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A. Limitations

Although VisREF provides consistent improvements across
a variety of visual-reasoning benchmarks and model archi-
tectures, it introduces additional computational overhead. In
particular, applying DPP-based token selection at every rea-
soning step increases inference latency compared to standard
decoding. This accuracy—latency trade-off is inherent to test-
time scaling methods; however, our approach offers higher
accuracy for a given computational budget than existing al-
ternatives.

B. Software and Hardware

We run all experiments with Python 3.10.18, PyTorch 2.7.0,
and Transformers 4.55.0. For all experimentation, we use
four Nvidia A10G GPUs.

C. Baselines and Implementation Details.

For evaluation, we compare VisREr with two baselines: (1)
standard thinking (Equation 1), where the model generates a
single reasoning trace without additional intervention, and (2)
textual self-reflection [6], which extends reasoning through
text-only reflection without visual refocusing. Based on abla-
tions (Section 5), we set the adaptive stopping entropy thresh-
old deniropy = 0.25, the visual token budget m = [0.3|V|]
(i.e., 30% of the total visual tokens )’), and the maximum
reasoning steps K.x = 10.

D. Evaluation Criteria.

To evaluate reasoning performance, we report the accu-
racy of each model on the test set of each dataset. Specif-
ically, for each image-text input Zinpy = [[,7] € D',
the model first generates a thinking trace 7, followed by
the final answer y. The accuracy metric is defined as:
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is the correct answer.

Datasets & Models. To validate the effectiveness of VisREF,

we conduct experiments on three visual reasoning bench-

marks.

* MathVista [5] unifies 31 visual-math datasets covering
puzzles, functional plots, and scientific figures to assess
diverse mathematical reasoning skills in visual contexts;
we use the testmini split containing 1, 000 problems.

* MathVision [7] includes 304 visually grounded math com-
petition problems across 16 disciplines and five difficulty
levels, enabling fine-grained evaluation of visual mathe-
matical reasoning.

e MM-Star [3] is a human-curated benchmark of 1, 500
vision-dependent questions designed to assess six core
multimodal capabilities across 18 detailed axes, including
perception, spatial reasoning, and commonsense under-
standing. We evaluate VisREF on three state-of-the-art
MLRMs—InternVL3.5-8B [8], SAIL-VL2-Thinking [11],
and Qwen-3-VL-8B-Thinking [2]—all evaluated in their
reasoning (“thinking””) mode, which generates explicit rea-
soning traces before producing the final answer.

E. Additional Results

In the main paper (Section 5), we evaluated VisREF on three
visual reasoning benchmarks. Here, we extend our evalua-
tion to two additional benchmarks: TallyQA [1] and Real-
WorldQA [10]. TallyQA [1] focuses on complex counting
tasks in visual scenes, requiring models to identify and enu-
merate multiple objects while maintaining spatial awareness.
This benchmark is particularly challenging as it tests whether
models can preserve precise visual grounding throughout
iterative counting processes. RealWorldQA [10] is designed
to evaluate real-world visual understanding using over 700
images, including anonymized vehicular footage and diverse
real-world scenes. This benchmark tests models’ abilities to
reason about authentic, uncurated visual scenarios encoun-
tered in everyday settings. Table | presents results on these



Table 1. Evaluation on additional visual reasoning benchmarks.
We evaluate VisREF across three visual reasoning benchmarks:
TallyQA, and RealQA. To ensure a fair comparison, all methods
adopt the adaptive stopping criterion described in Section 4.1.2.
For brevity, we denote Standard Thinking as ST, and Textual Self-
Reflection [6] as TSR. All results are reported in accuracy (%), and
the numbers in parentheses indicate the performance gain over the
ST baseline.

Model ‘ Method ‘ TallyQA  RealWorldQA
ST (Baseline) 79.4 44.6
InternVL3.5-8B | TSR [6] 79.6 449
VisRef (Ours) | 84.5 (+5.1) 47.2 (+2.6)
ST (Baseline) 74.3 55.4
Qwen3-VL-8B TSR [6] 75.1 56.9
VisRef (Ours) | 78.9 (+4.6) 59.1 (+3.7)
ST (Baseline) 69.3 57.3
SAIL-VL2-8B TSR [6] 71.7 58.0
VisRef (Ours) | 73.9 (+5.4) 61.2 (+3.9)

benchmarks. On TallyQA, VisREF achieves substantial im-
provements across all three models, with gains of 5.1%, 4.6%,
and 5.4% for InternVL3.5-8B, Qwen3-VL-8B, and SAIL-
VL2-8B respectively, compared to standard thinking. Simi-
larly, RealWorldQA shows consistent improvements ranging
from 2.6% to 3.9% across the model suite, demonstrating
VisREeF’s effectiveness on real-world visual understanding
tasks. Figure 1 illustrates the test-time scaling behavior of
VisREF across both additional benchmarks using three ML-
RMs: InternVL-3.5-8B (top row), Qwen3-VL-8B (middle
row), and SAIL-VL2-8B (bottom row). The star marker
(%) indicates the baseline with no additional test-time com-
pute (standard thinking), while successive circles represent
increasing test-time token budgets. We compare VisREF
against parallel thinking [4, 9], which samples multiple text-
only reasoning trajectories without visual refocusing. Across
all benchmarks and models, VisREF consistently achieves
superior accuracy for any given computational budget.

F. Additional Qualitative Evaluations

To provide deeper insights into how VisREF maintains visual
grounding during reasoning, we visualize attention patterns
before and after visual refocusing in Figure 2. The visualiza-
tions use images from the RealWorldQA [10] dataset with
the InternVL-3.5-8B model. We observe that after applying
VisREF’s visual token reinjection, the attention patterns be-
come substantially more focused on task-relevant regions,
confirming that our method effectively counteracts visual
token dilution during extended reasoning chains.

G. Derivation of the Relevance-Diversity Decom-
position

In this section, we provide the complete derivation of Equa-
tion 10 from the main paper, which decomposes the log-
determinant of the kernel matrix into relevance and diver-
sity terms. Specifically, given the kernel matrix Lkv"' €
RIVElxIVel restricted to visual token subset Vi, the log-
determinant can be decomposed as:

Z log(r;

v; EVY

log det LV" ) + log det(LV’“) (D)

where r; denotes the relevance score of token v;, and E}j"’ is
the normalized diversity kernel.

Derivation. For any selected subset V;, = {v1, ...,
V, the kernel matrix entries are given by:

= ¢r(vi) " or(v;) = v Myv; (2)

U} C

[L;*]i; = Li(vi, vj)

where ¢ (v) = Mkl,/ *v projects visual token v into
the textual reasoning subspace defined by M, =
T
Z k Zl(c )( (J))
The relevance of token v; to the current reasoning state
2, is measured by:

Ty
72 = el = v M = 3 w72 3)
j:l

This quantity captures the alignment between visual token
v; and the textual context, with 72 = [L/*];;. Next, we
introduce the normalized kernel Ekvk with entries:

[LVk] [LVk] _ ¢k: (vi)T¢k (Uj) (4)
riry Nk (vi)ll2llor ()l
Note that [L}*];; = 1 for all i, representing normalized
correlations between tokens. Let Dy, = diag(ry,...,7n).
The kernel matrix can then be factorized as:
Ly* = Dy, L* Dy, 5)

Thus, we can write each element as: [Dy, E,‘;’ﬂ Dy, i; =

V;
(L. *is

i Ti T [LZ"]” Applying the multiplicative prop-

erty of determinants:

det(L*) = det(Dy, )2 det(L}*) = ( II
v €VE

7"3) det(flx’“)

(6)
Finally, taking the natural logarithm yields:

Z log(r;

v; €V

log det LV" ) + log det (LV" )y D
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diversity term

relevance term
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Figure 1. Test-time scaling of VisREF. We evaluate the test-time scaling behavior of VisREF by generating multiple parallel visual-integrated
reasoning chains under a fixed token budget. Results are shown across two benchmarks (TallyQA, and RealWorldQA) and three MLRMs:
InternVL-3.5-8B (first row), Qwen-3-VL-8B (second row), and SAIL-VL2 (third row). The star marker (5¢) denotes standard thinking—the
baseline with no additional test-time compute. Parallel thinking [4, 9] generates multiple parallel chains-of-thought without visual refocusing.
Across all models and benchmarks, VisREF consistently achieves superior accuracy for any given computational budget.

The first term aggregates individual token relevances
to the reasoning context, while the second term, through
the normalized kernel determinant, penalizes redundancy
and encourages diverse visual coverage. This decomposi-
tion provides theoretical justification for why maximizing
log det(LkV’“) naturally balances both objectives.

H. Computational cost analysis.

Table 2 reports detailed latency measurements (on 1 H100
GPU) on the Mathvista dataset using InternVL-3.5-8B. On
average, our DPP-based token selection adds only 0.5 secs of
overhead compared to Textual self-reflection (TSR), and 1.1
secs compared to standard thinking (ST). Note that ST does
not include self-reflection, so it is faster than others. The

Method Time
ST 7.1s
TSR 7.7s
Look-Back [1] 7.6s
VisREF 8.2s

Table 2. Latency per prompt on MathVista.

efficiency of VisREF stems from greedy approximation of
Eq. 11.

I. Generalization Across Model Scales

We study whether VisREF consistently improves multi-step
visual reasoning as the backbone model scales. Specifically,



Model ST TSR VIsREr

InternVL-1B 46.1 48.5 52.0
InternVL-2B 52.9 53.7 58.1
InternVL-8B 68.1 73.9 79.3

Table 3. Accuracy (%) across model scales on MathVista.

Selection MVista MVision MM-Star

Random 67.3  40.8 57.3
Relevance-only 75.6 433 61.0
DPP (Ours) 793 44.6 63.1

Table 4. Token selection strategies (InternVL-8B).

we evaluate InternVL models spanning 1B, 2B, and 8B pa-
rameters under the same decoding setup and token budget.
Table 3 shows that VisREF yields gains over both Standard
Thinking (ST) and Textual Self-Reflection (TSR) at every
scale: for the 1B model, VisREF improves accuracy from
46.1% (ST) and 48.5% (TSR) to 52.0%; for 2B, it increases
accuracy from 52.9%/53.7% to 58.1%; and for 8B, it im-
proves performance from 68.1%/73.9% to 79.3%. These
results suggest that the benefit of visual refocusing is not
confined to a particular parameter regime, but instead per-
sists from small to larger models, indicating that VisREr
effectively counteracts visual token dilution during extended
reasoning across model capacities.

J. Random Sampling Baseline

We further verify that the improvement of VisREFr is not
merely due to selecting any subset of visual tokens under
a fixed budget. To this end, Table 4 compares three selec-
tion strategies on InternVL-8B: (i) Random selection, (ii)
Relevance-only selection that greedily keeps the most text-
aligned tokens, and (iii) our DPP-based selection that jointly
optimizes relevance and diversity. Random selection per-
forms close to the ST baseline and is substantially worse than
VisREF across all benchmarks, indicating that naive token
subsampling fails to preserve the visual evidence needed
for multi-step reasoning. Relevance-only selection improves
over random sampling, but it remains consistently below DPP
(Ours), suggesting that selecting only the most aligned tokens
can still be redundant (e.g., repeatedly focusing on similar
regions) and may miss complementary evidence elsewhere in
the image. By explicitly encouraging diversity in addition to
relevance, DPP (Ours) achieves the best results, supporting
our claim that balancing relevance and diversity is essential
for effective visual refocusing under tight token budgets.

K. Weighted Version of Eq. 10

We additionally experimented with a weighted objective of
the form A - relevance + (1—X) - diversity. As shown in
Table 5, performance peaks at A=0.5 across both MathVista

A 0.0(Div) 025 0.5(Ours) 0.75 1.0 (Rel)
MVista 71.2 76.8 79.3 77.4 75.6
MVision 415 43.1 44.6 442 433

Table 5. Effect of A weighting (InternVL-8B).

and MathVision, indicating that balancing relevance and
diversity is important in practice. This result supports our
default (unweighted) formulation in the main paper, where
the two terms contribute equally.
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Figure 2. Attention Visualization. Attention maps show how VisREF progressively refocuses on relevant visual regions during multi-step
reasoning. Initially, the attention maps are noisy. With visual reinjection, VisREF reinforces grounding on task-critical objects, leading to
more accurate visual reasoning.
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