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Appendix Overview

This appendix provides additional details and supplementary results to support the main paper. In Section 1, we review related
literature to place our work in a broader context. Section 2 presents the detailed proofs of the theoretical results introduced
in the main text. In Section 3, we further explore the connection between our MSE bound and Harnack-type inequalities,
highlighting their theoretical implications. In Section 4, we show the difference between standard CFG and our method. Finally,
Section 5 reports additional experimental results and visualizations.

1. Related Work

A scaling factor for conditional diffusion models was first introduced in CG [7], which controls the trade-off between fidelity
and diversity:

£ = 46, uncond + v Xg(ze,t)Viogpe(y | 2t), (D

where (49 uncond denotes the predicted mean of the unconditional denoiser, Yg(x,, t) is the predicted covariance (or noise scale)
at step t, and V log p¢(y | x;) represents the conditional score function with respect to the label y. The hyperparameter + is the
classifier-free guidance scale: v > 1 strengthens conditioning at the cost of diversity, while v < 1 weakens conditioning but
increases sample diversity. This scaling modifies the reverse sampling distribution as:
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s Z(xey) =Y plae | 2)p"(y | 2ea). (2)

Tt—1

ﬁ(xtfl | wuy) =

Then CFG [11] eliminates the need for an external classifier by jointly training the network for both conditional and
unconditional predictions:

€o ($t7 ta y) = 6 uncond + 29 (:Z?t, t)v logpt (y | It)a (7] (It; t7 ¢) = M@ ,uncond- (3)

where ¢y is the neural network’s output for noise prediction. Substituting these into equation 1 and setting v = w yields the
CFG formulation:

é(l’t,t, y) =w [69<xt7tay) - 69($t7t7 ¢)] + 69(.’L’t, t7 ®)7 (4)

We see that CFG and CG are using the same scaling factor. And for now CFG with this scaling technique that has been widely
adopted in mainstream diffusion models, typically with a fixed CFG-scale.

However, recent studies have pointed out that using a constant guidance weight is not necessarily optimal and may lead
to limitations in balancing fidelity and diversity. Specifically, several works have proposed various forms of dynamic or
time-dependent scaling strategies to improve generation quality. [23] proposes Frequency-Decoupled Guidance (FDG), an
improved version of classifier-free guidance that operates in the frequency domain, which chooses a low cfg-scale for low



frequencies and a high cfg-scale for high frequencies. [15] observe that applying a constant classifier-free guidance (CFG)
weight across all noise levels is suboptimal: guidance harms diversity in the high-noise regime, has little effect in the low-noise
regime, and is only beneficial in the middle. They propose restricting guidance to a limited interval of noise levels, which
both improves sample fidelity and diversity while reducing computational cost. [20] propose a geometric guidance method for
CG to address the vanishing gradient issue in late denoising stages of probabilistic approaches. Its core innovation enforces
fixed-length gradient updates (|| Vp||-normalized) proportional to data dimension (v/D/T)), maintaining consistent guidance
strength throughout sampling. [17] rescale classifier-free guidance to prevent over-exposure. [ 18] propose [3-adaptive scaling
to address the trade-off between image quality and prompt alignment in standard CFG. It dynamically adjusts guidance
strength via a time-dependent S-distribution 3(t), enforcing weak guidance at initial/final steps and strong guidance during
critical mid-denoising phases. [26] investigate different time-dependent schedulers for the guidance weight. Their analysis
and experiments confirm that dynamic weighting strategies outperform fixed weights, with high weights being beneficial
in the mid-noise regime but detrimental at the extremes. [6] and [4] improve diffusion model performance by constraining
CFG to the data manifold, enabling higher-quality generation, better inversion, and smoother interpolation at lower guidance
scales. [24] mitigate spatial inconsistency in classifier-free guidance by introducing Semantic-aware CFG, which segments
latent images into semantic regions via attention maps and adaptively assigns region-specific guidance scales, leading to
more balanced semantics and higher-quality generations. [25] propose Diffusion-NPO, which incorporates non-parametric
optimization into diffusion sampling via nearest-neighbor matching, improving sample diversity and quality without retraining
and working across different models and datasets. [3] investigate PCG, a theoretical foundations of CFG, and reveal the
differrence and relationship between DDPM and DDIM, embedding CFG in a broader design space of principled sampling
methods. [27] introduce TFG, a framework which encompasses existing methods as special cases. In their framework, they
defined a hyper-parameter space for their algorithm and analyze the underlying theoretical motivation of each hyper-parameter.

As for recent work, RAAG [29] recompute w at every reverse step via a lightweight exponential map of the current RATIO:
w(p) = 1+ (Wmax — 1) exp(—ap), which is similar to the form of our C2FG. However, RAAG is primarily designed for
text-to-image generation under strong conditioning, whereas our analysis highlights intrinsic properties of diffusion dynamics,
making the applicability of our framework broader and not restricted to text-to-image tasks. Besides, their exponential design
is motivated by empirical intuition, while ours is supported by formal theorems, providing a stronger theoretical grounding.
Stage-wise Dynamic of CFG [12] analyze CFG under multimodal conditionals and show that the sampling process can be
seen as three successive stages: early direction drift, mid mode separation and late constration. And then propose a stage-wise
guidance schedule. However, their dynamic guidance schedule can actually be seen as a piece-wise CFG guidance w(¢) just
like [15]. Moreover, their method seems relies on task-specific properties such as large guidance scales w(t), suffering from a
lack of generality. S2-Guidance [5] propose a novel method in which network parameters are stochastically masked to form
a latent subnetwork during each forward pass, guiding the model away from potential low-quality predictions and toward
higher-quality outputs. However, their approach also relies on task-specific settings, such as text-to-image and text-to-video
generation. [22] introduce an extension of CFG called TSG, whose motivation is based on the structure of diffusion network.
They compute the model outputs for the clean time-step embedding and a perturbed embedding and use their difference to
guide the sampling. Importantly, the motivation behind TSG arises from the interaction between conditional and timestep
embeddings within the network architecture, rather than from a theoretical analysis of the diffusion framework itself.

While these approaches have shown promising improvements, they are still largely heuristic in nature and often lack
rigorous theoretical justification, leaving the principles of adaptive weight design not fully understood. To address this gap,
our work provides a theoretical foundation for adaptive guidance. By establishing a sequence of results (Theorems 1-4), we
uncover structural properties of diffusion processes under different initial distributions. These insights naturally motivate the
design of adaptive, theoretically grounded scaling functions. In this way, our framework offers a more robust and general basis
for conditional generation.

2. Proof of Theorems
In this section we give the proof of theorems below:

Theorem 1 (VP-SDE Score MSE Bound). Assume that the sample space is bounded and closed. Then we consider the
VP-SDE

ey = — 5 B0y dt + /B0 du, )

let p(z,t) and p(x,t) denote the probability densities at time t, induced by initial distributions p(xo) and p(xq), respectively.



Then, the mean-square error (MSE) between the scores satisfies the uniform bound

a(t)
o2(t)

||VIng(xat) - VIOgﬁ(Iat)H S

C, Yz € supp, t >0, (6)

where C is a constant, o(t) = exp ( fo Bsds), and o( fo -

Theorem 2 (VE-SDE Score MSE Bound). Assume that the sample space is bounded and closed. Then we consider the
VE-SDE

d.]?t = —dwt, (7)

let p(z,t) and p(x, t) denote the probability densities induced by initial distributions p(x) and p(xg), respectively. Assume
that the sample space is bounded and closed.
Then, the mean-square error (MSE) between the conditional and unconditional scores satisfies the uniform bound

IVlog p(x,t) — Vg p(z, )| < Va € supp, t >0, (8)

o%(t)’
where C'is a constant.

Theorem 3 (Harnack-type Inequality of VP-SDE). Let p(z¢,t) € C%1(R™ x [0, +00)) denote the probability density function
of the VP-SDE equation 5, and define
1 t
0= [ Budr. ) =s70).
2 Jo

Then for any o > 1,1, 29 € R",0 < 51 < 82 < 400, the following inequality holds:

2 _ 2 2 _ 2
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where m > n and || - || denotes the Euclidean distance.

Theorem 4 (Harnack-type Inequality of VE-SDE). Similarly, let p(z;,t) € C*1(R™ x [0, +00)) denote the probability
density function of the VE-SDE equation 7, and define

s(t) = o2, t(s) = s 1(t).

Then for any o > 1, 1,22 € R",0 < 51 < 82 < 400, the following inequality holds for p:

5 2 _ 2
p(x1,t(s1))) < p(x2,t(s2)) (zj) exp (M) (10)
2.1. Proof of Theorem 1
Proof of Theorem 1. For VP-SDE
da; = —%@xtdt + /Brdwy, (11)
we can represent x; with xg:
xe = at)ze + o(t)&s, (12)

where a(t) = exp ,,fo Bsds), ’/fo FHO) ds and & ~ N(0,1).



Hence we can get the p(zy, t|zg):

1 |z — a(t)ao||?
) = ey (- IOl i
p(, tlzo) (2mo2(t))n/2 xp 202(t) (13
by using Bayes formula, we can get theprobablity density function :
1 |z — a(t)zoll?
b)) = —— ( — —) dzo, 14
p(.t) /]Rn (2mo2(t))n/2 xp 202(t) p(z0)dzo (14

then we can get the score:

Viegp(z,t) = m (15)
- fRn a(2)2$(i)*$ exp ( — %)p(mo)dmo 6
; fR“ exp ( — %)p(xo)da% (1o
= a%(t) (a(t)IE[x0|xt =z — x) (17)
Denote that p(zg|y) = p(xo), consider the MSE:
IV log (1) = Vlog (e, )] = 5 [Bagmplofes = o] ~ Bugeplatfes = all 1s)

then we try bounding f(t,z) = ||Ez,~p, [To|7: = 2] — Eyrp, [7g|7} = 7]| term. Assume that f(#, ) is a smooth function
on R” x [0, +00), it’s easy to find that

f(0,2) =0, f(+00,2) = [[Eagplro] = Eaypzo]ll,

hence f(t,x) is a bounded function on ¢, and we denote its bound by C(x).Note that we cannot say that when ¢ — 0,
:%%HExuwp[xdxt = x| — Eyy oplxg |z = 2]|| — 0, because o(t) — 0, too.

n practical engineering applications of diffusion models, the sample space is often assumed to be compact, reflecting the
fact that physical quantities are naturally limited and numerical simulations are performed on finite domains. So C'(z) can be
bounded by C' without loss of convince.Assume that we talk about xy on any bounded domain K with sup, ¢ |2| < R. Let

total variation distance be TV (p, v) = 3 [ |u(dz) — v(dz)|

f(t,l’) = HECDtNPt [XO ‘ Ly = (E] - Emt"‘ﬁt [XO | Ly = 1’] ||

- H /xo(p(xo |z = 2) — p(xo | 2 = ) deH

<2R=0C.

Then we can rewrite equation 18

[Vlogp(z,t) — Vleg p(a, t)]| < R. (19)



2.2. Proof of Theorem 2
Proof of Theorem 2. For VE-SDE

do?
we can represent x; with xg:
x = x0 + 0(t)&, 2n
where & ~ N(0, ).
Like the proof of Theorem 1, we have
N 1
O]

2.3. Proof of Theorem 3

First we give Lemma | and Lemma 2 without proof as below:

Lemma 1 (Cut-off Function [10]). There exists a cut-off functionn € C°(Br) with0 < n < 1, such thatn =1 on B%, and
forany x € R™,

C .
[V|(z) < 71 An(x) > ——5 (23)

where C' > 0 depends only on the dimension n.

Lemma 2 (Bochner formula and Bakry—Emery Inequality of Heat equation with Witten Laplacian [2]). Define linear operator
L=A—V¢-V,and V¢ is positive semi-definite, then for any g € C®, we have

1
SUVal® = [V2g* + (Vg, VLg) + Vg" V26V, (24)

and furthermore
1 o |Lg? T2
5LIVeI" 2 =" +(Vg, VLg) + Vg  V7éVyg (25)

where [V?g|* = X7, _,(0ij9)* and m > n denotes the virtual dimension.

Then we first prove such lemma:
Lemma 3 (Cut-off Function for Heat Equation with Witten Laplacian). There exists a cut-off function n € C°(Bgr) with
0<n<1,suchthatn =1on Bg, and for any x € R", ¢ = k(|z|)xz, k > 0 on Bg,

C . c
Ian(ff)SEnf, An(r) > V¢ - Vn(z) <0, (26)

= ? )
C > 0 depends only on the dimension n.

Proof. Step 1. Construction of the cutoff. We construct a radial cutoff function by setting
n@) = v ().
where 1) € C'2°(]0, 00)) satisfies:

Y =1onl0,1/2], ¥ =0onl,00), P <0,



together with the standard cutoff estimates
Wl<CVy,  W<C

Step 2. Gradient estimate. Writing = |x|, we compute

Hence ) o
Vi)l < 3¢ (3) | < E V@),
Step 3. Laplacian estimate. Using the radial Laplacian formula, we have
n—1

1 n(r (T
M) = 750" () + S0 (5)

The first term is bounded by C'/ R? since || < C. For the second term, note that ¢/’ = 0 whenr < R/2,and forr € [R/2, R],
we have

n—1,.. c
rR 1//(§> = R2
Therefore c o
An(@)] < o0 An(e) = o

Step 4. Witten Laplacian estimate. Finally,
Ln(z) = An(z) — kz - V(z).
Since ,
z - Vn(z) = §¢/(%> ;
and ¢’ <0, the term k(z)z - Vn(z) < 0. O

Based on this we give proof of Theorem 5:

Theorem 5 (Gradient Estimate of Heat Equation with Witten Laplacian). Let u be a positive solution to the heat equation
ou=(A—-V¢-V)u, 27)

on (0, T] x Bg. Assume that V2 ¢ is positive semi-definite, ¢ = k(|x|)z, k > 0 on Bg, then for any (t,x) € (0,T] x By, the
following inequality holds:

[Vul*>  du _ ma? Ca2<1+ a? )

a— < +

u? u 2t R? (28)

a—1
where m > n denotes the virtual dimension, C(m,n) is a constant depends on (m,n).

Proof. We define linear operator L = A — V¢ - V, and function f = logu, F' = t(|Vf|?> — ad;f), then applying it into
equation 27, we have

of=Lf+|VfJ (29)
F -1
Lf=—|Vf2+0f=—— - 2 |VfPR (30)

at a

Af=Lf+(V0.5f) = 2 + (Vo - “1v9r). G



Based on Lemma 2 and equation 29,equation 30, equation 31, we can get

LF = t((A = V¢ - V)|Vf[? = adi((A - V- V)[))
=t (2|V2f|? + 2(Vf,VLf) — ady(Lf) + 2V fTV2¢V f)

>t fn|Lf|2 +2(Vf,VLf) — ad,(Lf) + 2VfTV2¢Vf>

2= &+ (<YL P

Zt at —

+t<2<Vf,V( z >>—aat(—i—o‘;1|w|2)>

(2 (F FIV |2 2 4 2 F

— (o2 (5 42— 0FVIR+ @ - 12avst) ) - 29svm)
201, vy vivip) - E—i—&:F—kQ(a—l)t(Vf,atVf}

2( 2 (Ft+2(a—1)FVf2>>—i(VﬁVF)—I;—i—BtF

+ $a (VIEV(=|VP +ad V)

_ ( 2 <F2 e 1)FVf2>> ~2(v,vE) - Lo,

[\]

hence we have

2
(0, —L)F < — (m2a2 (i +2(a — 1)F|Vf|2>) + g +2(Vf VF). (32)

Let us consider the cut-off function 7 which satisfies (V¢, V) > 0(Lemma 3). We use the Bochner technique to estimate its
upper bound, VT € (0, T, suppose nF attains its maximum over (0,7"] x By at (to, 2¢). Without loss of generality, assume
(nF)(to,zo) > 0; otherwise, the conclusion of the theorem holds trivially. Consequently, we have n(x¢), F'(to,z9) > 0,
which implies g ¢ OBg, to > 0. Thus, (o, 20) lies in the interior of (Br)7. Then we consider

(0r =L)(nF) = —=F -Ln = 2(Vn, VF) +n(0, - L)F
=—F-An+F-(Vo,Vn) —2(Vn,VF) +n(d;, —L)F

c
< 3 F —2(Vn.VF) + F (V6. V)

_ (- (5 (i #2a-DFIVIE)) + 7 +2(01 V).

Applying VF = ZF) v" F, we have

O~ L0 to,0) < 157 = 2 (90,500 + 2V 4 (96, 9m)

o (_ (miz (f +2(a— 1)F|Vf2>) + % +2(Vf, VF>)

Using the properties of maximum

V(UF)(tO’xO) = O,A(nF)(t0,$0) < Ovat(nF)(thxO) =0,



and applying Lemma | so that

D) ne

nF|Vf[* + :
0

2 2 _
< C+20C 7 2 nFf? Ao
- R? ma? tg mao?
+20(Vf,VF)+ F-(V¢,Vn)

0

C + 2C? 2 nF?  4(a-1) 5  NF
- F— = 2T R il
R2 ma? mo2 VI + to
+2(Vf,V(nF))) =2F(Vf,Vn) + F-(V¢,Vn)
C +2C? 2 nF? 4(a-1) 5 nF
= — D —————— F —_—
R? ma? tg mo2 ! VA + to
—2F(Vf,Vn) + F-(Vo,Vn),
then let us consider two of the terms %nF\VﬂQ +2F(Vf,Vn),
4a—-1 4(a—1
Mo p9 12 + 28 (v, 90 = 20D p9 2 219 190
m ma
4(a—1
> 4 : )nFIVf|2
ma
4(a — 1)R? 9 2 ma?C?
- ( ma2C?2 |Vf| |V77| + 4(@ — 1)R2)
ma?C?
>——F
~ 4(a—-1)R?

then inequality 38 can be turn into

ma?C? C +2C? 2 nF? qF
0< F— — 4+ —+F-(Vo,V
- <4(a —1)R? TR ) ma? i i to +E- Ve, V.,

then we divide F' and then get

ma? ma?C? C +2C?
nF (to, 7o) < —5—to ( T + L+ (Vo, vm)

2 a2 R t
ma? ma?C? cC+20?% 1
0 + + —
2 "\ 1a-1)R? T2
ma?  ma? ( ma?C? C+ 2C'2>
A( o

<
R VTP by - Ry =

ma?  Cia? o?
1)1

2 R (a " ) ’
(Cy = max{m?C?/8,C? + C/2}),

IN

IN

On Bz,n=1,Vn=0,so forall (t,z) € (0,T"] x Br

t(VI? = a0 f)li=r = F(T',2) = nF(T",x) < nF (to, xo)
2

ma?®  Ci1a?/ «
< 1>T’,
- 2 + R? (a -1 +

T is arbitrary, so

2 2
2 mao Cia a
(IVF2 = adef) < o+ = (= + 1),

(33)
(34)
(35)
(36)
(37)
(38)

(39)



From Theorem 5 we can conclude Theorem 6

Theorem 6 (Harnack-type Inequality of Heat Equation with Witten Laplacian ). Let u be a positive solution of the heat
equation Oyu = Lu in (0,T] X Br, where o > 1. For any x1,x2 € Bg and 0 < t1 < to < T, the following inequality holds:

mao

ta) 2 |z — z2]]?  Ca a?
< e ol = ooll7 | Ty . 4
u(zy, t1) < uws, tz) <t1> exp ( 1(ts —t1) T\t (t2 —t1) ), (40)

where C' = C(m,n).
Proof. Let f = logu. Consider the line segment
L(S) = (]. — S)(tz,ifz) + 8(t171'1).

‘We have

g S0 — [ p(ae s

u(mg,tg)
- / (VF(L(S)) - (21 — 22) + O (L(3)) (11 — 12)] ds.

Moreover, using the inequality
1 C 2
Cof < —Lvpp g me {Of (a + 1)] ,
o a—1

2t R?
we get
u(xy,ty) /1
log =1L < [ [IVF(L -
o8ty < | [IVAEE) e
1 mao
— —|VfPP(L
+( J‘ﬂ(@»+ﬂu—@@+mﬂ
Ca [ o?
(1) o
+ 2 (a—1+ ) (t2 —t1)|ds
Using the inequality
to —t ad?(zy,x
VAL — o] — 2w (1)) < )
4(to — 1)
we obtain
u(ry,t1)  ad?(xy,m3) ma, ta  Ca a?
1 < — In=4+ = ——+1) (ta —t1).
OgU(IQ,tQ)_ 4(t2—t1) + 2 nt +R2 Oé—1+ (2 1)
O
Finally, we can prove Theorem 3:
Proof of Theorem 3. The VP-SDE is given by
1
dxt = —§ﬁtl‘tdt + \ Btthv (41)
and its corresponding Fokker-Planck equation (FPE) is
Opt(x 1
P (Ve ()] + Aapil@)). @)



We can reparameterize ¢ by letting ds = 53;dt. Then

/ Brdr,

43)
dt 2 ﬁt ds’
Thus,

(44)
apt(s)(x) _ %ﬁ _ Ope(x) 1
ds N

ot ds ot Iz " Ve

: (45)
Ipi(s) (2)
L = Vo [epu) (@)] + Aaprgs) (2)
the corresponding SDE is

For this new FPE

(46)
d.%‘t(s) = —It(s)ds + \/idWS.
Assume p(z, t) is a positive solution to this FPE, and let u(x,t)

47
(z,t)el*!"/2. Computing the right-hand side
V(zp) = 2Vp +np = (nu + aVu — [z[*u)e” 12 /2
Ap=V-[(Vu— xu)67$2/2]

(48)
[Au — nu — 22V + |z[u]e171°/2 (49)
V(zp) + Ap = [Au — zVu]e1#I"/2
Thus, the FPE for w is

(50)
aut(s) (I) o

2

3 =Au—x-Vu=Au—V¢-Vu, Qﬁ—ﬁ
s

which satisfies the equation in Theorem 6, and we can easily figure out that k(|z|) =1 >0

(51
Therefore, for any o > 1,21, 29 € M,0 < 51 < s9 < 400, and let R — o0, the following inequality holds

u(z,t(s1)) < ulwa, t(s2)) (52 N

) e (02”9:1 - x2||2>
51 d(sg—s1) )
Rewriting it in terms of p, we obtain

(52)

59\ % o?llzy — xol* | fla2® — [Jaa]]?
t < t — :
p(xlv (51)) = p('TQa (82)) (81> exp < 4(82 — 81) + 2

(53)
2.4. Proof of Theorem 4

First we give Lemma 4 without proof as below

Lemma 4 (Bochner Formula and Bakry—Emery Inequality [2]). For any g € C3, we have

*AIVQIQ [V2g[* +
and furthermore

+(Vg,VAg), (54)
1 Agl|?
§A|V9|2 > @

(Vg VAg)
where |V2g|? = EZj:l(aijg)z'

(55)
Based on this we give proof of Theorem 7



Theorem 7 (Gradient Estimate of Heat equation). Let u be a positive solution to the heat equation
Ou = Au, (56)

on (0,T] x Bg. Then for any (t,x) € (0,T] x By, the following inequality holds:

|Vu|? ou _na?  Ca? ( a?
_Zt L T g ) 57
u? TR Y * R? + a—1 57)
where C(n) is a constant depends on n.
Proof. Like the proof of Theorem 5, just turn L into A and then we can get the conclusion. O

From Theorem 7 we can conclude Theorem 8:

Theorem 8 (Harnack-type Inequality of Heat Equation). Let u be a positive solution of the heat equation Oyu = Au in
(0,T) x Bg, where o > 1. For any x1,x € B% and 0 < t1 <ty < T, the following inequality holds:

mao

ta) 2 ||z — 22]]?  Ca a?
< 2 @l = w2l 2y -
w(z, tr1) < u(za,ta) <t1> exp ( 1 —1h) tme It (ta —t1) |, (58)

where C' = C(n).
Proof. Like the proof of 6. O

Finally, we can prove Theorem 4:
Proof of Theorem 4. The VE-SDE form is given by dz; = %?th’ and its corresponding FPE form is

Opi(x) 1 do?

=-——A, .
o = 5 T Aa(pila)
We can reparameterize ¢ by letting s = %af, which gives ‘é—i = %%. Therefore,

Opa@) _ Opidt _ () 1
0s T Atds ot

For this new FPE ap“a‘%“;(z) = A, (p:(x)), its corresponding SDE form is:
dzy(s) = V2dW,.

Assume p(z,t) is the fundamental solution of this FPE, satisfying Theorem 8.
Thus, forany o > 1, 1,29 € M, and 0 < 51 < s9 < 400, let R — o0, the following inequality holds:

||z, — $2||2>
4(82 — 81) '

no

arst(s1)) < uleat(s2) (2) 7 enp (

1

(59)

3. Relationship Between MSE Bound and Harnack-type Inequality

In this section we provide a deeper insight into the connection between Theorems | and 3: they respectively lead to Theorems
12 and 10. In essence, these two results offer complementary perspectives on the evolution of the KL divergence.



3.1. Harnack-type inequality to KL-divergence
Starting from Harnack-type inequality, we can arrive at log-Harnack inequality. Consider SDE
dX, = — X,dt + V2dW;,

we obtain Theorem 9:

Theorem 9 (log-Harnack inequality). Let u(t,z) = P,f(z) = [ ¢i(z,y)f(y)dy with the OU Mehler kernel py(x,y) =
(2ms,)~"/? exp( — %), s; =1 —e 2t Assume supp( C B(0, R). Then for every t > 0 and every x,y € R",
Plog f(y) <log Pif(x)+ |z —y | sup \/ 75/(2 t))
zE x y

where S'(z,t) = (R?+e 2 |z > +2e 'R |2 |)?+ |z | R+e |2 |2 —ne™), [z,y] == {z +0(y —
particular, on any bounded domain K with sup,,¢ i |z| < M one has

Pylog f(y) < log Puf(x)+ | —y | ¢+a<2:5'<|z: Mx))

=log P, f(z) + Sk(t) |z -y .

Proof. From Theorem 5 we conclude that a Gradient estimate holds on R":
2

|Vul? —a% o ma
u? w 2t

where « > 1, m > n. For ¢;, we have

(& _
Vilogpi(r,y) = —(y —e

Ay log pi(w,y) = —

Thus
L,u
U

_ I(Am@t(wvy) — - vm@t(wvy))f<y)dy
[ ee(a,y) f(y)dy
_ J(Azlog e, y) +[|Valog oi(x,y) 1> — 2 - Valog (@, y))pr(, y) f(y)dy

Oy logu =

[ ei(z,y)f(y)dy
=Eyrr,, [Azlogei(z,Y) + | Valog iz, Y)|? — 2 - Vylogp(x,Y)],

—2t —2t —t

ne e _ e _

:EYN‘ITtYm |: st + 82 ||Yfe txHQ _ 7516 (x~Yfe tg;Z):| ,
t

_ (=) f(y)
where Tt = W As Supp(f (0 R)
—t

||Y el - (oY — et |2 m}
St

d,logu =Ey.r,, [

<- (R2+e )0 P 2e R 2 |)?
+—<|:c|R+e*t|:c\ )

< _:((R2 +e |z P42 'Rz )+ |z | R+e |2 > —ne™)

= iS'(w,t).

St

z):0€[0,1]}. In

(60)

(61)

(62)

(63)

(64)
(65)
(66)

(67)

(63)



Thus

2 —t
IViogal® < 0 4o (st (©9)
2t St

2 —t
1V log ]| < \/ma+a (eS’(:v,t)) (70)

2t St

we can easily get that
log u(t,y) — logu(t,x) <| = —y | sup ¢ ta —s'<z t>), 1
z€[z,y]

by Jesen’s inequality, we have

—2t

Pilog f(y) <log P f(x)+ |z —y | Sup \/ S’(z,t)>7 (72)

as desired. O

Thus we obtain theorem below.

Theorem 10 (entropy—cost inequality). Let K C R™ be compact, and assume the transition kernels P;(z, ) = ¢(x,-)dy
satisfy the pointwise log-Harnack inequality 60 above for all x,y € K. Then for any two probability measures (i, v supported
in K and any coupling m € U(u,v),

KL(Pw || P < [ [ lo = o] Sic(®) n(da. dy) = Sic(t) Bo[1X - Y1)
Taking the infimum over couplings,
KL(Pw || Pt) < Sic(t) Wi (p,v) < Sic(t) Walu, ), 73)

so in particular the KL at time t is bounded by a compact-set constant Sk (t) times the initial Wasserstein distance.

Proof. Recall the variational (Donsker—Varadhan) formula for relative entropy of two probability densities p, u [8]:
KL(Pw || Pip) = sup /¢ ) Pv(dz) — log/ ¢(z) Pt,u(dz)}

where By, denotes bounded measurable functions, Piv(dz) = [, ¢i(y, 2) v(dy) dz, Piu(dz) = [, ¢i(x, 2) p(dz) dz.
For an arbitrary bounded ¢ set f = e® > 1. Then

[o@r etz dz < 1og [ 9 pua,2)dz o+ 1o = o] Sic(0)
Taking the supremum over all bounded ¢ yields exactly
KL(i(y) | ¢el.)) < f2 =yl Swc(o).

Now fix any coupling 7 € TI(u, v). By convexity of KL under mixtures (or the standard coupling inequality),
KL(Pw | Pan) = KL( [ ulwvtd) | [ outo. ) ntao))
< [[Kitaitw ) it ) mlde.ay).

Using the kernel bound and factoring Sk (¢) yields

L || P) < [[ o= iSO n(dr.dy) = SicOE[X - V1]

Taking infimum over 7 gives the W form. Finally the monotonicity W; < W, yields the stated W3-bound. O



3.2. Score MSE bound to KL-divergence

Definition 1 (Relative Fisher Information). Let v and i be two probability measures on R™ such that v is absolutely continuous
with respect to u. The relative Fisher information of v with respect to i is defined by

anreys
dv

where an denotes the Radon—Nikodym derivative of v with respect to u, and V log S—Z is the score function of v relative to p.

Vlog Z—:(x)Hle/(x),

Intuitively, I(v || i) measures the squared L*(v)-distance between the score functions of v and .
Theorem 11. Let X; € R™ be the output of the SDE

Then for the above KL-divergence, we have

d 1
&KL(PW | Pip) = —592@)1(31/ | Pip). (75)

For OU process
dX; = —X;dt + V2W,,

we have the form:

d
&KL(R&V | Pep) = —I(P || Pip). (76)

Proof. We note P,v = p;, P, = g, for convenience. FPE of equation 74 is
1
Opr = =V - (apt) + 502(t)APt,

as for differential entropy H(X;) = — [ p; log p;dz, we obtain

d

&H(Xt) = —/&spt 10gptd33—/3tptdx

= f/ﬁtpt log pydx

1
:/V-(apt)logptdx—/igz(t)Apt log p;dz,

then we calculate the terms in the above equation,

o e f o 2
= —/<at,th>

= Ept [v : at]’
using Alogp = Ap/p — (Vogp)?,

1 1
/592(t)APt log pydz = *gQ(t)/ptAlogpt

2

- %gz’(t) / pe(Api/pe — (Viogpy)?)

1
= —592(t)/pt(V1ogpt)2,



SO we obtain

d

GHOO) = 5020 [ pi(T10gp)? + B, (7 - ai).

Then we consider the term S(p¢, ¢;) = — [ p; log g dx,

d
—S(pe, ) = 7/5tpt logqtdxf/%ﬁtqtdx
t

dt
1
Z/V-(apt)logqtdx—/592(t)Apt log g;dx
1
+/V-(aqt)&dx—/fgz(t)Aqt&dx,
qt 2 gt

then we calculate the terms in the above equation,

/V-(am)log%dw:(_1)/<atpt’v%qt>

:_/<at7VIOth>pt7

Vp: — pV
[ 7 an = (-1 [ (g, SRS
t t

= _/<atavpt - ptht>
qt

—E, [V - al + / (as, V1og @) p,

1 1 Vpr — iV
/*gz(t)Aqt&dx: —92(15)/<vqt’qtpt2pqu>
2 at 2 q

t

1
= —592@) / (Vlogq:, Vlogp, — Vlogaqs) pi,

1 1
/ﬁgz(t)APt log gidx = *592(15)//(VloganlOgQOPt,

SO we obtain

d 1
&S(pt,qt) = —592(?5) /pt[(V log g:)* — 2(Vlogps, Vleg qi)] + Ep, [V - ay].

Then we have

d

1
&KL(ptHQt) = *igz(t)[(pt Il qt).-

Still, we consider SDE
dX; = —X;dt + V2W,,

then we obtain conclusion below via Theorem 11 and 1:



Theorem 12 (KL Bound for Ornstein—Uhlenbeck SDE). Consider the Ornstein—-Uhlenbeck SDE
dX; = —X; dt + V2dW;,

by Theorem | we obtain
—2t
e
(1—e26)2
and let py and q; be the distributions of two solutions with different initial conditions. Then, there exists a constant C' > 0 such
that for all t > 0,

I(pe |l qe) < 4R?

—2s —2t

KL(pt | ) :/t I(ps |l gs)ds < /t 4R mds <2R 1_ o2t

where 1(ps || gs) denotes the relative Fisher information (or score MSE) of ps with respect to gs.
In particular, this provides an explicit upper bound for the KL divergence between p; and q; in terms of t.

3.3. Conclusion

Via Theorem | and 3, we can get Theorem 12 and 10, which both bound the KL-divergence KL(p; || g¢).
We can observe that these two approaches are closely related in spirit:

* The MSE-bound approach (Theorem 12) directly controls the relative Fisher information

I(pt H qt) = EPtHSPt - S(It|2]7

and then integrates it over time to obtain an explicit upper bound for the KL-divergence.
* The Harnack inequality approach (Theorem 10) instead provides a pointwise control on the semigroup, which, via coupling
and Wasserstein distances, leads to a KL upper bound of the form

KL(Pw || Pipr) < S (t) Wi (p,v) < Sk (t) Wa(u,v).

* In essence, both methods link the KL divergence at time ¢ to some notion of discrepancy at the initial time: MSE-bound
does it via the score difference (relative Fisher information), while Harnack-bound does it via transport distances (W; or
W53). The MSE bound can be seen as a “local-in-space” version of the Harnack control: if the pointwise kernel control from
Harnack implies a bound on V log p;, then integrating it yields a Fisher-information-type bound. Thus, the two approaches
are complementary perspectives on how initial differences propagate under the dynamics of the SDE.

This observation highlights that controlling either the score differences or the pointwise semigroup can provide rigorous
quantitative bounds on the evolution of KL divergence in diffusion processes.

4. Algorithm Comparison

Figure 1 compares standard CFG and C2FG. At each timestep ¢ during generation, the C>FG update replaces the standard
CFG as follows:
é‘,‘;(:ct) = ég(mt) + w(t) [éc(mt) — ég(ﬂl‘t)] .

Algorithm 1 Reverse Diffusion with CFG Algorithm 2 Reverse Diffusion with Our Method
Require: 7 ~ N (0,13),0 <w eR Require: 7 ~ N(0,1,),w(t) € C[0, +00)
1: fori =T to1do 1: fori =T to1do
2 €2 (xe) = €o () + wléc(mr) — €x(21)] 2 &l(me) = €o(me) +w(t)[€c(me) — €x(mt)]
3: :i:f;(mz) < (:Et — \/1 f@té;’(mt))/\/a 3: ri:‘g(mt) < (mt 7\/17@té:(mz))/ Qi
4: Ti—1 = Jou—12e () + VI— 1€l () 4: T = o1& () + VI—a_1€8 ()
5: end for 5: end for
6: return xo 6: return x

Figure 1. Comparison between reverse diffusion process by CFG and C*FG. Our C*FG guidance weight w(t) is a time-decay function.



5. Additional Experiments

More Visualized Analysis on Theorem 1. In Figure 2, each pixel in the heatmap corresponds to the logarithmic ratio of the
conditional prediction to the unconditional prediction at a specific spatial location and channel. A value of zero (shown as
white) indicates no difference (ratio=1). Positive values (red) indicate amplification of the conditional prediction relative to the
unconditional one, while negative values (blue) indicate suppression. Importantly, the further a pixel’s value deviates from
zero—whether red or blue—the larger the discrepancy between the two predictions. Thus, both strong red and strong blue
regions highlight locations where the conditional and unconditional outputs differ most significantly.

Building on Theorem 1, these heatmaps provide a visual representation of how the score discrepancy evolves over time and
across spatial locations. In particular, the early timesteps (larger ¢ indices in the backward diffusion process) show relatively
mild color variations, consistent with the theoretical bound ||V logp — V log p| o «(t)/a?(t), which predicts smaller score
differences at well-mixed later times. Conversely, at timesteps closer to the end of the reverse diffusion (smaller ¢ indices), the
heatmaps exhibit more pronounced red and blue regions, indicating larger deviations between conditional and unconditional
predictions. This aligns with the theoretical observation that the MSE between scores can be large near small diffusion times,
where initial distribution differences are amplified. Therefore, the heatmaps not only highlight spatially localized discrepancies
but also corroborate the temporal trend predicted by Theorem 1, illustrating that both strong positive (red) and negative (blue)
regions correspond to locations and timesteps with significant score mismatch.

Ratio (log2) Heatmaps at Different Timesteps
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Figure 2. Heatmaps of the logarithmic ratio (log,) between conditional and unconditional predictions at selected timesteps. White indicates
no difference (ratio=1), while red and blue highlight amplification and suppression, respectively. Stronger colors denote larger deviations
between the two predictions.

Comparisons of various forms of w(¢). As shown in Figure 3, we compare the performance of our method with the DiT-XL/2
baseline [19] under a fixed parameter A = 1.0. We observe that the curve corresponding to our method consistently lies
below that of the baseline, indicating a strictly better IS—FID trade-off. In Figure 4b, we further evaluate several alternative
choices of the scheduling function w(t) in [26], including sin ((¢/tp)7), t/tm, 1 — t/ty,, together with our proposed
formulation(exp(1 — t/t,,)), whose trends are shown in Figure 4a. We observe that certain choices such as sine-based w(t)
perform even worse than the DiT baseline. Besides, although some of these functions share a broadly similar decreasing trend
with our design, they are not aligned with the approximate exponential upper bound derived from our framework. Consequently,
their empirical IS-FID trade-off performance is consistently inferior to ours.

These results highlight that the improvement does not merely come from tuning the scaling magnitude, but primarily from
how the temporal modulation interacts with the diffusion dynamics. In particular, our schedule suppresses error amplification
in early steps while preserving semantic consistency in later denoising stages, yielding more stable and efficient generation
across the entire sampling trajectory.



IS-FID Performance: CFG vs Ours
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Figure 3. Impact of the initial schedule weight wo on IS-FID performance (with fixed A = 1.0, 250 inference steps).
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Figure 4. Comparison of IS-FID performance under different hyperparameter settings on DiT-XL/2 and ImageNet-256.

ImageNet( 256 <256 )
Model 25 inference timesteps FIDJ ISt Prect Rect
DiT-XL/2 (baseline, w = 1.5) 11.88 192.13 0.7176  0.6651

DiT-XL/2+5-CFG (w = 1.5,a = b = 2.0) 8.42 25442 0.8038 0.6026
DiT-XL/2 + RAAG (Wmax = 18.0,a = 12.0) 21.57 444.57 0.8360 0.2636
DiT-XL/2 + Ours (wp = 1.0, A = 1.0) 7.70  294.03 0.7994 0.6357

Table 1. Performance comparison between our method and existing adaptive CFG approaches on ImageNet-256.

To further validate our approach, we compare it against recent time-varying strategies, specifically RAAG [29] and -
CFG [18]. We follow the official hyperparameters from the original papers (3-CFG: a = b = 2.0; RAAG: wyax = 18.0,a =
12.0). These comparisons are conducted on the DiT-XL/2 model using ImageNet-256, with the results summarized in Table 1.
The quantitative comparison reveals that, under identical settings, our approach achieves superior overall performance,
particularly in term of FID (7.70). While 3-CFG yields marginally higher Precision, it significantly lags in all other metrics.



Furthermore, we observe that though RAAG obtains the highest IS score (444.57) and the highest Precision, it suffers from
severely degraded FID (21.57) and Recall (0.2636). In other word, its guidance mechanism emphasizes semantic alignment
(IS) rather than accurate distribution fitting (FID), leading to degraded performance. We attribute this to its design focus on
text-to-image generation, which appears to generalize poorly to class-conditional settings. In contrast, our method demonstrates
superior generalization capabilities, proving robust across diverse tasks and model architectures.

Analysis of Parameters in C2FG. As shown in Figure 5a and 5b, wy sets the initial or maximum guidance strength, and A
controls the rate of exponential decay. Moreover, Table 2 presents an ablation study on the hyperparameter A\. While the results
demonstrate that various \ values are effective for enhancing performance, the best outcome is achieved with A = loge = 1.0.
The results indicate that this C2FG design is effective.

Effect of wo (Fixed A=1.0) Effect of A (Fixed Wo=1.0)
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(a) Effect of wo (Fixed A = 1.0) (b) Effect of A (Fixed wog = 1.0)

Figure 5. (a) demonstrates the impact of initial weight wo; (b) illustrates how different A\ values affect the decay profile.

ImageNet(256x256), S0k samples, 250 SDE inference timesteps

Model FIDJ
REPA (Fixed CFG = 1.35) 1.80
REPA (A = log 2) 1.68
REPA (A = 1(loge)) 1.51
REPA (A = log 3) 1.58

Table 2. Comparison between the different effect of A, fixing wo = 1.0.

Results on More Framework. In Table 3, we show the results of our C>FG on autoguidance introduced by [13] with the
model of EDM2 [14]. Autoguidance involves two denoiser networks Dy(x; o, ¢) and D;(x; 0, c) and the guiding effect is
achieved by extrapolating between the two denoising results by a factor w:

D, (z;0¢,¢) = wD1(x; 04, ¢) + (1 — w)Dy(z; 04, ¢),

based on their method, we make w be a time-variance function w(#) with the same formula of C?FG: w(t) = wp exp(1—t/tmax)-
As shown in Table 3, our dynamic guidance w(t) consistently improves over the static guidance baseline. On ImageNet-64,
where the model operates directly in the pixel domain, our method achieves lower FID and FD-DINOV2 [1], indicating that
dynamic weighting not only preserves fidelity but also enhances semantic alignment. On high-resolution ImageNet-512, which
is considerably more challenging, we also observe clear gains under the same setting, confirming that the proposed C?FG can
robustly integrate with autoguidance across scales. These results highlight the generality of our approach: the time-dependent
extrapolation scheme provides a more adaptive balance between fidelity and diversity than a fixed scalar weight.

Denoising Process. As shown in Figure 6, we provide a qualitative comparison of intermediate decoding results between our
C2FG and the baseline across the denoising trajectory. From step 250 down to 50, both methods generate visually similar
results. However, in the final refinement stage (from step 50 to 0), the difference becomes more pronounced: our C2FG
produces sharper structures and more coherent details, highlighting the benefit of dynamically adjusting the guidance strength
in the later denoising steps.



ImageNet(64 < 64)
Model FIDJ, FDDINOV2 \l,

EDM2-S-autoguidance (w = 1.7) 1.044 56.3
EDM2-S-autoguidance+Ours(wy = 0.9, A =0.7) 1.028 52.7

ImageNet (512x512), 10k samples

EDM2-S-autoguidance (w = 1.4) 5.27 121.2
EDM2-S-autoguidance+Ours(wy = 0.9, A = 0.5) 5.15 116.7

Table 3. We evaluated conditional image generation on ImageNet with EDM?2 and Autoguidance.

Comparison of Diffusion Guidance Strategies

354 — QOurs
~==~ Constant w=1.5

CFG Weight w(t)
N
=}

Figure 6. Comparison between results during the denoising process of C?FG and Baseline.

Table 4. Additional Comparisons. Left: Comparisons with dynamic guidance methods on SD1.5 (MS-COCO) and SiT (ImageNet). Right:
Results on modern T2I models (Flux, SD3).

Compare Fixed SD1.5,MS-COCO Fixed SiT,ImageNet Compare T2I models (CLIPT)

Method CFG CFG++ B-CFG C?FG(4,1) , FDG C2?FG(1.7,0.15) , Models Flux (1.5,1) SD3 (5,1)
FID(10k) | 19.32  18.87 16.74 16.71 6.15 3.20 CFG 314 314
CLIP(10k) T 32.0 32.0 31.7 32.0 - - C2FG 31.5 31.5

Additional Results. In Table 4 we compare our methods with other methods on different models. On SD1.5 [21], C2FG
achieves the best FID&CLIP, surpassing CFG++ [6] and 5-CFG [18]. It also consistently improves Flux [16] and SD3 [9].
On SiT [28], C2FG outperforms FDG [23]. Thus C2FG consistently outperforms other methods across diverse tasks, verifying
its strong generality. And Figure 7 shows our visualized results on T2I tasks. Additionally, Figure 8 shows additional results
using our C2FG method on DiT and SiT models.



Figure 7. Visual Comparison. C>FG produces images that better align with the text prompt than standard CFG, yielding more faithful
details, consistent with the quantitative gains in Table 4.

SD3 +0urs Flux +0urs

3 (jv kA 5 ) | e Ve

Prompt: A rustic wooden signpost sticking out of the grass in a beautiful garden. The text 'Control CFG'is
carved into the wood. Sunlight, lens flare, detailed textures.

&

(b) Images generated by the SiT-XL/2 (REPA) model with C2FG on ImageNet-256.

Figure 8. Additional results for C*FG.
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