In this appendix, we provide background theorems
of Functional Flow Matching (Appendix A), theoretical
derivations of our method (Appendix B),implementation
details (Appendix C), example Python code (Appendix D),
and additional experiments and results (Appendix E).

A. Related Theorem in Functional Flow
Matching

In this section, we elaborate on key theorems from [27],
which provide the theoretical foundation for Functional
Flow Matching. Functional Flow Matching aims to learn !
by minimizing £(6) = E¢ g, [[|ue(9) — ! (g)]|%]. How-
ever, since the reference function u;(g) here does not ex-
ist in closed form, Functional Flow Matching construct a
conditional velocity field u{ (g) to serve as the optimization
target for u?(g) instead.

The conditional velocity u () induces a flow ¢! by
Equation 3 that push-forward 1o to pf = (o7 )atto. With
uf , the marginal measure path p; and the marginal veloc-
ity field u; can be obtained by taking the expectation with
respect to the data measure v by Equation 4. However, the
connection between the marginal measure path u; and the
velocity field u;, derived from the expectations of their con-
ditional counterparts u{ and u,{ , is non-trivial. Under some
smoothness conditions, [27] established this relationship in
the following theorem.

Theorem A. 1 Assume that

fo f]:f]: ||“t ‘dﬂt( )dv(f)dt < oo. Ifﬂt <y for
v-a.e. | and almost everyt € [0, 1], then the vector field

wle) = [ vlo >j§jt (9)du() (15)

generates the marginal path of measures (fit)ie[o,1] which
are defined as j (A) = [, wl (A)dv(f) via Equation 4,
VA € B(F). That is, (ut)ecjo,1) and (jit)iefo,1] jointly

satisfy the continuity Equation 1. Here, i” L denotes the
Radon—Nikodym derivative of the condltwnal measure with

respect to the marginal.

In the theorem above, the condition u,{ < denotes
that ,utf is absolutely continuous with respect to i, while
v-a.e. indicates that the statement holds for v-almost every
f. However, the requirement u{ <y for v-ae. f and
almost every t € [0,1] is generally difficult to guarantee,
since the marginal distribution ., itself is hard to know. To
address this issue, [27] established the following theorem,
which reformulates this condition in terms of the known,
constructible conditional measures uf .

Theorem A.2. Consider a probability measure v on F and
a collection of measures ,u{ parameterized by f € F. Sup-
pose that the collection of parameterized measures u{ is

v-a.e. mutually absolutely continuous. Define the marginal
measure s via Equation 4. Then, u{ < uy forv-ae. f.

Furthermore, [27] employed the Feldman-H4jek theo-
rem [7] together with Lemma 6.15 of [53] to show that,
under the conditional velocity and corresponding condi-
tional measures chosen in Equation 5, the assumption in
the above theorem that the measures p; are v-a.e. mutu-
ally absolutely continuous holds as long as the data distribu-
tion is supported on the Cameron—Martin space of Cy, i.e.,
I/(C& /2 (F)) = 1. In practice, one typically does not ver-
ify whether the data distribution is supported on Cé / 2(}' );
instead, this condition is often enforced implicitly through
data preprocessing [4, 33]. However, in the experiments re-
ported in [27], the authors observed that such preprocessing
was not strictly necessary.

Using the constructed conditional  velocity,
the conditional loss can be written as L.(0) =

B, g gt |1 (9) = ud (9)1%] Based
on the above Theorem A.l, [27] proved that optimizing
L(0) is equivalent to optimizing L£.(6), where the opti-
mization reference function ] (¢) is known, thus allowing

directly optimizing £.(6) to obatin u? (g).

in Equation 6.

Theorem A.3. Assume that the true and model vector fields
are square-integrable, i.e., fo J# lue(g) IFdue(g)dt - <
oo and fol Sz lud(gl|%dpe(g)dt < oo. Then, L() =
L.(0) + C, where C € R is a constant independent of 0.

B. Missing Proofs

In the following analysis, for notational simplicity and with-
out causing ambiguity, we will use the same symbol || - ||
to denote both the norm ||h||+ of a function h € F and
the operator norm |||z ) of a bounded linear map
O : F — F. For instance, Dv;(g) is a bounded linear
operator, mapping h € F to Dvy(g)[h] € F, so its norm is
written as || Du;(g)]| for simplicity.

B.1. Proof of Statement 1

Statement 1 (Mismatch Between Flow and Marginals of

Conditional Flow) In general, the marginal flow ¢)t _}7( ) =

I ol (g i’;t (g9)dv(f) obtained by taking the expecta-

tion over the conditional two-parameter flows gbf Ly =
¢l o ((bf )~! is not equivalent to the two-parameter flow

) = ¢, o (¢1)"". Here, the superscripts (1) and ()
denote two different ways of computing the marginal two-
parameter flow.

Proof. The theorem essentially reveals a discrepancy be-
tween the mean of instantaneous velocity fields and the
mean of non-instantaneous flow trajectories.



To prove that ¢tir( ) # qﬁgr(g), it suffices to show
that L6 75_)T( ) # dr(ﬁt_)r( ) at t = 0. We therefore com-
pute and compare - qﬁt_,r( ) and 4 gbt_)r( ) when ¢t = 0.
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r ) t—r\g d/Jt g

f
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= [ (f = (1 = omin)g)dr(f)

- (1 - Umin)g

— 0, min)g ’
where m,, denotes the expectation of the dataset distribu-
tion v, which is a constant depending only on the dataset.
In the above derivation, (I) follows from the definition of
El_)w, @ follows from the definition of the two-parameter
flow introduced in section 3, 3) substitutes ¢ = 0 and uses
the facts that u{ = po and ¢} . = &f, and @ follows
from the specific choice of the conditional flow defined in
Equation 5.

ia‘»ﬁ)r (9)
o) d
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D (60 (9)).

In the above derivation, (I) follows from the definition of
,E . r» @ follows from the definition of the flow in Equa-
tion 3, and @ substitutes ¢ = 0 and uses the facts that
Po = Id]—‘
(2)

For £ ¢t~>r(g) 4,7, (g9) we have:

440 - 4@
dr ¢t—)r(g) dr ¢t—)r(g) (18)
=my — (1 = omin)g — ur(9r(9))-

Therefore, for gbgl_)”, = gQ_)W to hold, a necessary condi-

tion is d)r(g) =u,(¢r(g)) =m

t € [0, 1], which can be solved as

¢T(g) = (mu - (1 -

—(1—0min)g,Yg € F and

Omin)9)T + 9,Yg € F, t € [0,1].
(19)

This implies that v = p; = (¢1)gp0 = N(my,02;,Co),
which contradicts the arbitrariness of the dataset distribu-
tion v. Therefore, the equality (b,(fl_)},. = ¢>§2_)>,. cannot be
satisfied. O

B.2. Supporting Lemmas for Theorem 3.1

As the computation of the Fréchet derivative of ¢;_,,. is re-
quired in Theorem 3.1, we begin by establishing the fol-
lowing lemma, which asserts the Fréchet differentiability of

¢t~>'r-

Lemma B.1 (Fréchet differentiability of ¢;_,, in Hilbert
space). For every radius R > 0 and B = {g € F|||g|| <
R}, assume {u;}c(0,1) satisfies:

(A1) (Continuity) u(t,x) is measurable and integrable in t

and Lipschitz continuous in © € Br, which means there
exists integrable L € L*(0,1), i.e., fol |Lr(t)|dt < oo
such that

[ue(2) = wi(y)|| < Lr(®)llz —yll,Ve,y € Br; (20)

(A2) (Bounded Fréchet differentiability) For each t,

ug € CYF;F) is continuously Fréchet differen-
tiable, and there exists integrable M € L'(0,1), i.e
fol |MR(t)|dt < oo such that

| Dus(2)|| < Mg(t),Vx € Bg. 21

Then the associated two-parameter flow ¢i—(g) is con-
tinous for t and r and is Fréchet differentiable for all
g € Bpg satisfying ¢+—-(g) € Bg for all T € [t,r]. Let
Jr(9) = Dt (g). Then J.(g) satisfies the equation

0

EJT(Q) = Ji(g) =1, (22

Dur(¢t—>r(g)) o JT(Q)?

and Doy, (g) is continuous with respect to g.

Proof. Under (A1), the existence and uniqueness theorem
for ODEs on Banach spaces ensures that for each g € Bp,
Equation 3 admits a unique solution ¢;, and ¢(g) is con-
tinuous with respect to both g and ¢. Consequently, the two-
parameter flow ¢;_.,.(g) = &,(é; *(g)) is continuous with
respect to ¢, 7, and g.

Define BY;" = {9 € Br | ¢1-+(9) € Br,V7 € [t,r]}.
For any z,y € B, we have:

160 @) = eI
= 2(p1 0 (x) — Busr 1), <z>HT( )= S duar )
< 20110 (2) = b ) 50 (2) = 61000
306120 (8) b @ 610 ) 0]
< 2L 61 (&) — G150 ()

(23)



The above inequality can be solved as ||¢i—(z) —
Grsr(y)|| < eld Er(DAT||z — || which implies that ¢y,
is Lipschitz continuous on B}

Now we proceed to prove | that @1y 1s Fréchet differen-
tiable in B . For any g € BR and h € F, since ¢y, 1S
Lipschitz contmuous on B , it follows that when ¢ is suf-
ficiently small, we can have g + eh € Bﬁ{. Consider the
difference quotient 7¢ ¢"*’<g+€h) $12:09)  Denote the
difference as AS = ¢t_>T(g + eh) ¢t—~(g). Since the
flow ¢;_,, can be expressed as the integral of its velocity
field ¢¢—r(9) = g + [, ur(¢1—(g))dr, we thus have:

ne — ¢t—)r(g + Gh) - ¢t—>r(g)

r

€

=h+ % /tr Ur (¢t—>r(9 + eh)) —Ur ((z)t_”(g))dT

=h+ % /t ur (Grsr(9) + A%) = ur (G1-sr(9))d7.

24
Since each u., is continuously Fréchet differentiable, we can
integrate the derivative Du, along the line segment con-
nectingx € Fandz +v € F as

/ Du,(z + 6v)[v]dd.  (25)

ur(x +v) —ur(zx

By taking = ¢;,,(g) and v = A€ in the above expres-
sion, we obtain:

ny. =h+ l/t Ur ((Z)tﬁT(g) + A:) —Ur <¢tHT(g))dT

—h+ - /(/sz@ﬁ4)+9Aﬂmﬂwm—

€

A

—ns [ / D (12(g) + 6A%)[ 2

t Jo €
—nt [ Kelnlar

t (26)

where we write K¢ = fol Du,(¢i—-(g) + 0AS)dH. By
assumption (A2), we have |K¢| < Mpg(7) a.e. Therefore,
by applying the Gronwall’s inequality, we obtain:

Jdodr

sup [[nt]| < [[hfjels M, @7)

TE[t,r]
Hence, 7S is uniformly bounded for all 7 € [t,7]. Since
AS = ent, we have AL — 0 as e — 0. Because Du; is
— 2 Dur (6107 (g) +0A)d0 —
K = fol Du:(¢1—-(g))df pointwise in 7 as e — 0.
Moreover, by assumption (A2), the following inequality
holds:

continuous, we have K*

1
1K<l < / 1D 61+ (9) + 0AS) (A0 < Mp(r).
(28)

Therefore, by the Dominated Convergence Theorem, we
have [, | K¢ — K?||dr — 0.

Finally, we use the above results to prove the conver-
gence of ;. It suffices to show that the family 7. forms a
Cauchy sequence. For sufficiently small €, ¢ > 0, we com-
pute the difference

n'r / KE 777' dT—/ KG 777‘

= [ #els o + / (Ke - K<) Jar.
t

(29)
Applying the triangle inequality yields

e — e < / K<l — o€ [l
¢ (30)

+ [ = K
t

Since [/ [|[K: — K?|dr  — 0, define Ao =
[ expld MO [T ke KOl + [ K — KP[ldr, then
Ace — 0and [/ ||KE||Ins — ng|ldr < Ace. Let
@ = |Ine — S|l then ¢, < A + [ g Mp(7)dr. Ap-
plying the integral form of Gronwall’s inequality gives

qr S Ae’é,ef[ Mg (T)dT (31)

Since A, — 0 and ftr Mg(7)dr is bounded, we obtain

» = |In¢ —n¢'|| = 0, which shows that n¢ is a Cauchy
sequence and hence convergent. Therefore, ¢;—.(g) is
Giteaux differentiable. Moreover, since K¢ is indepen-
dent of the direction of h, the quantity Ac . is indepen-
dent of the direction of A which ensures uniform conver-
gence of the directional difference quotients on the unit
ball. The limit 1 satisfies the linear integral equation
= h+ [/ Du-(¢e—-(g))[n2]dr. This is because
Ke[ng] — K2[nd) = Dur (i (9))[n2) and | K<[nE]|| <
Mg(7)||h||els Mr&)dE with My e L'(0,1), and then the
Dominated Convergence Theorem allows us to pass the
limit in Equation 26 and obtain the linear integral equation
of n2. This integral equation follows directly that n? is lin-
ear in h. By applying Gronwall’s inequality, we can easily
further obtain a uniform bound on ||n?||, implying that n?
defines a bounded linear operator in k. Hence, ¢;_,.(g) is
in fact Fréchet differentiable. Define the Fréchet derivative
asn = D¢;_,,(g), and then with J,(g) = D¢, (g) we
have

(@) = h+ / " Dur (6130 (9)) o (9) ). (32)

Applying Gronwall’s inequality to the above, we obtain
that for all Y7 € [t,7], || J-(g)|| < el Mr(©d¢  Hence,
Du (¢1—+(9))[J-(g)[R]] is integrable over [t,r], which



implies that J,.(g)[h] is absolutely continuous with respect
to r. Therefore, we have:

d

7.77(9) = Dur(d13r(9) © Tr(9),  Tilg) = 1d.
(33)
For any g € éﬁ{, since ¢;_,, is Lipschitz continuous,
there exists a neighborhood of g, denoted by B, . = {h €
Flllg — hl| < €}, such that B, . € B%". Forany ¢’ € B, .,

using the integral equation above, we have:

Jr(g) - Jr(g/>
_ / Duy (¢1-5+(9)) © J-(g)dr

_ / " Dur (brr(g)) 0 T (g )7
-/ ' Dur (b102(9)) © () — J2(9")

+ (Du- (¢t—>-r (9)) — Du, ((bt—w (9/))) oJr (g/)dT.
(34)
Taking norms on both sides of the above equation, we have

[ J-(9) — Jr(g/)”

< / 1Dur (S (@)l T2 () — ()

+ [ 10 (6122(9) = Due (610120 16"

t (35)
Set 69’ (T) = ftT ”Du'r (qsta'r (g)) -
Duf(qﬁtﬁf(g’))H||JT(g')||dT. Since both  Du,
and ¢;_,. continuous, we have |Du,(¢i-(g9)) —
Du,(qbtﬁf(g’))H — 0, as ¢ — 0. Moreover,

because|| Dur (¢1-5+(9)) — Dur(der(9")) I ()]l <
IMp(7)e)i Mr@dE by the Dominated Convergence
Theorem, we have €,/(r) — 0 as ¢ — g. Meanwhile,
IJ-(g) — J-(g")|| satisfies:

| -(g) — Jr(g")|l
< / 1Dt (e (@) 117+ (9) — T2 (g")lldr

+f 1Dur (B101(9)) — Duts (S1r ()11 5 (g 17

= / Mg(m)[[7-(9) = J-(g)ldT + € (7).
t
(36)
By applying Gronwall’s inequality, we have:
17:(9) = To(9)]| < €gr(r)ele M,

Since €,/ (r) — 0 as ¢ — g, it follows that ||J.(g) —
Jr(¢)|| — 0. Hence, J,-(g) is continuous at g. O

(37

Since w; is not directly available, and during training we
construct the conditional velocity field u{ and represent u;

as expectation of u{ as Equation 4, we need to reformulate
the assumptions in Theorem B.1 in terms of u{ .

Lemma B.2. Let /1{ < py for v-a.e. f and almost every

t € [0,1] and thus define pl (g) := %(g), which is val-
idated by Theorem A.l. Assume that for v-a.e. f and a.e.
t € [0,T] and any radius R > 0, there exist measurable
nonnegative functions Ag 1 (t), Br,r(t), Cr,7(t), Er ;(t),
LRyf (t), MRJ (t)
(B1) (Continuity) ui (g) and p!(g) are measurable in t and
uniform Lipschitz in g € Br: Vx,y € Bgr

luf (@) = uf W)II < Lrs ()| =y,

(38)
ol (x) = p{ (W) < Er s(t) ]z — yl.
(B2) (C' in g with bounds) u{ € CYF;F) and p{ c
CY(F;R) are continuously Fréchet differentiable and

Vg € Bgr

IDp ()] < Aps().
(39)
(B3) (Integrable envelopes) Vg € Bg, |Jul ()| < Bprs(t) €
LY(0,1) and 0 < pl(g) < CRr,f(t) are bounded and
Lr(t) € LY(0,1) and Mg(t) € L*(0,1) and Ug(t) €
LY(0,1) are well-defined and integrable, which are de-
fined as

IDuf (9)]| < Mrs(t),

Lelt) == [ (Lns(0Cns(0)

+ Eg f(t)Br s (t))dv(f),
M) = [ (M) )

+ Ar, s (t)Br,s(t))dv(f),
Un(t) = | Brs(00Chs()dn(1).

(40)

Then the marginal field wu; satisfies the hypotheses
(A1)—(A2) as

ut(z) — we(y)|| < Lr@)||z — yl|,Vz,y € Br,
| Dus(g)|| < MRg(t),Vg € Bkg.

Proof. For any x,y € Br, compute us () — us(y).

() — uny)
uf ()l (@)dw(f) / uf (1)0f ) Au(f)

]:
[u] () — u] ()]p] (x)dv(f)

(41)

A
A
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g



Taking norms on both sides gives:

[us(z) —ue(y)] < /FLR,f(t)Ilw —ylCr s (t)dv(f)

+ [ BrsFns @)z = ylav(s)

= Lr(®)|z -yl
(42)

By (B3) we have Lr € L'(0,1). Moreover, since
u! () and p! (¢) are measurable and bounded, u, (g) is mea-
surable in ¢. Since ||[uf ()| < Br.s(t) and |ui(g)| <
ol @loldv(f) < [, Bry()Crp(tdu(f) =
Ugr(t) € L'(0,1), we have that u,(g) is integrable with
respect to t. Hence, (A1) holds.

To prove that u; is Fréchet differentiable, we explicitly
write out Duy(g) and then show that this Du;(g) indeed
serves as the Fréchet derivative of wu;, thereby establishing
the Fréchet differentiability of u;:

Duy(g) = / (Duf (901 (9) + uf (9) ® Dp! (9))dv ().

- (43)
where ® is the tensor product symbol and u(g) ®
Dpl(g)) : F — Fiscalculated as (u] (9)@Dp! (9)))[h] =

Dol (g)[h]u (g)-

Since u{ ptf is Fréchet differentiable, the difference
ul (g + h)pl (g + h) — uf (9)p! (9) can be written in in-
tegral form, and by the product rule for differentiation, we
have:

ul (g +h)pl (g +h) —uf(9)p] (9)

-/ "Dl pf)(g + Oh)[h]d8
0 (44)

= /1(Du{(g +0n)p] (g + 0h)
0

+uf (94 0h) ® Dp! (g + 0h))[h)d6.

Set the difference Ry(h) = ul(g + h)pl(g + h) —
uf (9)p! (9) = (Duf (9)p{ (9) +uf (9) ® Dp](g))[1], which
could be used to represent the difference uf (g + h)p! (g +
h) —uf (9)pl (9) — Dus(9)[h) as uf (g + h)p{ (g + h) —

uf (9)p! (9) = Dur(9)[h] = [ Ry(h)dv(f). Here, |1 is
small enough to ensure ||g + h|| < R. Then we calculate

Rs(h) as
Ry (h)

= / 1(DUf (g + 0h)pl (g + 6n)
0
+uf (g4 0h) ® Dp! (g + 0h))[h]dO

- /0 (Duf (9)pl (9) + u] (9) ® Dp (g))[1]dd

(45)
1
- / (D (g + 61) — Duf (9))of (g + Oh)
+ Duf (9)(pf (g + 6R) — p (9))
+ (uf (g + 0h) — ul(9)) ® Dp{ (g + 6h)
+ul(9) ® (Dpf (g + 6h) — Dp (9)))[h]do.
Taking norms on both sides gives:
R (R)|l
1
< / (D] (g + 6h) — Dud (9) 194 (9 + OB
+ || Duf (9)||llpf (g + 6h) — p! (9)||
+ |luf (g + 6h) —uf (9) |1 Dp] (g + 6h)]| (46)

+ |lud (D11 Dp! (g + 0n) — Dpf (9))]]]|]|A6
1

S/ AMR ¢ (t)CR,s(t) + 4AR,;(t)Br s (t)d0
0

= [AMp,;(t)Cr,¢(t) + 4AR 1 () Br, s (D)][|2]]-

Thus, since Mpg(t) is well defined, it follows that
AMp ¢(t)Cr ;(t) +4AR ;(t)Bg, ¢ (¢) is integrable with re-

spect to dv(f). Moreover, because u{ p{ is Fréchet differ-

17y (M)l

entiable, we have Rr 0. Hence, by the Dominated

Convergence Theorem, f p ”R”fh(l"l )”dz/( f) — 0, which im-

plies that [ Ry(h)dv(f) = o(||h]). that is,
[ Retmavtn
F
= /f ul (g4 h)pf (g + h) —ul (9)p] (9) (47)

— (Duf (9)p] (9) +u{ (9) ® Dpl(g))[Rldv(f)
=u(g +h) —u(g) — Duy(g)[h] = o(||h]]).

Hence, Du.(g) is the Fréchet derivative of u:(g), and thus
u; 18 Fréchet differentiable.
Taking norms on both sides of Equation 43 gives:

[ Du(g) S/f(Dutf(g)llPf(g)llﬂlu{(g)llIDp{(g))IdV(f)

< [ Mrg0OCns(0) + Bas(OAr ().
:

= Mpg(t) )



Since Mg(t) is well-defined and integrable, condition (A2)
holds. H

Following the same reasoning as in [27], our next step
is to incorporate the specific choices of the conditional path
and conditional velocity in Equation 5, in order to translate
the assumptions on u{ and p; in Theorem B.2 into the cor-
responding assumptions that the dataset must satisfy.

Lemma B.3. We choose the conditional measures and con-
ditional velocity in Equation 5 as

uf ZN(m{,(Ut) Co),
m{ =tf,o] =1— (1 - omm)t,

- f
O'
utf(g)zat (g—ml)+ml = Lg+ Jf, (49)
t
1-— Omin
L =———— J=1—tI
t 1_(1_0'min)t’ t ty

where oy > 0. Assume that
(C1) (Finite Second Moment) The data distribution v satisfies

JEIfIPdv(f) < oo
Then the assumptions (B1)—(B3) in Theorem B.2 holds.

Proof. First, we compute p{ (¢), where p! () = i’; L de-

notes the Radon—Nikodym derivative between measures u{
and p;. In infinite-dimensional spaces, since there is no
Lebesgue measure, the Radon—Nikodym derivative must be
taken with respect to a reference measure. We choose the
reference measure pg = po = N(0,Cp) and first compute

£
the Radon—Nikodym derivatives 3”73 and g"; with respect

to this reference measure. Through Cameron—Martin theo-

s
rem, j’; t and d“* can be calculated as
mf mi |2
al (o2l
" p o (50)
o 1 (4D
Cht _ / e : i dv(f").
dpo  Jr
By the Radon—Nikodym ratio formula, we have:
dpf _ dpf/duo
dpe  dpe/dpo
(51)

o((af g)—b])

Jr el 0= dy( )’

F 12
]

where af = and bf = -
Let s/ (g ) = e(<“t 9)=%) and Z,(g f}_ sT'( (f).

We then compute Dp/(9) = D (Ztt—gggg) First,

3 gl\at H2
bf)

Dsl(g)[h] = sf(g)(af,h), while DZ,(g)[h] is given by

DZ(yg / Ds! (g)[hlv(df’)

/fs{ @)l mpuiar) O
= Zi(9){at(9), h),

ffat pt ( )du(f’)isdeﬁnedastheptf/(g)-

welghted average of a] with respect to v. Then Dp{ (¢)[h]
can be calculated as

where a;(g

_ Ds{(9)[Z(g) — s](9)DZ(g)1]
Z(g)?

— (@, h)

(33)

Next, we estimate the bounds for p/ and Dp/ (g). Since

al = (::f’; = Wf is bounded by |af| < 072 |f| and
the inequality Rr — r? < 1R? holds for all r > 0, we
have
Stf(g) _ oUal.9)=b])
< o(Blaf = 3lla] 1) (54)
< e%R2

For Z;(g) we have

Zt(g)z/fS{ (9)dv(f)
:/ eltal 9= (1) (55)
-
e(=Rllal I=%laf 1) gy, ( ).
> /F (/")

Let cp(t) = [, eCRlal I1=20el 1) dy(f') and Cp (1) =
R2
CR(t) Then we have:

pl(9) < Cros(b). (56)

Since [ [|f|*dv(f) < oo, let Fy = [, | flldv(f) and
Fy = [ || fII*dv(f). Then we have

1Dp! (9)]l = Sup, 1Dof (9)[R]]

pf< Y(laf | + llae(9) )
ol (9) oIl + / laf 0! (@) ()

_CR7f( )( mm||f||+o-mmCRf( ) )
(57



Define the g independent quantity Ag f(t) as Ag f(t) =
Cr () (o 2| f|l + 02Cr.y(t) F1) and hence we have:

IDpf (9)]| < Ar,5 (1), (58)

¥,y € Br, by writing pf () —p{ (y) = [, Dol (y+0(z—
y)) [z — y]dl, we have

1
o] () = pl ()] < /0 IDp! (y + 0(z — v)) ||z — y[|d6

< Ar @)z =yl
(59
Thus we can write E'p_¢(t)

! (@) = pl W) < Br s &)z —y]- (60)

For the velocity field u/ (g), we have:

lul (@) = I1eg + e £
< e lHlgll + 1T LA (61)
< Opin R+ £+ o)

= Ap,(t) and have:

Thus, by setting Br,¢(t) = ot R+ || fI|(1 + opiy). we

have:
Jul ()|l < Br,s(t). (62)

Since Dul (g)[h] = L, it follows that || Duf (g)|| = |I] <

Orin- By taking Mg ¢(t) = o, ;,, we have:
1Duf (9)] < Mg ;(1). (63)
Since uf (z) — uf (y) = I(z — y), by taking Lg s(t) =
—!  we have:

mm’

luf (z) = uf (9)]| < |Lelllz = y]
< oinlle =yl (64)

= Lr s (@)llz =yl

Then we express L (t), Mg(t) and Ug(t) respectively.

Lr(t)

elﬁ elﬁ
- -1 2 2
/ JminCR(t) + CR( )( mm”f”
e
oS PO R+ 10+ 7))
5 R? (65)
(Umln CR(t) t 0nin 3 (t) 1R)
elﬁ elﬁ
-3 2 -1 2
; R+o0_2(1+o0_. F1)F:
( min (t) mm( mln) R(t) 1) 1
R2

Moreover, since cg(t) has a strictly positive lower bound
forallt € [0, 1]

cr(t) :/fe<—Rna{’n——n ot 1) dy ()

(—RILL(-311%5 H )
=/ e ot dv(f')
/f o
o1 2 72
]:
> 0.

Therefore, there exists M; > 0 such that Lr(t) < M; for
allt € [0,1], and hence Lg(t) € L'(0,1).

And Mg(t) and Ug(t) can be computed similarly and
likewise,since cg(t) has a strictly positive lower bound for
all t € [0,1], there exists My > 0 such that Mp(t) <
M, for all t € [0,1] and there exists U > 0 such that
Ugr(t) < Us for all t € [0,1], and thus Mg(t) € L(0,1)
and Ug(t) € L1(0,1). O

B.3. Proof of Theorem 3.1

Theorem 3.1 (Initial-Time Derivative of Two-Parameter
Flow) Assume that the dataset measure p satisfies
J# | f12dv(f) < oo, and the conditions of Functional Flow
Matching [27] hold. With the conditional flow and con-
ditional velocity chosen in Equation 5, the corresponding
marginal two-parameter flow ¢;_,,-(g) is differentiable with
respect to ¢ and Fréchet differentiable with respect to g and
satisfies, forany 0 < ¢t <r <1

2 berl) = Do), (6D

where D¢y,(g) : F — F is the Fréchet derivative of
¢+ at g. This theorem follows from Lemmas B.1,B.2 and
B.3 in Appendix B.2.

Proof. Based on Lemmas B.1, B.2, and B.3, we know that
forany R > 0, if ¢ € Bg and ¢;—,,(g) € Bpg for all
T € [t,r], then ¢;_,, is Fréchet differentiable at g, ¢;_,, is
continous at t and D¢;_, is continous at g. Moreover, by
Lemmas B.2, since u; is bounded, for any ¢ € F we can
always choose some R > 0 such that ¢;_,.(g) € Bg for
all 7 € [t,r], which ensures that ¢;_, - is differentiable at g,
¢~ is differentiable at ¢ and D¢;_,- is continous at g.
Since ¢;—,-(g) is continuous at ¢, for sufficiently small
e > 0 we have ¢;_.,.(g) € Br. We then compute the left
difference quotient of ¢;_,,.(g) with respect to time ¢ as:

¢t—>r(g) - d’t—h—ﬂ" (g)

h
_ Gt—sr(9) — Prosr(Dt—c—1(9))
h
_ Dqﬁtﬁr(g)[g - thfeat(g)] +

h

o(|lg — ¢t75ﬁt(g)‘|)'
(68)




Let 6, (T) = ¢r—esr(g) — 9, T € [t — €t]. Since
¢t—e—>'r<g) — 9= ft‘r_huﬁ((bt—h—%(g))dg’ we have:

[ weornoctonc

i [ uornoco) < uctois @)

1 T
+5 /tih ug(g)d§.

We want to determine the limit of (t as h — 0. Let

—t) = Rh( ) +Eh( ), where Ey, (1) = + [, ue(g)dé
and Rh = ft B UE ¢t h—>§(g)) - UE( )df Based
on Lemmas B.2 and B 3, ut(g) is integrable and measur-
able. Thus based on Lebesgue differentiation theorem, we
have Hf“hu# — ut(g)|l = 0 a.e. on ¢, which means
En(t) = ui(g) a.e. on t. Next we prove Ry, (t) — 0.

Based on Lemmas B.1, B.2, and B.3, ug is Lipschitz con-

tinuous [ug (¢¢—n—e(9)) —ue(9)] < Lr(E)|dt-n—e(g)—9l
and Lr € L'(0,1). Therefore we have

e(Pr—n—e(g)) —ur(g)dE||

- /
< [ Tuetormnclo)) - uetolag

" elgineo) gl
< | ia(itest —dl

[ a1l

(70)

Combined with Equation 69, we have inequality for
5, (1)
=7 1I:

(71)

- 167l
g/t_hLRm A€ + || Bn(7)]).

|ER(T)| is bounded arount h =
Gronwall’s inequality we have

0 for convergence. By

1) < et ros a2)

Thus Ry, (t) can be calculated as

mt) < [ Lot elar

t
= / Ly ()| En(r)|| el P47
t—h

: t I
< oI Lae / La(r): / Jlue (g) [ dédr
t—h hJe—n

¢ ¢
< el @ [ pamary [ Juelo)lds
t—h h t—h

(73)
When b — 0, [ Lp(€)dé — 0as Lp(€) € L'(0,1)
integrable and %f;h llue(g)||dé — [Jue(g)|l by Lebesgue
differentiation theorem for ||u.(g)|| is measurable and inte-
grable on t. Therefore, we have Ry, (t) — 0.

Now  we  have ¢HT(9)7;§’*"1‘”(9) =
—Doisr(9)[ut(g)] + o(ut(g)). Similarly, we can
also prove that ¢t+"*(g,);¢t*"(g) = —D¢s_sr(g)[ut(g)] +
o(u¢(g)). Therefore ¢;—,,.(g) is differentiable with respect
totand 5 dvr(9) = —Desr(9)[ue(9)]- O

B.4. Proof of Theorem 3.2

Theorem 3.2 (Equivalence of Mean Flow Conditional
and Marginal Losses) Under the assumptions of Theo-
rem 3.1, we have LM (9) = £M(0) + C where C is in-
dependent of the model parameters 6.

Proof. First, since we are working in a real Hilbert space,
for any f, g € F, we have

-+ (9) — af_,,.(9)II”
= (v (9) — U ,.(9), B (9) — TY,,.(9))
= [[tr—r (9)I* + 107, (9)I* = 2(ts—sr(9), 1) ,.(9)),

(74)
and similarly

1r = (01 (0)

+ D (9)[uf (9)]) + ui (9) — 4. (9)]?

=~ )it (9) + it ) () + s ()P

I @I~ 2~ e se(9)

+ Dty (9)[uf (9)]) + i (9), 8, (9))-
(75)
Note that the first term in both expressions is indepen-
dent of the model parameters, so we focus on analyzing the
remaining two terms. First, we show that the second term in
both expressions is identical, i.e., E; ;. g, [||45_,, (9)[|?] =



]Et,r,gm/p,{,fN,J,l [||ﬂg~>r(g)||2]

Et,rgmm | |ut4)r( )” ]

/ / / 1, (9)[1dpas (g)dtclr
@/o /0 /f/g”ﬂf—W(g)||2d:u{(g)dl/(f)dtdr

= Et,r,gNN{JNM Hlafﬂr(g)lm’

(76)

where (I) follows from the relationship between p; and uf
given in Equation 4.

Then, we show that the third term in both expressions is

identical, i.e., (U (9),4¢_,(9)) = ((r—t)(Ztr(g) +

Dy (9)[uf (9)]) +uf (9), 7, (9))

9), iy, (9))]

///“HT ), aif () dpe (g)dtdr
s [ =05 0) + D@l (a)

+ur(g), @l (9))due(g)dedr

=y g

+Dﬂt_>r(g)[/ uf (g )dut (9)dv(f)])

F dp

]Et T gwut ut—>7

v [t O vt ), 1))t

@//// r—t)( uHr()qu( ) (9)])

Ful(0) 7 (0 2 )

[ (=0 L) + D) ()
[ LG

+uf (9). 8, (9)) e (9)) )l
“Ey gt o [ = D0 (9) + Dl (0) ] )

+uf(9),4{-,(9))];

77
where (D) follows by substituting Equation 9, (2) applies the
relationship between u; and w; given in Equation 4, and
) uses the exchangeability between Bochner integrals and
inner products, together with the Fubini—Tonelli theorem.
Therefore, we have £ (0) = LM (9) 4 C where C is inde-
pendent of the model parameters 6. O

B.5. Proof of Theorem 3.3 and Derivation of Equa-
tion 13 and Equation 14

We first present the derivation of Equation 13. Given the
relationship between u; and f,(g) as fi,(g) = (1 —
t)ui(g) + g, together with the relationship between u,(g)
and u] (¢) in Equation 4, we have:

frelg) =1 =thu(g) +g

_ dﬂt
~-0 [P e g
_ . f d,ut
- [ =ul@)+ 9 Ltav(y)

Similar to u] ., (g), fl{t_,r(g) is defined through

\d

Fral / L d’;ft dv(f), (79)

so we take flft(g) = (1 — t)ul (9) + g. Substituting the

expression of u_,.(¢) from Equation 5 gives:

frelg) = (1= t)uf(9) +g
(=t =)+ (1= 1)f +g
~ G s o)+ f
=/=1 (f‘fnamm)t(tf ~9).
(80)

Then we present the derivation of Equation 14. Since
U, satisfies Equation 9, substituting the relationship be-
tween U, and f; ;—,, given in Equation 11 yields:

frioe(e)—g & frisr(g) — g
e Gl T

DDt D 9 ) )
81



which gives:
fl,t%r (g)

=1 =)((r—

4 DD 291, ) ) +g

((1 — )% frisr(g) +

9 frisr(g) — g
t)(ﬁ 1—t

(fl,t—n"(g) )

= (1=t -1) i
L 2f 1’“’"(9)1[u_t (tg)] —ul9y 4 y(g) + g
= D )+ T ()~ 9)
+ (r =)D f1 i (9)[ue(9)] + (1 = r)us(g) + g
Q)0 (o) + T (franle) )
Fr - ODf @Dy 4 gy Dl 29
= %((1 - t)%fl,HT(g) + Dfresr(9)f14(9) — 9])
1 ::fl,t(g) : — tfl 4 (9),
(82)

where (D is obtained by substituting the relationship be-
tween the flow-matching x1-prediction target f;,(g) and
u¢(g), given by fu(g) = (1—t)us(g)+g. Moving the term
’{—:i fl,tﬁr( g) on the right-hand side of the above equation
to the left-hand side and simplifying, we obtain:

. r—t 0
fl,tﬂr(g) = 1_ t((l - t)&fl,t%r(g) (83)
+ Df1 i (9)frelg) — g]) + fre(g).

Finally, we prove the Theorem 3.3

Theorem 3.3 (Equivalence of Mean Flow Conditional
and Marginal Losses for z;-prediction) Under the assump-
tions of Theorem 3.1, we have £7 (0) = £M (0) 4+ C where
C is independent of the model parameters 6.

Proof. The proof of this theorem proceeds similarly to The-
orem 3.2. First, for any f, g € F, expand the norm.

||f1,t~>’l"(g) - fig,mr(g)HQ

= <f1,t—>r(g) - ff,t—)r(g)a fl,t—w(g) - fle,t—w(g»

= 1 fremr DI + 17 e (D = 20f1020(9): 110 (9),

(84)

+g

pressions is identical, i.e.,

and similarly

_ 9 -

11 = 5 frer(9)

+ Dfrer (@ (9) — 9D + L (9) = 0 (9)lI3
r—t

= (= 0 i aorl9) + D D1 1(9) - )
+ @I+ 17 0P = 21 = 05 a0

+ D frame(9) i (9) — 9) + F(9). F12n(9))-

(85)

Note that the first term in both expressions is inde-
pendent of the model parameters, so we focus on an-
alyzing the remaining two terms. First, we show that
the second term in both expressions is identical, i.e.,

Etrgon I e r OIPT =Byt o 11509

]EtTQNIJ«t ||f1 t%r( )H ]

/0 /0 /||f1t_>r )I2dpe(g)dtdr
@/o /0 A/g|f10,t—>7'(g)||2dp“{(g)dy(f)dtdr

£0
= Et,r,gr\/p{,fwﬂl [Hfl,t—w(g)HQ]a

(86)

where ((D)) follows from the relationship between p; and u{
given in Equation 4.

Then, we show that the Ehird term in both ex-
<Jfl7t—>r(g)’f197ter(g)> =
=1 = )2 frimse(9) + Divisr (@) (9) — ) +




@) Flisn(9))

Etrgfvm fl t%r( ) fl t%r( )>]

///f“—”’ Y (9))dp(g)dtdr
@/ //r—t

+ Df1r(9)[fre(9) —
2L -

+ Dfrn () /f f{,t@d%du(f) )

8tf1 t—r(9)

D fuer(9)

~ f A~
4 / f{,xg)dﬂdu(f),ff,tﬁr<g>>dut(g>dtdr

1 — 8tf1 e (9)
+Df1,Hr(g)[f1,t( )

¥ flf,t<g>, Fily >>i“i Apelg)du )ddr
1 — t 8 fl t—r (g)

+ Dfl,tﬁr(g)[fl +(9) —9gl)

+ i 1(9), f11 0 (9))dud (9)d (f)dtdr

r—t
= Et,r,gr\z“{,fﬁvp/l [(1 — t(( )8tf1 t—r(9)

+ D1 (@)L (0) — ) + FLo(a), 4 (9))],

87)
where (I) follows by substituting Equation 14, 2) applies
the relationship between u; and u; given in Equation 79,
and @) uses the exchangeability between Bochner integrals
and inner products, together with the Fubini—Tonelli theo-
rem. Therefore, we have £ (6) = LM () 4+ C where C is
independent of the model parameters 6. O

C. Model Architecture and Details of Dataset,
Training and Sampling

C.1. Real-World Functional Generation

Models For the real-world functional generation exper-
iments, including 1D time-series and 2D Navier—Stokes
data, we follow the setup of [27] and compare with
FFM, DDO, FDDPM and GANO. The implementations of
GANO, DDPM, and DDO are directly adopted from [27];
please refer to [27] for additional details. FFM employs a
4-layer Fourier Neural Operator (FNO) implemented using
the NeuralOperator library. Following [27], we use linearly
interpolated spatial coordinates in [0, 1] as explicit position

g9)) + fl i(9), f2 1o (9))dpe(g)dtdr

embeddings and scale the temporal condition ¢ by 1072 as a
time embedding. The spatial and temporal embeddings are
concatenated with the input data, yielding a total input di-
mension of data channels4-2. Our method adopts the same
architecture as FFM but introduces two temporal condi-
tions, ¢ and 7. Both are scaled and concatenated with spatial
embeddings and input data, resulting in data channels+3 in-
put dimensions. Dataset-specific configurations, including
the number of Fourier modes, input channels, hidden chan-
nels, projection channels, spatial dimensionality, and total
parameter count, are summarized in Table 6.

Table 6. FNO configuration for different datasets in real-world
functional generation experiments. Each model uses a 4-layer
FNO implemented with the neuralop library.

Dataset Fourier Modes  Input Channels Hidden Channels  Projection Channels ~ Spatial Dim.  Total Params
AEMET 64 4 256 128 1D 9.4M
Gene 16 256 128 1D 32M
256 128 1D 53M
256 128 1D 53M
256 128 1D 53M
128 256 2D 35.9M

Population 32
GDP 32
Labor 32
Navier-Stokes (2D) (32,32)

[PSFNFO

Dataset&Metrics Following [27], our experiments cover
both 1D time-series and 2D Navier—Stokes functional
datasets. The Navier—Stokes dataset consists of 2D incom-
pressible fluid flow solutions on a 64 x 64 periodic grid,
originally introduced by [31]. To reduce redundancy and
improve training efficiency, we randomly sample 20,000
frames from the original dataset for training. The 1D time-
series category includes five datasets: AEMET, Gene, Pop-
ulation, GDP, and Labor. The AEMET dataset contains 73
temperature curves recorded by weather stations in Spain
between 1980 and 2009, each represented over 365 daily
points. The Gene Expression dataset comprises 156 gene-
activity time series measured across 20 time steps. The
Population dataset provides population trajectories for 169
countries from 1950 to 2018 (69 time points). The GDP
dataset records GDP-per-capita time series for 145 coun-
tries over the same 69-year span. The Labor dataset con-
tains quarterly labor-force measurements from 2017 to 2022
(24 time points) for 35 countries.

Following [27], for the five 1D time-series datasets, we
evaluate the quality of generated functions using a set of
statistical functionals, including mean, variance, skewness,
kurtosis, and autocorrelation. For each functional, we com-
pute its value over all generated functions and compare it
with the corresponding ground-truth statistics from the real
dataset using mean squared error (MSE). This captures the
model’s ability to reproduce key statistical characteristics
of temporal signals. For the 2D Navier-Stokes dataset,
we employ two complementary distribution-level metrics.
Density MSE measures the statistical discrepancy between
the marginal value distributions of real and generated sam-
ples. Each dataset is flattened into scalar values represent-
ing pointwise function evaluations, from which continuous



probability densities are estimated via kernel density esti-
mation (KDE). The mean-squared difference between the
estimated densities quantifies how well the generated data
reproduce the overall statistical distribution of function val-
ues. Spectrum MSE evaluates the discrepancy between the
average Fourier energy spectra of real and generated sam-
ples. Each sample is transformed into the frequency domain
using a 2D FFT, and spectral energies are aggregated over
wavenumber bands and averaged across the dataset. The
resulting mean-squared error reflects the model’s ability to
match the multi-scale energy distribution of the target fluid
dynamics.

Training&Sampling During training and sampling,
Gaussian processes with a Matérn kernel are used to
sample the initial noise functions accurately. For the
1D datasets, we use a kernel length of 0.01 and a kernel
variance of 0.1, while for the 2D Navier—Stokes dataset
we use a kernel length of 0.01 and a kernel variance of
1.0. All models are trained using the Adam optimizer.
The training and sampling procedures for GANO, DDPM,
DDO, and FFN follow [27], and we refer readers to that
work for implementation details. For our method, in the
1D setting we use an initial learning rate of 1 x 10~3. For
the AEMET dataset, the learning rate is reduced by a factor
of 0.1 after 50 epochs, while no decay is applied for the
other datasets. In the 2D setting, we use an initial learning
rate of 5 x 10~%, which is decayed by a factor of 0.5 every
40 epochs. Consistent with Mean Flow, we employ an
adaptive loss function £ = w|A[3, w = m where
A denotes the regression error, ¢ > 0 is a small stabilizing
constant (set to 10~2 in our experiments), and p = 0.75.
The time variables ¢ and r are sampled using a lognormal
distribution with mean —0.4 and variance 0.01 for the
1D datasets, and uniformly from the interval [0, 1] for the
2D dataset. Their values are swapped whenever ¢ > 7.
By default, r is set equal to ¢t with a probability of 0.25,
except for the Population, GDP, and Labor datasets, where
a probability of 0.125 is used.

C.2. Image Generation Based on Functional

Models As illustrated in Figure 8, we adopt the neural ar-
chitecture of Infty-Diff[4], where both the input and output
are continuous image functions represented by randomly
sampled subsets of coordinates. To handle such sparse in-
put—output mappings, the network consists of two compo-
nents: a Sparse Neural Operator and a Dense U-Net/UNO.

The Sparse Neural Operator processes the irregularly
sampled pixels and maps them into feature vectors on the
same subsets of coordinates. These features are then inter-
polated onto a lower-resolution dense grid using k-nearest
neighbor (KNN) interpolation with neighborhood size 3.
On the dense grid, a Dense U-Net/UNO is applied to ex-

Sparse Neural Operators

f K( —0f () dz,Vc € D
f(x)“ " |» +—
w

Dense Network

k-NN
lerp

Figure 8. Hybrid Sparse-Dense Neural Operator for Infty-
Diff. The model for functional-based image generation follows the
hybrid sparse—dense Neural Operator design in Infty-Diff, where
both the input and output are functions represented by randomly
sampled pixels. The architecture consists of a Sparse Neural Op-
erator and a Dense Network, and this figure presents the internal
structure corresponding to the schematic in Figure 5

tract high-level representations. Following Infty-Diff’s ob-
servation that U-Net and UNO yield comparable results, we
employ the U-Net for simplicity. The dense U-Net operates
on a 1282 base grid for image datasets with a resolution
of 2562, with 128 base channels and five resolution levels
whose channel multipliers are [1,2,4,8,8]. Self-attention
modules are inserted after the 162 and 82 resolution stages
to enhance global context aggregation. After dense process-
ing, the resulting features are inversely interpolated back to
the coordinate subsets using KNN. The reconstructed fea-
tures are further refined through another Sparse Neural Op-
erator, and the final output is obtained via a residual con-
nection with the initial sparse features.

Following the implementation guidelines of Infty-Diff,
we adopt a linear-kernel Sparse Neural Operator for ef-
ficiency. While Infty-Diff implements this operator with
TorchSparse, our method computes gradients via PyTorch
JVP, which is not compatible with TorchSparse. To address
this issue, we emulate the sparse computation scheme of
TorchSparse by masking feature maps. Each Sparse Op-
erator module consists of an initial pointwise convolution
layer, three linear-kernel convolution operator layers, and a
final pointwise convolution layer. Each operator layer con-
sists of a sparse depthwise convolution with 64 channels
and a kernel size of 7 for 2562-resolution images, followed
by two pointwise convolution layers with 128 internal chan-
nels.

For time conditioning in both the Sparse Neural Operator
and the Dense Network, we use positional embeddings [54]
to encode the time variable following Mean Flow [16]. The
resulting embeddings of ¢ and r are added to replace the
original time-embedding conditional input in Infty-Diff. In
total, the network comprises ~ 420M trainable parameters.



Dataset&Metrics We trained our models on three uncon-
ditional datasets CelebA-HQ [24], FFHQ [25], and LSUN-
Church [57] and one conditional dataset AFHQ [6]. All
datasets were resized to a resolution of 256 x 256 with
LSUN-Church center-cropped along the shorter side. Fol-
lowing Infty-Diff [4], we randomly sampled one quarter
of the pixels during training to validate functional-based
generation. CelebA-HQ is a high-quality derivative of
CelebA containing 30,000 high-resolution human face im-
ages. FFHQ includes 70,000 diverse face images, LSUN-
Church provides around 126,000 images of churches, and
AFHQ comprises 15,000 animal images from three cate-
gories: cats, dogs, and wild animals, which are used as
conditional labels for conditional generation. To evaluate
the models, we generated 50K samples from each trained
model and compared them with the corresponding real
datasets. Following [28], we computed the Fréchet Incep-
tion Distance (FID) [19] using CLIP features [44] extracted
from the clip_vit_b_32 encoder, which correlates better with
human perception of image quality, especially for multiple-
resolution generation. We denote this metric as FID¢pp.
For completeness and comparison with previous works, we
also report the standard FID computed using Inception-V3
features, denoted as FID.

Training&Sampling In the functional-based image gen-
eration experiments, we follow Infty-Diff [4] and use mol-
lified white noise to approximate an infinite-dimensional
Gaussian process sampled from a Gaussian measure
N (0, Cp) as the initial noise function for training and sam-
pling. Specifically, the white noise is convolved with a
Gaussian kernel k(-) to ensure that the resulting samples
lie in the Hilbert space F. The mollification is expressed as

h(c) = - K(c—y,Dx(y)dy
1 e (88)
K(y,l) = We a,

where [ > 0 is the smoothing parameter, which we set to
one pixel width in our experiments. For image data, we
take n = 2. Here, x(y) denotes the original white noise be-
fore smoothing, and h(c) represents the mollified function
after applying the Gaussian kernel. We also apply the same
Gaussian mollification to the training images in the dataset
to improve regularity and ensure the data distribution sat-
isfies the integrability requirements of the function space.
Following Infty-Diff, the generated mollified output is then
restored to a sharper image using a Wiener-filter—based ap-
proximate inverse defined in the Fourier domain as

—w2t

~ € 2

where € denotes an estimate of the inverse signal-to-noise
ratio (SNR). Here, h(w) and 7(w) denote the Fourier trans-
forms of the mollified function h(c) and the reconstructed
output x(c), respectively. This operation effectively recov-
ers high-frequency details while maintaining numerical sta-
bility.

All models are trained on four NVIDIA L40s GPUs us-
ing the Adam optimizer for a total of 800K steps, with
the learning rate gradually reduced from an initial value of
5.0 x 1075 to a final value of 7.8 x 10~7. The total batch
size is set to 16 for all experiments. Consistent with Mean
Flow, we employ an adaptive loss £ = w|Al|3, where A
denotes the regression error and w = 1/(]A|3 + ¢)P with a
small constant ¢ > 0 (e.g., 1073). We set p = 0.5 for all
experiments. The time variables ¢ and r are sampled uni-
formly from the interval [0, 1], swapping their values when-
ever t > r, and setting » = t with a probability of 0.5. Fol-
lowing Infty-Diff [4], we employ the manner of Diffusion
Autoencoder [43] to mitigate stochasticity arising from the
high variance of randomly sampled coordinate subsets.

C.3. 3D Shape Generation

Models. We use the architecture of Functional Diffusion
[58] for 3D shape generation as shown in Figure 9. In this
model, both the input and output functions are represented
by randomly sampled spatial points and their correspond-
ing function values, enabling a continuous functional repre-
sentation independent of discretized grids. Specifically, the
input function f, is represented on context points {z%}"
with values {v:}™ |, where v} = f.(2%), and the output
function fq is representgd on query points {:L"{I}Tzl with
values {vj}7"; where vj = fy(x}). n and m are the num-
ber of context points and query points respectively. The
Functional Diffusion framework naturally supports the case
where the context and query points differ, allowing flexible
mappings between input and output functions.

Following [58], we evenly partition the context
set ({zt}m,,{vi}™ ) into d groups Ii,...,I;, where
ud_, I = {1,...,n}. Each group is processed by an
attention block consisting of a cross-attention and a self-
attention module. The cross-attention module takes the em-
bedding of ({2 };cr, , {vi}icr, ) and a latent vector. The la-
tent vector is propagated from the previous attention block,
while the first block initializes it with a learnable latent vari-
able X that represents the functional itself. For each group
({zi}ier,, {vi}ier, ), @ point-wise embedding is obtained
by summing the Fourier positional encoding of spatial co-
ordinates {z’};c;, and the embedding of the correspond-
ing values {v’};c 7, . The resulting embeddings are concate-
nated with a conditional embedding, which may come from
semantic labels or partially observed conditional points.
In our experiments, we use 64 partially observed surface
points as conditional inputs. These combined embeddings
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Figure 9. The Architecture of Functional Diffusion. Both the
input and output of the model are functions, which are represented
by randomly sampled spatial points and their corresponding func-
tion values. The input function is referred to as the context, and the
output function as the query. Each context point and its associated
value jointly form the representation of input function. The con-
text points and their values first interact with the learnable vector
X through cross-attention, followed by cascaded cross- and self-
attention m odules that progressively yield the latent vector repre-
senting the output function. The latent vector then interacts with
the query points through another cross-attention layer to predict
the query values, together forming the output function. Following
[58], the model is conditioned on 64 target surface points, from
which it reconstructs the target surface.

are passed through K and V' networks to produce the keys
and values for the cross-attention, while the latent vector,
transformed by a () network, serves as the query. The tem-
poral embedding follows Mean Flow [16], employing stan-
dard sinusoidal positional encodings [54]. The sum of the
embeddings of ¢ and r replaces the time-embedding input
originally used in Functional Diffusion.

After cascading d attention blocks, the resulting latent
vector encodes the representation of the target function.
This latent is then used as the key and value input to a
final cross-attention block, where the query corresponds
to the Fourier positional encodings of the query points
{a] iy _The attention output yields the predicted query
values {v] 72, forming the representation of the generated
function f; with {z}}7",. In our implementation, the em-
bedding dimension is set to 784, the number of groups d is
24, and the attention layers adopt a multi-head mechanism
with 8 heads, each with an internal head dimension of 64.

Task&Dataset&Metrics We follow the surface recon-
struction task setup in Functional Diffusion [58], where the
model is required to reconstruct a target surface given 64
observed points sampled from that surface. Specifically, the
generative model is conditioned on these 64 target surface
points to generate the SDF function of the corresponding
complete surface from the initial noise. Consistent with
Functional Diffusion [58], we use the ShapeNet-CoreV2 [5]
dataset, which contains 57,000 3D models across 55 object
categories. Following the same preprocessing procedure
[58-60], we convert each ShapeNet mesh into a signed dis-
tance field (SDF) and randomly sample n = 49152 points
from the domain [0, 1]? to obtain the context points and
their corresponding SDF values. Separately, we sample an-
other m = 2048 points and their SDF values to form the
query points and query values, while a distinct set of sur-
face points is sampled near the zero-level set of the SDF
to serve as the conditioning input. During training, each
data instance consists of context points {Z%}?_; and values
{vL}7-,, query points {Z]}"; and values {3}/, and a
randomly selected set of 64 surface points {C'}%4, used
as the conditional input. Note that ({1} ;, {o:}7 ;) and
({& 3721, {03}, ) correspond to the same sample, the ref-
erence SDF field f ~ v from the dataset, rather than the
context and query functions used as the input g and output
th_”, (g) in Functional Mean Flow training; the construc-
tion of the input and reference output functions from each
data instance is detailed in the Training&Sampling para-
graph.

We evaluate the model using Chamfer Distance, F1-
score, and Boundary Loss, following [58—60]. The Cham-
fer Distance measures the average bidirectional distance be-
tween the generated and target point sets, while the F1-score
quantifies the precision—recall trade-off of the reconstructed
surface points. The Boundary Loss assesses geometric fi-
delity near the zero-level surface and is formally defined
as Boundary(f) = 1757 Yiee,, 1 (%) — a(xi)|* where o
denotes the set of sampled spatial points near the surface
boundary, f(x;) represents the predicted SDF value, and
q(x;) is the ground-truth SDF. This metric measures the
mean squared deviation between predicted and true SDFs in
the boundary region, capturing the fine-grained accuracy of
surface reconstruction. For evaluation, both Chamfer Dis-
tance and Fl-score are computed by uniformly sampling
50K points on each surface, whereas Boundary Loss is com-
puted using 100K sampled points. We follow the same data
split as [58], training the model on the training split and
evaluating it on the test split.

Training&Sampling. In our 3D shape generation exper-
iments, we follow Functional Diffusion [58] and approxi-
mate samples from the Gaussian measure by linearly inter-
polating white noise defined on a coarse 642 lattice over the



3D domain. This interpolated field serves as an efficient
estimate of a Gaussian process sample, providing a com-
putationally practical alternative to direct Gaussian process
sampling and substantially improving sampling efficiency
in the 3D setting. Since we adopt the x;-prediction variant
of Functional Mean Flow for model training, the neural net-
work input is g = (1 — (1 — omin)t) fo + tf in Equation 5,
where f denotes the function sampled from the dataset. In
practice, f corresponds to each function represented by the
instance ({#}7,, {3}7,) and ({&}7,, {85}, from
dataset. The network output is then used jointly with the
predicted flf +(g) to compute the training loss Equation 12.
Therefore, context points and context values that represent
the input function g to the network are calculated as x%, = 7%
and v’ = t9 + (1 — (1 — opn)t)r: from the the instance
(@ )7y, {3iy) and ({23)72,. {37}72,), whereas the
query points representing the output function and the cor-
responding reference query values of flf +(g) are obtained
following 7 = &) and v} = ) + o], because f{t(g)
from Equation 13 can be computed as

Af o Omin .
= UminfO + f

Here r/ and r) represent the values of initial noise func-
tion fo ~ po in Equation 5 and Equation 13 evaluated at
the context and query points z, and 7, respectively. Be-

sides the separate reference term flf .(g) in Equation 12, the
term Dflytﬁr(g)[flfyt(g) — g| also involves an fljt(g) This
instance of flf .(g) should be evaluated using the context
points, denoted as ({ZL}7 1, {02 + ominr?)}" ), since it
serves as part of the functional derivative with respect to the
network input g.

The model is trained on four H200 GPUs using the Adam
optimizer for a total of 200K steps. The learning rate is
gradually reduced from an initial value of 1le — 5 to a final
value of le — 7. The total batch size is set to 16 for all
experiments. Consistent with Mean Flow, we employ an
adaptive loss function £ = w|A[3, w = m where
A denotes the regression error, ¢ > 0 is a small stabilizing
constant (set to 1072 in our experiments), and p = 0.5.
The time variables ¢ and r are uniformly sampled from the
interval [0, 1], with their values swapped whenever ¢t > 7,
and r is set equal to ¢ with a probability of 0.5.

During sampling, we randomly draw n = 49152 points
from the domain [0, 1]® as context points, and use a dense
1282 grid as query points. After predicting the SDF values
on the 1283 grid, the final mesh surface is reconstructed
using the Marching Cubes algorithm.

D. Example Python Implementation
D.1. Unified Implementation

D.1.1. Unified Implementation for u-prediction Func-
tional Mean Flow

In the following training code, gp_like (g) is the
Gaussian Process sampling function (for finite-dimensional
cases it can be replaced by randn_like()), and
sample_t_r () 1is the time sampling function.
u(g, r, t) denotes the learned model whose in-
put and output are functions in a specific representation,
while £ denotes a batch of training data under the same
representation. The parameter sigma_min corresponds to
omin in Equation 5, and met ric denotes the loss function.

t, r = sample_t_rxr()

f_ 0 = gp_like (f)

coef = l-sigma_min

g = (1 - coefxt) « £_.0 + t » £

v = coef/ (l-coefxt)* (txf-g)+ £

u, dudt = jvp(u, (g, t, r), (v, 1, 0))
u_tgt = (r — t) » dudt + v

error = u - stopgrad(u_tgt)

loss = metric(error)

The following code is for inference

f_ 0 = gp_like (f)
f=u(f_0,0,1)+£f_0

D.1.2. Unified Implementation for x;-prediction Func-
tional Mean Flow

In the following code, gp_like (g) is the Gaussian Pro-
cess sampling function (for finite-dimensional cases it can
be replaced by randn_like ()), and sample_t_r ()
is the time sampling function. x1 (g, r, t) denotes
the learned model whose input and output are functions
in a specific representation, while £ denotes a batch of
training data under the same representation. The parame-
ter sigma_min corresponds to o, in Equation 14, and
metric denotes the loss function.

t, r = sample_t_r ()

f 0 = gp_like (f)

coef = l-sigma_min

g = (1 - coefxt) « £.0 + t » £

fl_f = sigma_min/ (l-coef*t)* (g-t+f)+ f



f1, dfldt = jvp(xl, (g9, t, r), (fl_£f-g,
-~ 1-t, 0))

fl tgt = (r — t)/(1l-r) = dfldt + f1_f
error = fl1 - stopgrad(fl_tgt)

loss = metric(error)

The following code is for inference

f_0 = gp_like (f)
f=x1(f_0,0,1)

D.2. 3D SDF-Specific Implementation

As discussed in subsection C.3, each training in-
stance in Functional Diffusion consists of a tuple
(@1 {0}y (@) (B {CTHY), rep-
resenting (context points, context values, query points,
query values, and condition). The pairs {Z%}" ;, {0¢}7
and {7}, {03}, correspond to two different sam-
plings of the same reference SDF function f ~ v,
differing only in their spatial locations &% and ZJ. It is
therefore crucial in implementation to clearly distinguish
between these two representations to avoid ambiguity
during training. In practice, the input function g ~ p; is
constructed as ({Z2}7 1, {t9% + (1 — (1 — omin) )75} 1),
the separate reference function flf .(g) is evaluated as
({22371, 48] + ominT)}5L,), and the reference func-

tion flft(g) in Dfu%,,(g)[flf’t(g) — g] is evaluated as
({Zi}7 1, {0L + ominri}i=). where r% and 7 denote the
values of the initial noise function fy ~ g in Equation 5
and Equation 13, evaluated at the context and query points
%, and x7, respectively. Temporal conditioning follows the
Mean Flow formulation [16], where sinusoidal embeddings
of time variables ¢ and r [54] are summed and injected in
place of the original time embedding used in Functional
Diffusion. After d attention blocks, the final latent encodes
the target function representation. A concluding cross-
attention layer then maps this latent to the query points,
using their Fourier positional encodings as queries, to
predict the output values v/ ;,n:l. In our implementation, we
use an embedding dimension of 784, d = 24 groups, and
multi-head attention with 8 heads, each of dimension 64.
In the code, xc, vc, xq, vg, and cond respectively
denote the context point {72} ;, context value {T:}7 ;,
query point {Z]}",, query value {57}, and condi-
tion {C'}94,, respectively. As mentioned earlier, Func-
tional Diffusion constructs the initial Gaussian measure us-
ing linear interpolation over a random value on coarse grid.
In the training code, s specifies the coarse grid resolu-
tion, and interpolate (rg, xc) performs interpola-
tion from the random grid values rg to the sample points

)

xc. The function sample_t_r () is the time sampling
function, and x1 (xc, g, xq, r, t, cond) denotes
the learned model, where (xc, g) represents the input
function g, and xq specifies the query points for the output
function. B is batch size.

rg = torch.randn(B, 1,s, s, s)
rc =
rq =

t, r =

interpolate (rg, xc)
interpolate (rg, xq)
sample_t_r ()

coef =
g = (1 -
fl. f c =
fl £ g =
x1l_partial =

l-sigma_min
coefxt) » rc + t * vc
sigma_min*rc+vc
sigma_min*rg+vqg
partial (x1, xc = xc, xq =
— xq, cond=cond)

f1, dfldt = jvp(xl_partial,

— (f1_f c—-g,1-t,0))

(g’ tl r)’

fl_tgt = (r - t)/(1-r) » dfldt + f1_f g
error = fl1 - stopgrad(fl_tgt)
loss = metric(error)

As mentioned earlier, during inference we use a dense 1283
grid as query points. In the following code, these query
points are denoted as xqg. The following code is for infer-
ence

rg = torch.randn(B, 1,s, s, s)
rc = interpolate(rg, xc)
vgg = x1(xc, rc, xqg, 0, 1, cond)

E. Additional Results&Experiments

E.1. Instability of u-Prediction Mean Flow in Shape
Generation with SDF

In other tasks, the performance of the u-prediction variant
of Functional Mean Flow is generally comparable to that
of the z;-prediction version. However, in the shape gen-
eration experiments, we observe that the Functional Dif-
fusion framework becomes highly unstable when trained
with u-prediction Functional Mean Flow, indicating that
u-prediction Functional Mean Flow is not well-suited for
3D shape generation within the Functional Diffusion frame-
work.

To illustrate this finding, we conduct a 2D experiment us-
ing the MNIST [30] dataset, which is converted into signed
distance fields (SDFs) and trained under the Functional Dif-
fusion setup for 2D shape generation. The embedding di-
mension is set to 256, the number of groups d is 8, and each
attention layer adopts a multi-head mechanism with 8 heads
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Figure 10. Comparison of MNIST generation results across the u-prediction and 1 -prediction FMF variants within the Functional Diffu-
sion framework. After 10K training steps, the x1-prediction FMF produces valid SDFs (b), from which clear binary digits can be extracted
via their zero-level sets (c). In contrast, the u-prediction model fails completely: once the output variance collapses, the model cannot
update the initial noise into a meaningful SDF, as shown in (a) and rows correspond to learning rates from 10~* to 10~°.

and an internal head dimension of 64. The entire network from 256 x 256 images.
contains approximately 19M learnable parameters. During
training, we use a batch size of 64 and initialize the time
embedding with a standard variance of 0.01. We sett = r
with 100% probability for time sampling, representing the
most stable limiting form of Mean Flow

To monitor potential training failures, we track the batch-
averaged spatial variance of the network outputs. A persis-
tent collapse of this variance indicates instability, as an SDF
is expected to satisfy |V f| = 1 and thus maintain meaning-
ful spatial variation. Once the variance approaches zero and
remains there, the model’s output effectively degenerates
into a constant field, diverging from the ground-truth func-
tion and failing to recover. As illustrated in Figure 6, the ;-
prediction formulation remains stable across a wide range
of learning rates, whereas the u-prediction model exhibits
variance collapse even at relatively small learning rates.

After training for 10K steps, we visualize the generated
samples in Figure 10. The number of sampling steps is fixed
to 64. It can be observed that the x1-prediction Mean Flow
successfully generates valid SDFs, from which the zero-
level sets can be extracted as clear binary handwritten digits.
In contrast, the u-prediction variant consistently produces
noisy outputs regardless of the learning rate.

E.2. Additional Results for Functional-Based Image
Generation

In Figure 12, Figure 13, and Figure 11, we provide ad-
ditional qualitative results on the FFHQ [25], LSUN-
Church [57], and AFHQ [6] datasets, respectively. The
same model is used to synthesize images at arbitrary res-
olutions under different noise levels. Notably, the model
is trained only on randomly sampled 1/4 subsets of pixels
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Figure 11. Additional results on AFHQ. The model is trained on randomly sampled 1/4 subsets of pixels from 256 x 256 images and

evaluated at different resolutions. Left to right: 64 x 64, 128 x 128, 256 x 256, and 512 x 512. Top to bottom: cat, dog, and wild animal
categories.

Figure 12. Additional results on FFHQ. The model is trained on randomly sampled 1/4 subsets of pixels from 256 x 256 images and
evaluated at different resolutions. Left to right: 64 x 64, 128 x 128, 256 x 256, and 512 x 512.

Figure 13. Additional results on LSUN-Church. The model is trained on randomly sampled 1/4 subsets of pixels from 256 x 256 images
and evaluated at different resolutions. Left to right: 64 x 64, 128 x 128, 256 x 256, and 512 x 512.
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