Is the Modality Gap a Bug or a Feature? A Robustness Perspective

Supplementary Material

A. Theorem Proofs
A.1. Proof of Theorem 3.1

Proof. Calculating the gradient of the loss using the notation
in Eq. (6):
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Inputting into Eq. (13):
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Meaning that the gradient of y; is approximately along the
direction of the gap § = p, — py.

The last thing left to prove is that the specific direction
along the gap shrinks the variance in the gap. We’ll show
that:

— tiy) - (Yi — y) (18)

Meaning that each y; moves towards p,, along the gap, thus
shrinking the variance.

Let k(z,y) = e~ 12=91°/7 be the Gaussian kernel. Under
our assumption, for e — 0 we get that x; — . and y; —
fty- Thus we can use a (linear) Taylor expansion of the kernel
around the values of the means:
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Y=Hy

The gradient of the kernel is Vk(z,y) = 2(z
Substituting this into the expansion:

—y)k(z,y).
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kzw, yi) = k(zn, my) |1+ — (% = my) - (i = Ny):|
(20)
Substituting the linearized kernel into the expression for
Q7 (k,1), the common factor k(xy, ity) cancels from the

numerator and denominator:

1+ 2(2k — py) - (yi — py)
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The denominator sum simplifies significantly:
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Under the assumption that the cluster ) is centered at its

mean (3 (y; — py) = 0), the denominator becomes exactly
N.
Summing Q*(k, i) over all k:
1 & 2
S & N 1+ = (»Ck — ty) - (Yi — y) (23)
k=1

Applying the centering identity for X (3_ 2 = Npug):

e = Hy) - (Yi — fty) (24)
O
A.2. Proof of Theorem 3.2

Proof. As stated in the theorem, assume that at some itera-
tion ¢ of gradient descent Q%, Q¥ are doubly stochastic and
that exists ¥ in which both modalities have zero variance.
Assume that Q7 , QY stay doubly stochastic throughout the
training. We’ll begin by showing that iteration ¢ 4+ 1 main-
tains the zero variance in direction ¢: By the assumption
that v7z; = @ for all z; and vaj = b for all y; we see that
using Eq. (7):
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where the last equality follows from double stochasticity.
To show that training will converge when global and local
orthogonality hold, we’ll change the coordinate system s.t.:

and minimize the loss w.r.t. Z;, ;. From standard uniformity
and alignment arguments, the loss will be minimal when
Z; = y; and the points are uniformly distributed. Note that
at such a solution all the local gap vectors will be of the form

Vz’:g}:a?i—gj’i:(a—b,o,(),...) (25)

meaning that by definition the global gap vector will also
be equal to the above (as it is the mean). Orthogonality will
also hold since the gap is solely in the direction of ¥ which
is orthogonal to both modalities. O

A.3. Proof of Theorem 3.4

Lemma A.1. Under the orthogonality assumption, for every
pointy € Y and |1, the mean of modality X :

e = (y = @Il < llpz = yll (26)
with § = 1, — [t the global gap vector:

Proof. Assume coordinate frame s.t. 1, = 0. Therefore the
claim reduces to:

ly —gll < llyll (27)

Under the orthogonality assumption, the points ¥, g, 1, form
a right angled triangle with £y, g, u, = /2. Therefore,
from the Pythagorean theorem [|y|* = |lg/|> + |lv — g]I°.
Since ||g||* > 0 then:

2 2

lylI™ > lly = gll (28)

as required. O
Now to prove the theorem:

Proof. The separating hyperplane between x; and x5 is char-
acterized by the normal to the plane w = Hii:ii T Denote
w the normal to the separating hyperplane between the noisy
versions X i.e 1 and Z».

Since the nearest neighbor of ¥ is z; then w”y > 0. We
wish to show that the probability of @’ (y+v) > 0 is greater
than the probability that @'y > 0.

Since by our assumptions the noise only rotates the hy-
perplane, then @ = R(#)w with R(f) some rotation matrix.

Therefore:

P(@"y > 0) = P(w” (R(=0)y) > 0) (29)

Notice that w” (R(—8)y) > 0 only if § — cos_l(q“l’TTﬁ’) >0
where cos ™! (lﬁTTf) is the angle between w and y.
From Theorem A.1, y — g has smaller norm than 3 and

due to the orthogonality assumption, g”w = 0. Therefore:

wi(y+g)  why _wly

= >
ly + gl ly+gll = vl
1w (y+9) 'y
= cos” (———=) < cos” (=) (30)
ly + gl Iyl
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™ qawi(y+g), m wty
= — —cos (———=)> = —cos (——=) (31
2 el )72 T

Therefore the event that w”'y > 6 is a strict subset of the
event that w” (y + g) > 6, meaning that:

Pw"(y+g)>0)>P(w (y+g) >0 (32)
O

Another way to see this is to note that we can write w =
w + 1 with 7 a zero mean r.v. with covariance 20%1. The
retrieval is robust if w7y > 0. Substituting:

Ty =w+n"y=wly+nTy (33)

From our assumption, wTy > (), so robustness will be main-
tained if w”y > —n”y. From our assumptions:

Var(n"y) = 207 [|y||® (34)

Again, according to our assumptions, replacing y — y + g
maintains:
why =w’(y +g) (35)

since g is orthogonal to w, and from Theorem A.1:
lyll > lly + gl (36)
Therefore:
Var(n” (y + 9)) = 20% |ly + g|I* < 20° [ly|”
= Var(y"y) (37)
meaning that:

Pw(y+g) <-—n"(y+g) <P (w'y<-—n"y)
(38)
Since we decreased the variance of a zero mean r.v..

A 4. Extensions to Theorem 3.4

For completeness, we provide two extensions for the proof,
one in the case of perturbation with non-zero mean, and
another in the case of a general covariance structure.



A.4.1. Extension to Non-Zero Mean

Suppose that the noise can change the mean of the perturbed
points. Following all notations of proof A.3, the requirement
for robustness is that:

oy >b (39)
where 2b = lecil — 5E2Ti"2, so robustness is maintained if:
—nTy <wTy—b (40)

If we assume that w”'y > b, i.e. that the margin between y
and the decision boundary between 1, x5 is at least b, then
the same proof from proof A.3 holds.

A .4.2. Extension to General Covariance
Suppose that the noise has covariance C'. Then:

Var(n"y) = y" (20)y 1)

In this case we would like to chose v s.t. it is orthogonal to
71, o2 (maintaining w’y = w? (y + v)), but also satisfies:

(y +v)TCy+v) <y'Cy
= nlCy+0vTCv <0 (42)
Any direction maintaining the above will increase robustness.
Notice that this direction does not necessarily point from y

to the origin (which in our case is the mean of modality X),
therefore the gap is not necessarily closed.

A.5. Proof of Theorem 3.5

Proof. Observe the relative distance between some y € Y
and two points in the other modality when translating modal-
ity X along the gap by « - v:
V.’Ei,.’bj cX:
ly = (i + a-0)||* = |y = (2 +a-v)|* =
||:cl||2 — 22Ty — 227w — ||x]||2 + 2x]Ty + Qva (43)
Since z;,z; are embedded on the unit sphere ||z;|| =
|lz;|]| = 1. Since y is also on the unit sphere, —227y =
|z —y||> — 2. Additionally, under the orthogonality as-
sumption Vx € X : 27v = ¢ for some constant ¢ € R.
Substituting into equation 43:
2 2
ly = (@i +a-v)I" = lly = (z; + - 0)[" =
L [l = gll* = 2¢ = 14 2¢ — [|lay — y* =
2 2
i = ylI” = llz; =yl (44)
Therefore:
2 2
ly —@ll” <lly — 2" =
ly = (zi +a-v)|* <lly = (z; +a-0)*  @5)

Meaning the nearest neighbor structure is maintained after
translating one modality along the gap. O

B. Does Information Imbalance Cause the Gap?

It has previously been postulated that information imbalance
between texts and images, i.e. when texts are much less
informative that their image counterparts, plays a role in the
creation of the modality gap [26].

We observe a simplified setting in which a training set for
a model trained with the contrastive loss contains only two
images x1, xo with the same caption y. We’ll show that the
minima of these dynamics isn’t when a gap exists but when
all points lie on top one another.

The loss is therefore:

e—d(z1,y)

1
£(.’L’17 Z2, y) = 5(1Og e—d(@1,y) + e—d(z1,y)

e—d(z2,y)

+log e—d(z2,y) 4 g—d(z2,y)

eid(xlay)

+log e—d(@1,y) 4 e—d(z2,y)

e_d(IQ 7y)

+log e—d(z2,y) 4 e—d(z1,y)

1
= log § + d(xlvy) + d(.’lﬂ'27y)
+ log(e~4=1y) 4 e—d(-’ﬂz7y)) (46)
With d = /5 distance. Taking the derivative:

dr e—d(xi,y)
=2y —x;
do, 2w+

e—d@1,y) + g—d(z2,y) 2(zi —y) (47)

. —d(z;,y) .
Since —z7 - < 1 we get that the total gradient

—d(a:l,y)_;'_efd(zQ,y)
s odL .
is o= = ¢(y — x;) for some ¢ > 0. The same analysis can

be done for % where we get:

e
W 2(x1 —y) + 2(z2 — y)
e_d(xlvy) . 2(y — le) + e_d(m27y) . 2(y — xQ)

+ e—d(=z1,y) 4 e—d(z2,y)

(48)

Now assume by negation that the minima of these dynamics
isn’t when z; = x5 = y. For x; it is obvious from the
gradient that the only minima is z; = y. For y, it is enough
to see that y = £1%2 is a minima by substituting into the
gradient. Therefore contradicting that there is a different
minima except 1 = Ts = ¥, as required.

C. Dimensionality Collapse and the Gap

As mentioned in the paper, an orthogonal gap can emerge
even without dimensionality collapse, as in Fig. 4 where
initialization has equal variance in all dimensions. This
makes it an unnecessary condition for the formation of an
orthogonal gap.
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Figure 11. (Top: Two set of points that perfectly satisfy dimensionality collapse. The bottom points are color-coded by SY. Note that S; > 1
for points near the center. (bottom: The training dynamics. Despite no variance in the direction of the gap for both modalities, the solution
converged to has no gap and is perfectly aligned. This is because in the initial iterations, points near the center are pushed away from the
other modality hence destroying the original low dimensionality of each modality.

But it the condition sufficient? Figure 11 shows that the
answer is no as well. We train again follow the simplified
setting of experiment of Fig. 4, only initializing the two
modalities with complete dimensional collapse - all variance
lies in a single dimension with the other containing none.
In this case, training converges to a fully aligned solution
with no gap, making the condition of dimensionality collapse
insufficient to explain the formation of the gap. The behavior
is consistent with our analysis because in the initial itera-
tions double stochasticity does not hold. The top of Fig. 11
color-codes the bottom points by S7. Note that S; > 1 for
points near the center, so at the initial iterations, points near
the center are pushed away from the other modality more
than points at the edges hence destroying the original low
dimensionality of each modality.

D. Empirical Evidence for Assumptions

D.1. Empirical Evidence for Apprximate Double
Stochasticity

We repeat the experiment measuring S7, S;’ as in Fig. 6
only for embeddings trained on the unit hypersphere in
RY4. Results are shown in Fig. 12 - as training progresses,
57, S’;’ — 1 meaning that the matrices Q% , Q¥ become more
doubly-stochastic.

D.2. Empirical Evidence for Orthogonality

For completeness we recompute results from [42] showcas-
ing the orthogonality of the global gap vector for different
models and datasets in Fig. 13.

.
st

200000 300000
Training Iteration

Figure 12. We calculate S, SY throughout the training of N =
500 embedding pairs initialized from a Gaussian distribution with
variance o = 0.01 and gap of ||§]| = 1.8. As training progresses,
the values of S7, SY are concentrated around their means, which
by definition equal 1, making the matrices Q“, Q¥ more doubly-
stochastic.

E. Robustness to Various Noise Distributions

Here we expand on the results presented in Sec. 5.1. As The-
orem 3.4 states, robustness should increase for any distribu-
tion of noise which has no correlation between the different
dimensions and zero mean, not necessarily Gaussian noise.
Figure 14 expands the experiments in Fig. 8 to non-Gaussian
distributions with zero mean and where all dimensions are
sampled i.i.d. . As can be seen, as long as the noise’s dimen-
sions are uncorrelated, robustness increases when the gap is
closed.
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Figure 13. The orthogonality assumption - the cosine of angle 0
between § and each embedding in each modality is nearly O for
different models and datasets, confirming assumption 3.3.

F. Rephrasing Experiments - Further Details

This section provides details on the experiments presented
in Sec. 5.3.

F.1. Rephrasing Noise is Correlated

Caption rephrasing, such as replacing the caption "a photo of
a X" to "an image of X", tends to result in correlated noise in
the embedding space. Intuitively, this is because in the input
space, rephrasing can be seen as subtraction of a constant
input - the string "a photo of a" followed by addition of
the constant string "an image of". When these changes are
applied to all inputs, it can be expected that the change in
the embedding space would either not exist (if the model is
completely robust to such changes) or be consistent.

To show this, we conduct the above experiment on Ima-
genet. Assume all N class names (texts) are embedded with
the prefix "a photo of a", resulting in the text embedding
matrix X. We create a noise text embedding matrix, X by
embedding all class names with a different prefix (e.g. "an
image of"). We repeat for 400 different caption templates,
and calculate the empirical noise covariance. Define the
noise to be M = X — X. The covariance C is then:

L ooy nr L oo
C=(M Nll MYH (M Nll M) (49)
To measure how much the noise is correlated, we simply
measure the norm of all off-diagonal elements relative to the
forbenius norm of the covariance matrix:

|C — diag(C)||

4 ="ar,

(50)
This is of course equal to zero in the case that the noise
is uncorrelated and d(C) = 1 when completely correlated.
Fig. 15 measures d(C') for different caption rephrasings for
different models on Imagenet. As can be seen, in all cases
d(C) =~ 1 meaning the noise is indeed extremely correlated.

F.2. Rephrasing A-OKVQA

In the multiple choice VQA setting, we follow the protocol
of Ghosal et al. [3]: given a question @, for each possible

answer A; for i € [N4] we embed the text that is the con-
catenation of () + A; resulting in IV 4 text embeddings. We
chose the estimated answer via cosine similarity with the
image embedding. We evaluate on the entire A-OKVQA
validation set.

In order to rephrase a correct answer, we simply swap the
correct answer A; with each of the "direct answers" options
for that particular question in the dataset. Each question
has up to 10 different possible correct answers, each one
constitutes as a rephrasing. To replace the wrong answers
we sample from the entire answer bank (not including the
correct answers).

Notice that in this case our measure of robustness isn’t
meaningful as the "noisy" wrong answers are completely
different texts, therefore we shouldn’t expect the model to
consistently predict the same wrong answer when adding
this type of noise. Therefore, under this setting we focus on
consistency w.r.t. right answers, which is similar to measur-
ing accuracy when adding noise. If accuracy increases when
closing the gap, the model is more consistent on predicting
the right answer, or in other words - robust w.r.t. that answer.

G. Approximately Orthogonal Algorithm

As Theorem 3.4 proves, improvement of robustness is cor-
related with the amount of the gap that is closed, and is
maximized when the two modality means overlap. In prac-
tice, the gap vector g can almost be non-orthogonal to the
subspace of X, meaning that closing the gap in the direc-
tion of ¢/ = g — VVTg will produce a small increase in
robustness since ||¢'|| < ||g]|-

To solve this we rely on Theorem 3.4 that states that
any direction which decreases the distance will increase ro-
bustness. We propose closing the gap in directions which
are decreasingly orthogonal to the affine subspace of the
modality being moved. Following from Theorem 3.5, this
procedure assures us that closing of the gap would result
in minimal change to the clean nearest neighbor retrieval.
We implement this idea by simply thresholding the number
of components to which the gap vector is orthogonal, start-
ing with those containing minimal variance. Algorithm |
presents a simple python pseudocode implementation.

Algorithm 1: Approximately Orthogonal Gap Vec-
tor

1: // € — variance threshold, § - gap
vector, X - modality to move

. VSVT + pca(X)

cinds < {i:S; > €}

: V!« V[, inds]

: return (I — V'V'T)g

wn AW N

This algorithm produces a tradeoff between the increment
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Figure 15. We compute d(C') according to Eq. (50). For all models
we tested, with over 400 different captions, d(C') ~ 1 suggesting
the noise is extremely correlated in the embedding space.

in robustness and loss of accuracy controlled by the param-
eter e. An example of using the algorithm is displayed in
Fig. 18 and the tradeoff induces can be seen in Fig. 19.

H. Simulations
H.1. Details

All simulations are done by optimizing randomly initialized
embedding vectors using the Eq. (6). We use full batch
gradient descent with a learning rate of 0.01.

In Fig. 4 (top) we train unnormalized embedding vectors,
directly optimizing Eq. (6) without a normalization step. We
initialize the embeddings sampled from two normal distri-
butions A (p1,2,0.01% - I) with g 5 = (0,£0.5). We use a
constant temperature of 7 = 0.1 and train for 107 iterations.

In Fig. 4 (bottom) and Fig. 16 we initialize 1000 em-
beddings per modality drawn from a normal distribution
N (£€1,0.012 - T) with & being the first elementary basis
vector. All embeddings are normalized as is done in training
multi-modal contrastive models [21].

H.2. Further Experiments

We ablate both the dimension, initial distance between
modality means and temperature. As stated in the main paper
(and shown in [28] and [26]), there exist cases in which train-
ing converges to completely aligned modalities. This can
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% of Aligned Pairs

20

—— Orthogonality
— Gap Rom
10! 10* 10° 107
Iteration

Figure 16. We follow Shi et al. [28] and learn embeddings
X,Y € R'909%512 o4 the hypersphere using the contrastive loss
(Eq. (6)) and gradient descent. While the loss decreases and train-
ing converges (left), a major gap remains between the embeddings
and orthogonality holds (right, measured using Eq. (9)).

happen when double stochasticity does not hold throughout
the iterations, and double stochasticity may depend subtly on
the temperature 7 and the number of iterations. We demon-
strate this in Fig. 17.
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Figure 17. Top: When training with 7 = 1 training converges to a solution without a gap, despite existence of an initial gap and orthogonality.
Middle: This is consistent for training in higher dimensions as well - different temperatures have different effects on how much of the gap is
closed. When temperatures are > 1, the gap closes throughout training. In higher temperatures training hardly differs from initialization.
When the gap is initialized at zero it remains so for all temperatures. Bottom: Example of dynamics in R?> with 7 = 10. The gap closes

throughout training as it converges to perfect alignment.
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Figure 18. The zero shot classification accuracy and robustness under noise 7 ~ N(0, oI, on ImageNet and MS-COCO.
Top row: When using Algorithm 1 with € = 5% of the variance, decrease in accuracy is negligible (< 1%) relative to the robustness gained,

which can be ~ 10%.

Bottom row: As the threshold € grows larger, more of the gap is closed, greatly increasing robustness at a negligible cost of accuracy.
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Figure 19. Even when using Algorithm 1 the drop in R@1 for SigLIP [40] on image to text retrieval on MS-COCO dataset [14] is negligible
relative to the improvement in robustness for different Gaussian noises (left). Fig. 19b shows the ranges of the singular value threshold € for
which the increment in robustness (for Gaussian noise with o2 = 0.01) is larger than the decrease in R@1.
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