7. Supplementary
7.1. Detail related work

Learnable number embedding. A straightforward ap-
proach for incorporating numerical values is using learnable
networks to continuously project numerical values into and
out of the d-dimensional embedding space. This approach
typically involves two small neural networks: a number en-
coder and a number decoder.

Specifically, the encoding function G, uses a number
encoder, f.,. : R — R? which maps the input number
m to a d-dimensional vector. This vector is then combined
with the base embedding for the [NUM] token, for instance,
through addition. The decoding function Gg.. uses a num-
ber decoder, fye. : R¢ — R, which performs the reverse
operation: it takes the final hidden state from the model and
projects it back to a scalar numerical value. Both f.,,. and
faec are typically implemented as Multi-Layer Perceptrons
(MLPs). The mapping functions are thus defined as:

Gene(XiNnUM), ™) = XNUM] + fenc(m)
gdec(f(i) = fdec(f(i)a (15)
if NUM] = arg min fim (%),

where fj,,, refers to original language modeling head from
LLM.

Although this approach is notable for its simplicity as it
parametrizes both mapping functions with learnable MLPS
and can theoretically satisfies C1 requirement of "wide-range
of value” and C3, it introduces two critical challenges. First,
an MLP does not inherently guarantee that the ordinal re-
lationship of numbers is preserved in the high-dimensional
embedding space. There is no inductive bias to ensure that
the embedding for a number (e.g. the number 3 is closer to
4 than to 30. Le., the embedding f.,.(3) is not guaranteed
to be closer to fenc(4) than it is to fe,.(30).). The learned
geometric relationships can be arbitrary without additional
constraints, which makes C1 “ordinal-preserving” require-
ment difficult to satisfy. Second, and more fundamentally,
the projection network suffers from poor out-of-distribution
(OOD) generalization and prone to context noise. An MLP
trained on numbers within a specific range cannot be ex-
pected to produce meaningful embeddings for numbers it
has not seen during training. Furthermore, during decoding,
the MLP may struggle to accurately reconstruct the original
number from the hidden state, especially if the hidden state
has been influenced by other contextual information. There-
fore, this approach cannot reliably satisfy part of C1 and C2,
making it brittle for applications with unbounded numerical
data.

Magnitude-based scaling. The xVal [13] framework
injects numerical values by scaling the embedding magni-
tude of the special token. To encode a numerical value m;,

the method multiplies the base embedding xnym) with a
normalized version of the value, such that the norm of the
resulting embedding scales with the magnitude of m;. Dur-
ing training, a separate regression head f,, ., is trained with
a Mean-Squared-Error (MSE) loss to predict the original
value m; from the final hidden state. During inference, a
standard language model head f;,,, predicts the next token.
If it predicts [NUM], the number head f,,,,,, is triggered to
generate the numerical value m; from the corresponding hid-
den state X;. The G, and G4.. functions for this approach
are defined as:

Gene(XNnum); mi) = tanh(m;) - XNy
gdec(*i) = fnum(&i)v (16)
if [NUM] = argmin fim, (;)

Although xVal guarantees an C1 ordinal relationship by di-
rectly scaling the embedding with the number’s magnitude,
it suffers from critical limitations. First, it cannot encode
an unbounded range of numbers, as it requires a normal-
ization function like tanh on the input number to prevent
the embedding norm from exploding. This leads to value
saturation, where the model cannot distinguish between dif-
ferent large numbers and fail for C1 ”wide-range value”
requirement. More importantly, xVal was originally tested
on Pre-LayerNorm (LN) [2] architectures like GPT-2 [34].
However, all recent LLMs turns to Post-LLN due to training
difficulties [42]. As pointed out by Brody et al. [6], the norm
of a vector after going through LN is always v/d, which di-
minished xVal’s scaling utility to modern LLM architecture
and failed at C3.

7.2. Algorithm outline

Here we describe the algorithm outlines for Rotary Number
Encoding (RNE) in Alg. | and Decoding (RND) in Alg. 2.

Algorithm 1 Rotary Number Encoding (RNE)

Input: xnymj € RY, value m.
Output: Encoded x™ € R<.
1: procedure RNE(xnymj» m)
©:0; «+ B~%/ forj € {0,...,d/2 —1}.

PO ) cosmB; —sinmo;
2D Rotation: Ry (mf;) < |:sinm0] cosmt; |-

2
3:
4: d-dim Rotation: R4(m®) < diag(Ra(mb;)).
S: return Rd(m@)x[NUM] .

7.3. Distinguishability—smoothness trade-off

We analyze how the weighting exponent p affects the geom-
etry of the scalar score S(m,p). Let B > 1, even d, and

0; :=B~H/1  j=1,...,4d/2,

: (7

w;(p) := 0; " |xpum,j



Algorithm 2 Rotary Number Decoding (RND)

Input: Model output %; € R<, candidates M, parameter p.
Qutput: Decoded number 7.
1: procedure RND(x;, M, p)

2 ©:0;« B ¥dforje{l,...,d/2—1}.
3: Compute input signal: § < S(%;,p).
4 Compute candidate targets: s/, < S(m/,p) for

each m’ € M.
T . N 2
Predict: 1 — argming, cam (§ —s,.,)°.

6: return 1.

W

Then

a/2

ij ) cos(mb;). (18)

Lemma 7.1 (Derivative and oscillation scale). The deriva-
tive of the score with respect to m is

d/2
ij

d/2

1—
=- Z oy, 11°6;
j=1

) 0; sin(mb;)
(19)

sin(m#;).

Each term oscillates with period T = 277/0j. Forp < 1, the
factor 9;7” increases with 0, so high-frequency components
(0; large, short T;) dominate S'; forp > 1,1 —p < 0 and
low-frequency components (6 small, long T;) dominate.

Lemma 7.1 shows that increasing p shifts S’(m,p) from
high- to low-frequency components, making S(m,p)
smoother in m.

Phase assumption. We now quantify typical changes in

the score between nearby values of m. We assume that, as m

ranges over a large interval, the phases m#6; mod 27 explore

[0, 27) approximately uniformly, so that

E,,[sin(mb;)] = 0, E,,[cos(mb;)] =0,
(20)

Lemma 7.2 (Typical dot-product gap and RMS scale). Let

ASs(m,p) := S(m + 6,p) — S(m, p). Under the phase
assumption,
/2
By [ASs(m, p)?] ~ zzwj 2sin?(%2), @D

E,,[sin®(mb;)] ~

and for 0;]6| < 1 for all j,

Atyp(év p) = Em [AS(;(m,p)Q]
d/2 12
~ 51 C), C)= (3 Zw] 22) .
(22)
Moreover, the typical scale of the score is
dj2
os(p)? == Epn[S(m, p)?] ~ (23)

%ij(P)Q-

We measure distinguishability between consecutive inte-
gers by the relative dot-product gap:

Definition 1 (Relative dot-product gap). For consecutive
integers (6 = 1), define

_ Ayp(1,p)
rip) = as(p)

S w;(p)202
S w;(p)?

d/2
S5 o]
d/2 -2
S92 Ixomy 14052

Proposition 1 (Distinguishability—smoothness trade-off).
Assume at least two distinct 0; have || xnumy ;1| > 0. Then:
1. Increasing p shifts S'(m, p) towards lower frequencies
(Lemma 7.1), so S(m, p) becomes smoother in m.

2. The relative gap r(p) is strictly decreasing in p.

Hence larger p produces smoother but less distinguishable
scalar scores, and smaller p produces more oscillatory but
more separated scores between neighboring values.

Q

(24)

2(1-p)
|40

Proof. (1) follows directly from Lemma 7.1. For (2), write

N(p)
2
r = K7\
(p) D(p)
/2
Zaﬂ 92 p)7
(25)
d/2
—2
1 D(p) =) _a;6;,
2" j=1
aj = ||X[NUM],j||4 > 0.
Differentiating and symmetrizing over (j, k) gives
4 )2 = N'(p)D(p) — N(p)D'(p)
dp D(p)?
== ajar(Ind; —Inoy)(03 — 67)0; 76,

i<k
(26)



Since the 6; are strictly decreasing, each term is negative
whenever a;, aj, > 0, so 7(p)? and hence 7(p) are strictly
decreasing in p. [

7.4. Precision-dependent choice of weighting p

We now consider a practical constraint on the choice of p
imposed by the numerical precision of the floating-point
format used to represent S(m,p). In modern LLMs, full
precision (fp32) is often not used for inference due to com-
putational and memory constraints. Instead, lower-precision
formats such as fp16, bfloat16, or even fp8 are commonly
employed. These formats have limited precision, which
can lead to quantization errors when representing the scalar
scores S(m, p).

We start relate the distinguishability measure 7(p) to the
numerical precision of the floating-point format used to rep-
resent S(m, p). Recall that Ay, (1, p) denotes the typical
change in the score between neighboring integers m and
m + 1, and og(p) denotes the typical scale (RMS) of the
score. Robust scalar decoding requires that the score change
between neighbors is large compared to the quantization step
of the format.

Unit roundoff and quantization step. To quantify the
limits of numerical precision, we consider the unit roundoff,
denoted by u. For a standard base-2 floating-point format
with n;4 significand bits (including the implicit leading bit),
the resolution is determined by the distance between 1.0 and
next representable floating-point number. This distance is
given by:

u=2" (1), (27)

This value u represents the relative quantization error. Con-
sequently, for a scalar score with a typical magnitude o g (p),
the absolute spacing between representable values is approx-
imately u - og(p).

In our setting, we want the typical separation between the
scores m and m + 1 to be strictly resolvable, that is much
larger than this quantization step:

> u. (28)

Atyp(1,p) > u,05(p) r(p) == AtypEL)ID)

gs\p

Theorem 7.3 (Precision-dependent constraint on p). For
each floating-point format (fixed u), there exists a unique
Derit (0) such that

r (pcrit (u)) =u, (29)
with

D < pait(u) = r(p) >u (neighbors well-separated),

D> Pait(u) = r(p) <wu (neighbors can collapse).

(30)

Combined with Proposition 1, this yields a three-way trade-
off between smoothness, distinguishability, and numerical
precision.

Proof. By Proposition 1, 7(p) is continuous and strictly de-
creasing in p. Hence, for any w in the range of r, there is
a unique solution of r(p) = u, which we denote peyit ().
The implications for p < perit(u) and p > perit(u) follow
directly from the inequalities r(p) = u. O

Corollary 1 (Recommended p for common precisions (ex-
ample)). For common IEEE-like formats, the effective spac-
ing u is determined by the number of significand bits n ;.
The relationship is given by u ~ 2~ ("sis=1)_ For typical
formats:

« P32 ngiyg=24=u~2"Bx1.2x1077,

o fpl6: ngig =11 = u = 2710 ~ 1073,

* bfloatl6: ngy =8 = u~ 27" ~8x 1073,

o fp8variants: gy ~ 3—4 = u~ O(1072—-1071).

For a typical configuration (B = 5 - 10°, d = 4096) and
roughly uniform block energies, numerical evaluation of r(p)
with these u values yields:

fp32: r(p) > wu Vp (no practical constraint);

frl6: r(p) > uforp < 0.3;

bfloatl6: r(p) > uforp < 0.2;

Jp8: r(p) S uVp (scalar score insufficient).
(31)

Conclusion: Thus, for scalar dot-product decoding, small
p (e.g., p € [0,0.3]) is critical when using lower-precision
formats like fp16 and bfloat16 to ensure the score separation
exceeds the quantization noise. Conversely, fp32 imposes
essentially no restriction, while fp8 possesses insufficient
resolution for scalar decoding regardless of p, necessitating
either full-vector decoding or higher-precision accumulation.
This theoretical analysis justifies our ablation results in Tab. 4
and explains why p ~ 0.2 — 0.3 is optimal for optimal
operating point for standard inference hardware.

7.5. Dataset curation

We curated a dataset with 25,645 non-contrast Chest com-
puted tomography (CT) images from 14,218 unique patients,
each with its corresponding radiology reports. The radiol-
ogy report contains a “Findings” section and an “Impresson”
section. The “Findings” section describes the detailed ob-
servations from the CT scan, while the "Impression” section
provides a concise summary of the key findings and their
clinical significance. For dataset splitting, we follow a 80-20
patient-wise approach to ensure that the training and testing
sets are completely disjoint. We finally have 19,944 training
samples with 11,059 patients and 5,701 testing samples with
3,159 patients.



To create a comprehensive training dataset for our model,
we employed a two-stage generation process using two differ-
ent LLMs, followed by CT-RATE [15] and HuatuoGPT [9]
curation process. First, we used Llama-3.1 [14] to generate
basic VQA pairs (multiple-choice, short-answer, summa-
rization) for information extraction. Second, to enhance
diversity, we used Gemini-2.5 [38] to simulate various clin-
ical scenarios to generating questions with different tones
and formats. The comprehensive generation process cover-
ing both simple queries and detailed, long-form responses,
improving model’s instruction following capabilities. The
full generation process and examples are illustrated in Fig. 6.

For evaluation on radiology measurement estimation task,
we combined traditional regular expression filtering and
LLM based filtering to locate label of interested and their
measurments. We first use regular expression to extract nu-
merical values and their related text from the raw radiology
report. Then we use LLM to filter out low-frequency labels
and identify them as label of interested. The selected labels
are: Pulmonary Nodule, Ascending aorta, Aortic root,
Aortic arch, Descending aorta, Aortic hiatus, Pulmonary
Artery, Lymph Node, Thyroid nodule, Renal cyst and
Adrenal lesion. Then we use LLM to extract additional
context related to the numerical value, forming meta-data
query consists of number, unit, label and context. Finally,
we use LLM to generate QA pairs based on meta-data. The
full pipeline is illustrated in Fig. 5.

7.6. Medical Grounding Evaluation Details

We presented the full table from MedSeq-Bench [45] at
Tab. 7. The table includes the performance of various
general-purpose MLLMs across different grounding tasks,
measured by Interaction-Over-Union (IOU) and Acc@5
metrics. IOU quantifies the overlap between the predicted
bounding box and the ground truth bounding box. Acc@5
measure the proportion of predictions whose IOU with the
ground truth exceeds 0.5. The results are categorized into
two main sections: Image Difference Grounding and Image
Consistency Grounding, with specific tasks listed under each
category. The average performance across all tasks is also
provided for each model.

7.7. Limitations

The score-matching decoder searches over a fixed candidate
set M, reintroducing a form of discretization; however, the
step size of M is configurable per task and training uses a
continuous regression loss. For large coordinate ranges (e.g.,
0-1024 in high-resolution grounding), aliasing may occur at
the highest rotational frequencies; this can be mitigated by
adjusting p or adopting frequency scaling strategies analo-
gous to YaRN. Currently, RNED supports only non-negative
values; handling signed quantities (e.g., Hounsfield units)
would require a sign-magnitude decomposition, which we

leave as future work. Our primary evaluation uses the in-
house Opport-CT dataset; broader validation on additional
public benchmarks is an important future direction. Finally,
RNE is applied only at the input embedding layer, without
an explicit guarantee that intermediate transformer layers
preserve the rotational structure; nonetheless, the end-to-end
regression loss ensures that the output embedding carries
sufficient numerical information for accurate decoding.



1. Pulmonary Nodule, Q: What is size of the
2. Ascending aorta, Value: [34] pulmonary artery in the
3. Aortic root, Unit: mm image?
4. Aortic arch, | A: The pulmonary artery
. Pulmonary artery: h Label: Pulmonary Artery . LT
Mild enlargement of the pulmonary [ 3 4ry y 5. Descending aorta, Context: Mild enlargement is 34 mm, which is mild
f -4 cm 6. Aortic hiatus, enlargement.
artery measuring up to 3.4 cm.
7. Pulmonary Artery, Value: [18, 20] ) ‘
. 8. Lymph Node, Unit: mm Q. What is the size of
Bilateral kidney cysts. 18 x 20 mm 9. Thyroid nodule, Labt;l' Renal cyst kidney cyst in the right
. . . : . 5
ipfpa b st o i rngh? ey Hemorrhagic cyst: 10.  Renalcyst, Context: Hyperdense, right k'f’"ev',
may represent a hemorrhagic cyst 18 x 20 mm 11. Adrenal lesion kidney, hemorrhagic cyst \A The size of 18 x 20 mm./
)

| >

RegEX/ LLM Label of Metadata LLM generated
extraction interested extraction questions

Radiology report
Figure 5. Pipeline for generating numerical decoding testing set. 1. We first using regular expression and LLM to extract numerical value and
its related text from raw Radiology report. 2. Based on the extracted text, we conclude the 11 interested labels and remove low-frequency
texts. 3. We extract additional context related to numerical value, forming meta-data query consists of number, unit, label and context. 4. We

use LLM to generate QA pairs based on meta-data.
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The pleural effusions, particularly with
loculations, may require further evaluation or
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The image shows a soft tissue prominence in
the proximal stomach, which is likely a gastric
fold. However, a gastric mass cannot be
entirely excluded based on this image alone.
To get a clearer picture, an endoscopy is
recommended. This procedure will allow
direct visualization of the stomach lining and
help determine the exact nature of the
prominence. Please discuss this
recommendation with your healthcare
provider to schedule the appropriate
follow-up.
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another factor | should consider?
The mediastinum displays postoperative —
changes with a small fluid collection While the heart and pericardium appear Descrlptlon
containing air, measuring 42 mm x 16 mm. normal, and the right atrial pressure is
This finding is indicative of a potential estimated at 3 mmHg, the subsegmental What are the findings
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Figure 6. Sample figure illustrating the training data generation. Each Radiology report is augmented to generate multiple VQA examples
that represent different perspectives. On the left, we have several examples of “long responses” that use a detailed description under different
prompt scenarios that make model generated results be detailed and diverse. On the right, we show shorter question examples with multiple
choice answers, a brief description and a free response that focuses on a specific information directly extracted from the report.
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Table 7. Performance on image difference and image consistency grounding tasks on MedSG-Bench. We report IoU and Acc@5.



