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Our supplementary materials provide an algebraic
derivation of the classical Kruppa constraints in Sec. A, ex-
perimental protocols in Sec. B, numerical validation of re-
laxation properties in Sec. C, solver ablations in synthetic
images in Sec. D, and extended real-data analyses in Sec. E
referenced in the main paper.

A. Classical Kruppa Formulation
For completeness, we recall the classical Kruppa equations
introduced by [17, 24] and presented in [15, Result 19.7].
This formulation establishes the algebraic relationship be-
tween the fundamental matrix F, the epipole e′, and the
dual image of the absolute conic (DIAC) ω∗ = KK⊤.
It provides a compact algebraic link between image corre-
spondences and intrinsic parameters.

Given a view pair generating (F, e′), the Kruppa con-
straint can be expressed in matrix form as

[e′]× ω∗ [e′]× ∼ Fω∗ F⊤. (5)

Let F = Udiag(σ1, σ2, 0)V
⊤ be a singular value decom-

position of the fundamental matrix. Substituting the left and
right singular vectors (ui,vi) and singular values σi into (5)
yields the following vector cross-product constraint: uT
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Equation (6) produces three quadratic equations in the
six independent entries ω∗

ij of ω∗, of which two are lin-
early independent. Each image pair of three views thus con-
tributes two constraints on the intrinsic parameters.

Notably, a single view pair contributes the same number
of algebraically independent constraints in both the conven-
tional and our formulations (Sec. 3)—each provides two
constraints on ω∗ (Table 1). A conventional formulation
is just one particular “randomly” chosen relaxation. Over-
all, our experiments (Sec. 6) show that using our minimal-
relaxation strategy, we choose a relaxation that achieves
lower variance and improved empirical stability compared
to the conventional formulation.

B. Experiment Details
In this section, we explain the details of the experiments in
synthetic and real-world images.

B.1. Canonical Scene Sampling
To evaluate our method under controlled geometric con-
ditions, we generate canonical camera configurations by
randomly sampling relative poses between views. For
each view pair (i, j), we independently sample rotations
Ri,Rj ∈ SO(3) and translations Ti,Tj ∈ R3. These
extrinsic parameters define the relative camera motion be-
tween the two views.

Assuming a fixed intrinsic calibration matrix K, we
compute the corresponding fundamental matrix for a view-
pair (i, j) as:

Fij = K−⊤Rj [Tj −Ti]×R
⊤
i K

−1,

where [·]× denotes the skew-symmetric matrix operator.
The matrix Fij is defined up to scale.

From this, the epipole e′ in the second view of the pair is
obtained as the left null vector of Fij , satisfying F⊤

ij e
′ = 0.

In the experiments, we used R,T,F with a sampled K as
computed here.

B.2. Synthetic Image Setup and Image Coordinates
We describe here the details of our experimental setup on
synthetic images under controlled conditions.

3D Scene. Following [6], we uniformly sample 100 3D
points within a unit sphere. Three cameras are used. The
first camera is positioned at (0, 2, 0). The second and third
cameras are obtained by translating the first by ±0.5 units
on each axis, ensuring a minimum baseline of 0.1 in ℓ2-
norm. Camera rotations are independently sampled from
a uniform distribution over [−π

4 ,
π
4 ] radians per axis. All

cameras are oriented to fully observe the 3D scene. Points
are projected onto 640 × 480 image planes. Only points
visible in all three views are retained.

Camera intrinsics variation. To test robustness, we var-
ied the ground-truth camera intrinsics K by randomly
sampling the horizontal field of view (FoV) in the range
[70◦, 90◦]. The focal length was computed as fx = fy =

w
2 tan(FoVh/2)

, assuming square pixels. The principal point
(cx, cy) was perturbed around the image center by up to
±5% of the image width and height, respectively. The in-
trinsic matrix was then constructed as

K =

fx 0 cx
0 fy cy
0 0 1

 , (7)



and used to generate synthetic fundamental matrices and
corresponding Kruppa constraints under varying calibration
conditions.

Normalized Device Coordinates (NDC). To ensure
scale-invariant image coordinates, all pixel positions were
mapped to the Normalized Device Coordinate space
[−1, 1]× [−1, 1]. Given image width W and height H , this
is achieved by a linear scaling matrix N that converts pixel
coordinates (u, v) to normalized coordinates (xndc, yndc):

[xndc, yndc, 1]
⊤ = N[u, v, 1]⊤, N =

 2
W 0 1

W − 1
0 2

H
1
H − 1

0 0 1

 .

This ensures that the image center lies near the origin, and
coordinates remain consistent across different resolutions.

Noise Model. Zero-mean Gaussian noise N (0, σ2) is
added to the projected pixel coordinates, with σ ∈ [0.0, 1.0].

Epipolar Solvers. To generate the triplet of fundamen-
tal matrices required for our autocalibration pipeline, we
employ standard 6-, 7-, and 8-point epipolar solvers. The
8-point solver uses the classical non-minimal formulation,
while the 7-point solver applies the minimal algorithm
yielding up to three solutions. For improved numerical sta-
bility on real data, we additionally use the three-view min-
imal 6-point solver of [29], which recovers a projective re-
construction from six correspondences across three views;
compatible fundamental matrices are then extracted from
the recovered cameras. For all solvers, the inputs are nor-
malized as in [6, 16].

B.3. Implementation Details
All solvers are implemented in Julia using
HomotopyContinuation.jl [3], which enables
efficient polynomial system solving with numerical path
tracking. Experiments were run on an Intel(R) Core(TM)
Ultra 7 165U CPU (1.70 GHz) with 16 GB RAM, without
GPU acceleration.

B.4. Dataset Details: Image Sizes
We provide additional information on the real-world multi-
view datasets used in our experiments. Table 3 summarizes
the image resolutions and the number of views for each
evaluated scene. These datasets cover diverse camera setups
and scene complexities, serving as standard benchmarks for
structure-from-motion and multi-view calibration.

C. Analysis of Constraint Relaxations
We numerically validate the algebraic properties of the re-
laxation families, including underconstrained patterns and
permutation equivalences.

Table 3. Image resolutions and number of images for all evaluated
real-world multi-view datasets.

Dataset Scene Resolution (pixels) #Images

Strecha SfM

Herz-Jesús-P8 3072×2048 8
Castle-P19 3072×2048 19
Entry-P10 3072×2048 10
Fountain-P11 3072×2048 11

Multi-view stereo
City Hall Leuven 3072×2048 7
Semper Statue Dresden 3072×2048 3
City Hall Brussels 2048×1360 3

COLMAP Public South Building 3072×2304 100
Gerrard Hall 5616×3744 128

C.1. Numerical Validation of Underconstrained Re-
laxations

To corroborate the above symbolic findings, we conduct
a numerical evaluation of the same underconstrained re-
laxations under controlled image perturbations (SM: B.1).
While the symbolic analysis certifies algebraic dependence
exactly over Q, the numerical experiment empirically con-
firms that these dependencies persist in practice, even in the
presence of image noise and floating-point arithmetic.

Experiment. We used Julia to evaluate the entire
(1, 2, 2)-family of 165k relaxations across 70 random
scenes, verifying whether the relaxations containing the 9
pairs detected by the symbolic experiment (Sec. 5.1) re-
mained underconstrained (UC). We observed that 100% of
such relaxations were UC, exhibiting Jacobian rank 4 for
25,920 cases and rank 3 for 1,215 cases, in full agreement
with Table 1. This consistency across random scenes re-
flects the expected genericity [7] of the rank behavior.

C.2. Numerical validation of permutation equiva-
lences

Following the main experiments (Sec. 6), we used the
Polyhedral Homotopy Continuation solver [33] to
evaluate permutation and swapping invariance within the
(1, 2, 2) relaxation family.

Setup. We evaluated the Top-10 and Bottom-10 relax-
ations, where “Top-10” refers to the ten relaxation patterns
with the smallest errors and “Bottom-10” refers to the ten
with the largest errors among (1, 2, 2) relaxation family,
as determined by the offline scoring in Sec. 5.3. Exper-
iments were conducted under noiseless image conditions
with NDC scaling of image coordinates (SM: B.3) and vary-
ing the intrinsic calibration matrix K across trials. Each re-
laxation was tested on 100 random scenes with varying K.
Performance was measured using the mean and variance
of the summed relative error in the intrinsic parameters
(∆f + ∆g + ∆u + ∆v + ∆s) across all permutation in-
stances.



Results. Under this protocol, the selected (1, 2, 2) pat-
terns and their swapped counterparts exhibited numerically
indistinguishable performance: for the Top-10 relaxations,
the mean variance of summed errors was 6.0 × 10−11 ±
2.9×10−21, and for the Bottom-10, 0.0205±0.0013. These
results confirm the theoretical prediction that permutations
and intra-pattern swaps of the (1, 2, 2) configuration are al-
gebraically equivalent, producing identical numerical be-
havior within floating-point precision.

C.3. Relaxations on Different Calibration Tasks
In many real-world scenarios, some camera intrinsics may
be known in advance. Following [6], we encode the sta-
tus of intrinsic parameters using a 5-character code fguvs,
where each character represents whether a specific param-
eter is known or unknown. Known values are replaced
with their normalized counterparts. For example, the pat-
tern f1uv0 means that f , u, and v are unknown, while
g = 1 and s = 0 are fixed. A commonly encountered case
is when the pixels are assumed to be square; this is rep-
resented by ffuvs, indicating that f and g are unknown
but constrained to be equal. Scene sampling method is ex-
plained in SM: B.1 and relaxation patterns follow Sec.4.1.

Calibration tasks We follow [6] in categorizing vari-
ations of autocalibration tasks based on different prior
knowledge of the camera intrinsics.

For each task, we compute the form of the dual DIAC
ω∗ = KK⊤ where K reflects the assumed intrinsic con-
straints. For instance:
• If the task is fguvs (all intrinsics unknown), then

K =

f s u
0 g v
0 0 1

 ,

ω∗ =

f2 + s2 + u2 gs+ uv u
gs+ uv g2 + v2 v

u v 1

 =

w1 w2 w4

w2 w3 w5

w4 w5 1

 .

• If the task is ff000 (square pixels with known principal
point and zero skew), then

K =

f 0 0
0 f 0
0 0 1

 ,

ω∗ =

f2 0 0
0 f2 0
0 0 1

 =

w1 0 0
0 w1 0
0 0 1

 .

(8)

We classify all calibration cases according to the struc-
tural form of ω∗ in Table 4. Whenever a particular ω∗

class contains fewer than five target variables, we select ex-
actly Vars equations so that the resulting subsystem remains

square, consistent with the full five-variable calibration set-
ting of (fguvs).

Metrics Table 5 reports symbolic and numerical proper-
ties of all dimension-zero calibration tasks. Each row cor-
responds to a specific calibration pattern.

• ωclass: Structural class of the ω∗ form (see Table 4).
• Views: Minimum number of camera views required for a

subsystem in our formulation of Kruppa systems (Sec. 3)
to become zero-dimensional.

• [6] + Min/Max Deg ([6]): Degree bound from depth-
based formulation of [6], giving a crude estimate of al-
gebraic complexity of the prior work.

• Min/Max Deg (Ours): Range of isolated complex solu-
tions obtained numerically via monodromy variant of HC
[8].

Results. Table 5 summarizes the algebraic complexity of
various autocalibration tasks.

Depth-based formulation of [6] encode the calibration
intrinsics directly in the form of the image of absolute conic
(IAC) ω = K−⊤K−1, while our epipolar-based formula-
tion including the conventional Kruppa systems employ a
map from K to ω∗ = KK⊤ reducing the degree of the fi-
nal system by roughly half (4 → 2). Also, the formulation
of [6] involves depth variables enlarging the solution space
while ours can purely keep the target variables to the intrin-
sics, achieving such low degree eventually as in Tab.5.

Several classical approaches have addressed focal length
calibration under minimal-view settings, especially two-
view scenarios. However, they typically make strong as-
sumptions on the intrinsic parameters. For instance, meth-
ods such as those by [1, 18, 36] rely on simplifying con-
straints (e.g., known or equal focal lengths) to reduce the
algebraic burden.

Beyond these, certain works have characterized which
sets of intrinsics admit Euclidean reconstruction from min-
imal views. In particular, [19] showed that Euclidean
reconstruction is feasible under configurations such as
(αf, g, u, v, s), (f, f, u, v, s), or (f, f, u, v, 0), where f de-
notes focal length(s), g is aspect ratio, u, v are principal
point coordinates, and s is skew. Our analysis in Table 5
generalizes this line of inquiry by exhaustively classifying
various minimal (dimension-zero) calibration problems up
to five intrinsics.

Remark. We note that underlined entries in Table 5 corre-
spond to numerically sensitive cases in which monodromy
HC may have under-explored the solution space; increasing
the number of explored paths could plausibly reveal addi-
tional solutions.



Table 4. Symbolic forms of ω∗ matrices grouped by number of intrinsic variables (Vars) and configuration label (ωclass).

Vars ωclass ω∗ Vars ωclass ω∗

5 0

w1 w2 w3

w2 w4 w5

w3 w5 1

 2 0

w1 0 0

0 w2 0

0 0 1



4 0

w1 w2 w3

w2 w4 0

w3 0 1

 2 1

w1 0 w2

0 1 0

w2 0 1


4 1

w1 w2 0

w2 w3 w4

0 w4 1

 2 2

w1 w2 0

w2 1 0

0 0 1



3 0

w1 0 w2

0 w3 0

w2 0 1

 2 3

1 0 0

0 w1 w2

0 w2 1



3 1

w1 w2 0

w2 w3 0

0 0 1

 1 0

w1 0 0

0 1 0

0 0 1


3 2

w1 0 0

0 w2 w3

0 w3 1

 1 0

1 0 0

0 w1 0

0 0 1


3 3

w1 w2 w3

w2 1 0

w3 0 1

 1 0

w1 0 0

0 w1 0

0 0 1



D. Solver Ablations in Synthetic Images

We present ablations of solver variants, analyzing numeri-
cal stability, runtime, and the effect of NDC and parameter
homotopies.

D.1. Kruppa-BnB on Synthetic Images
To further assess convergence behavior, Figure 4 reports the
performance of Kruppa-BnB solver without local refine-
ment under the same synthetic noise conditions, across the
6-, 7-, and 8-point epipolar configurations as the main ex-
periments (Sec.6.1). These synthetic evaluations serve as
a controlled baseline for the subsequent real-world experi-
ments.

Analysis. The branch-and-bound (BnB) strategy operates
purely in the numerical parameter space of candidate solu-
tions, optimizing the algebraic objective without explicitly
enforcing the structural constraints of the dual image of the
absolute conic (DIAC). As a result, the numerically opti-

mal solution frequently violates the positive-definiteness of
the DIAC, rendering the recovered intrinsics invalid. More-
over, the BnB sampling is inherently coarse, exploring the
search domain sparsely; without a subsequent local refine-
ment stage (e.g., Levenberg–Marquardt), the solver often
fails to converge to a physically meaningful or geometri-
cally consistent solution. This explains the degraded per-
formance observed across all configurations in Figure 4.

D.2. Scale interpretation of Intrinsic Errors

For the 640× 480 synthetic setup, the typical focal lengths
of the calibrated cameras fall in the range f ∈ [500, 700] px,
corresponding to a horizontal field of view of approximately
45◦–60◦. Under this setting, a unit normalized intrinsic er-
ror (∆f = |f̂−f |

f ) (∆∗ = 1) would imply an absolute devi-
ation of about 500–700 px in the corresponding parameter.
Hence, a deviation of 50–80 px in focal length or principal
point translates to ∆∗ ≈ 0.1, which we use as a practical
reference scale in the main results.



Task Vars ωclass Views [6] Min Deg ([6]) Max Deg ([6]) Min Deg (Ours) Max Deg (Ours)

1g000 1 0 2 2 30 30 1 2
f1000 1 0 2 2 30 30 1 2
ff000 1 0 2 2 30 30 1 2

fg000 2 0 2 2 18 18 2 17
11u00 2 1 2 2 60 60 1 4
f1u00 2 1 2 2 18 18 1 4
1100s 2 2 2 2 60 60 3 4
f100s 2 2 2 2 18 18 1 4
110v0 2 3 2 2 60 60 2 2
1g0v0 2 3 2 2 18 18 1 3

1gu00 3 0 3 2 36 36 1 7
ffu00 3 0 3 2 24 24 1 8
fgu00 3 0 3 3 9686 33606 1 8
1g00s 3 1 3 2 24 24 1 8
ff00s 3 1 3 2 36 36 2 8
fg00s 3 1 3 3 9686 33606 2 8
f10v0 3 2 3 2 36 36 1 8
ff0v0 3 2 3 3 4484 92336 6 27
fg0v0 3 2 3 3 9686 112520 6 27
f1u0s 3 3 2 3 14760 160190 1 1
11u0s 3 3 3 2 36 36 1 8

ffu0s 4 0 3 3 29028 100758 3 16
fgu0s 4 0 3 3 2058 2058 3 16
110vs 4 1 3 2 72 72 1 15
1g0vs 4 1 3 3 29012 315653 2 17
f10vs 4 1 3 3 24332 86539 1 16
ff0vs 4 1 3 3 38700 134352 5 16
fg0vs 4 1 3 3 2058 2058 5 16

11uv0 5 0 3 2 48 48 18 18
11uvs 5 0 3 3 57912 201265 1 10
ffuv0 5 0 3 3 16188 119119 4 32
ffuvs 5 0 3 3 4617 4617 2 32
fguv0 5 0 3 3 2313 2313 4 32
fguvs 5 0 3 3 2985 1136202 18 32

Table 5. Min–max root counts for all calibration tasks, grouped by the number of intrinsic variables (Vars) and the configuration label
(ωclass). Values are aggregated over 10 randomly generated scenes, with relaxation patterns computed as described in Sec. 4.1. Underlined
values indicate numerically sensitive cases where the estimated count may vary across scenes.

D.3. Runtime Experiments

We compare the runtimes of the three solver classes in-
tegrated into our autocalibration pipeline: Kruppa-BnB,
Kruppa solver, and our Global-Best relaxed solver.
Both Kruppa and Global-Best are solved using the
same PolyhedralHC backend; since they induce identi-
cal mixed volumes and therefore the same number of ho-
motopy paths, their runtimes are nearly equal. In con-
trast, Kruppa-BnB performs only a lightweight divide-
and-conquer search with no homotopy continuation, mak-

ing it substantially faster but also less accurate (see Ta-
ble 14).

Across 100 independent runs per method (Synthetic
images experiment in Sec. 6.1), we obtain average run-
times of 1.96×10−3 s for Kruppa-BnB, 5.38×10−2 s for
Kruppa, and 4.76×10−2 s for Global-Best. As ex-
pected, the two homotopy-based solvers exhibit almost
identical runtimes, while BnB offers speed at the cost of
poorer intrinsic accuracy.
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Figure 4. Synthetic performance of Kruppa-BnB without local refinement across noise levels for the 6-, 7-, and 8-point epipolar solver
configurations.

D.4. Ablation: Enhancements on Our Solver

We evaluate several incremental enhancements to our
solver—PolyhedralHC, PolyhedralHC+NDC,
ParamHC, and NDC+ParamHC—to analyze their contri-
bution to calibration accuracy. In the main paper (Sec. 6),
we employ the Global-Best + NDC configuration
as our default solver, as it consistently provides the most
stable and accurate results across noise levels.

Variations
• PolyhedralHC: The base Global-Best solver without

any additional enhancements.
• PolyhedralHC+NDC: Applies Normalized Device Co-

ordinate (NDC) scaling (SM: B), mapping image coor-
dinates to the (−1, 1) range to improve numerical condi-
tioning.

• ParamHC: Utilizes the parameter homotopy
continuation (ParamHC) technique from the
HomotopyContinuation.jl package, which con-
nects the start system (parameters and solutions) obtained
by Monodromy HC [8] on a canonical, zero-noise scene
to the target noisy system (SM: B.1). Here, we connect
the start system with 24 solutions computed by the
monodromy HC on an offline scene (SM: B.1).

• NDC+ParamHC: Combines both NDC scaling and pa-

rameter homotopy continuation for improved stability
and accuracy.

Metrics. We measure calibration accuracy using the
summed mean parameter error Esum-mpe = ∆f+∆g+∆u+
∆v + ∆s which aggregates the relative errors of all intrin-
sic parameters. This metric provides a single scalar quantity
that reflects overall intrinsic recovery quality across differ-
ent solver variants.

Results. Across all minimal configurations (6pts, 7pts,
and 8pts), PolyhedralHC+NDC provides the most con-
sistent improvement, lowering Esum-mpe and improving
numerical stability at every noise level. In contrast,
ParamHC alone exhibits mixed behavior—occasionally
competitive at low noise but generally less stable than the
NDC-enhanced variants. Combining both techniques in
NDC+ParamHC yields moderate additional gains in several
regimes, though it does not surpass PolyhedralHC+NDC
on average. Overall, PolyhedralHC+NDC (our
Global-Best+NDC configuration) achieves the lowest
mean error across noise levels for all epipolar solver set-
tings, supporting its use as the default variant in the main
paper. We note that ParamHC is theoretically more effi-
cient than PolyehdralHC for this problem, as the for-



Table 6. Calibration accuracy on 6pts. Each cell reports mean ± standard deviation of summed mean projection error (Esum-mpe) across
noise levels σ (px). Lower is better. Best per row is bold. Bottom row averages over the listed σ values.

Noise σ PolyhedralHC PolyhedralHC+NDC ParamHC NDC+ParamHC

0.0 1.52e-03 ± 4.80e-03 1.01e-10 ± 1.18e-10 4.34e-01 ± 1.51e-01 1.40e-01 ± 9.86e-02
0.1 3.0065 ± 0.3699 2.8887 ± 0.4446 3.0725 ± 0.4296 2.9206 ± 0.3836
0.2 3.6087 ± 1.0340 3.2262 ± 0.4632 3.9275 ± 0.7811 3.3960 ± 0.6451
0.3 3.5135 ± 0.2227 3.4025 ± 0.5359 3.8725 ± 0.5414 3.6624 ± 0.4698
0.4 3.8935 ± 0.7452 3.4442 ± 0.1603 4.1772 ± 0.4239 3.6786 ± 0.5184
0.5 3.9387 ± 0.4367 3.5806 ± 0.3915 4.1187 ± 0.6504 3.9541 ± 0.6418
0.6 4.4001 ± 0.7023 3.7270 ± 0.3938 4.0262 ± 0.4794 4.0070 ± 0.8365
0.7 4.3560 ± 0.5774 3.8299 ± 0.3715 4.1587 ± 0.2131 3.8537 ± 0.5579
0.8 4.2185 ± 0.3884 3.8881 ± 0.6714 4.5957 ± 0.6172 3.9017 ± 0.5546
0.9 4.0678 ± 0.3588 4.0163 ± 0.8889 4.4208 ± 0.6656 4.0467 ± 0.4286
1.0 4.3096 ± 0.5276 3.8464 ± 0.3645 4.4917 ± 0.6572 4.0623 ± 0.6520

Avg over σ 3.5740 ± 0.4880 3.2591 ± 0.4260 3.7541 ± 0.5099 3.4203 ± 0.5261

Table 7. Calibration accuracy on 7pts. Each cell reports mean ± standard deviation of summed mean projection error (Esum-mpe) across
noise levels σ (px). Lower is better. Best per row is bold. Bottom row averages over the listed σ values.

Noise σ PolyhedralHC PolyhedralHC+NDC ParamHC NDC+ParamHC

0.0 1.81e-10 ± 1.09e-10 4.46e-03 ± 1.37e-02 5.80e-01 ± 2.68e-01 1.23e-01 ± 6.24e-02
0.1 2.8110 ± 0.4053 2.1378 ± 0.1816 2.8150 ± 0.2966 2.2748 ± 0.3858
0.2 3.2651 ± 0.3492 2.9666 ± 0.5219 3.4491 ± 0.5105 2.8552 ± 0.4938
0.3 3.5160 ± 0.3840 3.0236 ± 0.3246 3.8801 ± 0.5779 3.1081 ± 0.3466
0.4 3.7800 ± 0.3100 3.3697 ± 0.3517 4.2693 ± 0.6923 3.3091 ± 0.4291
0.5 4.0567 ± 0.2913 3.4730 ± 0.3753 4.1828 ± 0.7326 3.5560 ± 0.3920
0.6 3.9279 ± 0.3901 3.4080 ± 0.3694 4.1097 ± 0.7537 3.6847 ± 0.5146
0.7 3.9226 ± 0.3108 3.5063 ± 0.2645 4.9137 ± 1.2500 4.0041 ± 0.5884
0.8 4.0961 ± 0.4202 3.3945 ± 0.3237 4.3011 ± 0.5825 3.8480 ± 0.5229
0.9 4.3010 ± 0.3144 3.6987 ± 0.6622 4.4881 ± 0.7567 3.7686 ± 0.3917
1.0 4.3862 ± 0.3229 3.6997 ± 0.3370 4.5907 ± 0.6716 3.9224 ± 0.4622

Avg over σ 3.4602 ± 0.3180 2.9711 ± 0.3387 3.7799 ± 0.6447 3.1322 ± 0.4172

mer requires tracking only 24 homotopy paths and the latter
must track 32. Surprisingly, though, PolyhedralHC ex-
hibits higher accuracy in the zero-noise regime. Since the
accuracy of both methods can be improved by tighter New-
ton refinement at the target solutions, this is likely due to
implementation differences rather than an inherent strength
of the polyhedral method.

D.5. Local-Refinement with initialization

We evaluate all solvers when followed by local nonlinear
refinement. Specifically, we apply Levenberg–Marquardt
(LM) optimization to refine the intrinsic matrix K by mini-
mizing the algebraic error, defined as the norm of the con-
straint residuals. We adopt this objective to match the re-
finement strategy of [28], ensuring a fair and consistent
comparison across methods. This evaluation allows us to
assess (i) the quality of each solver’s initial estimate and (ii)
the additional improvement gained through local optimiza-

tion.

Methods
• Kruppa-BnB (LM): Full Kruppa branch-and-bound

pipeline followed by LM refinement [28].
• PolyhedralHC+NDC: Our proposed solver (Sec. 6.1).
• Kruppa: Conventional Kruppa solver (Sec. 6.1).
• SOLVER (LM-Cand-O): LM refinement applied to all

candidate solutions (those returned by Polyhedral
HC and those satisfying the positive-definiteness con-
straint).

• SOLVER (LM-Best-K): LM refinement applied only to
the single candidate minimizing the sum of relative errors
(i.e., the candidate used for error evaluation in the main
experiments; Sec. 6.1).
Note that Kruppa-BnB and Kruppa minimize the

6 classical Kruppa constraints [24], whereas our method
(PolyhedralHC+NDC) minimizes the full set of 45 con-



Table 8. Calibration accuracy on 8pts. Each cell reports mean ± standard deviation of summed mean projection error (Esum-mpe) across
noise levels σ (px). Lower is better. Best per row is bold. Bottom row averages over the listed σ values.

Noise σ PolyhedralHC PolyhedralHC+NDC ParamHC NDC+ParamHC

0.0 5.80e-03 ± 1.83e-02 1.06e-11 ± 5.57e-12 4.70e-01 ± 1.73e-01 1.16e-01 ± 1.23e-01
0.1 2.4947 ± 0.3566 2.1450 ± 0.3774 2.7136 ± 0.3095 2.2150 ± 0.3095
0.2 3.0843 ± 0.3568 2.7204 ± 0.4696 3.3677 ± 0.6789 2.6817 ± 0.3519
0.3 3.3008 ± 0.4114 2.9761 ± 0.3983 3.6343 ± 0.3198 2.9150 ± 0.3881
0.4 3.7514 ± 0.3811 3.1044 ± 0.3142 3.5832 ± 0.3908 3.0621 ± 0.3193
0.5 3.7977 ± 0.3667 3.4180 ± 0.7901 3.9756 ± 0.4526 3.3368 ± 0.2272
0.6 3.7316 ± 0.3075 3.3245 ± 0.3178 3.7979 ± 0.5373 3.4608 ± 0.3653
0.7 3.7189 ± 0.4770 3.6570 ± 0.3725 3.9334 ± 0.5272 3.7314 ± 0.3732
0.8 3.9356 ± 0.3191 3.7081 ± 0.4688 3.8177 ± 0.4159 3.9359 ± 0.5438
0.9 4.0872 ± 0.4888 3.7702 ± 0.3601 4.0279 ± 0.4557 3.8016 ± 0.3598
1.0 4.1103 ± 0.4565 3.8649 ± 0.4667 4.2289 ± 0.4703 3.7798 ± 0.2702

Avg over σ 3.2744 ± 0.3582 2.9717 ± 0.3941 3.4136 ± 0.4301 3.0032 ± 0.3301

straints in our formulation (Sec. 3).

Results Tables 9, 10, and 11 report

Esum-mpe = ∆f +∆g +∆u+∆v +∆s,

the summed mean projection error, which aggregates the
relative error in all intrinsic parameters across 100 random
scenes.

Overall, LM refinement improves most solvers across
noise levels. However, even after LM refinement, our
method consistently outperforms both Kruppa and Kruppa-
BnB across all epipolar configurations (6 pts, 7 pts, and
8 pts).

Finally, the comparison between LM-Best-K
and LM-Cand-O reveals that refining all candidates
(LM-Cand-O) is often beneficial, especially at higher
noise levels where the best algebraic candidate may not
correspond to the best geometric solution.

E. Real-World Experiments
We report extended real-data results, including relaxation
variability and the impact of solver-based initialization
within COLMAP.

E.1. Results with Local-Best and Local-Worst

We report updated results for Kruppa-BnB after tuning
its search domain for real-world data. Table 12 summarizes
the sum of relative intrinsic errors across all solvers, includ-
ing the Local-Best and Local-Worst relaxations (de-
fined in Sec. 6 as the relaxations achieving the smallest and
largest errors for each scene, selected from the full set of
84k relaxations described in Sec. 5.3). These results allow
us to characterize the full variability of the relaxation fam-
ily in practical SfM conditions, while also showing that the

Global-Best relaxation identified in the synthetic exper-
iments remains consistently competitive on real data.

As an additional breakdown, Table 13 reports grouped
factor-level errors (∆fg,∆uv,∆s), highlighting how each
solver behaves with respect to individual intrinsic compo-
nents. Together, these two tables provide a more com-
plete assessment of solver performance and illustrate how
the spread between Local-Best and Local-Worst re-
flects the inherent sensitivity of different Kruppa relaxations
on real imagery.

E.2. Evaluation of initialization Quality in 3D Re-
construction (COLMAP)

We integrate our autocalibration solvers into a modern 3D
reconstruction pipeline (COLMAP [30]) to initialize cam-
era intrinsics prior to sparse reconstruction. The objective is
to assess whether more accurate focal lengths and principal
points—estimated via minimal or relaxed solvers—can im-
prove upon COLMAP’s standard heuristic initialization and
thereby enhance downstream reconstruction accuracy. We
evaluate on the same real-world scenes from SfM-eval
(Castle-P19, Entry-P10, Fountain-P11, and
Herz-Jesus-P8) used in Sec. 6.2.

initialization strategies and evaluation protocol. Fol-
lowing [6], we compare several strategies for initializing
and refining the intrinsic matrix K within COLMAP’s in-
cremental SfM pipeline:

• COLMAPguess: COLMAP’s default focal-length heuristic
based on image size (Tab. 3).

• COLMAPKruppa + KBA: initialization with the Kruppa
solver, followed by bundle adjustment (BA).

• COLMAPKruppa-BnB + KBA: initialization with the
Kruppa-BnB solver, followed by BA.



Table 9. Calibration accuracy on 6pts. Each cell reports mean ± standard deviation of summed mean projection error (sum mpe) across
noise levels σ (px). Lower is better. Best per row is bold. Bottom row averages over the listed σ values.

Noise σ Kruppa-BnB (LM) PolyhedralHC+NDC Kruppa Kruppa (LM-Cand-O) Kruppa (LM-Best-K) Ours (LM-Cand-O) Ours (LM-Best-K)

0.0 5.56e+00 ± 1.74e+00 1.01e-10 ± 1.18e-10 3.23e-11 ± 4.62e-11 3.06e-11 ± 4.49e-11 3.76e+00 ± 7.46e-02 5.54e-11 ± 7.25e-11 3.87e+00 ± 3.73e-02
0.1 5.3699 ± 1.4577 2.8887 ± 0.4446 3.3727 ± 1.8979 2.6750 ± 1.8826 3.8512 ± 0.1741 2.0136 ± 0.5479 3.9302 ± 0.0890
0.2 4.2706 ± 1.7204 3.2262 ± 0.4632 4.3261 ± 3.8432 3.7016 ± 4.0238 3.9336 ± 0.1083 2.0281 ± 0.5581 3.9755 ± 0.0758
0.3 3.6638 ± 0.9816 3.4025 ± 0.5359 4.1436 ± 2.1860 3.6310 ± 2.6825 3.9882 ± 0.1937 2.2344 ± 0.6196 3.9786 ± 0.0749
0.4 4.4808 ± 2.3328 3.4442 ± 0.1603 4.4832 ± 2.2374 3.6349 ± 2.7050 3.9840 ± 0.1933 2.7244 ± 1.3689 3.9603 ± 0.1175
0.5 3.5895 ± 0.7079 3.5806 ± 0.3915 4.4247 ± 1.7736 4.7737 ± 2.4174 4.0473 ± 0.1748 2.7968 ± 1.1543 4.0236 ± 0.0833
0.6 4.5584 ± 1.1655 3.7270 ± 0.3938 3.7333 ± 1.2687 3.8457 ± 1.1983 4.0250 ± 0.1751 2.9266 ± 1.0902 4.0016 ± 0.1028
0.7 4.3521 ± 1.3305 3.8299 ± 0.3715 4.1448 ± 1.5938 5.2367 ± 4.3671 4.0410 ± 0.1720 3.6822 ± 1.4759 4.0491 ± 0.0883
0.8 5.3112 ± 2.8882 3.8881 ± 0.6714 4.5432 ± 2.2860 4.9397 ± 2.8969 3.9721 ± 0.1739 2.6550 ± 0.4884 4.0086 ± 0.1228
0.9 4.2848 ± 1.9738 4.0163 ± 0.8889 4.3719 ± 2.2621 4.0608 ± 2.6365 3.9288 ± 0.1647 2.9501 ± 0.7894 4.0669 ± 0.1129
1.0 4.2873 ± 2.1300 3.8464 ± 0.3645 4.6036 ± 2.2322 4.6640 ± 2.3695 4.0711 ± 0.2310 3.0287 ± 1.0155 4.0817 ± 0.1071

Avg over σ 4.5204 ± 1.6755 3.2591 ± 0.4260 3.8316 ± 1.9619 3.7421 ± 2.4709 3.9638 ± 0.1669 2.4582 ± 0.8280 3.9950 ± 0.0920

Table 10. Calibration accuracy on 7pts. Each cell reports mean ± standard deviation of summed mean projection error (sum mpe) across
noise levels σ (px). Lower is better. Best per row is bold. Bottom row averages over the listed σ values.

Noise σ Kruppa-BnB (LM) PolyhedralHC+NDC Kruppa Kruppa (LM-Cand-O) Kruppa (LM-Best-K) Ours (LM-Cand-O) Ours (LM-Best-K)

0.0 5.39e+00 ± 9.76e-01 4.46e-03 ± 1.37e-02 2.68e-12 ± 2.34e-12 2.67e-12 ± 2.22e-12 3.75e+00 ± 1.30e-01 1.45e-03 ± 4.58e-03 3.82e+00 ± 5.05e-02
0.1 6.0068 ± 2.0779 2.1378 ± 0.1816 2.1721 ± 0.7082 1.4646 ± 0.5325 3.7949 ± 0.0975 1.5295 ± 0.3084 3.9184 ± 0.0605
0.2 6.4435 ± 2.3978 2.9666 ± 0.5219 3.1661 ± 0.8034 2.5584 ± 0.7710 3.8054 ± 0.1251 2.1768 ± 0.7011 3.9613 ± 0.0861
0.3 6.3333 ± 1.6488 3.0236 ± 0.3246 3.1079 ± 1.1658 2.4384 ± 0.9877 3.8423 ± 0.1241 2.5574 ± 1.0016 3.9617 ± 0.1205
0.4 5.7113 ± 1.0574 3.3697 ± 0.3517 2.7338 ± 1.4230 2.4454 ± 1.4878 3.8245 ± 0.0830 2.4465 ± 0.8809 3.9694 ± 0.1366
0.5 6.0917 ± 3.2411 3.4730 ± 0.3753 4.2107 ± 1.4827 3.7900 ± 2.2756 3.9093 ± 0.1211 2.4851 ± 0.8763 3.9432 ± 0.0654
0.6 5.4062 ± 0.9770 3.4080 ± 0.3694 3.3313 ± 1.3775 3.4716 ± 2.2902 3.8589 ± 0.0736 3.5036 ± 1.4175 3.9713 ± 0.1289
0.7 6.2082 ± 2.6637 3.5063 ± 0.2645 3.8586 ± 1.5651 3.6567 ± 1.2780 3.8248 ± 0.1378 3.0701 ± 0.8613 3.9894 ± 0.1204
0.8 5.7653 ± 2.1183 3.3945 ± 0.3237 3.3649 ± 1.0850 2.9733 ± 0.9826 3.7966 ± 0.2005 3.1423 ± 0.9917 4.0159 ± 0.1183
0.9 5.1874 ± 1.1243 3.6987 ± 0.6622 3.5656 ± 0.4855 3.1630 ± 0.8838 3.9048 ± 0.1316 3.0027 ± 0.6604 3.9886 ± 0.1016
1.0 5.5322 ± 0.8210 3.6997 ± 0.3370 3.5871 ± 0.6284 3.2744 ± 0.7554 3.9061 ± 0.1284 3.2176 ± 0.8266 4.0620 ± 0.1382

Avg over σ 5.8253 ± 1.7367 2.9711 ± 0.3387 3.0089 ± 0.9750 2.6578 ± 1.1131 3.8382 ± 0.1230 2.4666 ± 0.7755 3.9639 ± 0.1025

• COLMAPGlobal-Best + KBA: initialization with our
Global-Best relaxation solver, followed by BA.

We additionally include an oracle baseline,
COLMAPGT + KBA, initialized from the ground-truth
calibration parameters.

All reconstructions are performed in single-camera
mode, ensuring that all views share a common intrinsic ma-
trix K. After reconstruction, we compare the estimated in-
trinsics K̂ with the ground-truth calibration Kgt, reporting
relative focal-length and principal-point errors (∆fg, ∆uv)
as in [6]. To ensure comparability, all experiments use iden-
tical feature extraction, exhaustive matching, and incremen-
tal mapping parameters within COLMAP.

Results. Table 14 reports the results using the seed that
yielded the smallest error for each solver. Across all
scenes, solver-based methods achieve intrinsic errors that
are two–three orders of magnitude lower than COLMAP’s
heuristic (COLMAPguess). Within the solver-based initializ-
ers, the Global-Best estimate generally performs favorably,
providing a reliable intrinsic prediction prior to SfM.

Despite their high intrinsic accuracy, solver-based initial-
izers show limited success within COLMAP’s incremen-
tal mapper: Kruppa-BnB rarely succeeds, the minimal

Kruppa solver works only intermittently (SR = 0.1–0.5),
and even our Global-Best estimate—while more ro-
bust than the other solvers—achieves SR = 0.1–0.6 across
datasets. By contrast, COLMAP’s heuristic succeeds on
every scene (SR = 1.0). Inspection of the COLMAP logs
indicates that this behavior arises from a geometric—not
numerical—mismatch: although inaccurate, COLMAP’s
guess remains geometrically well conditioned for essen-
tial matrix estimation and triangulation, whereas solver-
based intrinsics can be geometrically extreme in pixel coor-
dinates, destabilizing early epipolar geometry and causing
COLMAP to reject all initial image pairs.

In summary, COLMAP’s incremental SfM pipeline is
tolerant of large but geometrically coherent intrinsic er-
rors, yet brittle to small but geometrically ill-conditioned
ones—explaining why high-accuracy solver estimates may
still fail to bootstrap a 3D reconstruction.



Table 11. Calibration accuracy on 8pts. Each cell reports mean ± standard deviation of summed mean projection error (sum mpe) across
noise levels σ (px). Lower is better. Best per row is bold. Bottom row averages over the listed σ values.

Noise σ Kruppa-BnB (LM) PolyhedralHC+NDC Kruppa Kruppa (LM-Cand-O) Kruppa (LM-Best-K) Ours (LM-Cand-O) Ours (LM-Best-K)

0.0 4.81e+00 ± 2.09e+00 1.06e-11 ± 5.57e-12 3.15e-12 ± 3.66e-12 2.92e-12 ± 3.61e-12 3.80e+00 ± 6.07e-02 3.27e-12 ± 4.12e-12 3.85e+00 ± 2.06e-02
0.1 5.1736 ± 1.0199 2.1450 ± 0.3774 2.0480 ± 0.6777 1.5100 ± 0.6529 3.8296 ± 0.1018 1.8430 ± 0.5759 3.9292 ± 0.0635
0.2 4.7452 ± 1.5610 2.7204 ± 0.4696 2.0852 ± 0.9160 1.8561 ± 0.6838 3.8227 ± 0.1338 2.2368 ± 0.7611 3.9905 ± 0.0682
0.3 5.5354 ± 2.0136 2.9761 ± 0.3983 2.5505 ± 0.7505 2.3954 ± 0.6578 3.8131 ± 0.1131 3.0391 ± 1.1436 3.9875 ± 0.0783
0.4 5.3294 ± 0.9577 3.1044 ± 0.3142 2.9872 ± 1.1113 2.3756 ± 0.4924 3.8400 ± 0.1307 3.1132 ± 0.6947 3.9987 ± 0.0929
0.5 5.2459 ± 2.3813 3.4180 ± 0.7901 3.2300 ± 0.6382 2.4854 ± 0.6992 3.8266 ± 0.1388 3.2250 ± 1.1869 4.0071 ± 0.0750
0.6 4.8255 ± 1.2272 3.3245 ± 0.3178 3.2904 ± 0.6618 2.5379 ± 0.4120 3.8810 ± 0.1860 3.6857 ± 1.8163 4.0395 ± 0.1160
0.7 4.7473 ± 0.9303 3.6570 ± 0.3725 3.8645 ± 1.2469 2.8832 ± 0.7611 3.8993 ± 0.1735 3.5749 ± 1.7200 4.0699 ± 0.1080
0.8 4.9415 ± 1.0303 3.7081 ± 0.4688 3.1721 ± 0.9695 2.8147 ± 0.5963 3.9245 ± 0.1543 3.6217 ± 1.1938 4.0812 ± 0.1168
0.9 5.2865 ± 2.2683 3.7702 ± 0.3601 3.1507 ± 0.6904 3.2739 ± 0.7580 3.9278 ± 0.1598 3.4786 ± 1.3672 4.0119 ± 0.0624
1.0 5.1577 ± 2.5388 3.8649 ± 0.4667 3.3031 ± 0.5032 3.1639 ± 0.7150 3.9376 ± 0.1846 3.1424 ± 0.8280 4.0310 ± 0.0847

Avg over σ 5.0723 ± 1.6380 2.9717 ± 0.3941 2.6983 ± 0.7423 2.2997 ± 0.5844 3.8639 ± 0.1397 2.8146 ± 1.0261 3.9999 ± 0.0806

Table 12. Average over 2000 random scenes using the 6-point epipolar configuration. Lower is better. Metric denotes the sum of relative
intrinsic errors Esum-mpe. The smallest entry in each row is highlighted in bold.

Dataset Scene Kruppa Kruppa-BnB Global-Best Local Min Local Max

COLMAP-Public Gerrard Hall 2.71 2.10 2.20 1.51× 100 37675178.94
COLMAP-Public South Building 2.43 5.34 2.96 9.80× 10−1 19438204.94
SfM-eval Castle P19 3.70 5.10 3.26 1.63× 100 724875.72
SfM-eval Entry P10 3.72 5.11 2.58 1.82× 100 101349425.08
SfM-eval Fountain P11 4.86 5.49 5.25 3.93× 100 38308763.72
SfM-eval Herz Jesus P8 9.74 5.38 5.35 2.73× 100 50680748.79
Strecha08 Brussel 2.62 8.99 2.29 9.24× 10−1 1283060.70
Strecha08 Rathaus 4.56 3.34 2.91 2.30× 100 33582031.23
Strecha08 Semper 3.47 5.00 2.25 1.71× 100 37446217.15

Average 4.20 5.09 3.23 — —

Table 13. Average over 2000 random scenes using the 6-point epipolar configuration. Lower is better. Metrics: ∆fg, ∆uv, ∆s. Per-row
minima are bold.

Dataset Scene Kruppa Kruppa-BnB Global-Best
∆fg ∆uv ∆s ∆fg ∆uv ∆s ∆fg ∆uv ∆s

COLMAP-Public Gerrard Hall 0.477 0.720 0.3132 0.714 0.214 0.2412 0.414 0.517 0.3410
COLMAP-Public South Building 0.614 0.511 0.1817 1.688 0.878 0.2059 0.699 0.654 0.2536
SfM-eval Castle P19 0.761 0.782 0.6151 1.391 1.027 0.2630 0.677 0.759 0.3922
SfM-eval Entry P10 0.508 1.075 0.5556 1.410 1.022 0.2480 0.375 0.739 0.3485
SfM-eval Fountain P11 0.649 1.636 0.2918 1.616 1.018 0.2207 0.585 1.847 0.3896
SfM-eval Herz Jesus P8 1.669 2.878 0.6424 1.482 1.059 0.2989 0.699 1.783 0.3899
Strecha08 Brussel 0.576 0.601 0.2697 2.271 1.984 0.4771 0.536 0.458 0.3004
Strecha08 Rathaus 0.689 1.623 0.0605 0.845 0.835 0.0158 0.503 0.976 0.0487
Strecha08 Semper 0.537 0.900 0.5978 1.322 1.044 0.2678 0.446 0.490 0.3739

Average 0.720 1.192 0.3920 1.415 1.009 0.2487 0.548 0.914 0.3153



Table 14. Intrinsic calibration errors ∆fg, ∆uv, and mean reprojection error Erep across scenes and methods. SR denotes success rate
over 10 random initializations (best seed kept). Per-scene minima, excluding the oracle method, are shown in bold.

Scene Method ∆fg ∆uv Erep SR

Castle P19 COLMAPguess 3.901e−01 6.633e−01 1.162e+00 1.00
COLMAPguess+K-BA 2.244e−01 6.678e−01 4.414e−01 1.00
Kruppa-BnB+K-BA — — — 0.00
Kruppa+K-BA 4.093e−01 3.393e−01 7.657e−01 0.20
Global-Best+K-BA 7.961e−04 1.887e−03 4.537e−01 0.10
COLMAPgt+K-BA 2.797e−03 4.477e−03 4.399e−01 1.00

Entry P10 COLMAPguess 3.901e−01 6.633e−01 1.215e+00 1.00
COLMAPguess+K-BA 2.258e−01 6.683e−01 4.827e−01 1.00
Kruppa-BnB+K-BA 1.330e−03 2.990e−03 4.826e−01 0.10
Kruppa+K-BA 6.422e−02 1.544e−01 4.829e−01 0.50
Global-Best+K-BA 1.227e−01 2.659e−01 4.827e−01 0.60
COLMAPgt+K-BA 1.053e−03 2.757e−03 4.827e−01 1.00

Fountain P11 COLMAPguess 3.901e−01 6.633e−01 1.299e+00 1.00
COLMAPguess+K-BA 2.255e−01 6.696e−01 4.335e−01 1.00
Kruppa-BnB+K-BA — — — 0.00
Kruppa+K-BA 2.441e−03 1.747e−03 4.330e−01 0.10
Global-Best+K-BA 2.530e−03 1.910e−03 4.328e−01 0.10
COLMAPgt+K-BA 2.453e−03 1.820e−03 4.334e−01 1.00

Herz Jesus P8 COLMAPguess 3.901e−01 6.633e−01 1.132e+00 1.00
COLMAPguess+K-BA 2.250e−01 6.697e−01 4.560e−01 1.00
Kruppa-BnB+K-BA — — — 0.00
Kruppa+K-BA — — — 0.00
Global-Best+K-BA — — — 0.00
COLMAPgt+K-BA 7.709e−04 1.544e−03 4.569e−01 1.00
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