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Figure 7. Animation of the predicted clean image mgféfl)

generation process for gradual downsizing degradation operator in
SSD framework. (Best viewed in Adobe Reader).
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6. Clarifications

We add some clarifications for our main paper here.

1. All variable names used in Algo. 1, 2, and 3 have their
usual meanings. For example, a_t, a_t_ minusl de-
note the signal coefficients a;, a;_; respectively, while
sigma_t, sigma_tminus1 denote the noise schedule
o, 0¢—1 respectively. size_out denotes the (height,
width) of the output of M operator.

7. Future Works

The focus of this work has been to analyze the connection be-
tween diffusion models and scale space theory, while propos-
ing to merge them using Scale Space Diffusion with Flexi-
UNet. We do not use any advanced techniques to tune our
framework or architectures for the most optimal performance.
Instead, we use the standard hyperparameters from the base

Figure 8. Animation of the noisy intermediate state x; over the
generation process for the gradual downsizing degradation operator
in SSD framework. (Best viewed in Adobe Reader).

codebase to keep the choices simple and the number of ex-
periments under check given the expense of each training.
The use of advanced techniques is out of scope for this work
given the conference length manuscript.

However, there are multiple future exploration directions
which have high potential for improvement in performance.
For example, adapting newer diffusion samplers instead of
using DDPM-style samplers can improve both performance
and inference speeds. Similarly, progressive curriculum
learning for different layers or resolutions, as done by works
with multi-resolution trainings [13, 22], should also yield
improvement in training optimization.

Why not use a Transformer-based architecture? The two
most popularly used architectures in diffusion are — convolu-
tional UNet [34] based ADM [11], and vision transformer
(ViT) based DiT [32]. Another popular architecture is U-
ViT [4], that combines the skip connections from UNet with
a ViT architecture. One thing to note is that, DiT was de-
signed for latent spaces and hence did not take into consid-
eration the blowing up of the quadratic complexity of the
attention mechanism when applied in the pixel space [6]. U-
ViT acknowledges this issue, and explicitly works in a latent
space for higher resolutions. Newer works like HDiT [7] try
to mitigate this issue using neighborhood attention instead
of global attention is all layers. But such non-trivial design
decisions in the architecture can develop into confounding
factors. Since our goal is to understand how scale-spaces can
be integrated into diffusion models, for simplicity we stick to
the standard ADM base architecture, a widely used pixel and
latent diffusion architecture [33]. Nonetheless, for future
work, a similar integration of scale-space theory should also
be explored with transformer based architectures.



Hyperparameter CelebA-64 CelebA-128 CelebA-256 ImageNet-64
Noise Schedule Linear Linear Linear Linear
Denoising Steps 1000 1000 1000 1000
Optimizer AdamW AdamW AdamW AdamW
Batch Size 128 128 64 128
Learning Rate 0.0001 0.0001 0.00005 0.0001
Number of Iterations 1 million 300k 300k 1 million

Table 5. Hyperparameters for all datasets.

Implementation Choice DDPM-¢ DDPM-z Blurring Diffusion SSD
Reverse Process Variance  fixed-large fixed-large fixed-small fixed-small
Loss Limpre Lgimple + Min-SNR-5 Limpte Lyimple + Min-SNR-5

Table 6. Additional implementation details.

Table 7. Inference time. By default we use DDPM sampling, but
we also show 257 steps DDIM [36] speeds.

Method #Steps  Speedup (Inference Time)  FID
1000 1.00x 2.98

DDPM-z 250 4.18x 14.00
25t 38.87x 4.70

1000 1.05x 222

DDPM-¢ 250 4.18x 11.02
25t 38.06% 3.76

. 1000 1.18x 2.14
SSD(Flexi-UNet, 2L) 250 480 587
. 1000 1.58x 4.28
SSD(Flexi-UNet, 4L) 250 591% 490

Table 8. Inference time (in secs) per gen at 64 res (1000 steps, bs=1, 1
A4000): Lanczos sampling vs. torch.randn call.

Method SSD (2L) SSD (4L)

w/ Lanczos 15.38 13.43
w/o Lanczos 15.35 13.40

8. Additional Material

8.1. Hyperparameters

The set of hyperparameters that we use for each dataset is
summarized in Table 5. We also note additional experimental
details in Table 6.

8.2. Parts of our Approach

Our approach consists of two parts. The first part is the
Scale Space Diffusion mathematical formulation and the
second part is the Flexi-UNet architecture. In the main
paper, we have presented the combination of both parts as
our complete approach. But here we also want to show that
each part is effective on its own. So, in Section 8.2.1, we
explore whether the mathematics behind SSD can be applied
without a modified architecture, while in Section 8.2.2, we
check if Flexi-UNet can be used without our mathematical
framework, summarized in Table 9.

8.2.1. Validity of SSD

One way to verify whether SSD framework works without
using a modified architecture is to assume that the actual
states of the diffusion model are at a certain resolution, but
when passing through the model, we resize them to the model

Table 9. Parts of our approach, and validity of each part.

SSD  Flexi-UNet

Section 8.2.1 v X
Section 8.2.2 X v
Main paper v v

Table 10. Results of only SSD (w/o Flexi-UNet) on CelebA-32.
(Here we resize the inputs to the model input resolution.)

Method FID
DDPM-¢ 2.85
SSD (w/o Flexi-UNet, 5L) 5.55

SSD (w/o Flexi-UNet, gradual downsizing) 4.10

input size. Similarly, the model outputs are resized to the
required output resolution before applying losses. We test
this with CelebA-32 dataset just to check the correctness
of SSD. For this, we use a DDPM reimplementation (not
ours) optimized for resolution 32 images [40] , since ADM’s
codebase does not support that resolution, and a smaller
resolution is faster to verify on. We train these models for
300 epochs and use 5 steps of resolutions (2, 4, 8, 16, 32).
We note their FIDs in Table 10.

Alternative Degradation. All the degradations used in this
work till now have been 2x downsampling. However, given
the general nature of the theory, it is not limited to just this
choice. Here we test using a gradual downsizing instead
of 2x downsizing steps. In this degradation, whenever the
resolution changes, it does so by only 1 pixel at a time. We
try going from 2 — 32. We report its FID in Table 10. We
show some static visual results in Fig. 9. We show some
interesting animated visualizations (view in Adobe Reader)
in Fig. 7, and Fig. 8.

Effect of Isotropic Approximation. Another thing we
wanted to test was whether we could approximate the non-
isotropic Gaussian noise sampling (Algo. 3) with isotropic
Gaussian noise. For testing purposes, during the generation
procedure (of the gradual downsizing degradation case), in
the resolution changing steps, we first use Algo. 3 to sample
non-isotropic noise, and then find the mean and variance over
the height and width dimensions of this noise tensor. Instead
of using the sampled non-isotropic noise for the stochasticity
in Eq. 6, we instead use an isotropic noise sampled using
torch.randn () with the calculated mean and variance.
As seen in Fig. 10, this leads to the colors becoming flat
and saturated, despite having facial structures. This shows
that the assumption of isotropic covariance for the reverse
process may not actually be valid, as assumed in [1]. And
we need to sample from non-isotropic Gaussians depending
upon the linear operator.
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Figure 9. Visual results of SSD with gradual downsizing degradation (1 pixel downsizing instead of 2x downsizing)
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Figure 10. Effect of using isotropic noise instead of non-isotropic
noise in the reverse diffusion process of SSD.

8.2.2. Effectiveness of Flexi-UNet

In this section, we demonstrate that Flexi-UNet can natu-
rally accommodate different formulations of the diffusion
process to support multi-resolution inputs and outputs. To
do so, we build upon previous works that introduce cor-
rective noise when an upsampling operation is performed
in the diffusion process [6, 20, 21]. We implement these
ideas within Flexi-UNet to both validate the flexibility of
our architecture and quantify the computational benefits ob-
tained from operating across resolutions. A key challenge
addressed in these works is the distribution mismatch that
arises when a noisy latent is upsampled. Prior works [20]
show that applying a 2x nearest-neighbor upsampling step
produces a block-structured covariance that deviates from
the forward diffusion trajectory. Their solution injects struc-
tured noise and identifies an adjusted timestep that realigns

the upsampled latent with the original process. While this
motivates our analysis, our setting is different from this in
two ways: a) we operate entirely in pixel-space rather than
latent space, and b) we consider multiple (more than one)
upsampling stages throughout the denoising process. With
these conditions in mind, our setup is as follows:

Let 7 be a valid DDPM forward state at a timestep t for
resolution r:

l’; ~ N(\/@t .'176, (1 - @t)l) 5
Let #f' = Upsample(z}),
aff ~ N (Va Uz, (1—a,)UUT)
where U is the Upsampling matrix.

Let f be a valid DDPM forward state at some other
timestep s for resolution R:

e~ N(Vaszf, (1—a,)l),

The upsampled state 27 has covariance proportional to
UUT, which differs from the isotropic Gaussian noise as-
sumed by the DDPM forward process at resolution R. To
correct this mismatch, we add corrective noise and roll back
to a previous timestep. Let the corrected sample be

R

i =axl +bz, 2~ N0, I-cUUT).

Then the distribution of 77 is
it ~ N(av/a; Uz, o®

We make an approximation to match the mean and co-
variance of 7 to 2%

(1—a)UUT +0* (I —-cUUT)).

a’ay = o,

B =1-—a, (8)
a*(1 —a;) = bc



Table 11. Results of Flexi-UNet (w/o SSD) on CelebA-64. Com-
puted at 500k iterations. Inference time is computed as the average
time (in minutes) to generate a batch of samples (256 samples).

Method FID Inference Time
Flexi-UNet (w/o SSD, Equal, 2L) 2.44 15.52
Flexi-UNet (w/o SSD, Equal, 4L) 5.79 13.32
Flexi-UNet (w/ SSD, ConvexDecay0.5, 2L) 2.26 14.98
Flexi-UNet (w/ SSD, ConvexDecay0.5, 4L) 4.87 11.20

Solving the three equations mentioned in Equation 8§,
gives us
21-a as(l —a
c= a ( at) _ Of ( fut) (9)
b2 a (1 — ay)

We first obtain the value of & that satisfies Equation 9
for a given choice of ¢, and then obtain the correspond-
ing timestep s. We sweep through values of ¢ in range
0 < ¢ < 0.25 (as mentioned in [20]) to produce different
values of s. We compute all such candidate values of s and
pick the best s empirically. For each value of ¢, we gener-
ate the corrected samples Z£* and the corresponding DDPM
forward samples 2% using 2048 training images. We then
compute the Jensen—Shannon divergence between these dis-
tributions to obtain the final backtracking index s as the one
that produces the minimum JS divergence.

This experiment serves as our validation of our proposed
method Flexi-UNet. During training, we follow a specific
resolution schedule, so that for each timestep ¢, the model
receives a state x:(t). To support distribution correction, we
additionally include timestep s, 1 to the training samples.
During inference, the denoising process follows the stan-
dard reverse diffusion trajectory, with the following change:
whenever the process reaches a timestep that has an upsam-
pling step, the model rolls back to a slightly earlier timestep
and continues denoising from that point at the higher reso-
lution. This experiment illustrates the computational advan-
tages of operating at multiple resolutions, using an architec-
ture like Flexi-UNet, as a lot of the early denoising occurs
at lower spatial resolutions. However, this setup requires
rollback around each upsampling point, creating overlap-
ping steps in the reverse process. While this model provides
computational savings, there is an additional overhead of
denoising for additional timesteps.

In Table 11, we show the FID values obtained for this
experiment after training the model for 500k iterations. We
compare the performance of Flexi-UNet trained with SSD
to Flexi-UNet trained without SSD. We observe that Flexi-
UNet with SSD has better FID values, while also being faster
at inference.

8.3. Resolution Schedules

Here, we will define the functions that we used for the res-
olution schedules. We define what the resolution of the
image should be given the diffusion timestep ¢, using a func-

tion r(¢). As shown in Fig. 5, we use a discrete version
of the resolution schedule, but it is based on a continuous
function. Suppose for the discrete version we use a list of
1esolutions [Tmin, 27mins - - - » 2% 2Tmin, 2 L 7'min] Where rpin
is the smallest resolution and 7 is the number of resolutions.
For the continuous version, let’s first define normalized time
7 =t/(T — 1), where T denotes the number of diffusion
states. Then the normalized time to resolution schedule is
defined as:

rconl(T) = Tmin * 2(n=Df()

where f(7) is the exponential schedule function that works
as the multiplier to the exponent of 2. For example, when
f(1) =0, then 7con(7) = T'min, while when f(7) = 1, then
rcont(T) = Tmax = 2n_lrmin'

For the discrete version, we want to similarly sample from
R = [rmina 2T miny -+ - s 271727"min» 2nilrmin = 7nmax]’ using
the same schedule but over these discrete values. So, here
we instead index the schedule function i(7) that gives the
index to select from R given 7.

Similar to f, when i(7) = 0, we have r(7) = Ty, and
when i(7) = 1, 7(7) = rmax. Now we can introduce our
schedules.

8.3.1. Equal

This is the easiest linear schedule.
 Continuous: f(7)=1—71
* Discrete: i(7) =n—1— |n7|

8.3.2. ConvexDecay_y

With a v > 0 parameter, this function can simulate a convex
or concave function depending on this parameter.
 Continuous: f(1) =1— (1 —7)7

* Discrete: i(7) =n—1— [nf(7)]

For v > 1, it shows slow decay first, then faster, while for
v < 1, fast decay first, then slower.

8.3.3. TanhLikeDecay_~y

Here we wanted a function that looks like tanh(-) function,
which is steep at the highest and the lowest timesteps but is
flat in the middle. This essentially spends more time in the
middle resolutions. We approximate this using a polynomial.

First, we define a polynomial over a variable v €
[—0.5,0.5] as follows:

x(u,y) = sign(u)|u]” + 0.5

p(z) = =223 + 322 — 0.5

The polynomial p(x) is monotonically increasing in the
range of [—0.5,0.5] for z € [0, 1], while z(u) is a function
that looks like the tanh(-) function but is centered around
0.5. Essentially, p(z(u)) looks like the tanh shape and is



centered around the origin, but has varying range dependent
on . We want this function to be equal to 1 at w = 0.5 and

-1 at u = —0.5. To achieve that, we normalize this function:
R p(x(u, 7))
Plu,y) = 05
p(x(0.5,7))

Finally, to shift this function from [—0.5,0.5] — [—1, 1] to
[0,1] — [0, 1], we apply the following transformation:

tanh_like(u,v) = 0.5 - p(z(u — 0.5,7)) + 0.5

Tanh-like Monotonic Functions
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Figure 11. Visualization of tanh_like(-) for different +’s.

Now, based on this definition, we can define the schedule.

 Continuous: f(7) = 1 — tanh_like(1 — 7,7)

* Discrete: i(7) = |nf(7)]

8.3.4. SigmoidLikeDecay

Here we want a simoid-like curve, i.e., steep in the middle
while flatter at the beginning and the end. We can such
a curve by inverting p(+). Following similar stretching and

normalization, we can define another function that goes from
[—0.5,0.5] — [—1,1] as:

2 (05-p) " H(u,y)
h(u) = (0.5 p)~1(—0.5,)

. Using the same shifting to transform [—0.5,0.5] — [—1, 1]
to [0, 1] — [0, 1], we have:

sigmoid_like(u, ) = 0.5 - h(z(u — 0.5,7)) + 0.5
Finally, we define the schedule.
* Continuous: f(7) = 1 — sigmoid_like(1 — 7,7)
* Discrete: i(7) = |nf(7)]

8.4. More Comparisons

Upsampling Diffusion Probabilistic Models (UDPM) [1].

The mathematical formulation and implementation of

Table 12. FID comparison of SSD Table 13. Inference time
and super-resolved DDPM (64 res.) per batch: SSD  and
using an Openlmages pretrained 4x LDMs (1000 steps, bs=32,

LDM. A4000).
Method FID Method Inference time (secs)
SSD (3L, res. 256) 7.79 SSD (6L, res. 256) 495
low-res diffusion (res. 64) + super-res (4x) 7.91 LDM (res. 256) 515

Table 14. Comparison with UDPM at 64 resolution: FID, training
(1 H100), and inference speed (1 A4000, bs=256)

Method Inference  Inference  Training Time FID

steps  Time/batch (250K iters) (250K iters)
(in secs) (in hours)
DDPM-¢ 1000 1018.07 17.575 2.36
SSD (2L) 1000 898.71 15.658 2.68
SSD (4L) 1000 672.09 13.095 4.1
UDPM 3 1.88 30.58 7.51
UDMP (w/o Adv. & Perceptual loss) 3 1.84 31.63 98.61

ASKI 2R

Figure 12. UDPM generations w/ (left) and w/o (right) adversarial and
perceptual losses.

SSD can be viewed as a generalization of UDPM. How-
ever, UDPM should be considered as a GAN instead of
diffusion, as their performance degrades without perceptual
and adversarial losses (Table 14) and generations are washed
out (Fig. 12, right). Nonetheless, even without extra losses,
SSD outperforms UDPM in FID and training time. Further-
more, UDPM has not been tested at resolutions higher than
64.

Latent Diffusion Models (LDM) [33]. LDMs operate
in latent space with different architectures and rely on a
compute-intensive pipeline, including two-stage VAE train-
ing on large-scale datasets such as Openlmages, making fair
comparison difficult. Nonetheless, Table 13 shows SSD (6L)
is faster than LDM. Moreover, SSD can be applied in la-
tent space as a multi-resolution interpolation degradation,
enabling more efficient Scale Space LDMs.

Low-res diffusion + super-res. Another baseline could
be using a low-resolution generation and applying a super-
resolution model over it. Table 12 shows that even with a
pretrained LDM super-res model trained for 3 x more iter-
ations, and on a large dataset, SSD has better performance.
Adding multiple stages normally leads to distribution shifts
as well as more inference steps coming from different stages.
PixelFlow [6], DFM [14]. These are flow-based DiT models
with differential equation solver-based sampling, and hence,
are hard to compare fairly against. Nonetheless, in a fair
setting in section 8.2.2, we recreate a multi-res pixel diffu-
sion similar to PixelFlow, and show that using Flexi-UNet
formulation outperforms it (Table 11).

8.5. Quantitative Results

Number of Inference Steps. In Table 7, we compare in-
ference speed across different samplers and denoising steps.
We report DDPM sampling with the default 1000 steps, a
reduced 250 step process, and DDIM with 25 steps. For our



method, we report results with 1000 and 250 DDPM steps,
since SSD is formulated in the DDPM setting. We observe
that reducing the number of diffusion steps leads to a much
larger performance degradation for DDPM-e and DDPM-x
than for our approach. This aligns with prior observations
that DDPM-¢ models trained with the Lgmpie loss (with fixed
sigmas) deteriorate substantially when the number of sam-
pling steps is reduced [30], which is reflected in our results
as well.

We note that SSD degrades far less when reducing the
sampling steps to 250, while also providing substantial infer-
ence speedups. However, to ensure a fair comparison against
baselines, we report all final quantitative results in the paper
using the standard 1000-step setting. The speedup column
in Table 7 reports the speedup obtained in generating a batch
of 256 samples relative to the time taken by DDPM-z.
Lanczos sampling overhead. Table 8 shows that the over-
head of using Lanczos instead of torch.randn call is negligi-
ble, since it is applied only in the resolution-changing steps
(Ix in SSD (2L), 2x in SSD (3L)). Refer to Table 7 for
comparison against DDPM.

8.6. Qualitative Results

We show qualitative results of SSD on every setting that
we have trained and noted in Tables 2, and 3. For every
setting, we show the progression of noisy states x; and pre-
dicted clean images xgy(gfl) during generation, and a grid of
generated images. The results start on the next page.



Figure 13. Progression of noisy states z; during generation using SSD (Flexi-UNet, 3L) on CelebA-256.

Figure 14. Progression of predicted clean images ngé_l) during generation using SSD (Flexi-UNet, 3L) on CelebA-256.



,
\j iy

z
\

Figure 15. Generated Samples using SSD (Flexi-UNet, 3L) on CelebA-256.

Figure 16. Progression of noisy states z; during generation using SSD (Flexi-UNet, 4L) on CelebA-256.



Figure 18. Generated Samples using SSD (Flexi-UNet, 4L) on CelebA-256.



Figure 19. Progression of noisy states x; during generation using SSD (Flexi-UNet, 6L) on CelebA-256.

Figure 20. Progression of predicted clean images argf;_l) during generation using SSD (Flexi-UNet, 6L) on CelebA-256.
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Figure 21. Generated Samples using SSD (Flexi-UNet, 6L) on CelebA-256.

Figure 22. Progression of noisy states z; during generation using SSD (Flexi-UNet, 3L) on CelebA-128.



Figure 23. Progression of predicted clean images xg,(gfl) during generation using SSD (Flexi-UNet, 3L) on CelebA-128.

Figure 24. Generated Samples using SSD (Flexi-UNet, 3L) on CelebA-128.

Figure 25. Progression of noisy states x; during generation using SSD (Flexi-UNet, 5L) on CelebA-128.



Figure 26. Progression of predicted clean images xo 9 durlng generation using SSD (Flexi-UNet, 5L) on CelebA-128.

Figure 27. Generated Samples using SSD (Flexi-UNet, 5L) on CelebA-128.

Figure 28. Progression of noisy states x; during generation using SSD (Flexi-UNet, 2L) on CelebA-64.
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Figure 29. Progression of predicted clean images ng;_l) during generation using SSD (Flexi-UNet, 2L) on CelebA-64.

Figure 30. Generated Samples using SSD (Flexi-UNet, 2L) on CelebA-64.

Figure 32. Progression of predicted clean images a:g’(;fl) during generation using SSD (Flexi-UNet, 3L) on CelebA-64.
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Figure 33. Generated Samples using SSD (Flexi-UNet, 3L) on CelebA-64.

4L) on CelebA-64.
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Figure 34. Progression of noisy states x; during generation using SSD (Flexi-

2 during generation using SSD (Flexi-UNet, 4L.) on CelebA-64.
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Figure 35. Progression of predicted clean images x



Figure 36. Generated Samples using SSD (Flexi-UNet, 4L) on CelebA-64.

Figure 37. Progression of noisy states x; during generation using SSD (Flexi-UNet, 2L) on ImageNet-64. Here we show the progression of
3 samples; each pair of rows corresponds to a single sample.
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Figure 38. Progression of predicted clean images xgy(;fl) during generation using SSD (Flexi-UNet, 2L) on ImageNet-64. Here we show the
progression of 3 samples; each pair of rows corresponds to a single sample.

Figure 39. Generated Samples using SSD (Flexi-UNet, 2L) on ImageNet-64.



Figure 40. Progression of noisy states x; during generation using SSD (Flexi-UNet, 4L) on ImageNet-64. Here we show the progression of
3 samples; each pair of rows corresponds to a single sample.
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Figure 41. Progression of predicted clean images mgytfl) during generation using SSD (Flexi-UNet, 4L) on ImageNet-64. Here we show the
progression of 3 samples; each pair of rows corresponds to a single sample.



Figure 42. Generated Samples using SSD (Flexi-UNet, 4L) on ImageNet-64.



9. Mathematical Derivations
In this section, we provide derivations for various mathematical results provided in the main paper.
9.1. Forward Transition
Theorem 1 (Forward Transition). Let a generalized linear diffusion process be defined by
Ty = Myxy 1 + e, e ~ N(0,8¢¢-1), (10)
and suppose the marginal distribution satisfies
q(zy | o) = N (g, 24)- (11)
Then the transition mean and covariance are given by
pe = M4z (12)
Ste-1 = Be — MyXe1 M. (13)

Proof. The mean part is true by design of the cumulative linear operator. Here we derive ;1.

xy = Mz + 00, e~ N(0,S-1)
= My(My.y—12z0 + 1) + 1, €21 ~N(0,%41)
= M40 + Myeg—1 + g
Hence,
Cov(z | o) = Cov(Mier—1 + 1t | o)
= Cov(Myer—1 | zg) + Cov(n:) (independence)
= M5 M + Di—1-
Y= M M+ Sii—1,
= Sypo1 =S — MyS M

O
9.2. Posterior Distribution
Theorem 2 (Posterior Distribution). Consider the linear generalized linear diffusion process
s = Mymy_1 + 4, ne ~ N(0,2¢-1), (14)
with marginals
q(zi—1 | w0) = N(pe—1,%¢-1), (15)
(e | wo) = N (e, B). (16)
Then the posterior distribution
q(@e—1 | 4, T0) a7
is Gaussian:
q(i—1 | 2, 20) = N (pte—st-1, Bt 51-1), (18)
with
Y1 = (27 + Mth;lt{IMt)—l, (19)

Hist—1 = 2g g1 (Et__llut—1 + Mthﬂtl_lxt) . (20)



Proof.

Q(It\ It—l,xo) (J(It—1| Io) _ Q($t| It—l) Q(It—l \ Io)
q(z¢| o) q(zt| o)

(w1 ] @, m0) = (a)
x exp< = | = M) TR (= Mize)| = [(@es =) TS @ - )| @)
+ @ = ) TS (o - m)})

tlt—1

:exp< ol sl yw = TS M + T S5 Mywea)™) + ol MTS ) My |

— | B — (i S e + (2 me)T) + M?—lzt—lﬂt—l]

+C1($0795t)>

= exp< —ap (S + M{Sg My)w
+ [(xTzf\fl WMy 4 i B ) we + (2 Ef|f WM+ i B we)T

+ 02(300733t)>

In Eq. a, we first use Bayes’ rule, and then use the Markov chain assumption. In Eq. b, we then substitute the marginal
(Eq. 3) and forward transition (Eq. 4) distributions. Then we start collecting the terms quadratic (red) and linear (blue) in x;_.
From the quadratic and linear terms, we can complete the square and hence extract the mean and variance of the posterior
normal distribution:

Yito1 = (E 1t MTE Mt)fl

tlt—1
Hist—1 = Etﬁtfl(xt Et‘t,lMt + lelz;ll)T

= EHtfl(MtTE;\thmt + 3 o)

The last step comes from the fact that for a symmetric matrix A, (A=!)7 = A~!, and covariance matrices are symmetric. [J

9.3. Posterior Under Isotropic Marginals

Theorem 3 (Closed-Form Posterior Under Isotropic Marginals). Assume isotropic marginals
¥, = o2, ¥ 1 =0 ,L 1)
Then the posterior covariance simplifies to
2 o1 T
Vi1 =o0p 41— 7Mt My, (22)
t
and the posterior mean simplifies to

2

Oy
Peot—1 = Mg—1 + %MtT (2 — Mypy—1) . (23)
t



Proof.

S = (T + Mth\tl M)~

=1 = S ME (S + MyEe M) T M, (©)

=% — thlMgzglMtEtfl (d)
2 ‘7?—1 T

=07 01— - MM, (e)

t

We start from Eq. 5 derived in the previous section. In Eq. ¢, we used the Woodbury matrix identity (A4 + UCV)~1
AP ATWU(CT + VATWU) T WA with A = 571, U = M, C =%} |,V = M. In Eq. d, we substitute the value

tlt—1°
of 3,1 from Eq. 4. Finally, in Eq. ¢ we substitute the isotropic values for ¥; and 3;_;.

fest—1 = St (S 1 + M Zﬂt 1 T) = Do S0 e + EtatflM;TZatl_lxt

= (St = S MY BT My B ) S et + B MITE) (®
:( — thlMTzflMt)ﬂtfl +Zt‘>t*1MtTE;tl—lxt
= (L= S M S My )1 + (S + MY S0 M)~ M zﬂ} |t )
=1 — S MIS7 My pe—n + S5 M (Et|t L+ MS M) (h)
=( *Et—lM Xy Mt),ut 1+ 1M X Yoy @)
= pe—1 + S MIST (@ — Mype—q)

giq T .
= p-1t 5 My (wy — Mypg—1) ()]

t

Starting from p;—,+—1 in Eq. 5, in Eq. f we substitute 2;_,;_; from Eq. d, and then in Eq g we substitute ¥;_,;_; from
Eq. 5. In Eq. h, we use a corollary of Woodbury identity (A + UCV)~1UC = A71U(C~! + VA~1U)~!, with the same
substitution as described above. In Eq. i, we substitute the value of 3J;;_; from Eq. 4, and finally, we substitute the isotropic
values for X>; and X;_1.

O
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