Anomaly-Related Residual Fields for Cross-domain Anomaly Detection
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Overview

This supplementary material provides comprehensive the-
oretical and experimental support for the Residual-
Evolution Field (REF) and Cross-domain Field Align-
ment (CFA) framework. Sections S.0 and S.1 first estab-
lish the rigorous notation, basic objects, and assumptions
(e.g., local strong log-concavity, Lipschitz score functions,
and flow stability). Sections S.2 through S.6 constitute
the core theory, demonstrating via theorems how the resid-
ual primitives (R, M, (Q)) decouple from anomalous distri-
butional shifts and achieve dynamic absorption and non-
accumulation on normal samples. Finally, Section S.7 pro-
vides the theoretical foundation for CFA, proving contrac-
tion properties in the REF feature space and deriving the
target domain risk bound. Section S.8 further provides ex-
perimental details and additional results.

S.0 Notation and basic objects

Indices, domains, and norms. Time indices t €
{1,2,...,T} with T the terminal (data) time. Spatial lat-
tice Q= {1,...,H} x{1,...,W}; apatchis P C Q with
center u € 2. Here H,W € N denote image height and
width, |P| is the pixel-cardinality of patch P, and C' € N
will denote the number of channels (used below when spec-
ifying the image tensor shape). For a vector v, ||v||2 is the
Euclidean norm and (-, ) the inner product. For a matrix
A, ||Allop and ||A|| r denote operator and Frobenius norms,
and (-)" is transpose. We write V for (vector) gradients
with respect to the argument made explicit by context.

Images, forward perturbation, and score. An image
xr € REXWXC The forward noising process is

Yy = quTt0E, e ~N(0,1),

ey
with schedule (ay, 0¢) [5, 9]. Here I is the identity matrix
of dimension matching the ambient vectorization of y;. A

score network Sy(-,t) ~ V,logp:(y) is given at each t
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2, 2
oa;to; =1, opp1 < oy,

[6, 10, 13], where p; denotes the density of y; induced by
the forward process.

Same-time projection and reverse flow. The Tweedie
same-time projection is

Pi(y) =y + 07 Se(y,t). )

This is the classical Tweedie’s formula relating the posterior
mean and the score under Gaussian noise [4]. Deterministic
reverse (probability—flow) dynamics:

Z= g(t) SO(th)ag(t) > 0; (I>t—>T(y) : Z(t) =y Z(T)

3)
This ODE is the probability—flow formulation of score-
based diffusion [10]. The map ®;_,7 denotes the solution
operator of this ODE from ¢ to 7T'.

Patch aggregation and time differences. For any per-
pixel vector field X;(u), define the patch mean

Xi(P)=|PI7" ) Xi(w), )
uepP
and the temporal difference A; X (P) = Xy1(P) —
X;(P). Time weights w; > 0 satisfy 23:1 wy = 1.

REF primitives (pointwise). Define for (u, t):

Ri(u) = So(ys, t)(u) — So( Pi(ye), t) (w), &)
wle) = SUPw) ) (), TLfu) = 222,

My(u) = So(ye, t) () — Iy, u)[So (ye, t)(w)], (6)
Qu(u) = B (ye) (u) — Py Pilyr)) (w). (7

Here I, [-] is the orthogonal projection onto the direction v.

Patch-level statistics. Let ;4 > 0 be a small ridge
constant (distinct from the forward noise ¢ in (1)). For



X € {R,M,Q},

) S 2
= > |1Xu(P)||; wi, (8)
t=1
T—11%,,,(P) — X,(P)|]?
NSx (P) = =1T” (P - KBl g,
Zt 1||Xt P H2wt+5rid
M, — M(P)|?
Z H t+1 t H2 wt. (10)
t=1 |Mt H2+5r1d

Normal vs. anomalous models. Let p; n and p; 4 be the
normal and anomalous densities and

pe =1 —7)pe,N + TP a, (11)
T Pt, A(y)
(1 = m)pe,n(y) + 7pe,aly)

Ya(y,t) = 12)

Here 7 € [0, 1] is the mixture proportion; sy = V logp; .,
A =Vlogp:a,and As =54 — sn.

Pushforward, Wasserstein, and risk. For a measurable
map ¥ and distribution P, W#P is the pushforward.
Wi(-,-) is the 1-Wasserstein distance. For a hypothesis h
and bounded loss ¢ € [0, 1], the risk on domain D is

ep(h) = Ey)opy [((h(2),y)]. (13)

We write E[-] for expectation and Cov(-) for covariance
(used later in whitening); Lipschitz maps are non-expansive
for Wy [12].

S.1  Assumptions

Al (Local strong log-concavity along normals). On
a neighborhood U; of the normal manifold, f;(y) =
—logpi, n(y) is pe-strongly convex along normal direc-
tions:

(Viily) = VW) (y—y*) >

Equivalently, sy = —V f; is p;-strongly anti-monotone:

welly — y*ll3. (14
—melly — 3. (15)

(sny) —sn() (y—y*) <

(Background on monotone operators and strong convexity

(71

A2 (Lipschitz score). On U;, ||sy(y) — sn(
Lilly — ¢/ll2 and [|[Vsn (y)[lop < L.

Yllz <

A3 (Score approximation). Sy(-,t) = sn(:,
with ||§t||oo < 615 and ||V£t”0p < (515 on Z/{t.

t) + &(-)

A4 (Reverse integrator).
hy > 0:

A one-step scheme with step
zt+1 = 2t + hegeSo(zt,t) + e, nell < echi, (16)
higiLy < By < 1. (17)

(One-step stability/truncation as in standard ODE solvers

[15].)

AS (Mixture smoothness). ~v4(-,
cally Lipschitz on U;.

t) and As(-,t) are lo-

A6 (Domain nuisance). Between source and target,

u" =y by t) with |bp(y,t) — bp(y',t)]| <
kelly — ' ll2 and [ Vbp (g, )lop < Ar.

S.2  Distribution-residual coupling (what is
the anomaly signal?)

Score mixture decomposition.
decomposes as

By (11), the time-t score

S(yv t) = '7N(ya t) SN(y7 t) + ’YA(y> t) SA(y> t)7

18
As =354 — snN. (18)

where vy =1 — 4,

Theorem 0.1 (Directional coupling). Let As, be the com-
ponent of As orthogonal to vi(u) in (6). Under AI-AS,
there exist constants ¢1 > 0 and co, c3 > 0 such that

E || M, (P)

1 Eva [As ][ — 2 E||Ry(P)]|, — c3 6.

I, = I,

Theorem 0.2 (Path—amplitude coupling). Along the re-
verse flow (3), there exists a small remainder (;(u) with
1< (w)|| < C6¢ such that

0:Q¢(u) = g(t) Re(u) + G (u),
. 2 . 2 d (20)
QP52 e D [ ReP)[ly =6 Y 7.

Theorem 0.3 (Temporal stationarity break). If ya(-,t) is
time-smooth with bounded derivative and As(-,t) is time-
smooth, then there exist {a; > 0} and b > 0 such that

T-1
> Y a B3] As3w
t=1

- b(ZEHRt pw)

An analogous inequality holds for NS (P).

ENSg(P

(21)
1/2



Theorem 0.4 (Curvature lower bound). Under AI-A3, for
any u € <),

[Be()]| = pe[Jsn(w) = Pely)@)]], = 0, (22)
so Er(P) lower-bounds the off-manifold discrepancy up to
&¢ and patch averaging.

Theorem 0.5 (Multi-view fusion improves power). Let
Z(P) = [ER, En, Eg,NSg,NSy,NSq,DV] . If under
Hy (normal) Z has mean g and covariance Y, and under
H, (anomaly) mean (11, the optimal linear statistic attains

SNR” = \/(Ml — o) TEg (1 — po) > max

g (20)ii

(23)

strictly dominating any single component unless Y is diag-
onal and only one component shifts.

Interpretation. Relations (19)—(23) characterize, before
invoking dynamics, which residual parts are attributable
to distributional discrepancy (via v4 and As), motivat-
ing (R, M, Q) and their temporal statistics as anomaly-
sensitive observables.

S.3 REF as a spatio—temporal field (tooling
the coupling)

Field definition. The Residual-Evolution Field (REF) is

F(u,t) = (Ry(u), My(u), Qe(w)) € R, (24)

Patch-time statistics (8)—(10) summarize amplitude, direc-
tional, and pathwise behaviors with temporal weighting w;
and ridge €,iq.

Consistency with the coupling. By (19)-(22) and (20),
(R, M, Q) respectively estimate (i) off-manifold amplitude,
(ii) orthogonal anomalous direction, and (iii) accumulated
drift; (21) justifies the stationarity test; (23) supports multi-
view fusion.

S.4 Normal-dynamics absorption (why be-
nign residuals vanish?)

Projection contraction on normals.

Lemma 1 (Same-time projection contracts). Under AI-A3,
let y* satisfy sy (y*,t) = 0. Then

1P~y 1 < (1-2mof+(Lio?)?) ly—y" I3+Crot,
_ ~ (25)
where Ly = Ly + 6; and Cy = 203 |ly — y*||2 6 + o} 67.

|(M1 - MO)i'

)

Flow contraction (continuous and discrete).

Lemma 2 (Continuous). Under AI-A3, for solutions of (3),

d
120 =2 @5 <= 2g(8)puel|2 — 223

(26)
+29(8)8: )|z — 2P|,
Lemma 3 (Discrete). Under A1-A4,
o = 2200 < gl — 22 ME + ek

pi =1 —=2uhige + 57
with &, depending on 6;, 0y, ct.
(Contraction uses monotonicity along normals [, 7] and

one-step stability [15].)

Absorption and non-accumulation.
ment to the projection be

Let the displace-

Dy(u) = H?Jt(u) - Pt(yt)(u)HQ' (28)
By the mean-value form of (5), there is it such that
IRe(u)lla < L Dy(u) + ;. 29)

Theorem 0.6 (Absorption on normals). Under Al-A4,
there exist k¢, K} € (0,1) and By, B, > 0 so that, for any
patch P,

EDyo1(P) < r EDy(P) + By, (30)
E||Resi(P)|, < ME|R(P)|[,+ Bl (D
and hence
S E 2P| < 11l_€,(EHR1(P)H§+ZTIB£)-
=t ERETS

Here K’ = sup, K}, on the mid/late time range where the
one-step stability holds.

Corollary 0.7 (Small stationarity indices on normals). Un-
der Theorem 0.6 and A4,
_ _ = 2
i1 E[[Beaa(P) — Ry(P)| wy
T = 2
i1 E HRt(P)HQ Wt + Erid
<Cc' m?x(l — K}).

ENSz(P) < C-

(33)

with constants C, C' independent of P. Identical statements
hold for NS s and NSq,.



S.5
break

Anomalous persistence and stationarity

Directional persistence. By (19), nonzero responsibility
74 and orthogonal gap As | impose a positive lower bound
on || M;(P)||2 up to R; and approximation terms.

Accumulated drift persists. By (20), sustained ampli-
tude induces sustained accumulated drift.

Stationarity break under time-varying responsibility.
By (21), NSg (and NSj;) increases with the temporal vari-
ability of y4As.

S.6  Discrete-time stability and bounds on
stationarity

Proposition 0.8 (Discrete Gronwall absorption). Under
Lemma 3, if py < p < land}_, h? < oo, then

T—1 T
O [Rea(P) = Ri(P); < C||BuP)|[;+C" YRt
t=1 t=1

RED
so NSr(P) = O(1 — p) uniformly in P for some p €
(0,1). Identical statements hold for M,(Q. See discrete
Gronwall-type bounds in [14].

S.7 REF contracts domain discrepancy;
CFA aligns; target risk bound

REF as a contraction in feature space. Define the time-t

operator

Fe(y) = So(y,t) — So(y + 07 5a(y, t),t)
= [/01 V,Se(y + 1025, 1) dT}
(—0iSo(y,1))-
If L7, bounds the Lipschitz constant of F;, then
Wi (Fi#Ps, Fu#Pr) < Ly, Wi(Ps,Pr), and
Wi (@rir#Ps, ree#tPr) < (Y wils, ) Wa(Ps, Pr).
1

(36)

(35)

Here ®rpr denotes the time-aggregated and patch-
averaged REF mapping. These follow from the non-
expansivity of W; under Lipschitz maps [12].

CFA: time, second-order, and directional alignment.
Let ) be a monotone time reparameterization minimizing

(37

T
Z HEPTRt —Eps Ry

t=1

)
2

where Ep, denotes expectation over patches extracted
from domain D € {S,T}. For stacked REF features
Zgs, Z1 (each formed by collecting the per-patch vec-
tors Z(P) = [Eg, Ex, Eg,NSg,NSp,NSg,DV]T over
source/target), whiten/recolor by

Zh =252 (2 —my), (38)
where mpr = EZ7, ¥7 = Cov(Zr), and ¥g = Cov(Zs);
here A'/? denotes the principal matrix square root (and
A='2 its inverse). Then ¥z = Xz, and |EZ} —
EZs|l2 < Atime. Let Us, Ur be the top-r principal sub-
spaces of stacked {Mt}t (for a fixed subspace dimension
r € N); an orthogonal Procrustes rotation R* minimizes
[UrR — Ug||r and reduces directional mismatch. These
alignment components follow [3, 8, 11].

Target risk bound. For a hypothesis class H on aligned
features ® = ®cpp 0 Prer and bounded loss,

er(ho®) < eg(ho®) + dyan(®#Ps, ®#Pr) + \*,

(39
where dyay is the HAZH-divergence and M\ =
infey (es(ho®)+er(ho®)). Moreover, under A2-AS6,

dyan(®#Ps, ®#Pr) < cz ( Z th}",t) Wi(Ps, Pr)
t

+cs Atime7
(40)

so if ( > ’lUtL]—‘yt) W1 (Ps, Pr) + Agime < d and a source-
selected h* satisfies eg(h*o®) < 7, then for some constant
C7 > 0,

ET(h*O(I)) <7+ C;0 + X\ 1

The structure of (39) follows the classic HAH-divergence
bound [2] adapted here to field-space features.

S.8 Experiments

Dataset setup

MVTec AD. The MVTec Anomaly Detection (MVTec
AD) dataset serves as a comprehensive real-world bench-
mark specifically designed for unsupervised anomaly de-
tection in industrial inspection scenarios. It comprises over
5,000 high-resolution images spanning 15 distinct cate-
gories, including five texture categories and ten object cate-
gories. Within the source domain setting, full access to an-
notation information is available. For the target domain, the
training set is entirely unlabeled and potentially anomaly-
contaminated. Complete annotation information is accessed
only during evaluation for quantitative assessment.



Table 1. AUPRC (%) comparison on 9 benchmark datasets. Best per column in bold, second best is underlined.

Source Domain

MVtec (Bottle)

VisA (candle)

DAGM (Class 2)

Methods Ave.
Target Domain  Cable Capsule Hazelnut Macaronil Macaroni2 Pcb2 Class1 Class3 Class 6
General-AD 51.00 77.40 55.40 25.80 14.90 27.40  26.60 32.70 81.60  43.64
Unsupervised ~ GLASS 3130  46.60 37.10 80.06 24.81 5477 80.19  53.96 3414  49.21
Methods DDPM 49.63 4743 52.34 66.86 55.17 51.92  62.09 54.61 58.11  55.35
DDAD 54.83  55.39 58.18 76.62 70.92 57.63 6930 7125 63.00 64.12
JWO 4247  47.76 48.70 67.26 70.42 68.08  22.95 23.61 82.47  52.64
PWAN 58.51 69.81 57.51 59.23 60.97 69.63  26.60 29.10 2334  50.52
Domain MLWE 46.82  70.99 58.61 74.37 75.89 89.30 28.76 29.10 3237  56.25
Adaptation CMKD 6547  54.73 66.64 72.70 60.27 87.78 1751 55.15 8593 6291
UniNet 53.01 51.54 30.19 39.99 41.67 83.31 23.18 26.87 3511  42.76
ANC 43.06 5597 19.95 41.55 52.61 42.18  24.02 23.79 32.07 37.24
FFTAT 59.78  59.05 65.46 82.21 87.66 84.29 2298 41.42 70.45  63.70
GGA 44.67 3232 22.87 65.37 57.68 69.59  25.28 26.65 45.80 43.36
Domain BDC 38.80 4741 26.12 43.29 46.59 47.06 26.88 23.38 5229  39.09
Generalization DDDG 58.40  49.18 46.08 68.18 63.03 87.15  21.56 24.90 26.58  49.45
PMGDG 5420 5272 33.64 73.72 76.67 5942 33.15 23.78 2542 48.08
DKGPL 58.83  53.36 58.31 73.73 67.19 61.08 33.88 28.98 45.76  53.46
Proposed REF+CFA 80.01  78.89 64.80 100.00 97.00 95.94 100.00 100.00 100.00 90.74

VisA. The VisA dataset is a large-scale benchmark for vi-
sual anomaly detection, designed to present more complex
and realistic industrial scenarios. It contains 10,821 images
(9,621 normal and 1,200 anomalous) across 12 object cat-
egories, with challenges such as complex structures, multi-
ple instances per image, and diverse low-level defects. In
this work, only sample-level labels are considered. Un-
der the cross-domain setting, the source domain provides
sample-level supervision for training, whereas the target-
domain training partition is entirely unlabeled and poten-
tially anomaly-contaminated. Target-domain label informa-
tion is accessed only during evaluation for rigorous quanti-
tative analysis.

DAGM 2007. The DAGM 2007 dataset is a synthetic
benchmark for industrial optical inspection, designed to de-
tect diverse defects on statistically textured backgrounds.
The data are artificially generated and divided into ten sub-
sets, including six development sets and four competition
sets. Each development set contains 1000 non-defective im-
ages and 150 defective images. In this work, only sample-
level labels are considered. Under the cross-domain setting,
the source domain is fully labeled at the sample level, while
the target-domain training set is entirely unlabeled and po-
tentially anomaly-contaminated. Target-domain label infor-
mation is accessed only during evaluation for quantitative
assessment.

comparison with SOTA

Tables 1 and 2 present the AUPRC and Rec@K scores, re-
spectively, further validating the robustness of our method.

Performance on AUPRC For AUPRC, the proposed
REF+CFA achieves a remarkable average score of 90.74 %,
surpassing the strongest baseline (DDAD) by a substan-
tial margin of 26.62 percentage points (64.12%). On the
challenging VisA benchmarks, REF+CFA demonstrates ex-
ceptional precision, reaching 100.00% on Macaronil and
97.00% on Macaroni2, outperforming the runner-up by up
to 17.79 points (e.g., on Macaronil). This advantage is even
more pronounced on DAGM, where REF+CFA attains per-
fect AUPRC (100.00%) across all target classes (Class 1,
Class 3, and Class 6), exceeding the best prior methods by
19.81, 28.75, and 14.07 points, respectively.

Performance on Rec@K Interms of Rec@K, REF+CFA
exhibits comprehensive superiority, achieving the best per-
formance across all nine source—target transfers with an
average of 88.34%. This corresponds to a substantial
gain of 26.97 points over the strongest competing method
(DDAD, 61.37%). Notably, REF+CFA attains perfect re-
call (100.00%) on four scenarios (VisA Macaronil and
all DAGM classes) and consistently leads on the MVTec
benchmarks (e.g., 70.63% vs. 65.22% on Cable). These re-
sults confirm that the proposed framework effectively aligns
anomaly features across domains, thereby improving the re-
trieval of anomalous samples under cross-domain shifts.

Qualitative Results

To provide a more intuitive understanding of the proposed
REF+CFA framework’s anomaly localization capabilities,
we present a representative qualitative comparison in Fig-
ure |. The visualization includes the original input im-



Table 2. Rec@ K (%) comparison on 9 benchmark datasets. Best per column in bold, second best is underlined.

Source Domain MVtec (Bottle) VisA (candle) DAGM (Class 2)
Methods Ave.
Target Domain ~ Cable Capsule Hazelnut Macaronil Macaroni2 Pcb2 Class1 Class3 Class 6
General-AD 4890  66.10 52.90 33.34 18.17 3179 2840 3530 7330 43.13
Unsupervised ~ GLASS 3571 46.67 42.42 72.91 33.19  53.80 43.61 4772 3533 4571
Methods DDPM 47.12 4141 51.81 63.85 54.71 4881 4979  51.81  49.13  50.94
DDAD 5048  53.41 51.33 78.41 5979 5452 6422 7421 6592  61.37
JWO 6522  67.27 65.71 62.12 62.87 6471 2035 23.68 73.68 56.18
PWAN 50.00  56.36 60.29 57.65 61.66 6349 2491 3289 2500 48.03
Domai MLWE 4130  63.64 65.71 67.77 63.83 7529 27.03 2291 3243 5110
Agmil?‘ CMKD 5455 5102 60.61 66.27 5888 7597 16.19 4630 7635 5624
aptation UniNet 4783  49.09  33.49 41.18 39.87 7492 2368 2895 3158 41.18
ANC 4565  56.36 17.14 38.88 5652 34.65 2495 2237 3026 3631
FFTAT 5333 56.00 58.66 73.56 78.12 7832 2051 4359 6410 5847
GGA 39.13 3028 22.86 60.19 5872 59.00 23.68 2632  50.00 41.14
Domain BDC 19.57  16.36 28.57 35.42 4899 4359 2471 1811 4434 3107
Gon ? \atioy  DDDG 50.00  47.27 57.14 63.78 60.63 7459 2368  23.68 2432 47.23
eneralization  pyvGDG 4565 5636 28.57 65.91 63.83 5157 3553 2368 2452 43.96
DKGPL 63.04  63.64 68.57 68.24 66.18 5258 3321  31.58 4342 5450
Proposed REF+CFA 70.63  69.39 70.56 100.00 91.78  92.69 100.00 100.00 100.00 88.34
age, the corresponding ground-truth (GT) anomaly mask, substantially increasing the training time. This demon-

the qualitative anomaly detection results produced by our
method, and those from the General AD baseline. As ob-
served, our method aligns more closely with the ground-
truth mask, demonstrating superior precision in capturing
the anomalous regions while effectively suppressing back-
ground noise in the target domain.

v

Figure 1. Qualitative comparison of anomaly localization. A:
Input image; B: Ground-truth (GT) anomaly mask; C: Ours
(REF+CFA); D: General AD baseline.

Runtime and Efficiency Analysis

In practical industrial deployments, the computational over-
head of diffusion-based methods is a critical considera-
tion. While our theoretical analysis leverages reverse dif-
fusion dynamics, the REF framework does not require a
full reverse trajectory in practice. Instead, the sampling
step count, denoted as K, explicitly controls the efficiency—
accuracy trade-off.

Table 3 illustrates this trade-off using the Hazelnut cat-
egory as a representative example. We observe that REF
achieves highly competitive performance even at a sig-
nificantly reduced step count. Specifically, increasing K
from 40 to 160 yields diminishing returns in AUROC while

strates that the proposed framework can be flexibly adjusted
to meet specific latency and resource constraints without
strictly adhering to the complete diffusion trajectory.

Table 3. Runtime—performance trade-off with respect to the sam-
pling step count K (evaluated on the Hazelnut category).

Step Count K=10 K=20 K=40 K=80 K=160
AUROC (%) 78.42 88.85 91.66  91.38 90.91
Training Time  0.31h  0.54h 0.85h 1.55h 3.28h
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