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Supplementary Material

A. Experiment Details

A.l. Real Data

We evaluate our models on three benchmark datasets: CIFAR-10, CIFAR-100 and TinyImagenet. For image classification
tasks, CIFAR-10, and CIFAR-100, TinyImagenet are used, with image dimensions of 3 x 32 x 32 for both CIFAR-10 and
CIFAR-100, 3 x 64 x 64 for Tinylmagenet. These datasets contain 10, 100 and 200 classes, respectively.

To generate Non-IID data partitions for CIFAR-10, CIFAR-100 and TinyIlmagenet, we allocate training samples to clients
based on class labels. Specifically, following prior works [19, 40], we use the Dirichlet distribution [13] to create federated
heterogeneous datasets by sampling a class-probability vector for each client, where each vector is drawn from a Dirichlet
distribution with a concentration parameter that controls the degree of data heterogeneity. For each client, labels are sampled
according to this probability vector, and corresponding images are drawn without replacement. This process is repeated
until all data points are allocated. As a result, each client’s label distribution follows the Dirichlet distribution, with the
concentration parameter governing the level of statistical heterogeneity across devices. For instance, when the Dirichlet
factor is set to 0.3, approximately 80% of each client’s data is concentrated in 3—4 dominant classes. In the IID setting, data
is randomly shuffled and evenly distributed across clients. For the FEMNIST, CelebA and Shakespeare, we adopt the LEAF
framework [3] to generate Non-IID data.

A.2. Hyper-parameters

Implementation details. In our experiments, all algorithms are implemented using PyTorch 2.0.0 with CUDA 11.8 on a
GEFORCE RTX 4090 GPU. We consider different hyperparameter configurations for various setups and datasets. In the
moderate-scale experiments, we fix the batch size to 50. In the large-scale experiments, we set the batch size to 20. In
addition, the batch size is set to 100 for Shakespeare, and 50 for both CelebA and FEMNIST. Hyperparameters are searched
for all algorithms in all IID and Dirichlet settings for a fixed 100 communication rounds. The learning rate decay is selected
from the range of [0.99,0.998,0.9995, 1.0]. The weight decay is selected from the range of [0.01,0.001,0.0001, 0.00001].
The learning rate is selected from the range of [0.001, 0.01, 0.1, 1.0]. The global learning rate is set to 1, except for FedAdam,
FedYogi, FedAdagrad, FAFED and FADAS which is set to 0.01.

Hyperparameter selection. To reproduce the competing methods, we mainly follow the configurations provided in
their original papers and adjust certain parameters only when it leads to clear performance improvements. Specifically, 3
is is chosen from [0.8,0.85,0.9,0.95] in FedAvgM and FedAdamom, [0.99,0.95,0.9] in FedAdam, FedYogi, FedAdagrad,
FedCAda, FAFED and FADAS. For f3y, in FedAdam, FedYogi, FedAdagrad, FedCAda, FAFED, FADAS, choices are from
[0.01,0.05,0.1].

A.3. Evaluation on Various Data Heterogeneity

To evaluate the performance of FedAdamom under different levels of data heterogeneity, we conduct experiments on CIFAR-
10 and CIFAR-100 using a mild heterogeneity setting with a Dirichlet distribution parameter of 0.6. Tables B show that
FedAdamom also matches or outperforms the performance of competitive methods. As shown in Table 4, FedAdamom still
shows strong robustness to data heterogeneity.

A.4. Evaluation on Large-scale

To evaluate the performance of FedAdamom under different client scales and extremely low participation rates, we conducted
experiments with 500 clients and a 2% participation rate. As shown in Table 5, the results for the large-scale setting show
a lower overall performance than those in the moderate-scale experiments. This is because each client has fewer training
samples and the data distribution becomes more heterogeneous. However, FedAdamom still shows strong robustness to data
heterogeneity and low participation rates.



Table 4. o = 0.6: 100 clients, 5% participation

CIFAR-10 CIFAR-100

Method Rounds (|)  Acc. (%,1)  Rounds(})  Acc. (%, 1)
75% 81% S00R 1000R 45% 50% SO00R  1000R
FedAvg [34] 195 303 8323 8670 342 470 5023 56.89
FedAvgM [13] 178 279 8356 89.09 309 432 5115 5851
FedAdam [40] 179 294 8331 8654 285 476 5031 57.24
FedAdagrad [40] 183 332 8301 8628 301 484 50.16 57.15
FedYogi [40] 170 261 8655 8925 270 412 5214 5872
FAFED [51] 184 297 8322 86.16 386 490 4748 56.55
FedCAda [61] 173 264 8557 87.65 410 1000 48.09 53.58
FADAS [49] 179 264 8681 8833 278 457 5070 57.55

FedAdamom (ours) 176 248 87.83 89.83 234 389 53.76 60.04

Table 5. Large-scale: 500 clients, 2% participation

CIFAR-10 CIFAR-100 Tiny-ImageNet

Method Rounds (})  Acc. (%, 1) Rounds (}) Acc. (%,1)  Rounds ()  Acc. (%, 1)

75% 81% 500R 1000R 40%  42% 500R 1000R 25% 30% S00R 1000R
FedAvg [34] 610 896 7453 81.77 828 895 3134 4534 412 626 2897 36.86
FedAvgM [13] 577 882 7464 8179 663 782 33.10 47.11 396 564 2930 37.16
FedAdam [40] 534 908 7450 8171 714 845 3170 4554 343 545 2921 36.87
FedAdagrad [40] 548 943 7376 81.01 798 861 3131 4487 384 560 28.69 36.24
FedYogi [40] 485 877 7468 8209 630 775 33.18 47.16 328 503 29.87 37.38
FAFED [51] 636 1000+ 73.17 8097 935 1000+ 29.19 4030 401 592 2835 36.05
FedCAda [61] 513 865 7401 8193 1000+ 1000+ 3046 34.18 322 651 2776 33.93
FADAS [49] 501 864 7452 8199 746 856 3222 4625 335 515 2997 37.41

FedAdamom (ours) 544 831 74.03 82.83 635 737 36.83 48.15 327 483 30.86 37.98

A.5. Evaluation on CNN

To evaluate the performance of FedAdamom under different network architectures, we conduct experiments on the CIFAR-
10 and CIFAR-100 datasets using a CNN model. As shown in Table 6, FedAdamom achieves comparable or superior
performance to competitive methods under the CNN architecture.

A.6. Communication and Computation Cost

Let d denote the model dimension and s the number of participating clients. Both FedAdam and our method have a com-
putational complexity of O(sd), arising from gradient aggregation across participating clients. The memory complexity of
both methods is ©(d), due to storing the global update gradient A, second moment v;, and momentum m; (where /31 ; and v;
sharing memory). We evaluate FedAdam and our method on ResNet-18 with CIFAR-10 and measure the average server-side
computation and memory overhead per round. FedAdam requires 0.042s of computation and 70.15M of memory, while our
method incurs 0.052s and 70.60/, respectively.

A.7. More Sensitivity Analysis

By default, we set € = 1073, 35 = 0.05, 7y = 0.1, and n = 1. We further conduct additional hyperparameter sensitivity
experiments, as shown in Tables 7 and 8. From Table 7, the performance is relatively stable when 7 lies in the range [0.7, 1],
achieving the best accuracy at 7 = 1. From Table 8, the performance remains largely stable across a wide range of € values.
These results indicate that the proposed method is relatively robust to hyperparameter variations and does not require careful
tuning to achieve strong performance.



Table 6. CNN: 100 clients, 5% participation

CIFAR-10 CIFAR-100
Method Rounds (})  Acc. (%, 1)  Rounds(})  Acc. (%, 1)
71% 78% SO00R 1000R 38% 42% S500R  1000R
FedAvg [34] 207 906 73.80 7842 417 703  40.09 4491
FedAveM [13] 199 769 7681 78.89 398 566 4027 4538
FedAdam [40] 180 947 7330 7820 402 624  40.04 4521
FedAdagrad [40] 196 961 73.14 7801 308 607 40.81 45.13
FedYogi [40] 165 875 7599 7925 285 424 4259 45.64
FAFED [51] 330 965 7278 7824 539 793  37.69 44.30
FedCAda [61] 121 722 7732 7893 387 1000+ 38.83 41.18
FADAS [49] 140 669 7723 79.09 352 541 40.55 4532

FedAdamom (ours) 153 543 77.81 8022 303 418 4292 4647

Table 7. Performance of different 7 with e = 107 and B2 = 0.05.

N 3 2 1 0.9 0.7 0.5 0.1
Acc. 459 8873 8893 8794 8733 84.89 69.55

Table 8. Performance of different € with n = 1 and 82 = 0.05.

€ 0.5 0.1 001 1072* 107* 1075 1078
Acc. 8828 88.33 88.80 8893 8891 88.64 88.58

A.8. Visualizing 3D Loss Landscapes

We use the visualization technique proposed by [24] to analyze the loss landscape, and we adapt their code to support our
specific datasets and network architectures. The visualization is performed by evaluating the loss along random directions
in the parameter space, which is achieved by perturbing the model parameters within a predefined range. In our setup, the
perturbations are restricted to the range [1, 1] for both the 2 and y directions. To ensure consistent comparison across different
models, we use the same set of random directions for all visualizations.

A.9. The Mean Escaple Time Analysis

The mean escape time is the expected time for particle gonverned by Eq. (2) to escape from Sharp Valley « to Flat Valley d.
We follow the experiment setup of [54]. Specifically, we generate 50000 Gaussian samples as the training data set, where
z ~ N(0,41). The model is two-layer fully-connected networks with one hidden layer and 10 neurons per hidden layer. The
batch size is set 10. No weight decay. The test function is Styblinski-Tang Function:

d

1
hz) =5 > (= 1627 + 5z).
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The one-dimensional Styblinski-Tang Function has one global minimum located at a = —2.903534 and one saddle
point b = 0.155731 as the boundary. For a n-dimension Styblinski-Tang Function, we initialize parameter xy =

ﬁ(—2.903534, .., —2.903534), and set the valley’s boundary as x; < ﬁ0.156731, where 7 is the dimension index. We
record the number of iterations required to escape from the valley to the outside of valley. We repeat experiments 100 times
to estimate the escape rate I' and the mean escape time 7. As the escape time is approximately a random variable obeying an
exponential distribution, ¢ ~ Exp(T"), estimated escape rate can be written as

1002
- 100 .



The 95% confidence interval of this estimator is

A.10. Variance measurements of top accuracy with different seeds

1.96 1.96
1-—)<I'<I'l + ——).
vV 100) sP<I vV 100)

Table 9. The variance measurement of top validation accuracy that can be achieved, with 4 random seeds, 100 clients, 5% participation.

Dataset FedAvg FedAvgM FedAdam FedAdagrad FedYogi
CIFAR-10  87.20+0.33 87.54+0.26 87.31£0.36 87.03+0.35 87.91+0.40
CIFAR-100 53.39 +£0.38 54.10+£0.22 53.67£0.34 53.13+0.41 54.05+0.37
Dataset FAFED FedCAda FADAS FedAdamom

CIFAR-10  86.11 £0.44 8690+ 0.58 88.14+£0.41 88.93 +0.47

CIFAR-100 52.65+ 047 47.51+0.62 54.67+£0.39 57.58+0.41

A.11. Convergence and Top Validation ACCURACY

Fig. 4 shows the accuracy and loss curves of all algorithms. The exnerimental results demonstrate that our algorithm consis-
tently outnerforms the maiority of existing adapt FL optimization algorithms.
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Figure 4. Training loss and accuracy versus communication rounds on different datasets. The setting is Dirichlet (0.3), 100 clients, 5%
participation. Each method updates for 1000 communication rounds. The FedAdamom achieves the best and stable performance in the
training.

B. Diffusion Dynamics

B.1. Saddle point escaping

Without of generality, we set the number of the local update K = 1 to make it convenient to analyze the dynamic of different
methods. The global model update formula for FedAvg as follows:

Te41 = Ty + Ny, (12)



where Ay = L 7" (] ;o — x). Since f(x) = £ i, fi(x), we have E[A;] = —n;V f (). Then we write the Langevin
Equation as

do = =V f(z)dt + [nC ()] dW,, (13)

where dW; ~ N (0, Idt), I is the identity matrix, and C(z) is the gradient noise convariance matrix. In practice, the learning

rate 7 incorporates the local learning rate 7;. For notational simplicity, we denote it as n’.The Fokker-Planck Equation is
OP(z,t
% =V . [Pz, t)Vf(x)]+ V- -VD(z)P(x,t), (14)

where D(z) = w is the diffusion matrix [53]. Near a critical point ¢, we have
Ieay |1 & ; ,
D)~ — > o= |5 2 Viilm ) Vi)
; =

~ LY H@) = @),

where N is the number of training samples, H(x) is the Hessian matrix of the global loss function at z. Given H =
Udiag(Hy, ..., H, 1, H,)UT, we use []* to denote the transformation that [H]* = Udiag(|Hi|, ..., |Hn_1|, |Ha|)UT.
The i-th column vector of U is the eigenvector corresponding to H;. Now we present the proof of the saddle points escape
time.

For FedAvg, we can validate the probability density function

- leet(z (t))exm—;(x — TS (W)@ - o) (1)

is the solution of the Fokker-Planck Equation (14). Without losing generality, we only validate one-dimensional solution.
The left-hand side of the Equation (14) can be written as

OP(z,t) 1 1 1 2?2 | 06?

P(z,t)

ot s T m P ag) B
2 22 06?

1
N AT TN
2 2
(x — 1) P(a;,t)ai. (16)

= H(1 — = )P(z,t), (17)

and

=) P(x,1). (18)

Thus, we have

2 2892 2(n2 2 2 2
5@ =65 = HO(6” —a?) + D(a® - 6?)
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=2D — 2H#?. (19)



The initial condition of #? is given by 62(0) = 0. We can validate that 62 satisfies

02 (t) = %[1 — exp(—2H;t). (20)

7

It is true along all eigenvectors’ directions. By D = 55 H, we can get the results of FedAvg diffusion:

/
02(T) = sign(Hl-)Qn—B[l —exp(—2Hn'T)
H,|n?pT
_ BT +O(B™ Hn*n}T?), Q1)

B

where the second equality follows by |H;|nT < 1 near the saddle points.
For FedAvgM, according to Eq. (6), we can write the deformed motion equation as follows:

F
my = (1 —ydt)my—1 + M&’

(22)
Ti41 = Tt -+ mt5t,
where F' = —Ay, 6t =7, 1 — vt = 3, and % = ;. Thus, we obtain the differential form of the motion equation as
0
Mdi = —yMdi — @& + [2D] W, (23)
Its Fokker-Planck Equation in the phase space (the x — & space) is well known as
oP t
% V[P, )] £ Ve [y MUV f(2)] £ V- MT2D -V, Pla, b)) 24)

where r = z. As we disucssed in FedAvg dynamic, the position-space distribution in equilibirum is time-dependent near
saddle points. Following the the form of the solution to the position-space Fokker-Planck Equation Eq. (15), the ansatz
solution of P(z,t) is given by

(V2r)d cllet(E(t)) exp( (@ = (1) TS(0)(@ = elt)).

S(t) = Udiag(62(t), ..., 02U,

P(z,t) =

The time-dependent components in P(z, t) are caused by momentum drift effect and the diffusion effect. The former decides
¢(t), the center position of the probability density, the latter decides the covariance of the probability density, X (¢).
We can write the dynamics of the momentum drift effect as

Mé(t) = —yMé(t). (25)

Following [54], we ignore the conservative force near saddle points and focus on the behaviors near ill-conditioned saddle
points, where Hessian eigenvalues are small along the escape directions. Then we obtain the solution c(t) as

Tie
i(t) = ¢ + =1~ exp(=y1)], (26)
where ¢(0) = req and é(0) = —~yre, are initial conditions, 72, ; = 7’?\/}2.
The result of diffusion effect is equivalent to FedAvg with /) = 7. The expression of P(, ) and 02(t) is
D; 2H;t
0%(t) = ———[1 — exp(—=—>)]. 27
() = 7l —exp(= 20 @)

We combine the momentum drift effect and the diffusion effect together, and then obtain the mean squared displacement
of x as

(Azf(1)) = (ci(t) — ci)® + 07 (1)
D;

= W[l — exp(—1)]* + 5 : -[1 — exp(

)] (28)



2H;

Then we apply the second order Taylor expansion in case of small —22it Then we obtain

yM
Hi|nn? H, [ n2T s
() = 5 I 1~ exp(-(1 - AT + TS OB BT, 9)

We can directly obtained the conclusion for FedAdam with /) = nC ~2. The mean squared displacement is written as

D; D; 2H;t
2 _ 7 o o 2 ) - )
(Azt(t) = 5371 = exp(=a0)? + Pl = exp(S )]
Then we can get
2
(Aaf) = 5= g L= exp(= (L= BT 4+ 00 T+ OG/BIH i T?). (30)
- F1

Similarly, for FedAdamom, as M = (I—Zl)m Y= I_nﬁl ,and [ — 81 = % we can derive

d
(Az?) = > i | Hiln*nf I |\ H [ np T
nB B

K2

+ (’)(B_len?’n?TQ).

B.2. Proof of Theorem 1

Proof. We decompose the proof into two steps : 1) compute the probalility of locating in valley a, P(z € V), 2) compute
the probability flux j = js J - dS. We first analyze the one-dimensional case. Stepl: Under Assumption 3, we may only
consider the second order Taylor approximation of the density function around critical points.

PlxeV,) = / P(z)dV

eV,

L0 _ g)a(z—a)+0(A2?)
= P(a)/ exp |— z(@—a) dx
z€eV,

T,
(27T,)2

= P(a) 1
H7

Step 2: In case of SGD [53], we can obtain Smoluchowski Equation in position space:

J = D(x)exp (—@) v [exp ("C(Tx)) P(:c)} :

where ' = D. We assume the point p is the midpoint on the most possible path between a and b, where f(s) = (1 —
s)f(a) + sL(b). The temperature T,, dominates the path a — s, while temperature T, dominates the path s — b. Rearrange
the above inequality we have



Under Assumption 2, we integrate the equation from Valley a to the outside of Valley a along the most possible escape path

Left = / a% [exp (f(“’);f(s)) P(x)} do
_ / a% {exp (f(x);f(s)) P(:c)} do

+ /: % [exp (f(m);f(s)) P(x)} dx

— [P(s) — exp (W) Pa)] + [0~ P(s)

o (18I0

Right = —J/:D‘l exp (W) dz.

Since J is fixed on an escape path from sharp minimum a to flat minimum d through saddle point b, we obtain

exp (f(a)T—af(S)) P(a)
T [ D texp (£ 16)) a”

[ 0o (12 1)

- /D exp [f(b) — () + 3 - b)b@-“] i

+oo
= Db_1 / exp
— 00

_ -1 f(b) = f(s) 27Ty
=D, exp( T > |Hb|.

The last equality follows from the properties of the Gaussian distribution. Based on the results of the above two steps, we
have

J

Under Assumption 3, we have

Pz eV,)
fSa, J-dS

-1 F)—f(s) 27T
27rTan eXP( T, ) \Hb\b

H, P(a)exp (f(aT—af(S))
1

9 [2BAL < S +1—s)}
= 2T ex _— —_— .
7 P \H, T TH)

We then generalize the proof of one-dimensional diffusion to high-dimensional diffusion. Firstly, we can deduce that P(x €

= P(a)

Vo) = P(a) —(2m* __ Based on the formula of the one-dimensional probability current and flux, we obtain

det(Dg 'H,)2
Lax—-b)TH Nz -0
/J~dS:Jb/ exp _Q(UU ) b(x )
Sb Sb

7 as

(2nT)"z"
b 1. 1°
(T2, Hyi) 2



So we have

Pz eV,)
", 7 dS

1 _1 “1l,
= Jld/ exp [—2(1‘ —~b)"[D, > HyD, ?]*(x —b)} ds
Sy

(2m) "z
(e (Dy;' Hyi)) 2

= Jia

)

where [-]1¢ indicates the directions perpendicular to the escape direction e. So we have

—det(H,D; ') 1 (sAL (1— s)AL)
=1 exp + .
det(H,Dz ") |Hpyel T, T,

T, and T} are the eigenvalues of H, D, and H b 1Db corresponding to the escape direction. We know D, = % H, and
Dy = %[Hb]Jr. Thus, we have

5 1 . [ZBAL ( S N 1-— s)]
T=2T—— €X .
ol P | \Hae T H

B.3. Proof of Theorem 2
Proof. The proof closely similar to the proof of Theorem 1. According to Gauss Divergence Theorem, we rewrite the
Fokker-Planck Equation Eq. (24) as

OP(z,r,t)

ot =T pr(xa T, t) + v:rf(x) : M_lvrp(xvrv t) + V.- M_2D(IE) ’ Peq(T)VT[Peq(T)_lp(x’r’ t)]

=—-V - J(z,1).

According to [16], in case of finite inertia, we can transform the phase-space equation into the position-space Smoluchowski-
like form with the effective diffusion correction:

7= D)oY oo T Pia). G1)
T T
where T' = 7%’ and
. 4H(z)\ (2H;(z)\ "
Since the 7 is computed in the same way as in Theorem 1, we can obtain
4|Hype| 1 [QWMBAf ( S (1—3))]
T = 14 +1 ex + 33
M| e TP \Hae ' [Had 33)
So we have
2(1 - B)BAf>
log(t) =0 ( —— 34
g( ) ( nanae ( )



B.4. Proof of Theorem 3

Proof. The proof closely related to the proof of Theorem 1. We only need replace the standard learning rate by the adaptive
learning rate /) = nC' ~2, and set YM = % Then we can obtain

Pz eV,)
7': —_—
Js, J - dS
1 3
det(D; V2 H, 4| H, 1 2vM BA 1—
:Pe(b w] - el ) Lo |2 f( s, 1-s )]
det(Dy 'V H,) g | e " Vie? Hae Vi [Hy|
—1 1 _
o \/1+477771\/B|Hbe+1 det(t, Myt [2VBAL (s 1-s ] )
1- ﬂl |Hb€‘ nm VHgae V ‘Hbe|
So we have
2v/BA
log(r) = 0 [ 2YBAL ) (36)
nnlvHae
O
B.5. Proof of Theorem 4

Proof. The proof closely related to the proof of Theorem 1. We only need introduce the mass matrix M and the dampening
matrix 4. We have M = m(lzﬁl)’ﬁ = 177[31’] —p1=zand M = %I. Then we can obtain

Pz eV,)
’r = ——
be J-dS
14 4|Hbf\ +1 1 exp 29M BAf ( s 1— s>
'3’2M |Hb€| nm Hg,, |Hbe|
47777IZC'Z_1‘Hbi| 1 [QBAf ( s 1—3)}
=7 1+ = +1 ex + . (37)
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C. Convergence Analysis

Lemma 1. Foranyt > 0, we have
t
Tepr— =Ny Qe il
k=0
t
1-Bi e <) are < 1.
k=0

where qi; = (1 — 1 1) Hf:kﬂ B



Proof. Recall that

i1 = @ + (1 — 1) Ay + Bre(ay — x4-1)
i1 — @ = Pra(z — z—1) + (1 — B1 o)A
So we can get

¢
$t+1—$t—772 1— Brr)As H Bii-

i=k+1

Let gk = (1 — B1,k) szkﬂ B1,i, then we calculated the derivatives with respect to 1 forany 0 < k& < ¢:

t t
821@:0%,1::7 H 8., <0.

9P10 i=kt 1

Since 0 < 51,1 < B1,max> We have

t t t
> GhtlBro=Brmee DAkt < Y dtlgo=0-
k=0 k=0 k=0

Recursively, we can calculate the derivatives with respect to 31, k > 1. Then we obtain

t+1
1,mazx <Zq’€t <1

Lemma 2. client drift satisfies

1 — ,
- Z]Ellxi,k — zy||® SA0KnE(|V f(20)||* + 5Enio} + 40K nio)

=1
Proof.
El|zf  — x|
= Echi,kq — Xt — nlgi,kq ||2
=Bz} 1 — 20 — m(gpp—1 — VE (@} 1) + VEFi(y k1) — VE; (1) + VE (2,))
< E|lz} gy — w0 — m(VE(x) 1) = VE(20) + VFi(a))||” +njof

1 . )
< (14 5 Bl oy — el + AKE|m(VFi(at ) = VF(@0) | + KBV Fi(w)|* + i o?

s +HAKIPIREl o]y — il + 8KV (00| + 1o + 8K’

777 BlITL s — @l + 8EWE|V f(20)|* + nior + 8Kniog

where the second 1nequahty is due to that [|zy + z2[|? < (14a)||z1]|*+ (1+ 1)||z2||* with @ = 52— and the last inequality
is because of i, < ¢ L 7 - Unrolling it we have

1 & .
- Z E|lz} ), — xel|* < 40K*nB(|V f(z¢)||* + 5Knjoi 4+ 40K nj o,
=1



Lemma 3. The global update satisfies

n K-
> Elgi sl < (B0LPKPnf + 4K)E|V f (2)||* + (10L*K*nf + K)oj + (80L°K*n® + 4K) o
=1 k=0

H

3|

Proof.

1 n K-1
1 i 2
- Z Z Ellg;
=1 k=0
1 n K-1 )
- Z Z (E[VFi(zyp)l? + o)
n
Z Z (B|VFy(xy ) — VFi(2:) + VFi(2:)]|* + 07)

1=1 k=
202 ) )
< =N Ellagy — @l + AKE(|Vf () ||* + Kof + 4Ko?
i=1 k=0
< (BOL?K*nf + AK)E||V f(z,) || + (10L2K?n} + K)o} + (80L*K*n? + 4K)o?.

Theorem 6. Suppose that local functions { F;}, are non-convex. Let the local learning rate satisfy n = O (W) the

global satisfy n = O (\/ sK ) Then, the convergence rate for FedAdamom satisfies:

T-1 )
1 L®0 61 max 02 g
= E|Vf(z)|*> <O + ’ L 9 L
] ( Oy B (KT i

where U = =% ——— [( +4) o7 + (g5 +1) 07] and ©9 = E[f(x0) — f(27)], B1,mas = Mmax,<1 iefa) B 4

Proof. According to the L-smooth of f, we have

f(@e1) = f(x1)

L
SV (@), 1 — a¢) + *||$t+1 — zy|?

= (Vf(z), ZthAk +7||ZthAkH

t t—1 t
L 2
:anktZ Vi(tin) - Vf(tj),Am+ank,t<Vf<xk)7Ak>+7”||qu@|\2
j=0 k=0 k=0
t

1 t
S ZqE[Z IV Hs0) = V@I + 3 Bl AR + 0> a(F ). M) + Ly qu A
=

2
k= k=0 k=0

IN



For the first term, we have

1 t t—1
S @ BD V(@) = V()]
k=0 j=k

[\
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L2 t t—1

- D @B [z — @e?]
k=0 =k

L2 t t—1 7

5 D2 waED =0 ar A
k=0 =k =0

L2772 t t—1 J )
="y thtE[ZZq‘r,ﬂ Arl7]
= j=kT1=0
L2 (n —s) - - i
< 2ms(n ZthEz;cz:O(sz;”Zth”
j=kT i k=0

t—1 J

L? n—s)
< 77 m qutzz% [(SOL2E3n? + AK)E||V f(z)||2 + (10L2Kn? + K)o?

j=kT1=0
(80L2K3 + 4K) 2]
L*n°n}(n — s)
2s(n—1)

[1 51,ﬁmam ((80L2K3772 + 4K)0- + (10L2K27] + K)Ul )
- Plmazx

t
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For the third term, we have
t
1Y ae BV f (1), Ag)
k=0
¢ 1 K—1 _
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1€Sy 7=0
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k=0 k=0 LESt 7=0
—nm K Knn =
1l I i
< ZthEHVf(JUk)HQ Zq t*Z > Bl —
k=0 €Sy =0
K I2K
< qu E|Vf )| + = qu (0K >PE|V £ (1) || + 5Knfo? + 40K 702,
k=0

For the second and last term, we have
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77 2 L772 2
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RS

L
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So we have

f(werr) — flwe)

nmu(L? + L+ 1)(n—s)

t
a1 LK DIED gV @)

k=0

1
K5 - 20L°K*n} —

2,2, 20 2 9 B t [
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t— Z Gkt (5K o} + 40K ni o).
k=0
If ;i < 1317 there exists a constant ¢; > 0 such that § — 20L2K?n? — W(%LZK%IQ +3) < <3
Rearranging the above inequality and summing from ¢ = 0, ..., 7" — 1, we have
T—1 ¢t
e1 ) Y akdBIV ()|
t=0 k=0
T—1 ¢t
E[f(z0) — f(z1)] L2 2
< — Qi (BEnfo? + 40K nko
TIEERER PR A I
T-1
LQWH (n—35) Bimax (L +1)(n —s) 2 -2 2 25 2 2
’ [(BOLK~“n 4 10L° K 1 .
+§ 25— 1) 1— B | 2s(n—1) qut P +4)og + ( n +1)o7]
Then we have
T-1
- ZEHVf z)|)?
E[f(xo) — f((ET)] L? 51 max 9
< TR SEn20? + 40K
KT 91— ﬁLmM( 771 l 771 )
(L2 + L+ 1)7777l(n — 8) 61 max 272 2 2 2 2 9
; 80L°K 4 10L*K 1 .
2501 —1) T Py OB Dy (0L K7+ Do

By setting ¥ = =7 leT [(3+4) o2+ (£% + 1) 0?] and ©g = E[f(z) — f(zr)], we obtain the conclusion.
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