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A. Preliminaries
CLIP-based OOD Detection for VLMs. Vision-language
models (VLMs) have demonstrated promising performance
in image classification compared to traditional vision-
only representation methods. Among them, CLIP [6] is
widely recognized as a pioneering VLM, leveraging self-
supervised contrastive learning to jointly train an image
encoder I : x → Rd (e.g., ViT [1]) and a text encoder
T : t → Rd (e.g., Transformer [7]) in a shared represen-
tation space. After pretraining on millions of image-text
pairs, CLIP acquires a unified image-text alignment space,
thereby enabling strong zero-shot capabilities and making
it particularly effective for OOD detection. Building upon
CLIP, MCM [4] introduces a concept matching score by
maximizing the similarity between an image feature I(x)
and a text concept T (tk):

SMCM(x) = max
k

es(x,tk)/τ∑
k e

s(x,tk)/τ
, (1)

where s(x, tk) =
I(x)·T (tk)

∥I(x)∥·∥T (tk)∥ measures cosine similarity
between the image feature I(x) and the text concept T (tk)
and τ is the temperature. Subsequently, we could detect
OOD samples by

G(x;λ) =

{
1, SMCM(x) ≥ λ
0, SMCM(x) < λ

, (2)

in which λ is the threshold. To better exploit both global and
local visual features and handle multi-object scenarios, GL-
MCM [5] incorporates local patch-level scores to calibrate
the global detection score:

SGL-MCM(x) = SMCM(x) + max
i,k

es(xi,tk)/τ∑
k e

s(xi,tk)/τ
, (3)

where xi corresponds to the ith patch of the image x.
MCM and GL-MCM provide two distinct score functions
for OOD detection, and selecting an appropriate thresh-
old λ remains a critical concern. Based on the observa-
tion that OOD scores often exhibit a bimodal distribution,
OWTTT [3] proposes an adaptive thresholding strategy by
optimizing the intra-class variance for a better separation.
Prompt Learning for OOD Detection. Recalling that
CLIP provides a unified representation space for both im-
ages and texts, the textual prompt can be represented as
t = {w1, · · · ,wN , c}, where {wi}Ni=1 denote learnable

context vectors optimized during prompt learning, and c
corresponds to its class name. LoCoOp [5] performs prompt
learning by extracting ID-irrelevant nuisances x̃ from ID
images for OOD regularization, whose optimization objec-
tive is defined as:

LLoCoOp = EX ,Y [LCE(p(y|x,w),y)− λL H(p(y|x̃,w))] ,
(4)

in which LCE represents the cross-entropy loss and
H(p(y|x̃,w)) measures the entropy of the predictive dis-
tribution induced by spurious OOD features extracted from
ID images. λL is the balancing hyperparameter. Notably,
the decomposition of foreground and background in im-
ages is often imperfect, while predictions with low uncer-
tainty tend to have an even stronger positive impact on OOD
detection. Motivated by this insight, SCT [8] introduces
an uncertainty-aware calibration for LoCoOp, adjusting the
loss function as follows:

LSCT = EX ,Y [ϕ · LCE(p(y|x,w),y)− ψ · λS H(p(y|x̃,w))] ,
(5)

where ϕ = 1− p(y|x,w) and ψ = p(y|x,w) are adaptive
modulating factors that calibrate prompt learning according
to confidence estimation. λS is the balancing hyperparam-
eter. Furthermore, AMCN [2] generates multiple adaptive
ID and OOD prompts to facilitate the separation of ID and
OOD samples under prompt guidance, thereby improving
OOD detection performance.

B. Theoretical Analysis
In Section 3.1, we introduce a separability-aware conju-
gate optimization framework equipped with a soft gating
mechanism. We begin by constructing an entropy-guided
divided learning strategy that enables the model to adapt
with explicit out-of-distribution (OOD) awareness during
inference. To stabilize optimization, we then incorpo-
rate a soft gating mechanism (Lemma 3.1) that smoothly
approximates a hard indicator while remaining differen-
tiable. Given that the loss function exhibits a Legen-
dre–Fenchel structure, the optimization can be reformulated
into a convex conjugate problem. The resulting problem is
solved in two stages: (i) establishing the local invertibil-
ity of g (Lemma 3.2), and (ii) deriving conjugate-optimized
pseudo-labels.

In this section, we present the detailed proofs of the lem-
mas and the theorem provided in the main manuscript, of-
fering a comprehensive theoretical analysis that substanti-
ates the validity of our STAR.



Proof of Lemma 3.1. We consider a soft gating function
that converges pointwise to the hard indicator, providing an
efficient and differentiable approximation.on.

Proof. Consider three cases for H(p):
If H(p) < θ, then H(p)− θ < 0. As n→∞, n(H(p)−

θ)→ −∞, so

ϕn(p) =
1

1 + exp(n(H(p)− θ))
→ 1

1 + 0
= 1. (6)

If H(p) > θ, then H(p)− θ > 0. As n→∞, n(H(p)−
θ)→ +∞, so

ϕn(p) =
1

1 + exp(n(H(p)− θ))
→ 1

1 +∞
= 0. (7)

If H(p) = θ, then

ϕn(p) =
1

1 + exp(0)
=

1

2
. (8)

Hence, ϕn(p) → 1(H(p) < θ) pointwise except at
H(p) = θ.

Proof of Lemma 3.2. Here, let g(h) = ϕn logp, where
ϕn(p) = 1

1+exp(n(H(p)−θ)) . Define the subspace S :=

{v ∈ RK | 1⊤v = 0}. Our goal is to prove that g is
locally invertible on the subspace S.

Proof. Specifically, we first derive the explicit form of
∇hg(h), and subsequently prove that it is non-singular
when restricted to S, thereby establishing the local invert-
ibility of g with respect to the subspace S.
(i) Calculate ∇hg(h). We first calculate ∇hp, ∇p H(p),
∇h logp, and ∇pϕn(p):

∇hp = diag(p)− p · p⊤, (9)
∇p H(p) = −(logp+ 1), (10)

∇h logp = I− 1p⊤, (11)
∇pϕn = nϕn(1− ϕn)(logp+ 1). (12)

where 1 is an all-one vector whose shape is same as p. And
then ∇hg(h) can be derived by:

∇hg(h) =∇h(ϕn logp)

= logp · (∇h(ϕn))
⊤ + ϕn∇h(logp)

= logp ·
(
∇hp · ∇pϕn

)⊤
+ ϕn · ∇p(logp) · ∇hp. (13)

Furthermore, we define u as the following formula:

u ≜ ∇hϕn = ∇hp ∇pϕn (14)

= nϕn(1− ϕn)(diag(p)− pp⊤)(logp+ 1).

Then, ∇hg(h) satisfies:

∇hg(h) = logp · uT + ϕn(I− 1p⊤) (15)

.
(ii) Null space of ∇hg(h) and invertibility on S.

Let J ≜ ∇hg(h) and assume Jv = 0 for some v ∈ RK .
Define scalars s := u⊤v and b := p⊤v. Using J = logp ·
u⊤ + ϕn(I− 1p⊤), we obtain

(logp) s+ ϕn(v − 1b) = 0, (16)

that is,
v = 1b− s

ϕn
logp. (17)

The equality holds since ϕn ∈ (0, 1), which is guaranteed
by the Sigmoid function. Subsequently, we multiply both
sides by p⊤ and derive the following equation:

b = b− s

ϕn
p⊤ logp =⇒ s · p⊤ logp = 0. (18)

Since p = softmax(h) has strictly positive entries and∑
i pi = 1, we have p⊤ logp =

∑
i pi log pi < 0, hence

s = 0. Therefore v = 1b, implying

Ker(J) = span{1} and rank(J) = K − 1. (19)

Restricting J to S removes the null direction 1, so J|S is
non-singular. By the inverse function theorem, g is locally
invertible on S.

Derivation of Conjugate-Derived Pseudo-Labels During
test-time, the ground-truth label y is not available. Inspired
by convex optimization theory, we derive conjugate pseudo-
labels for estimating y.

Proof. Since the loss function satisfies a Legendre-Fenchel
structure, we can derive the optimal logits h by minimiz-
ing the empirical loss. The corresponding objective can be
written as

min
h∈S

{
f(h)− y⊤g(h)

}
= min

z=g(h)

{
(f ◦ g−1)(z)− y⊤z

}
.

(20)
Given the common assumption that, after training on a
large-scale dataset, the representation h has converged close
to the optimal solution, we estimate the pseudo label y by
the conjugate relation

ỹ = ∇z(f ◦g−1)(z)
∣∣∣
z=g(h)

=
((
∇hg(h)

)∣∣
S

)−⊤
∇hf(h),

(21)
where S = {v ∈ RK : 1⊤v = 0} and the restriction to S is
necessary since ∇hg(h) has a one-dimensional null space
span{1} (Lemma 3.2).



The proof proceeds in two steps. First, we establish that
∇hg(h) is non-singular when restricted to S, which guar-
antees the existence of the corresponding inverse mapping
on S. Second, we derive the explicit form of ỹ by applying
the chain rule.

Specifically, we compute ∇hg(h) and ∇hf(h) as fol-
lows.
(i) By Lemma 3.2,

∇hg(h) =∇h(ϕn logp)

= logp · (∇h(ϕn))
⊤ + ϕn∇h(logp)

= logp ·
(
∇hp · ∇pϕn

)⊤
+ ϕn · ∇p(logp) · ∇hp

≜ A+B, (22)

where

A = nϕn(1− ϕn) logp · (logp+ 1)⊤(diag(p)− pp⊤),
(23)

and
B = ϕn(I− 1p⊤). (24)

Moreover, Lemma 3.2 implies that∇hg(h) has rank K − 1
and is nonsingular when restricted to S.
(ii) Calculate ∇hf(h):

∇hf(h) = α · ∇h

(
(1− ϕn)(logK −H(p))

)
= −α · ∇hϕn · (logK −H(p))

− α(1− ϕn) · ∇h H(p)

= −α · nϕn(1− ϕn)(logK −H(p))

· (diag(p)− pp⊤)(logp+ 1)

+ α(1− ϕn)(diag(p)− pp⊤)(logp+ 1)

= α · [1− nϕn(logK −H)] (1− ϕn)Ψ, (25)

where Ψ = (diag(p) − pp⊤)(logp + 1). Therefore, the
estimation of ỹ is given by

ỹ = α ·
([
nϕn(1− ϕn) logp ·Ψ⊤ + ϕn(I− 1p⊤)

]∣∣∣
S

)−⊤

· [1− nϕn(logK −H)] (1− ϕn)Ψ. (26)

C. Influence on ViT backbone on Performance
In this section, we evaluate the harmonic mean of accu-
racy on iNaturalist and SUN using different ViT backbones,
namely ViT-B/16 and ViT-B/32. Furthermore, we observe
that the model’s performance decreases when moving from
ViT-B/16 to ViT-B/32 across both 1-shot and 16-shot set-
tings on both datasets.This finding indicates that STAR is
robust to variations in backbone architecture, maintaining
competitive performance across different patch configura-
tions.
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Figure 1. ACCH comparison of STAR using two different image
encoders, ViT-B/16 and ViT-B/32.

D. Algorithm
Algorithm 1 describes the detailed pipeline of STAR for en-
hancing universal prompt learning in test-time adaptation
for VLMs.

Algorithm 1: STAR for Test-time Adaptation
Input: Test batch containing mixed samples

D = {xID
i }Ni=1 ∪ {xOOD

j }Mj=1 = {xi}NB
i=1

1 for xi ← 1 to NB do
// Conjugate Optimization

2 Compute the gating threshold θ by Eq. 2 ;
3 Generate pseudo-labels ŷ via Eq. 5 ;
4 Optimize the prompt learner using Eq. 14 ;

5 for xi ← 1 to NB do
// Prototypical Retrieval

6 Initialize class prototypes with T (tk) ;
7 Populate the memory bank B using Eq. 16 ;
8 Update prototypes C = {ck}Kk=1 via Eq. 17 ;
9 Compute the similarity score sci,k using Eq. 18 ;

10 Derive the class-aware threshold τk by Eq. 20 ;

11 for xi ← 1 to NB do
// Context Adaptation

12 Compute convex conjugate loss Ln via Eq. 5 ;
13 Update parameters Θ← Θ− lr · ∇Ln ;
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