation, inner LAR-AWP steps,
Gram-volume alignment loss computation, and outer opti-
mization of the LoRA parameters ©.

F. Extended Experimental Details

F.1. Preprocessing and Prompts

We use CLIP preprocessing for ViT-B/32. For zero-shot
evaluations, we use the standard ImageNet prompt set and
a single fixed template set for transfer datasets (no ensem-
bling unless stated).

F.2. Datasets

In this section, we provide additional details for the datasets
used for the fine-tuning experiments in the paper. We em-
ploy the ImageNet [3] dataset along with its variants for the
fine-tuning and OOD experiments in the paper.

The ImageNet [3] dataset consists of images catego-
rized into 1000 classes. To test the OOD robustness of the
fine-tuned models, we use the following related datasets:
ImageNet-V2 [25], ImageNet-Rendition [6], ImageNet-
Adversarial [7], and ImageNet-Sketch [32]. These datasets
are considered as natural distribution shifts of the ImageNet
dataset, hence we use these datasets to evaluate the robust-
ness of models fine-tuned on ImageNet using these datasets.
Figure 10 shows samples from all these datasets.

» ml:
.\ -~
ImageNet
iy
ImageNet-V2 Am "

ImageNet-A | S

ImageNet-R S

/
ImageNet-S ’ @

Figure 10. Samples from the ImageNet dataset

F.3. Training Details

The code for the main experiments is built on PyTorch [22],
and Transformers [35] libraries. All the experiments in the
paper were done on a SLURM cluster with 8§ NVIDIA A40
GPUs per node.

F.4. Pre-Trained Weights

Throughout the experiments, we employed the pre-trained
weights provided by OpenAl. These weights can be ac-
cessed through the following URLs:

e ViT-B/32:  https://huggingface.co/openai/clip-vit-base-
patch32

e ViT-B/16:  https://huggingface.co/openai/clip-vit-base-
patch16

e ViT-L/14:  https://huggingface.co/openai/clip-vit-large-
patch14

F.5. Hyperparameters

All the hyper-parameters used in the fine-tuning experi-
ments were selected based on the ID validation sets for each
dataset. We use validation set provided. The corresponding
values selected for the hyper-parameters are shown in Table
10.

Hyperparameter Selected Value
Rank of Weight Updates (ryy) 64
Maximum Rank of Weight Perturbations (r 4w p) 4
Input Perturbation Strength (e) 4/255
Input Perturbation Step Size (1) 1/255
Learning Rate (13) 2e-4
Gradient Threshold Percentile for Weight Perturbations (¢ aw p) 80
Number of Epochs 50
Batch Size 256

Table 10. List of hyperparameter values used for the fine-tuning
experiments.

G. Additional Discussion
G.1. Analyzing AWP Ranks
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Figure 11. Evolution of Layerwise AWP Rank During Train-
ing. The heatmap shows the adaptive adversarial weight perturba-
tion (AWP) rank assigned to each transformer block across train-
ing epochs.

To understand how GRACE allocates adversarial pertur-
bation capacity across the network, we analyze the tem-
poral progression of the learned AWP rank T,&QP and re-
late it to the curvature structure of the CLIP ViT-B/32 en-
coder. Each layer begins with rank 0, and the rank is subse-

quently increased or decreased throughout training based on
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the layer’s instantaneous curvature estimate. This allows us
to directly visualize how GRACE responds to the evolving
geometry of the model.

Curvature anisotropy shapes where ranks appear. Fig-
ure 7 shows that curvature is highly anisotropic: mid-to-
deep layers (blocks 4-8) exhibit a pronounced curvature
peak, while early and late layers remain substantially flatter.
This curvature pattern precisely mirrors the region where
AWP ranks emerge. As seen in Fig. 11, only layers within
this high-curvature band ever receive non-zero ranks; layers
with consistently low curvature (blocks 0-3 and block 11)
retain a rank of zero throughout all epochs.

Observation: Rank progression tracks curvature dy-
namics. The temporal evolution of AWP ranks exhibits
a clear structural correspondence with the curvature plot:

1. High-curvature layers accumulate rank. In blocks 4—
9, where curvature is large in Fig. 7, ranks progressively
rise from O to values between 1 and 4.

2. Rank magnitude aligns with curvature magnitude.
The maximum rank (4) appears in block 8—the same
layer with the highest curvature.

3. Fluctuations reflect curvature changes over training.
Layers whose curvature decreases over epochs exhibit
corresponding decreases in AWP rank (e.g., blocks 6—
7), whereas layers with persistent curvature peaks (e.g.,
block 8) maintain higher ranks for longer.

Thus, the progression in Fig. 11 is not arbitrary: it faith-

fully traces the curvature landscape and its evolution over

training.

Implications. This analysis confirms that GRACE allo-
cates adversarial weight perturbations exactly where the
model is geometrically sensitive. The AWP rank increases
when a layer becomes sharp and decreases when the layer is
flattened by GRACE’s optimization dynamics. Conversely,
layers that remain flat never accumulate rank, ensuring that
perturbation capacity is used selectively and efficiently.

Summary. The AWP rank heatmap closely follows the
curvature profile of the encoder. High-curvature layers re-
ceive increasing rank, low-curvature layers retain zero rank,
and fluctuations in curvature over training are mirrored by
fluctuations in AWP rank. This provides direct empirical
evidence that GRACE’s layerwise perturbation allocation is
governed by the geometry of the model.

G.2. Hyperparameter Analysis

In order to understand the impact of various hyperpa-
rameter choices on the downstream task performance of

our approach, we performed experiments varying the var-
ious hyperparameters in our approach. In our exper-
iments, we varied the following hyperparameters: (1)
rank of weight updates {16, 32,64} (2) maximum rank of
weight perturbation {2, 4, 8} (3) input perturbation strength
{1/255,2/255,4/255} (4) input perturbation step size
{1/255,2/255,4/255} (5) gradient threshold percentile
{40, 60, 80}. The final results for the hyperparameter anal-
ysis have been summarized in Table 11. All the results
were for a ViT-B/32 CLIP model finetuned on the ImageNet
Dataset and tested on other domains.



‘ ‘ ‘ Out-Of-Distribution ‘ Adversarial ‘ Statistics

Hyperparameter | Yalue| 1D | pomain Shift| Zero Shot| Adv TD| Adv 0OD| Adv ZS | Natural Adv | Avg 00D | Avg Adv
16 |72.80]  53.10 5810 | 2210 | 1830 | 1890 | 2110 5550 | 20.10
Rank of Weight Updates (ry) 32 |73.60|  53.80 59.00 | 23.90 | 1940 | 2030 | 22.00 56.50 | 21.20
64 |7421] 5441 50.61 | 2544 | 2055 | 2110 | 22.67 5701 | 2244
2 |7430| 5490 5970 | 23.10 | 1890 | 19.40 | 21.90 56.50 | 20.80
Maximum Rank of Weight Perturbations (rawp)| 4 |74.21 54.41 59.61 | 25.44 | 20.55 21.10 22.67 57.01 22.44
8 |73.70 53.90 5890 | 26.80 21.20 22.10 23.30 56.30 23.10
1/255|75.10| 5520 60.10 | 1870 | 1440 | 1580 | 21.40 57.00 | 17.60
Input Perturbation Strength (€) 2/255|74.70|  54.80 50.80 | 2230 | 18.00 | 1890 | 22.10 56.90 | 19.70
4/255|74.21| 5441 59.61 | 2544 | 2055 | 21.10 | 2267 57.01 | 2244
1255|7421 5441 5961 | 2544 | 2055 | 2110 | 2267 5701 | 2244
Input Perturbation Step Size () 2/255|73.90|  54.10 5920 | 24.90 | 20.10 | 2070 | 22.40 56.70 | 21.90
4/255|73.40|  53.50 5880 | 2320 | 19.00 | 1910 | 21.90 56.10 | 20.40
40 |75.00]  54.90 60.10 | 2090 | 1650 | 17.40 | 2170 56.70 | 19.10
Gradient Threshold Percentile (©awp) 60 |74.60 54.60 59.80 | 23.40 18.90 20.10 22.30 56.90 20.80
80 |7421| 5441 50.61 | 2544 | 2055 | 2110 | 22.67 5701 | 2244

Table 11. Hyperparameter sensitivity results for GRACE (ViT-B/32). CLIP ViT-B/32 finetuned on ImageNet [3] dataset and evaluated
on ImageNet(variants). The numbers represent top-1 accuracy.

‘ ‘ Out-Of-Distribution ‘ Adversarial ‘ Statistics
Method ID . .
Domain Shift Zero Shot AdvID | AdvOOD | AdvZS Natural Adv Avg OOD | Avg Adv
(Same Classes) | (Unseen Classes) | (e=4/255) | (e=4/255) | (e=4/255) | ImageNet-A/A-Plus
CLIP  |6835] 6260 | 6492 | 000 | o000 | 013 | 52.48 | 6376 | 13.15
VanillaFT  [8130]  60.43 71.48 0.00 0.00 0.00 39.35 6596 | 9.84
WISE-FT [36] [82.50|  66.60 68.68 0.00 0.00 0.00 49.95 67.64 | 1249
FLYP[5] |82.60|  64.67 6991 0.00 0.00 0.00 50.85 6729 | 1271
TPGM [28] [8285|  65.50 70.55 0.00 0.00 0.00 50.85 68.03 | 1271
SPD[29] |82.40|  64.90 70.06 0.00 0.00 0.00 50.35 6748 | 1259
TeCoA [17] [66.80  47.20 49.15 3120 | 2190 | 35.13 11.65 48.18 | 2497
FARE[26] (5820  48.17 59.66 18.50 1620 | 23.04 12.40 5392 | 1754
PMG-AFT [34]|68.50|  51.47 5337 3360 | 2387 | 3851 15.40 5242 | 2785
LAAT[13] [6420]  49.07 51.55 2780 | 2043 | 3665 20.10 5031 | 2625
GRACE (Ours) [8230|  63.10 | 7148 | 3240 2597 | 4139 | 34.00 | 6720 | 3344

Table 12. Unified summary across settings (ViT-B/16). ID uses ImageNet clean; Domain Shift (Same Classes) is OOD Avg over
ImageNet-V2/S/R (clean); Zero Shot is ZS Avg (clean) across 8 datasets; Targeted Adversarial reports (ID/OOD/ZS) accuracies under
AutoAttack (APGD-CE, e=4/255); Natural Adversarial is the clean average over ImageNet-A/A-Plus.

‘ ID ‘ Domain Shift ‘ Natural Adversarial ‘ Statistics

Method ImageNet |ImageNet-V2 | ImageNet-S | ImageNet-R | ImageNet-A | ImageNet-A-Plus| OOD Avg. |Nat Adv Avg
Clean Adv [Clean Adv [Clean Adv |Clean Adv |Clean Adv |Clean Adv Clean Adv |[Clean Adv

CLIP [24] ‘68.35 0.00‘61.90 0.00 |48.30 0.00 |77.60 0.01 ‘50.10 0.00 | 54.85 0.00 ‘62.60 0.00 |52.48 0.00

Vanilla FT | 81.30 0.00 | 70.60 0.00 |45.10 0.00 | 65.60 0.00 |36.60 0.00 |42.10 0.00 60.43  0.00 |39.35 0.00
WISE-FT [36] | 82.50 0.00 |73.10 0.00 |51.60 0.00 |75.10 0.00 |47.60 0.00 |52.30 0.00 66.60 0.00 [49.95 0.00
FLYP [5] 82.60 0.00 |73.00 0.00 |49.60 0.00 |71.40 0.01 |48.10 0.00 | 53.60 0.00 64.67 0.00 |50.85 0.00
TPGM [28] |82.85 0.00 |73.50 0.00 |50.20 0.00 |72.80 0.00 |48.50 0.00 |53.20 0.00 65.50 0.00 [50.85 0.00
SPD [29] 82.40 0.00 |72.80 0.00 |49.80 0.00 |72.10 0.00 |47.90 0.00 |52.80 0.00 64.90 0.00 [50.35 0.00

TeCoA [17] ]66.80 31.20|52.30 22.50 |32.10 16.80|57.20 26.40| 8.50 1.20 | 14.80 2.10 4720 21.90|11.65 1.65
FARE [26] |58.20 18.50|49.80 12.60 |35.40 14.20|59.30 21.80| 9.20 0.90 | 15.60 1.40 48.17 16.20(12.40 1.15
PMG-AFT [34] | 68.50 33.60 | 54.80 25.20 |38.40 18.50|61.20 27.90|12.30 1.85 | 18.50 3.20 51.47 23.87(15.40 253
LAAT [13] |64.20 27.80|51.50 20.30 |36.80 15.60|58.90 25.40|17.80 3.10 |22.40 4.80 49.07 20.43|20.10 3.95

GRACE  [82.30 3240|7220 26.10 |49.30 22.30|67.80 29.50|31.20 520 [36.80  7.30 |63.10 25.97 34.00 6.25

Table 13. OOD Results on ImageNet (ViT-B/16). CLIP ViT-B/16 finetuned on ImageNet [3] dataset and evaluated on ImageNet variants.
The numbers are top-1 accuracy (%). OOD Avg averages ImageNet-V2, -S, -R; Nat Adv Avg averages ImageNet-A and A-Plus.



| Zero shot Datasets | Statistics

CalTech101 Cars DTD EuroSAT FGVC Flowers Oxford Pets STL-10 ZS Avg.
Method Clean Adv | Clean Adv | Clean Adv | Clean Adv | Clean Adv | Clean Adv | Clean Adv | Clean Adv | Clean Adv

CLIP | 9148 041 | 5974 000 | 4385 0.00 | 5470 0.00 | 1896 0.00 | 67.42 000 | 8613 000 | 97.10 0.64 | 6492 0.13

Vanilla FT | 9320 0.00 | 6840 0.00 | 5230 0.00 | 68.50 0.00 | 26.80 0.00 | 75.60 0.00 | 90.20 0.00 | 96.80 0.00 | 71.48 0.00
WISE-FT | 92.80 0.00 | 6530 0.00 | 48.60 0.00 | 6240 0.00 | 22.50 0.00 | 71.80 0.00 | 88.60 0.00 | 97.40 0.00 | 68.68 0.00
FLYP 93.10 0.00 | 66.80 0.00 | 5020 0.00 | 64.80 0.00 | 24.30 0.00 | 7340 0.00 | 89.50 0.00 | 97.20 0.00 | 69.91 0.00
TPGM 93.50 0.00 | 67.20 0.00 | 51.40 0.00 | 66.10 0.00 | 25.10 0.00 | 7420 0.00 | 89.80 0.00 | 97.10 0.00 | 70.55 0.00
SPD 93.00 0.00 | 66.50 0.00 | 50.80 0.00 | 65.30 0.00 | 24.70 0.00 | 73.80 0.00 | 89.40 0.00 | 97.00 0.00 | 70.06  0.00

TeCoA 84.63 69.07 | 37.50 24.03 | 2893 18.16 | 38.60 2348 | 7.81 3.13 | 36.13 23.05 | 70.31 45.70 | 89.25 7441 | 49.15 35.13
FARE 88.20 42,50 | 52.40 15.20 | 38.50 12.80 | 48.60 14.50 | 15.30 2.10 | 58.40 16.30 | 82.10 28.60 | 93.80 52.30 | 59.66 23.04
PMG-AFT | 86.50 71.20 | 42.30 28.50 | 34.38 22.15 | 4420 27.80 | 1025 4.85 | 4296 2640 | 75.00 50.20 | 91.40 76.85 | 53.37 38.51
LAAT 85.80 68.40 | 40.20 26.30 | 32.10 20.50 | 41.30 25.60 | 920 4.10 | 40.10 24.80 | 73.20 48.30 | 90.50 75.20 | 51.55 36.65

GRACE | 93.60 72.80 | 68.90 32.40 | 5260 2530 67.20 31.50 | 2640 6.20 | 75.80 29.80 | 90.40 54.60 | 96.90 78.50 | 7148 4139

Table 14. Clean and adversarial evaluation on zero-shot image classification datasets (ViT-B/16). Models are trained on ImageNet;
all other datasets are zero-shot. ZS Avg is the mean across the 8 datasets.



	Layerwise Curvature Analysis of CLIP
	Preliminaries
	Image Classification with Vision–Language Models
	Fine-Tuning VLMs for Image Classification
	Low-Rank Adaptation (LoRA)
	Adversarial Training
	Adversarial Weight Perturbation (AWP)

	Extended Theoretical Analysis
	Notation
	Proof of Theorem 3.1
	PAC-Bayes Preliminaries
	KL Divergence under Low-Rank Adaptation (LoRA)
	Second-Order Expansion and Sharpness Term
	Union Bound for Multi-Domain Robust Risk
	Final Bound

	Proof of Lemma 3.2
	Feature-Space Decomposition

	Supporting Lemmas and Clarifications
	Discussion of Assumptions

	Additional Remarks on the Robustness Decomposition

	Experimental Details for Empirical Validation of Failure Modes
	Feature-Space Geometry Metrics
	Parameter-Space Curvature Estimation

	Method Details
	LAR-AWP Rank Curriculum and Curvature Estimation
	Using AWP as a Proxy for Out-of-Distribution Robustness
	Training Algorithm

	Extended Experimental Details
	Preprocessing and Prompts
	Datasets
	Training Details
	Pre-Trained Weights
	Hyperparameters

	Additional Discussion
	Analyzing AWP Ranks
	Hyperparameter Analysis


