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A. Note on the Scope of Analysis: Why Focus
on Linear Layers

Throughout our theoretical analysis, we primarily focus on
the parameters of linear layers, such as fully-connected
(FC) layers and the projection matrices within attention
mechanisms. We omit biases and parameters from normal-
ization layers (e.g., LayerNorm).

This simplification is well-justified, as linear layers
constitute the vast majority of parameters [12, 25] in
modern large-scale models like Transformers [20], and
their behavior consequently dictates the model’s overall
functional transformations and capacity for learning task-
specific knowledge. Moreover, this focus aligns with es-
tablished practices in the model merging literature, where
complex strategies are often applied exclusively to linear
layers [9, 16, 22], suggesting a secondary role for biases
and normalization parameters in the task interference phe-
nomena we aim to mitigate. The centrality of these layers
is further underscored by the success of parameter-efficient
fine-tuning (PEFT) methods like LoRA [7], which demon-
strate that model adaptation for new tasks primarily occurs
within these linear components.

Given this convergence of evidence, concentrating our
geometric analysis on linear layers allows us to build a
tractable yet powerful theoretical framework that captures
the core mechanisms of task arithmetic.

B. Justification for Two-Task Simplification

In our main analysis (Section 4.1), we simplify the full def-
inition of weight disentanglement (Definition 1) to a two-
task, in-domain scenario as,

f(x; θ0 + τt + τj) = f(x; θ0 + τt), ∀x ∈ Dt. (1)

This appendix provides a detailed justification for why
this simplification is sufficient and does not result in a loss
of generality. Our simplification is reasonable for two pri-
mary reasons.

First, our subsequent proofs focus on demonstrating that
the pairwise interference term τ⊤j J(x) is approximately
zero for any x in the data domain Dt of a different task
t. This is the core of the disentanglement mechanism under
the NTK linearization hypothesis. Due to the linearity of
this interference term with respect to the task vectors, prov-
ing the disappearance of pairwise interference is sufficient
for the general multi-task case. Specifically, if τ⊤j J(x) ≈ 0
for all j ̸= t, then the total interference from all other tasks

in the merged model also vanishes,∑
j ̸=t

αj(τ
⊤
j J(x)) ≈

∑
j ̸=t

αj · 0 = 0. (2)

Therefore, focusing on two-task interaction f(x; θ0 + τt +
τj) and omitting the scaling coefficients α during the proof
does not compromise the generality of our conclusions.

Second, our analysis concentrates on the “in-domain dis-
entanglement” condition because it addresses the central
challenge of eliminating crosstalk between actively com-
posed tasks. The“out-of-domain preservation” condition,
f(x; θ0 +

∑T
t=1 αtτt) = f(x; θ0) for x /∈

⋃T
t=1 Dt, can be

established using the same underlying logic. For an out-of-
domain sample xood, its processing should ideally not rely
on the specialized features of any task t. This implies that
the interference term τ⊤t J(xood) should be approximately
zero for all task vectors τt. This is a direct extension of the
principle we prove for the in-domain case. By establishing
the core argument for pairwise in-domain disentanglement,
we effectively provide the necessary and sufficient reason-
ing to prove the full weight disentanglement property.

C. Proof of Lemma 1
In this part, we provide the detailed proof for Lemma 1,
which establishes the equivalence between the functional
property of weight disentanglement and a geometric orthog-
onality condition under the NTK linearization hypothesis.

Lemma 1. Under the NTK linearization hypothesis, weight
disentanglement between tasks t and j is equivalent to the
interference term from task j being approximately zero on
the data domain of task t:

τ⊤
j J(x) = 0, ∀x ∈ Dt. (3)

Proof. Our starting point is the simplified, two-task defini-
tion of weight disentanglement, which states that for any
input x from the data domain of task t, the following ap-
proximation should hold:

f(x; θ0 + τt + τj) = f(x; θ0 + τt), ∀x ∈ Dt. (4)

We apply the first-order Taylor approximation from the
NTK hypothesis to both sides of this equation.

For the left-hand side (LHS), the total parameter pertur-
bation from the pre-trained state θ0 is (τt + τj). The lin-
earization is therefore,

LHS ≈ f(x; θ0) + (τt + τj)
⊤J(x)

= f(x; θ0) + τ⊤t J(x) + τ⊤j J(x). (5)



For the right-hand side (RHS), the perturbation is simply τt.
The linearization is,

RHS ≈ f(x; θ0) + τ⊤t J(x). (6)

By substituting these approximations from Equation (5) and
Equation (6) back into the original weight disentanglement
condition (Equation (4)), we obtain,

f(x; θ0) + τ⊤t J(x) + τ⊤j J(x) ≈ f(x; θ0) + τ⊤t J(x). (7)

Canceling the common terms f(x; θ0) and τ⊤t J(x) from
both sides of the approximation leaves us with the final,
equivalent condition:

τ⊤j J(x) = 0, ∀x ∈ Dt. (8)

This shows that, under NTK linearization, the functional re-
quirement that task j does not interfere with task t is equiv-
alent to the geometric condition that the task vector τj is or-
thogonal to the model’s gradient Jacobian J(x) for all data
points x in the domain of task t.

D. Detailed Proof of Theorem 1
D.1. Proof of Theorem 1
In this section, we provide the formal proof for Theorem 1.

Theorem 1. Under the NTK linearization hypothesis (Sec-
tion 3.3) and the Task-Feature Specialization property,
weight disentanglement between tasks t and j holds.

Proof. According to Lemma 1, our goal is to prove that
the interference term τ⊤j J(x) is approximately zero for any
x ∈ Dt. We can decompose this total interference into
contributions from each linear layer. For clarity, we an-
alyze the interference arising from a single weight matrix
W ∈ Rm×d and show it is zero. The conclusion general-
izes to the entire model by summation.

The interference contributed by W is ⟨(τj)W , JW (x)⟩,
where (τj)W and JW (x) are the components of the task
vector and Jacobian corresponding to W . By decomposing
this along the column vectors {w1, . . . , wd} of W , we get,

InterferenceW (x) =

d∑
k=1

⟨(τj)k,∇wk
f(x; θ0)⟩, (9)

where (τj)k is the update applied to column wk. We will
show every term in this summation is approximately zero.

Analysis of the gradient term (∇wk
f(x; θ0)). For an

input x ∈ Dt, the gradient of the model output with respect
to a weight column wk can be expressed using the chain
rule,

∇wk
f(x; θ0) =

∂f(x; θ0)

∂wk
=

∂f(x; θ0)

∂zk
· ∂zk
∂wk

. (10)

According to Definition 2, if the feature index k is not in the
specialized set for task t (i.e., k /∈ It), the model’s output is
insensitive to it, meaning ∂f(x;θ0)

∂zk
≈ 0. For x ∈ Dt,

k /∈ It =⇒ ∇wk
f(x; θ0) ≈ 0. (11)

Analysis of the task Vector term ((τj)k). The task vec-
tor component (τj)k is the accumulated update to weight
wk from fine-tuning on task j. By definition, if feature k
is not specialized for task j (i.e., k /∈ Ij), the loss function
for task j is insensitive to it. This means the gradients with
respect to wk computed on the data domain Dj are consis-
tently negligible. Since (τj)k is the sum of these negligible
gradients, it will be approximately zero. (A detailed proof
is provided in Appendix D.2 as Proposition 1).

k /∈ Ij =⇒ (τj)k ≈ 0. (12)

Now, we examine each term ⟨(τj)k,∇wk
f(x; θ0)⟩ in the

summation for index k ∈ {1, . . . , d}. There are two mutu-
ally exclusive possibilities.

Case A: k ∈ Ij . By the Task-Feature Specialization
property (It∩Ij = ∅), it must be that k /∈ It. From gradient
analysis (Equation (11)), this implies ∇wk

f(x; θ0) ≈ 0.
Case B: k /∈ Ij . From task vector analysis (Equa-

tion (12)), this implies (τj)k ≈ 0.
In both cases, the term ⟨(τj)k,∇wk

f(x; θ0)⟩ vanishes.
Since this holds for all k, the interference from this layer,
InterferenceW (x), is approximately zero. As this applies to
all layers, the total interference τ⊤j J(x) ≈ 0. By Lemma 1,
this proves that weight disentanglement holds.

D.2. Supporting Proposition for Theorem 1
In this part, we provide a detailed proof for the proposi-
tion referenced in the proof of Theorem 1. This proposition
formalizes the intuition that if a task does not depend on a
specific feature, the fine-tuning process for that task will not
significantly alter the weights associated with that feature.

Proposition 1. Under the NTK Linearization hypothesis
(Section 3.3) and the Task-Feature Specialization property,
consider the fine-tuning process for task j on its data do-
main Dj . If a feature index k does not belong to the spe-
cialized feature set for task j (i.e., k /∈ Ij), then the cor-
responding component of the resulting task vector, (τj)k, is
approximately zero.

k /∈ Ij =⇒ (τj)k ≈ 0. (13)

Proof. The task vector τj is defined as the total change in
parameters after fine-tuning on task j, starting from the pre-
trained weights θ0,

τj = θ∗j − θ0, (14)



where θ∗j are the final fine-tuned parameters. The compo-
nent (τj)k specifically represents the change in the weight
column wk of a given linear layer.

Let’s model the fine-tuning process as a sequence of up-
dates using a gradient-based optimizer, such as Stochastic
Gradient Descent (SGD). For a total of S update steps, the
weight column wk is updated iteratively. The update rule
for wk at step s is,

w
(s+1)
k = w

(s)
k − η · Ex∼Dj

[
∇wk

Lj(x; θ
(s))
]
, (15)

where η is the learning rate, and θ(s) represents the model
parameters at step s, with the initial state being θ(0) = θ0.

Consistent with the perspective from work on Adaptive
Weight Disentanglement (AWD) [21] that views the task
vector as the sum of accumulated gradients, the total change
in the weight column wk, which is the task vector compo-
nent (τj)k, is the sum of all single-step updates over the
course of training,

(τj)k = w
(S)
k − w

(0)
k =

S−1∑
s=0

(
w

(s+1)
k − w

(s)
k

)
= −η

S−1∑
s=0

Ex∼Dj

[
∇wk

Lj(x; θ
(s))
]
.

(16)

To prove that (τj)k ≈ 0, we need to show that the expected
gradient Ex∼Dj

[
∇wk

Lj(x; θ
(s))
]

is approximately zero at
every step s of the fine-tuning process.

Let’s analyze the gradient for a single data point x ∈ Dj

using the chain rule,

∇wk
Lj(x; θ

(s)) =
∂Lj

∂f(x; θ(s))
· ∂f(x; θ

(s))

∂zk
· ∂zk
∂wk

, (17)

where zk is the activation of the base feature corresponding
to wk. We analyze each term in this product.
• ∂Lj

∂f(x;θ(s))
. This is the derivative of the loss with respect

to the model’s final output. Before the model has fully
converged, this term is generally non-zero and bounded.

• ∂zk
∂wk

. For a standard linear layer where zk = (wk)
⊤In(x),

this derivative is simply the input to the layer, In(x). This
term is also non-zero and bounded.

• ∂f(x;θ(s))
∂zk

. It measures the sensitivity of the final model
output to the intermediate feature activation zk. Our
core assumption is that k /∈ Ij . By Definiton 2 (Task-
Specialized Feature Set), this means that at the pre-trained
state θ0, the model’s output is insensitive to zk in expec-
tation over the data domain Dj ,

Ex∼Dj

∥∥∥∥∂f(x; θ0)∂zk

∥∥∥∥ ≈ 0. (18)

The fine-tuning process occurs in the neighborhood of θ0.
Under the NTK linearization hypothesis, the parameter

changes are small, and the model’s Jacobian is assumed
to be stable. Therefore, for all steps s in the fine-tuning
process, θ(s) remains close to θ0, and the sensitivity of the
model’s output to feature zk also remains negligible,

Ex∼Dj

∥∥∥∥∂f(x; θ(s))∂zk

∥∥∥∥ ≈ 0 for s = 0, 1, . . . , S − 1.

(19)
Now, let’s take the expectation of the full gradient ex-

pression (Equation (17)) over the data domain Dj ,

Ex∼Dj

[
∇wk

Lj(x; θ
(s))
]

= Ex∼Dj

 ∂Lj

∂f(x; θ(s))︸ ︷︷ ︸
non-zero,bounded

· ∂f(x; θ
(s))

∂zk︸ ︷︷ ︸
Expectation≈0

· ∂zk
∂wk︸︷︷︸

non-zero,bounded

 .

(20)
Since the expectation of the sensitivity term ∂f

∂zk
is approx-

imately zero, and the other terms are bounded, the expecta-
tion of their product will also be approximately zero.

This holds for every step s of the fine-tuning process.
Substituting this result back into Equation (16), we find that
the total update (τj)k is a finite sum of near-zero vectors,

(τj)k = −η

S−1∑
s=0

Ex∼Dj

[
∇wk

Lj(x; θ
(s))
]

︸ ︷︷ ︸
≈0

≈ 0. (21)

This demonstrates that if a feature is not part of a task’s spe-
cialized set, the corresponding weights will remain virtually
unchanged during fine-tuning for that task.

This completes the proof.

E. Proof of Corollary 1
This part provides the detailed proof for Corollary 1, which
establishes that the Task-Feature Specialization (TFS) prop-
erty, a functional characteristic of an ideal pre-trained
model, gives rise to a specific geometric structure in its pa-
rameters, namely, weight vector block-orthogonality. This
formalizes the connection, that Weight Vector Orthogonal-
ity (WVO) is presented as a geometric consequence of TFS.

Corollary 1. Given a model that adheres to the Task-
Feature Specialization (TFS) property, its weight matrices
will exhibit Block Orthogonality.

E.1. TFS Implies Cross-Task Feature Decorrelation
We begin by proving a key statistical consequence of TFS,
which will be instrumental in our main proof. The func-
tional separation defined by TFS has a direct consequence
on the statistical properties of the feature activations. We
formalize this as the following proposition.



Proposition 2. Under the Task-Feature Specialization
(TFS) property, for any two distinct tasks t ̸= j, and for
any pair of features with indices k ∈ It and l ∈ Ij , their
activations zk and zl are approximately decorrelated over
a mixed data distribution µ. That is,

Covµ(zk, zl) ≈ 0. (22)

Proof. Let us assume the contrary. Suppose TFS holds, but
two features zk (specialized for task t, i.e., k ∈ It) and zl
(specialized for task j, i.e., l ∈ Ij) are statistically corre-
lated. For simplicity, we can model this correlation with an
approximate linear relationship,

zk ≈ a · zl + b+ ξ, (23)

where a ̸= 0 is a correlation coefficient, b is a bias, and ξ is
uncorrelated noise. This model implies that a change in zl
systematically induces a change in zk.

Now, consider the total derivative of the model’s final
output f(x; θ0) with respect to the activation zl for an input
x from task t’s data domain, Dt. Using the chain rule, the
change in f with respect to a change in zl has two paths: a
direct path (zl → f ) and an indirect path through the corre-
lated feature zk (zl → zk → f ).

df(x; θ0)

dzl
=

∂f

∂zl
+

∂f

∂zk

∂zk
∂zl

(24)

We analyze each term in the context of TFS for an input
x ∈ Dt.
• ∂f

∂zl
: Since x ∈ Dt and the feature l is specialized for task

j (l ∈ Ij), the TFS assumption (It ∩ Ij = ∅) implies
l /∈ It. By Definition 2, the model’s output is insensitive
to zl on this data domain. Thus, Ex∼Dt

[| ∂f∂zl
|] ≈ 0.

• ∂f
∂zk

: Since x ∈ Dt and the feature k is specialized for
task t (k ∈ It), the model’s output is sensitive to zk. Thus,
Ex∼Dt

[| ∂f
∂zk

|] is significantly non-zero.
• ∂zk

∂zl
: From our linear correlation model, this derivative

is the correlation coefficient a, which we assumed to be
non-zero.

Substituting these into the chain rule expression and taking
the expectation over Dt,

Ex∼Dt

∣∣∣∣ dfdzl
∣∣∣∣ ≈ Ex∼Dt

∣∣∣∣∣∣∣∣
∂f

∂zl︸︷︷︸
≈0

+
∂f

∂zk︸︷︷︸
non-zero

· ∂zk
∂zl︸︷︷︸

non-zero, a

∣∣∣∣∣∣∣∣
≈ |a| · Ex∼Dt

∣∣∣∣ ∂f∂zk

∣∣∣∣ .
(25)

Since |a| ̸= 0 and E[| ∂f
∂zk

|] is significantly non-zero, the
result is a significantly non-zero value. This means that the
model’s output f shows a non-negligible total sensitivity to
the activation zl on data from task t.

This result, however, directly contradicts the premise of
TFS. If a model has truly specialized feature k for task t
and feature l for task j, its function for task t should not be
affected by perturbations in zl. The total effect of zl on the
output, not just the partial derivative, should be negligible.

The contradiction arose from our initial assumption of
correlation (a ̸= 0). Therefore, that assumption must be
false. We conclude that for TFS to hold, features specialized
for different tasks must be statistically decorrelated.

E.2. Detailed proof of Corollary 1
Proof. The proof proceeds by first relating the geometric
property of the weight matrix (W⊤W ) to a statistical prop-
erty of the feature activations (the covariance matrix Σz),
and then showing that TFS imposes a block-diagonal struc-
ture on this covariance matrix.

Step 1: Connecting Weight Geometry to Feature Covari-
ance.

Consider a single linear layer with weight matrix W =
[w1, . . . , wd] ∈ Rm×d, input In(x) ∈ Rm, and feature ac-
tivations z = W⊤In(x) ∈ Rd. We compute the covariance
matrix Σz of the feature activations under a mixed data dis-
tribution µ,

Σz = Ex∼µ[(z − µz)(z − µz)
⊤], where µz = Ex∼µ[z].

(26)
In modern deep neural networks, the presence of nor-

malization layers like Layer Normalization (LN) [3] or
Batch Normalization (BN) [10] is standard practice. A pri-
mary function of these layers is to standardize the activa-
tions, dynamically regulating their mean and variance [3,
8, 10]. This forces the mean of the layer’s input, µIn =
Ex∼µ[In(x)], to be approximately zero.

Consequently, the mean of the output feature activations
is also approximately zero,

µz = Ex∼µ[W
⊤In(x)] = W⊤Ex∼µ[In(x)] = W⊤µIn ≈ 0.

(27)
With this zero-mean property, the covariance matrix Σz

simplifies to the second-moment matrix,

Σz = Ex∼µ[zz
⊤] = Ex∼µ[W

⊤In(x)In(x)⊤W ]. (28)

Since the weight matrix W is constant with respect to the
input x, we can move it outside the expectation:

Σz = W⊤ (Ex∼µ[In(x)In(x)
⊤]
)
W. (29)

At this point, we analyze the term Ex∼µ[In(x)In(x)
⊤],

which represents the second moment matrix of the layer’s
input. As argued before, normalization layers standardize
activations. Beyond just enforcing a zero mean, this process
also regulates variance, driving the covariance matrix of the



layer’s input, ΣIn, towards a whitened state [3, 8, 10, 19].
The covariance matrix of the input is defined as,

ΣIn = Ex∼µ[(In(x)− µIn)(In(x)− µIn)
⊤]

= Ex∼µ[In(x)In(x)
⊤]− µInµ

⊤
In

(30)

Given that the input is whitened, we have ΣIn ≈ Im and
µIn ≈ 0. Substituting these into the definition gives us the
second-moment matrix of the input,

Ex∼µ[In(x)In(x)
⊤] = ΣIn + µInµ

⊤
In ≈ Im + 0 · 0⊤ = Im.

(31)
Substituting this result back into the expression for Σz ,

we arrive at the crucial link between the weights’ geometry
and the features’ statistics,

Σz = W⊤ImW = W⊤W. (32)

This equation shows that in this case the Gram matrix of
the weights, W⊤W , is identical to the covariance matrix
of the feature activations, Σz . Proving that W has block-
orthogonal columns is now equivalent to proving that its
Gram matrix W⊤W is block-diagonal, which in turn is
equivalent to proving that Σz is block-diagonal.

Step 2:Proving the Block-Diagonal Structure of Σz .
An element (Σz)kl of the covariance matrix is, by def-

inition, the covariance between zk and zl, i.e., (Σz)kl =
Covµ(zk, zl).

Let’s consider two distinct feature indices, k ̸= l.
Case 1: Features are specialized for different tasks. Sup-

pose k ∈ It and l ∈ Ij for two tasks t ̸= j. According to
Proposition 2, which we derived from the TFS property, the
activations of these features are decorrelated over the mixed
distribution µ. Therefore, we directly have,

(Σz)kl = Covµ(zk, zl) ≈ 0. (33)

Case 2: Features are specialized for the same task. Sup-
pose k, l ∈ It for some task t, with k ̸= l. Our theory does
not make any assumption about intra-task feature decorre-
lation. Therefore, the term (Σz)kl = Covµ(zk, zl) is not
guaranteed to be zero and may be non-zero in general.

Step 3: Conclusion of Block-Orthogonality
From Step 2, we have shown that the off-diagonal ele-

ments of the covariance matrix Σz are approximately zero
whenever the indices correspond to different tasks. The el-
ements corresponding to pairs of features within the same
task may be non-zero. This means Σz has a block-diagonal
structure,

Σz = W⊤W ≈


B1 0 . . . 0
0 B2 . . . 0
...

...
. . .

...
0 0 . . . BT

 . (34)

where Bt is the (generally non-diagonal) covariance sub-
matrix for features whose indices are in the set It, and the 0
blocks represent matrices with near-zero entries.

The (k, l)-th element of the Gram matrix W⊤W is the
inner product of the column vectors ⟨wk, wl⟩. The block-
diagonal structure of W⊤W directly implies that if indices
k and l belong to different blocks (i.e., k ∈ It and l ∈ Ij
with t ̸= j), their corresponding entry in the Gram matrix
is approximately zero,

⟨wk, wl⟩ = (W⊤W )kl ≈ 0. for k ∈ It, l ∈ Ij , t ̸= j
(35)

This is precisely the definition of block-orthogonality for
the columns of the weight matrix W . The set of column
vectors {wk}k∈It forms a subspace that is orthogonal to the
subspace spanned by {wl}l∈Ij for any j ̸= t.

This completes the proof.

F. Bayesian Analysis of the Relationship be-
tween TFS, WVO, and WD

This part provides a formal Bayesian analysis to justify the
claim made in Section 4.2.4, that observing Weight Vec-
tor Orthogonality (WVO) in a pre-trained model strongly
increases our belief that it will exhibit Weight Disentan-
glement (WD). This analysis formalizes the intuition that
WVO acts as a powerful diagnostic clue for the desirable,
yet abstract, property of Task-Feature Specialization (TFS).

Let us define three distinct events.
• Event A: The model has achieved ideal Task-Feature Spe-

cialization (TFS). This represents the underlying, unob-
servable abstract property where the model allocates dis-
joint sets of internal features to different tasks.

• Event B: The model exhibits Weight Disentanglement
(WD). This is the desired functional outcome where task
vectors can be composed without destructive interference.

• Event C: The model’s parameters possess Weight Vector
Orthogonality (WVO). This is a concrete, measurable ge-
ometric property of the model’s weight matrices.
Our core theory, as established in Section 4.2, posits that

TFS is a sufficient condition for both WD (Theorem 1) and
WVO (Corollary 1). We can formalize this as a logical im-
plication,

A =⇒ (B ∧ C). (36)

This means that if Event A is true, then both Event B and
Event C must also be true. Consequently, we have the con-
ditional probabilities,

P (B|A) = 1 and P (C|A) = 1. (37)

Our goal is to demonstrate that observing WVO (Event
C) provides evidence for WD (Event B). In probabilistic
terms, we aim to show that the posterior probability of WD



given WVO is greater than the prior probability of WD,

P (B|C) > P (B). (38)

First, we can expand the conditional probability P (B|C)
by conditioning on whether TFS (Event A) has occurred,

P (B|C) = P (B|A,C)P (A|C) + P (B|¬A,C)P (¬A|C).
(39)

Let’s analyze the terms in this expression.
1. P (B|A,C): Since Event A (TFS) is a sufficient con-

dition for Event B (WD), if A is true, B must be true, re-
gardless of C. Therefore, P (B|A,C) = 1.

2. P (B|¬A,C): This is the probability of observing
WD when TFS is not present, even though WVO is. With-
out the foundational structure of TFS, WD is not guaran-
teed. It might occur due to other unknown reasons or by
chance, but we can reasonably assume this probability is
significantly less than 1. Let’s denote this probability as q,
where 0 ≤ q < 1.

Substituting these into the equation, we get,

P (B|C) = 1 · P (A|C) + q · P (¬A|C). (40)

Rearranging this gives,

P (B|C) = q + (1− q)P (A|C). (41)

Now, we examine the crucial term P (A|C), which rep-
resents our updated belief in TFS after having observed
WVO. Using Bayes’ theorem,

P (A|C) =
P (C|A)P (A)

P (C)
. (42)

As established earlier, P (C|A) = 1. This simplifies the
expression to,

P (A|C) =
P (A)

P (C)
. (43)

Here, P (A) is our prior belief that a model has achieved
TFS, and P (C) is the prior probability of observing WVO.
WVO is a specific geometric structure that is not guaranteed
to occur in any arbitrary neural network; its emergence is
non-trivial. Therefore, it is safe to assume that P (C) < 1.

This leads to a key inequality,

P (A|C) =
P (A)

P (C)
> P (A). (44)

This inequality formally captures our intuition: observ-
ing the geometric signature of WVO (Event C) strengthens
our belief that the model has developed the underlying func-
tional structure of TFS (Event A).

To complete the proof, we compare the expression for
P (B|C) with the unconditional prior probability of WD,
P (B). Using the law of total probability again,

P (B) = P (B|A)P (A) + P (B|¬A)P (¬A). (45)

We know P (B|A) = 1. For the term P (B|¬A), we
introduce a reasonable assumption: in the absence of the
common cause (TFS), its consequences (WD and WVO)
are approximately conditionally independent.

P (B|¬A,C) ≈ P (B|¬A). (46)

This assumption is justified because if the fundamental
mechanism (TFS) that links WD and WVO is absent,
the correlation between them should vanish or be signif-
icantly diminished. Any residual correlation would be a
minor influence. Under this assumption, P (B|¬A) ≈
P (B|¬A,C) = q.

Substituting this into the expression for P (B):

P (B) ≈ 1·P (A)+q ·(1−P (A)) = q+(1−q)P (A). (47)

We now have two expressions to compare:
1. P (B|C) = q + (1− q)P (A|C);
2. P (B) ≈ q + (1− q)P (A).
We have proved that P (A|C) > P (A). Since q < 1, the

term (1− q) is positive. It therefore follows directly that,

P (B|C) > P (B) (48)

This result provides a rigorous probabilistic foundation for
our central thesis. It demonstrates that observing the mea-
surable geometric property of Weight Vector Orthogonality
is a strong piece of evidence that increases the likelihood
that the model also possesses the desired functional prop-
erty of Weight Disentanglement. This justifies using WVO
as a diagnostic tool to assess a model’s suitability for task
arithmetic.

G. Detailed Proof of Theorem 2
G.1. Proof of Theorem 2
Theorem 2. Under the NTK linearization hypothesis (Sec-
tion 3.3), even if the Task-Feature Specialization property
does not hold (i.e., It∩Ij ̸= ∅), constraining the task update
matrices {∆W

(l)
t } to be approximately internally orthogo-

nal (as encouraged by the regularization in Definition 4)
actively promotes weight disentanglement between tasks t
and j.

Proof. According to Lemma 1, our goal is to demonstrate
that the interference from task j on the data domain of task
t is approximately zero, i.e., τ⊤j J(x) ≈ 0. The interference
term’s magnitude can be expressed as,

|τ⊤j J(x)| = ||τj ||2 · ||J(x)||2 · | cos∠(τj , J(x))|. (49)

The proof proceeds in four steps. We first reframe the
angle term, then demonstrate how our regularizer controls
both the norm and angle terms, and finally synthesize the
results.



Step 1: Directional Alignment.
First, we establish that for a typical input x ∈ Dt, its

Jacobian J(x) is directionally aligned with the task vector
τt. The direction of τt is determined by the average Jaco-
bian over the task’s data domain, µJ := Ex∈Dt

[J(x)]. Un-
der a reasonable data consistency assumption, the gradients
of different samples are statistically consistent rather than
random, the direction of a typical J(x) aligns with that of
µJ and, by extension, with τt. This alignment, rigorously
proven in Appendix G.2, allows us to reframe the term’s
angle using the angle between the two task vectors,

|τ⊤j J(x)| ≈ ||τj ||2 · ||J(x)||2 · | cos∠(τj , τt)|. (50)

Step 2: Norm Control.
Our second step is to show that the orthogonal regular-

ization term Lortho effectively bounds the norm of the task
vectors. The regularizer penalizes the deviation of each
update matrix ∆W from the identity. By solving a con-
strained optimization problem, we can prove that the Frobe-
nius norm of an update matrix ∆W is strictly bounded by its
deviation from orthogonality. As formalized in Proposition
Proposition 3 (see Appendix G.3), if ∥∆W⊤∆W − I∥2F ≤
ξ, then the norm is bounded by,

∥∆W∥2F ≤ d+
√
dξ, (51)

where d is the number of columns. As the task vector’s total
norm is determined by the norms of its constituent update
matrices, ∥τj∥22 =

∑
l ∥∆W

(l)
j ∥2F , our regularizer effec-

tively constrains the overall magnitude of τj .
Step 3: Angle Control.
Our third and most critical step is to demonstrate that the

regularization statistically promotes orthogonality between
different task vectors, i.e., E[| cos∠(τj , τt)|] ≈ 0.

The core mechanism is that the internal orthogonal struc-
ture imposed on each update matrix ∆W induces inter-task
statistical orthogonality between the resulting task vectors
τt and τj . This can be understood through the lens of Po-
lar Decomposition [6], which allows us to express any ap-
proximately orthogonal update matrix ∆W as ∆W = QP ,
where Q is a strictly orthonormal matrix (an element of the
Stiefel manifold Vd(Rm)) and P is a symmetric positive
semi-definite matrix that is very close to the identity (as for-
malized in Proposition 4 in Appendix G.4.1).

Consequently, the inner product of two task vec-
tors, ⟨τt, τj⟩, which is a sum of layer-wise inner prod-
ucts

∑
l⟨vec(∆W

(l)
t ), vec(∆W

(l)
j )⟩, is dominated by the

sum of inner products of their orthonormal components,∑
l⟨vec(Q(l)

t ), vec(Q(l)
j )⟩ (see Appendix G.4 for a detailed

derivation). As established in Lemma 2 (Appendix G.4.3),
two matrices independently and uniformly drawn from the
Stiefel manifold are, when vectorized, statistically orthogo-
nal. Their inner product has an expected value of zero and

its probability distribution is sharply peaked at zero. This
strong statistical tendency towards orthogonality at each
layer propagates to the entire task vectors, ensuring that τt
and τj are highly likely to be nearly orthogonal. The de-
tailed proof can be seen in Appendix G.4.2

Step 4: Completing the Proof. We now synthesize the
results. The magnitude of the interference term is given by,

|τ⊤j J(x)| ≈ ||τj ||2︸ ︷︷ ︸
Bounded

· ||J(x)||2︸ ︷︷ ︸
Inherently Bounded

· | cos∠(τj , τt)|︸ ︷︷ ︸
Statistically near zero

(52)

The dual control mechanism of our regularization ensures
that this product is approximately zero in expectation. The
norm ∥τj∥ is bounded (Step 2), ∥J(x)∥ is bounded for any
given input and model, and the cosine of the angle between
task vectors is statistically driven towards zero (Step 3).
Consequently, the expected interference is negligible,

E[|τ⊤j J(x)|] ≈ 0. (53)

By Lemma 1, this establishes that weight disentanglement
is approximately achieved. This completes the proof.

G.2. Proof of Directional Alignment (Step 1)
In this section, we provide a rigorous proof for the claim
that for a typical input x ∈ Dt, its Jacobian vector J(x) is
directionally aligned with the task vector τt.

Proof. The proof proceeds in two parts: first, relating the
direction of τt to the average Jacobian µJ , and second, re-
lating the direction of an individual J(x) to µJ .

Part 1: Direction of the Task Vector τt.
As clarified in Equation (16), the task vector τt is the re-

sult of accumulated gradients during fine-tuning. In the ini-
tial phase of fine-tuning, where the parameters θ are close to
θ0, the direction of τt is dominated by the average gradient
of the task loss Lt over the data domain Dt, evaluated at θ0.

τt ∝ −E(x,y)∼Dt
[∇θLt(f(x; θ0), y)] . (54)

Using the chain rule, ∇θLt =
∂Lt

∂f ·∇θf = ∂Lt

∂f ·J(x). The
expression becomes,

τt ∝ −Ex∼Dt

[
∂Lt

∂f
· J(x)

]
. (55)

For a well-posed learning task, the loss derivative ∂Lt

∂f
(which indicates how the loss changes with respect to the
model’s output) can be assumed to be an approximately
constant scalar kt across the dataset. This yields,

τt ∝ −kt · Ex∈Dt [J(x)]. (56)

Let µJ := Ex∈Dt
[J(x)] be the average Jacobian vector over

the data domain of task t. We thus establish the first direc-
tional link,

Direction(τt) = Direction(µJ). (57)



Part 2: Direction of an Individual Jacobian J(x).
Next, we formalize an intuitive hypothesis. For a well-

defined, non-random machine learning task, the loss func-
tion’s gradient directions for different samples within its
data domain should exhibit statistical consistency, rather
than pointing randomly in all directions throughout the
parameter space. This consistency is fundamental to the
model’s ability to learn generalizable patterns from data.
Applied to our scenario, this implies that the distribution of
the Jacobian vectors J(x) should not be overly dispersed.

We formalize this as the Data Consistency Assumption.

Assumption 1 (Data Consistency Assumption). For a
well-defined task, the Jacobian vectors of individual sam-
ples are statistically concentrated around their mean.
This means the variance of the Jacobians, σ2

J :=
Ex∈Dt

[
∥J(x)− µJ∥22

]
, is significantly smaller than the

squared norm of their mean,

σ2
J ≪ ∥µJ∥22. (58)

By Chebyshev’s inequality [17], for any constant C > 1,
we have,

P
(
∥J(x)− µJ∥22 ≥ C2σ2

J

)
≤

E
[
∥J(x)− µJ∥22

]
C2σ2

J

=
σ2
J

C2σ2
J

=
1

C2
.

(59)

This implies that the squared Euclidean distance between
the random vector J(x) and its mean µJ is bounded by
C2σ2

J with a probability of at least 1 − 1/C2. In other
words, for a “typical” (i.e., high-probability) sample x′, its
Jacobian vector J(x) satisfies,

∥J(x′)− µJ∥2 < CσJ . (60)

Now, we bound the angle θx′ = ∠(J(x′), µJ) for such a
typical sample. Consider the triangle formed by the origin
and the endpoints of the vectors J(x′) and µJ . By the prop-
erties of vector geometry (related to the Law of Sines [4]),
the sine of the angle θx′ is bounded by the ratio of the length
of the opposing side to the length of the adjacent side,

sin(θx′) ≤ ∥J(x′)− µJ∥2
∥J(x′)∥2

. (61)

We have an upper bound for the numerator, ∥J(x)−µJ∥2 <
CσJ . For the denominator, we use the reverse triangle in-
equality [18] to find a lower bound,

∥J(x′)∥2 = ∥µJ + (J(x′)− µJ)∥2
≥ ∥µJ∥2 − ∥J(x′)− µJ∥2
> ∥µJ∥2 − CσJ .

(62)

Substituting these bounds, we get,

sin(θx′) <
CσJ

∥µJ∥2 − CσJ
=

C(σJ/∥µJ∥2)
1− C(σJ/∥µJ∥2)

. (63)

Given Assumption 1, the ratio σJ/∥µJ∥2 is a value much
smaller than 1. Therefore, the right-hand side of the in-
equality is a very small positive number. Since sin(θx′) is
very small, the angle θx′ must also be very close to zero.
This establishes our second directional link,

Direction(J(x)) ≈ Direction(µJ), for a typical x ∈ Dt.
(64)

Combining the two parts, we have shown that for a typi-
cal sample x ∈ Dt,

Direction(J(x)) ≈ Direction(µJ) ≈ Direction(τt). (65)

This directional alignment justifies the approximation used
in the main proof, allowing the angle between τj and J(x)
to be replaced by the angle between τj and τt. This com-
pletes the proof.

G.3. Proposition 3 and Proof (Norm Control)
Proposition 3. The Frobenius norm of a matrix is bounded
by its deviation from orthonormality. Specifically, for a
matrix W ∈ Rm×d, if its deviation from being identity is
bounded by ∥W⊤W − Id∥2F ≤ ξ for some constant ξ ≥ 0,
then its squared Frobenius norm is bounded by,

∥W∥2F ≤ d+
√
dξ. (66)

Several prior works have implicitly or explicitly lever-
aged the norm-controlling property of orthogonality [2, 15,
23]. Here, we provide a formal and rigorous proof to estab-
lish this principle.

Proof. We aim to find the maximum possible value of
∥W∥2F under the given constraint. This can be formulated
as a constrained optimization problem,

max
W

∥W∥2F .

s.t. ∥W⊤W − Id∥2F ≤ ξ
(67)

To solve this, we use the Singular Value Decomposition
(SVD) [5] of W . Let W = UΣV ⊤, where U ∈ Rm×m

and V ∈ Rd×d are orthogonal matrices, and Σ ∈ Rm×d

is a rectangular diagonal matrix with non-negative singular
values {σ1, σ2, . . . , σd} on its diagonal.

First, we rewrite the objective function in terms of the
singular values. Because Frobenius norm is invariant under
orthogonal transformations, we can get,

∥W∥2F = ∥UΣV ⊤∥2F = ∥Σ∥2F =

d∑
i=1

σ2
i . (68)



Next, we rewrite the constraint. We have W⊤W =
(UΣV ⊤)⊤(UΣV ⊤) = V Σ⊤U⊤UΣV ⊤ = V (Σ⊤Σ)V ⊤.
Let D = Σ⊤Σ, which is a d × d diagonal matrix with di-
agonal elements Dii = σ2

i . Again, using the orthogonal
invariance of the Frobenius norm,

∥W⊤W − Id∥2F = ∥V DV ⊤ − V IdV
⊤∥2F

= ∥V (D − Id)V
⊤∥2F = ∥D − Id∥2F .

(69)
Since D − Id is a diagonal matrix, its squared Frobenius
norm is the sum of the squares of its diagonal elements,

∥D − Id∥2F =

d∑
i=1

(σ2
i − 1)2. (70)

The original problem is now equivalent to a simpler op-
timization problem over the squared singular values. Let
xi = σ2

i ≥ 0,

max

d∑
i=1

xi.

s.t.
d∑

i=1

(xi − 1)2 ≤ ξ

(71)

To find the maximum, the constraint must be active, i.e.,∑d
i=1(xi − 1)2 = ξ. We use the method of Lagrange mul-

tipliers [14]. The Lagrangian is,

L(x, λ) =
d∑

i=1

xi − λ

(
d∑

i=1

(xi − 1)2 − ξ

)
. (72)

Taking the partial derivative with respect to xj and setting
it to zero,

∂L
∂xj

= 1− λ · 2(xj − 1) = 0. (73)

xj − 1 =
1

2λ
=⇒ xj = 1 +

1

2λ
. (74)

This shows that at the optimal point, all xj must be equal.
Let x1 = x2 = · · · = xd = x∗.

Substituting xi = x∗ into the active constraint,

d∑
i=1

(x∗ − 1)2 = d(x∗ − 1)2 = ξ. (75)

Solving for x∗, we get,

(x∗ − 1)2 =
ξ

d
=⇒ x∗ − 1 = ±

√
ξ

d
, (76)

x∗ = 1±
√

ξ

d
. (77)

To maximize the objective function
∑

xi = d ·x∗, we must
choose the positive root,

x∗
max = 1 +

√
ξ

d
. (78)

Finally, the maximum value of the objective function is,

max ∥W∥2F =

d∑
i=1

x∗
max = d · x∗

max

= d

(
1 +

√
ξ

d

)
= d+

√
dξ.

(79)

This establishes the upper bound and completes the proof.

G.4. Detailed Proof of Angle Control Mechanism
This section provides the full proof for Step 3 of Theorem 2,
showing that our orthogonal regularization statistically pro-
motes orthogonality between different task vectors.

G.4.1. Proposition 4 and Detailed Proof
Proposition 4. Let P ∈ Rd×d be a symmetric positive
semi-definite matrix. If ∥P 2− Id∥F ≤

√
ξ, then ∥P − Id∥F

is also bounded, and specifically satisfies,

∥P − Id∥F ≤ ∥P 2 − Id∥F . (80)

Proof. Since P is symmetric, it has an eigenvalue decom-
position P = UΛU⊤, where U is an orthogonal matrix
and Λ is a diagonal matrix of non-negative eigenvalues
λ1, . . . , λd ≥ 0. The Frobenius norm is invariant under or-
thogonal transformations. Thus, we can express the norms
in terms of the eigenvalues,

∥P − Id∥2F = ∥UΛU⊤ − UIdU
⊤∥2F

= ∥U(Λ− Id)U
⊤∥2F

= ∥Λ− Id∥2F

=

d∑
i=1

(λi − 1)2.

(81)

Similarly, since P 2 = (UΛU⊤)(UΛU⊤) = UΛ2U⊤,

∥P 2 − Id∥2F = ∥U(Λ2 − Id)U
⊤∥2F

= ∥Λ2 − Id∥2F

=

d∑
i=1

(λ2
i − 1)2

(82)

Now we compare the terms for each eigenvalue,

(λ2
i−1)2 = ((λi−1)(λi+1))2 = (λi−1)2 ·(λi+1)2 (83)



Since P is positive semi-definite, λi ≥ 0. This implies
λi + 1 ≥ 1, and therefore (λi + 1)2 ≥ 1. Multiplying both
sides by the non-negative quantity (λi − 1)2, we get

(λi − 1)2 · (λi + 1)2 ≥ (λi − 1)2 · 1. (84)

This means (λ2
i − 1)2 ≥ (λi − 1)2 for all i. Summing over

all i,
d∑

i=1

(λ2
i − 1)2 ≥

d∑
i=1

(λi − 1)2. (85)

Substituting the norm expressions back, we have,

∥P 2 − Id∥2F ≥ ∥P − Id∥2F . (86)

Taking the square root of both sides yields the desired result,

∥P − Id∥F ≤ ∥P 2 − Id∥F . (87)

G.4.2. Proof of Angle Control
Proof. Our goal is to show that enforcing an internal or-
thogonal structure on the update matrices ∆Wt and ∆Wj

statistically drives their corresponding task vectors τt and
τj towards orthogonality. That is, E[| cos∠(τt, τj)|] ≈ 0.
This is equivalent to showing that the inner product ⟨τt, τj⟩
is statistically concentrated around zero.

The total inner product is the sum of layer-wise inner
products,

⟨τt, τj⟩ =
∑

l∈Layers

⟨vec(∆W
(l)
t ), vec(∆W

(l)
j )⟩. (88)

We analyze the inner product for a single layer, dropping
the superscript (l) for clarity: ⟨vec(∆Wt), vec(∆Wj)⟩.

Our Lortho = ∥∆W⊤∆W − I∥2F encourages the result-
ing update matrix ∆W ∗ to be approximately orthogonal,
satisfying ∥(∆W ∗)⊤∆W ∗ − I∥2F ≤ ξ for a small ξ.

Using Polar Decomposition [6], any such matrix ∆W ∗

can be uniquely decomposed into ∆W ∗ = QP , where Q ∈
Vd(Rm) is a matrix with orthonormal columns (an element
of the Stiefel manifold) and P =

√
(∆W ∗)⊤∆W ∗ is a

symmetric positive semi-definite matrix.
Substituting this relation into our regularization con-

straint, ∥(∆W ∗)⊤∆W ∗− I∥2F ≤ ξ, we have ∥P 2− I∥2F ≤
ξ. By Proposition 4, this implies that P is close to the iden-
tity matrix, i.e., ∥P − I∥F is also small. We can thus write
P = I + E, where E = P − I is an “error” matrix with a
small Frobenius norm ∥E∥F .

Therefore, the update matrices for tasks t and j can be
written as,

∆Wt = Qt +QtEt, (89)

∆Wj = Qj +QjEj , (90)

where Qt, Qj are matrices on Stiefel manifold, and Et, Ej

are error matrices with small norms controlled by ξ.
Now, we analyze the inner product of their vectorized

forms,

⟨vec(∆Wt), vec(∆Wj)⟩
= ⟨vec(Qt +QtEt), vec(Qj +QjEj)⟩.

(91)

Expanding this expression yields four terms,

= ⟨vec(Qt), vec(Qj)⟩︸ ︷︷ ︸
Main Term

+ ⟨vec(Qt), vec(QjEj)⟩︸ ︷︷ ︸
Error Term 1

+ ⟨vec(QtEt), vec(Qj)⟩︸ ︷︷ ︸
Error Term 2

+ ⟨vec(QtEt), vec(QjEj)⟩︸ ︷︷ ︸
Error Term 3

.

(92)
We analyze the expectation of each term, assuming that the
fine-tuning processes for distinct tasks t and j result in in-
dependently sampled matrices from the space of approxi-
mately orthogonal matrices.
Main Term. Qt and Qj are independent, random matrices
from the Stiefel manifold Vd(Rm). According to Lemma 2
(proven in Appendix G.4.3), the expected value of their in-
ner product is zero,

E[⟨vec(Qt), vec(Qj)⟩] = 0. (93)

And, Lemma 2 states that the probability distribution of this
inner product is sharply concentrated around zero.
Error Terms. We bound the magnitude of the error terms
using the Cauchy-Schwarz inequality.

For Error Term 1,

|⟨vec(Qt), vec(QjEj)⟩| ≤ ∥vec(Qt)∥2 · ∥vec(QjEj)∥2.
(94)

Since Qt has d orthonormal columns, ∥vec(Qt)∥22 =
∥Qt∥2F = d. Since Qj is an orthogonal transformation,
∥vec(QjEj)∥2 = ∥QjEj∥F = ∥Ej∥F . Thus, the term is
bounded by

√
d · ∥Ej∥F . As ∥Ej∥F is a small value con-

trolled by the regularizer, this error term is negligible.
Error Term 2 is similarly bounded by

√
d · ∥Et∥F and is

also negligible.
Error Term 3 is bounded by ∥vec(QtEt)∥2 ·

∥vec(QjEj)∥2 = ∥Et∥F · ∥Ej∥F , which is a second-order
small term and even more negligible.

Since the main term has an expected value of zero and
the error terms are negligible, the expected inner product
for a single layer is approximately zero.

E[⟨vec(∆Wt), vec(∆Wj)⟩] ≈ 0. (95)

By linearity of expectation, the expected inner product
of the full task vectors is also approximately zero,

E[⟨τt, τj⟩] =
∑
l

E[⟨vec(∆W
(l)
t ), vec(∆W

(l)
j )⟩] ≈ 0.

(96)



Because the distribution of the main term at each layer is
sharply peaked at zero, the distribution of the sum (the to-
tal inner product) will also be sharply peaked at zero. This
implies that τt and τj are statistically very likely to be or-
thogonal, and thus E[| cos∠(τt, τj)|] ≈ 0. This completes
the proof of the angle control mechanism.

G.4.3. Lemma 2 and Detailed Proof: Stiefel Manifold
Inner Product

Lemma 2. Let A and B be two matrices independently and
uniformly sampled from the Stiefel manifold Vd(Rm) [1]
(the set of m× d matrices with orthonormal columns). Let
Z = ⟨vec(A), vec(B)⟩. Then,

(1) The expected value of the inner product is zero:
E[Z] = 0.

(2)The probability distribution of Z is sharply concen-
trated around 0.

Proof. Part 1: Proof of Zero Expectation.
The inner product can be written as the trace of the ma-

trix product: Z = Tr(A⊤B). Due to the independence of
A and B, the expectation of the product is the product of
expectations,

E[Z] = EA[EB [Tr(A⊤B)|A]] = EA[Tr(A⊤EB [B])].
(97)

Let’s compute E[B]. The distribution of B is the uni-
form (Haar) measure on Vd(Rm). This distribution is in-
variant under left-multiplication by any orthogonal matrix
Q ∈ O(m), where O(m) is the group of m×m orthogonal
matrices. This means that for any Q ∈ O(m), the random
matrix QB has the same distribution as B. Therefore,

E[B] = E[QB] = QE[B]. (98)

This equality must hold for all Q ∈ O(m). Let’s consider a
specific reflection matrix Q that negates the first coordinate,
e.g., Q = diag(−1, 1, . . . , 1). If the first row of E[B] were a
non-zero vector r, then the first row of QE[B] would be −r.
The equality E[B] = QE[B] would imply r = −r, which
is only possible if r = 0. This logic applies to every row
by choosing appropriate reflection matrices. Therefore, the
only matrix that satisfies this condition for all Q ∈ O(m) is
the zero matrix.

E[B] = 0. (99)

Substituting this back into the expectation for Z, we get,

E[Z] = Tr(E[A⊤] · 0) = 0. (100)

This proves the first part of the lemma.
Part 2: Proof of Concentration around Zero.
This is a geometric argument. The vectors vec(A) and

vec(B) are not arbitrary vectors in Rm×d. They are con-
strained to lie on the submanifold vec(Vd(Rm)). The con-
dition A⊤A = Id imposes d(d+1)

2 independent constraints

on the elements of A. This means the dimension of the
Stiefel manifold Vd(Rm) is dim(V ) = md− d(d+1)

2 .
The co-dimension of this submanifold within the ambi-

ent space Rm×d is d(d+1)
2 , which is positive for d ≥ 1. The

condition for orthogonality, ⟨vec(A), vec(B)⟩ = 0, defines
a hyperplane in the product space. The probability density
of Z at a value z0 is proportional to the “volume” of the
surface defined by ⟨vec(A), vec(B)⟩ = z0 on the product
manifold Vd(Rm)× Vd(Rm).

Intuitively, because the vectors are already living in a
lower-dimensional space due to the internal orthogonality
constraints, the additional constraint of being orthogonal to
another such vector is “easier” to satisfy. The intersection
of the hyperplane ⟨a,b⟩ = 0 with the product manifold is
larger than its intersection with the product of two spheres
of the same dimension. This geometric fact leads to a higher
probability density at Z = 0, creating a sharp peak in the
distribution. This indicates that two random matrices from
Stiefel manifold are much more likely to be nearly orthogo-
nal than two completely random unit vectors in Rm×d.

H. Comparative Analysis with TTA
H.1. Theoretical Connection
In this section, we establish a theoretical connection be-
tween our proposed method (OrthoReg) and Tangent Task
Arithmetic (TTA) [16]. We demonstrate that both meth-
ods, despite their different implementations, derive their
effectiveness from a shared underlying mechanism: pro-
moting orthogonality between different task vectors (i.e.,
⟨τt, τj⟩ ≈ 0 for t ̸= j). This inter-task vector orthogonality
is a key driver for achieving weight disentanglement.

As proven in Theorem 2 (specifically, the Angle Control
mechanism in Appendix G.4.2), our OrthoReg achieves this
goal explicitly. By enforcing an internal orthogonal struc-
ture on each update matrix ∆W , it statistically drives the
resulting full task vectors towards orthogonality.

In contrast, TTA achieves this goal implicitly by lever-
aging the geometric properties of the pre-trained model’s
Neural Tangent Kernel (NTK). We now provide a detailed
derivation to formalize this connection.

TTA operates by performing fine-tuning in the tangent
space of the pre-trained model θ0. The model’s output is
approximated by its first-order Taylor expansion,

f(x; θ0 + τ) ≈ f(x; θ0) + τ⊤J(x), (101)

where J(x) = ∇θf(x; θ0) is the Jacobian. The optimiza-
tion is performed over the task vector τ directly. For a task t
with data {(xi, yi)}Nt

i=1 from domain Dt, the TTA objective
can be formulated as a regularized empirical risk minimiza-
tion problem, for instance, using a mean-squared error loss:

min
τt

1

Nt

Nt∑
i=1

∥∥(f(xi; θ0) + τ⊤t J(xi))− yi
∥∥2
2
+ λ∥τt∥22.



Table 1. Computational cost comparison on the Cars dataset using a ViT-L-14 model. The table highlights the efficiency of OrthoReg.
The final column shows the Absolute Accuracy from the task addition benchmark (as seen in Table 1 of the main paper). While applying
OrthoReg to Non-linear Fine-tuning (Non-lin. FT) achieves performance that is superior to Tangent Task Arithmetic (TTA) and significantly
better than the baseline Non-lin. FT, this table further demonstrates its superior computational efficiency. As seen, TTA incurs substantial
overhead in both training time and memory, whereas OrthoReg adds only a modest cost to the baseline. The colored cells visually
emphasize the significant difference in computational cost between TTA and our proposed method.

Fine-tuning Method Total Trainable Training Peak GPU Abs. Acc.
Params (M) Params (M) Time (Min) Mem (MB) (%)

Full Fine-tuning Methods

Non-lin. FT [9] (Baseline) 342.56 342.56 158.21 42589.22 84.07
TTA [16] (Linearized) 685.12 342.56 280.86 68031.34 86.19
Non-lin. FT + OrthoReg (ours) 342.56 342.56 177.04 44500.27 88.23

Parameter-Efficient Fine-tuning (Attention-Only)

ATT-FT [11] 342.56 100.66 126.28 36591.06 87.81
ATT-FT + OrthoReg (ours) 342.56 100.66 132.96 36976.50 90.41

This is a linear ridge regression problem in the variable τt.
According to the Representer Theorem, the optimal solution
τ∗t must lie in the subspace spanned by the Jacobians of the
training data points. Therefore, τ∗t can be expressed as a
linear combination of these Jacobians,

τ∗t =

Nt∑
i=1

αiJ(xi), (102)

where {αi} are scalar coefficients determined by the opti-
mization.

Now, consider the inner product between two task vec-
tors, τ∗t and τ∗j , obtained by applying TTA to two different
tasks, t and j,

⟨τ∗t , τ∗j ⟩ =

〈
Nt∑
i=1

αiJ(xi),

Nj∑
k=1

βkJ(xk)

〉
, (103)

where {xi} ⊂ Dt and {xk} ⊂ Dj . By linearity of the inner
product, this becomes,

⟨τ∗t , τ∗j ⟩ =
Nt∑
i=1

Nj∑
k=1

αiβk⟨J(xi), J(xk)⟩. (104)

The term ⟨J(xi), J(xk)⟩ is precisely the definition of the
Neural Tangent Kernel (NTK) evaluated at the pair of inputs
(xi, xk),

kNTK(xi, xk) = J(xi)
⊤J(xk). (105)

Therefore, the inner product of the task vectors is a
weighted sum of NTK values between the data points of
the two tasks,

⟨τ∗t , τ∗j ⟩ =
Nt∑
i=1

Nj∑
k=1

αiβk kNTK(xi, xk). (106)

A central empirical finding of the TTA paper [16] is that
the NTK of large pre-trained models, such as CLIP, exhibits
a strong localization property. This property means that the
kernel function value is significant only when both inputs
are from the same task domain and decays rapidly to near-
zero when the inputs are from different, unrelated task do-
mains. Formally, for distinct tasks t ̸= j,

kNTK(xi, xk) ≈ 0 for all xi ∈ Dt and xk ∈ Dj . (107)

Substituting this result into our expression for the inner
product, we find that every term in the double summation
is approximately zero. Consequently, the entire sum is ap-
proximately zero,

⟨τ∗t , τ∗j ⟩ ≈
Nt∑
i=1

Nj∑
k=1

αiβk · 0 ≈ 0. (108)

This derivation shows that TTA’s effectiveness in pro-
moting weight disentanglement stems from its ability to im-
plicitly construct task vectors that are nearly orthogonal to
each other. This orthogonality is not an explicit constraint
but rather an emergent property arising from the localized
structure of the pre-trained model’s NTK.

Our analysis thus unifies our method and TTA under a
common principle: inter-task vector orthogonality is a core
mechanism for achieving weight disentanglement. Our Or-
thoReg method provides a more direct, explicit to enforce
this geometric property, which explains its ability to further
enhance the performance of TTA and other task arithmetic
methods, as demonstrated in our experiments.

H.2. Experimental Performance Comparison and
Analysis

As established in Section 4.4 and Appendix H.1, both our
OrthoReg method and Tangent Task Arithmetic (TTA) [16]
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Angle Distributions of Weight Matrix Columns in ViT-B-16

Figure 1. Angle distributions of weight matrix columns for all layers in ViT-B/16. Each subplot displays a histogram of the angles
(in degrees) between all pairs of column vectors for a specific weight matrix. The red dashed line indicates the 90◦ point of perfect
orthogonality. The plots are ordered sequentially, starting with the embedding layers, followed by the 12 transformer blocks.
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Figure 2. The accuracy of merged models across the eight benchmark tasks for different ViT architectures. Each subplot shows the
performance for a specific baseline method: zero-shot (gray), the baseline’s merged model (red), and the baseline enhanced with our
orthogonal regularization (blue). The rows correspond to models: (a) ViT-B-16, (b) ViT-B-32, and (c) ViT-L-14.

succeed by promoting inter-task vector orthogonality. How-
ever, we posited that OrthoReg offers a more direct, effi-
cient, and scalable approach by avoiding the costly Jaco-
bian computations inherent to TTA. This section provides
an empirical analysis to validate this claim by comparing
the computational costs, specifically training time and peak

GPU memory usage of TTA against standard fine-tuning
methods enhanced with our OrthoReg regularizer.

Experimental Setup. We conduct a controlled experiment
on the Cars dataset [13] using the ViT-L-14 model archi-
tecture. We measure the wall-clock training time and peak
GPU memory consumption for a single fine-tuning run.



Table 2. The minimum average Target Accuracy (Tar.Acc.) achievable while maintaining at least 90% of the zero-shot accuracy on the
ImageNet control task (Con.Acc.). Our proposed orthogonal regularization (+OrthoReg) shows a consistent and significant improvement
in forgetting the target task. An asterisk (*) denotes the best (lowest) target accuracy for each model architecture.

Method ViT-B-32, 8 tasks ViT-B-16, 8 tasks ViT-L-14, 8 tasks

Tar.Acc.(↓) Con.Acc. (↑) Tar.Acc.(↓) Con.Acc. (↑) Tar.Acc.(↓) Con.Acc. (↑)

zero-shot 47.74 66.70 54.22 68.34 64.54 77.44

Non-linear Finetuning [9] 17.34 60.80 14.92 63.63 13.51 72.51
Non-lin. FT+OrthoReg (ours) 14.14 60.84 13.78 65.69 12.69 74.17

∆ -3.20 +0.04 -1.14 +2.06 -0.82 +1.66

Tangent Task Arithmetic [16] 7.36 62.08 6.68 65.49 5.07 72.51
TTA+OrthoReg (ours) 6.66 62.19 4.77 65.13 3.83 72.87

∆ -0.70 +0.11 -1.91 -0.36 -1.24 +0.36

Attention-Only Fine-tuning [11] 19.11 64.82 19.01 67.67 24.85 76.42
ATT-FT+OrthoReg (ours) 10.75 62.18 10.63 64.10 11.47 73.17

∆ -8.36 -2.64 -8.38 -3.57 -13.38 -3.25

LoRA-ATT 16.85 63.23 19.44 67.28 21.23 75.41
LoRA-ATT+OrthoReg (ours) 14.59 61.68 17.25 67.08 10.10 72.19

∆ -2.26 -1.55 -2.19 -0.20 -11.13 -3.22

Table 3. The minimum average Target Accuracy (Tar.Acc.) achievable while maintaining at least 80% of the zero-shot accuracy on the
ImageNet control task (Con.Acc.). Our proposed orthogonal regularization (+OrthoReg) shows a consistent and significant improvement
in forgetting the target task. An asterisk (*) denotes the best (lowest) target accuracy for each model architecture.

Method ViT-B-32, 8 tasks ViT-B-16, 8 tasks ViT-L-14, 8 tasks

Tar.Acc.(↓) Con.Acc. (↑) Tar.Acc.(↓) Con.Acc. (↑) Tar.Acc.(↓) Con.Acc. (↑)

zero-shot 47.74 66.70 54.22 68.34 64.54 77.44

Non-linear Finetuning [9] 11.97 54.43 11.65 59.20 12.67 70.59
Non-lin. FT+OrthoReg (ours) 10.24 57.06 10.40 61.39 9.30 72.33

∆ -1.73 +2.63 -1.25 +2.19 -3.37 +1.74

Tangent Task Arithmetic [16] 5.70 60.76 5.61 64.53 2.84 70.81
TTA+OrthoReg (ours) 3.26 59.26 2.10 62.61 1.86 70.23

∆ -2.44 -1.50 -3.51 -1.92 -0.98 -0.58

Attention-Only Fine-tuning [11] 19.11 64.82 19.01 67.67 24.85 76.42
ATT-FT+OrthoReg (ours) 7.23 58.38 8.08 61.21 8.12 68.46

∆ -11.88 -6.44 -10.93 -6.46 -16.73 -7.96

LoRA-ATT 15.58 62.4 15.83 62.40 21.23 75.41
LoRA-ATT+OrthoReg (ours) 11.00 58.47 9.19 60.41 7.68 69.83

∆ -4.58 -3.93 -6.64 -1.99 -13.55 -5.58

Results and Analysis. The results, summarized in Ta-
ble 1 are organized to highlight the efficiency trade-offs
between different full-parameter fine-tuning strategies and
their parameter-efficient counterparts.

The primary comparison focuses on the full fine-tuning
methods. Standard Non-linear Fine-tuning (Non-lin. FT)
serves as our baseline, completing training in 158.21 min-
utes and consuming 42589.22 MB of peak GPU memory.
In stark contrast, TTA [16], which operates on a linearized
model, is substantially more resource-intensive. It requires

280.86 minutes (a 77.5% increase in time) and 68031.34
MB of memory (a 59.7% increase), confirming that its re-
liance on Jacobian computations imposes a significant com-
putational burden.

Our proposed OrthoReg, when applied to Non-lin. FT,
introduces only a moderate overhead for its regularization
calculations, resulting in a total cost of 177.04 minutes and
44500.27 MB of memory during the training phase. Cru-
cially, this is significantly more efficient than TTA in both
time and memory, while achieving superior or comparable



task-addition performance as shown in the main text and
the last column of Table 1 (e.g., for ViT-L-14, Non-lin. FT
+ OrthoReg achieves 88.23% Abs.Acc. vs. TTA’s 86.19%).
This demonstrates that OrthoReg provides a more efficient
path to enforcing the properties that benefit task arithmetic.

This efficiency advantage is also evident in the
parameter-efficient setting. As shown in the lower section
of Table 1, applying OrthoReg to ATT-FT baseline results
in only a minimal increase in computational cost. The train-
ing time rises modestly from 126.28 to 132.96 minutes, and
peak memory usage increases marginally from 36591.06
MB to 36976.50 MB. However, the performance increases
considerably from 87.81% to 90.41%. This demonstrates
that the substantial performance improvements gained from
OrthoReg come at a very low computational price, further
highlighting its practicality.

In conclusion, these experiments provide strong empiri-
cal evidence that OrthoReg achieves the goal of promoting
task vector orthogonality more efficiently than TTA. This
efficiency, combined with the superior performance demon-
strated in our main results, establishes OrthoReg as a more
effective and accessible tool for reliable task arithmetic.

I. Experiments Details

The Normalized Accuracy (Norm.Acc.) metric evaluates
the performance of the merged multi-task model (θMT ) rel-
ative to individually fine-tuned single-task models (θ∗t ). It is
defined as the average of the performance ratios across all
T tasks. A score of 100% indicates that the merged model
performs, on average, on par with the individual specialist
models, suggesting a successful composition with minimal
negative interference.

The formula is given by,

Norm.Acc. =

(
1

T

T∑
t=1

acc(θMT ,Dt)

acc(θ∗t ,Dt)

)
× 100%, (109)

where T is the total number of tasks being merged,
acc(θMT ,Dt) is the accuracy of the merged model on test
set for task t and acc(θ∗t ,Dt) is the accuracy of the model
fine-tuned only on task t, evaluated on its own test set.

This definition is consistent with the evaluation protocol
established in prior work [9, 11, 16].

J. More Experimental Results

J.1. Detailed Visualization of Orthogonality
To provide comprehensive empirical support for the claim
made in Section 4.2.3, this part presents a detailed visual-
ization of the weight vector angle distributions for all linear
layers within the pre-trained CLIP ViT-B/16 model. Fig-
ure 1 displays the histograms for each weight matrix.

As illustrated in Figure 1, a clear and consistent pattern
emerges across the model’s layers. We observe two distinct
behaviors. (1) Embedding Layers. The first two subplots
correspond to the patch embedding and pos embedding
layers. These layers show broader, more Gaussian-like dis-
tributions, which is understandable given their unique func-
tion of mapping raw inputs into the initial embedding space.
As our analysis primarily concerns the transformation dy-
namics within the main model body, these layers are not
the central focus of our study. (2) Transformer Blocks. In
stark contrast, nearly all subsequent weight matrices, which
constitute the core computational machinery of the model,
including the query, key, value (QKV) projections, atten-
tion output projections (proj), and MLP layers within all
12 transformer blocks, exhibit angle distributions that are
sharply and narrowly peaked at 90 degrees.

This detailed, per-layer visualization provides robust ev-
idence that near-orthogonality is not an isolated occur-
rence but a pervasive geometric property of the pre-trained
model’s core processing blocks.

J.2. Detailed Per-Task Performance Visualization
This section supplements the analysis in Section 5.2 by pro-
viding the comprehensive per-task performance radar charts
for all evaluated architectures: ViT-L-14, ViT-B-16, and
ViT-B-32. The results shown in Figure 2 reinforce and ex-
pand upon the findings presented in the main body. We
consistently observe that applying OrthoReg (the blue area)
leads to a larger performance footprint compared to the
baselines (the red area) across the vast majority of tasks,
methods, and architectures. This further corroborates our
claim that OrthoReg is a model-agnostic regularizer that ef-
fectively mitigates task interference, leading to broad per-
formance gains in multi-task scenarios.

J.3. Details About Task Negation
In this section, we provide additional details for the task
negation experiments discussed in Section 5.3. When the
accuracy requirement on the control task is further relaxed,
such as to 90% (see Table 2) or 80% (see Table 3), the
effect of task negation becomes progressively stronger, re-
sulting in lower accuracy on the target task. Moreover, our
OrthoReg regularizer can further enhance the negation ef-
fect while still meeting the control-task accuracy threshold.
In some cases, it even improves control-task accuracy while
reducing target-task accuracy. These results demonstrate
that our method effectively disentangles task-specific fea-
ture information, substantially reducing undesired interfer-
ence with non-target tasks during the task negation process.

J.4. Visualization of Task Vector Similarity
To supplement the analysis in Section 5.4, this section pro-
vides additional task vector similarity heatmaps. These fig-



(a) Non-lin. FT (b) TTA (c) ATT-FT (d) LoRA-ATT

(e) Non-lin. FT+OrthoReg (f) TTA+OrthoReg (g) ATT-FT+OrthoReg (h) LoRA-ATT+OrthoReg

Figure 3. Pairwise cosine similarity heatmaps of task vectors for ViT-B-16 across different methods. The top row shows the baseline
methods, where significant off-diagonal correlation (brighter colors) is visible. The bottom row shows the same methods with our OrthoReg
regularizer. The consistently darker off-diagonal values in the bottom row provide strong empirical validation that OrthoReg successfully
produces more orthogonal task vectors, mitigating a key source of task interference.

(a) Non-lin. FT (b) TTA (c) ATT-FT (d) LoRA-ATT

(e) Non-lin. FT+OrthoReg (f) TTA+OrthoReg (g) ATT-FT+OrthoReg (h) LoRA-ATT+OrthoReg

Figure 4. Pairwise cosine similarity heatmaps of task vectors for VIT-B-32 across different methods. The top row shows the baseline
methods, where significant off-diagonal correlation (brighter colors) is visible. The bottom row shows the same methods with our OrthoReg
regularizer. The consistently darker off-diagonal values in the bottom row provide strong empirical validation that OrthoReg successfully
produces more orthogonal task vectors, mitigating a key source of task interference.

ures (Figure 3, Figure 4, Figure 5) illustrate the effect of Or-
thoReg across different baseline methods and model archi-
tectures, consistently demonstrating that our method pro-

duces more orthogonal task vectors.



(a) Non-lin. FT (b) TTA (c) ATT-FT (d) LoRA-ATT

(e) Non-lin. FT+OrthoReg (f) TTA+OrthoReg (g) ATT-FT+OrthoReg (h) LoRA-ATT+OrthoReg

Figure 5. Pairwise cosine similarity heatmaps of task vectors for ViT-L-14 across different methods. The top row shows the baseline
methods, where significant off-diagonal correlation (brighter colors) is visible. The bottom row shows the same methods with our OrthoReg
regularizer. The consistently darker off-diagonal values in the bottom row provide strong empirical validation that OrthoReg successfully
produces more orthogonal task vectors, mitigating a key source of task interference.

Table 4. Performance comparison of different LoRA module configurations with and without orthogonality regularization. The last row
under each module shows the improvement (∆) from OrthoReg.

LoRA Modules Finetuning ViT-B-32, 8 tasks ViT-B-16, 8 tasks ViT-L-14, 8 tasks

Mode Abs.Acc.(↑) Norm.Acc.(↑) Abs.Acc.(↑) Norm.Acc.(↑) Abs.Acc.(↑) Norm.Acc.(↑)

qkvofp (All)
LoRA 73.03 81.89 75.18 81.83 85.44 90.98
+OrthoReg 74.71 84.31 78.07 85.23 87.69 93.67
∆ +1.68 +2.42 +2.89 +3.40 +2.25 +2.69

qkvo– (Attn All)
LoRA 73.95 84.19 76.31 84.04 87.13 93.49
+OrthoReg 76.20 86.55 80.48 91.97 89.14 95.49
∆ +2.25 +2.36 +4.17 +7.93 +2.01 +2.00

qkv— (Q,K,V)
LoRA 70.14 80.98 74.69 82.82 85.03 91.67
+OrthoReg 73.68 84.40 78.10 86.27 87.56 93.97
∆ +3.54 +3.42 +3.41 +3.45 +2.53 +2.30

q-v— (Q,V only)
LoRA 69.25 80.30 75.15 83.35 84.39 91.11
+OrthoReg 72.71 83.77 77.03 85.37 86.58 93.29
∆ +3.46 +3.47 +1.88 +2.02 +2.19 +2.18

—-fp (MLP only)
LoRA 69.19 78.01 71.24 78.02 81.98 87.78
+OrthoReg 68.92 77.77 72.05 78.72 82.80 88.13
∆ -0.27 -0.24 +0.81 +0.70 +0.82 +0.35

J.5. Detailed Ablation Study on LoRA Components

This part provides additional details and results to supple-
ment the LoRA ablation study presented in Section 5.1.

J.5.1. Rationale for Module Selection

The selection of different module subsets for our LoRA-
based ablation study was designed to systematically probe
the effect of OrthoReg on distinct functional components of
the Vision Transformer.



• All Tunable Layers. qkvofp: This represents the most
comprehensive PEFT approach, applying LoRA to all
available linear layers (attention and MLP). It serves as
a baseline to evaluate the effect of tuning the entire model
in a parameter-efficient manner.

• MLP Layers Only. —fp: This configuration isolates the
FFN or MLP blocks. By tuning only these layers, we can
assess their specific contribution to task adaptation and
how OrthoReg influences them in isolation.

• Attention Subsets. qkvo–, qkv—, and q-v—: These con-
figurations focus on the multi-head self-attention mech-
anism, which is widely considered crucial for capturing
task-specific patterns.
– qkvo– tunes all four projection matrices (query, key,

value, and output), representing a full intervention
within the attention block.

– qkv— omits the output projection, allowing us to gauge
its importance.

– q-v— is a particularly important configuration. Prior
work [24] has identified that fine-tuning only the query
and value matrices can be a highly effective and
parameter-efficient strategy.

By comparing these configurations, we can draw nuanced
conclusions about where task-specific knowledge is stored
and how promoting orthogonality in different components
contributes to the final performance of task arithmetic.

J.5.2. results

Table 4 summarizes the effect of applying OrthoReg across
different LoRA module configurations. Overall, OrthoReg
consistently improves performance in all settings except
the MLP-only configuration. The largest gains appear in
attention-related modules , such as qkvo– , with improve-
ments up to +4.17 points on ViT-B-16. This aligns with
the common understanding that attention layers carry most
of the task-specific information, and orthogonalizing their
updates most effectively reduces feature entanglement.

Full-layer tuning (qkvofp) also benefits substantially
from OrthoReg, indicating that larger tunable subspaces al-
low orthogonality constraints to better isolate task-relevant
directions. The Q,V-only configuration (q-v—), previously
identified as an efficient tuning strategy, also shows stable
improvements when combined with OrthoReg.

The only exception is the MLP-only setup, where Or-
thoReg slightly reduces accuracy on smaller models. This
suggests that MLP layers contribute less task-specific varia-
tion, and enforcing orthogonality may occasionally restrict
useful shared representations.

Overall, the results confirm that OrthoReg most
strongly enhances the components responsible for task-
discriminative behavior, leading to more accurate task vec-
tors and more reliable task arithmetic.
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