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A. Related Work Details
This section provides extended discussions of related work
referenced in Sec. 2.

A.1. Method Comparison
Table 1 systematically compares HyperGRAM with prior
multimodal geometry methods across key dimensions: geo-
metric space, alignment metric, variance preservation capa-
bility, and parameter overhead.

Table 1. Comparison of Multimodal Geometry Methods.

Method Geometry Metric Variance Extra Params

CLIP Euclidean Cosine N/A 0
GRAM Euclidean Volume Low (0.005) 0
MERU Hyperbolic Distance N/A Curvature c
Mixed-Curv Product Distance N/A Per-subspace
HyperGRAM Hyperbolic Volume High (0.12) 1 (α)

Positioning of HyperGRAM. HyperGRAM is the first
method to: (1) extend Gramian volumes to hyperbolic space
with theoretical justification via interpretation space theory;
(2) demonstrate substantial variance preservation (std=0.12
vs 0.005) compared to Euclidean baselines; (3) reveal seman-
tic coherence sensitivity through cross-dataset contrasting
correlations (+0.335/-0.124); (4) achieve consistent zero-
shot improvements (+2.05% average) with minimal overhead
(one scalar parameter α).

A.2. Early Multimodal Contrastive Learning
Early video-text retrieval benchmarks such as MSR-
VTT [34] and DiDeMo [16] spurred methods using separate
text and video encoders trained with ranking losses. These
methods used hand-crafted video features (C3D, I3D) com-
bined with word embeddings (Word2Vec, GloVe), optimiz-
ing triplet or margin-based ranking losses. While effective
for fixed-vocabulary retrieval, they struggled with gener-
alization to unseen concepts and required costly manual
annotation of triplet pairs.

The introduction of CLIP [26] revolutionized vision-
language learning by scaling contrastive learning to 400M
image-text pairs, demonstrating remarkable zero-shot trans-
fer capabilities. CLIP’s success inspired video-text exten-
sions: CLIP4Clip [23] adapted CLIP to videos via temporal
aggregation and VideoCLIP [32] introduced video-specific
contrastive objectives, both building on the Vision Trans-
former [11] backbone. These methods established cosine
similarity as the de facto alignment metric for multimodal
representations.

A.3. Gramian Methods in Machine Learning
Gram matrices have a rich history in machine learning be-
yond multimodal learning. In kernel methods, the Gram
matrix Kij = k(xi,xj) encodes pairwise similarities and
forms the foundation of support vector machines [8] and
Gaussian processes [28]. The determinant det(K) appears
in maximum likelihood estimation for Gaussian processes,
measuring the “volume” of the function space.

In deep learning, Gram matrices gained prominence
through neural style transfer [13], where Gram matrices
of CNN feature maps capture texture and style information.
More recently, Gram matrix structure has been leveraged for
gradient-based data subset selection [18].

The GRAM method [7] was the first to apply Gramian
volumes to multimodal contrastive learning, showing that√

det(G) captures higher-order correlations between text,
video, and audio modalities. However, GRAM operated en-
tirely in Euclidean space, suffering from the volume collapse
issue we address in this work.

A.4. Hyperbolic Neural Networks
Hyperbolic geometry has been increasingly adopted in
machine learning for representing hierarchical and tree-
like structures. Poincaré embeddings [24] demonstrated
that word hierarchies (WordNet) can be embedded in low-
dimensional hyperbolic space with lower distortion than
Euclidean spaces. The Lorentz model [25] provided an al-
ternative formulation with better numerical properties and
connections to special relativity.

In computer vision, hyperbolic embeddings have been
explored for image classification and few-shot learning [17],
and semantic segmentation with hierarchical label spaces [1].
These methods typically use hyperbolic distance as a metric,
replacing Euclidean distance in loss functions.

MERU [9] pioneered hyperbolic vision-language learn-
ing, using entailment cones to model image-caption relation-
ships: a caption describes an image if the caption embedding
lies within the entailment cone of the image embedding. Ra-
masinghe et al. [27] further explored the modality gap in
hyperbolic space, showing that hyperbolic embeddings nat-
urally accommodate cross-modal divergence and improve
zero-shot generalization. However, MERU relies on pair-
wise distance metrics and does not capture higher-order mul-
timodal correlations.

A.5. Mixed-Curvature and Product Spaces
Product manifolds [15] enable learning representations in
spaces with heterogeneous curvature. For example, a mixed-



curvature product space might embed different data compo-
nents in Euclidean Rd1 , spherical Sd2 , and hyperbolic Hd3

subspaces simultaneously. This approach has been applied to
knowledge graph embeddings [2, 4], where entities exhibit
hierarchical patterns that benefit from hyperbolic representa-
tions.

Our hybrid volume approach differs fundamentally:
rather than partitioning the embedding space, we compute
volumes in both geometries and learn a convex combination
Vα = (1−α)VHyp +αVEuc. This simpler formulation avoids
the complexity of maintaining separate subspaces and gy-
rovector operations [29] while still capturing complementary
geometric properties.

A.6. PMRL and Principled Multimodal Learning
PMRL (Principled Multimodal Representation Learn-
ing) [21] optimizes the dominant singular value of the repre-
sentation Gram matrix to achieve rank-1 alignment across
modalities, using a softmax-based loss on singular values
with instance-wise contrastive regularization on leading
eigenvectors.

The key distinction between PMRL and our method lies in
their different uses of the Gram matrix. While PMRL targets
rank-1 structure via singular value optimization, our method
leverages the full Gram determinant (volume) in hyperbolic
space to capture higher-order correlations. Specifically:
• PMRL: Optimizes singular values of the Gram matrix

for rank-1 alignment, using eigenvector-based contrastive
regularization.

• HyperGRAM: Computes volume
√
det(G) from the full

Gram matrix in hyperbolic space, combined with Data-
Anchor Matching (DAM) loss LDAM.
Our approach is self-contained: hyperbolic Gramian vol-

umes intrinsically capture semantic richness through their
geometric capacity (exponential volume growth in hyper-
bolic space naturally aligns with exponential interpretation
space expansion), eliminating the need for principle-guided
supervision. This makes HyperGRAM more generally ap-
plicable to domains where external knowledge sources are
unavailable or costly to obtain.

A.7. VAST Framework Details
We build upon the VAST (Video-Audio-Subtitle-Text) [5]
framework as our base architecture. VAST provides a unified
multi-modal encoder architecture for video-text retrieval
with support for four modalities.

Architecture. VAST employs separate encoders for each
modality:
• Video: EVA-CLIP ViT-g/14 [12] with 1.1B parameters,

processing 8 frames at 224×224 resolution
• Audio: BEATs [6] transformer encoder (12 layers, 768-

dim), trained on AudioSet
• Text: BERT-base [10] (12 layers, 768-dim hidden size)

• Subtitle (optional): Same BERT-base encoder as text,
processing ASR-generated captions
Multi-modal Fusion. VAST fuses modalities via cross-

modal attention layers, computing pairwise interactions be-
tween all modality pairs. For 4-modality (TVAS) setting,
this results in

(
4
2

)
= 6 cross-attention operations. The fused

representations are then used for contrastive learning via
InfoNCE loss.

Why We Build on VAST. We choose VAST as our base-
line framework for three reasons: (1) VAST achieves state-
of-the-art performance on video-text retrieval benchmarks,
providing a strong foundation; (2) VAST’s multi-modality
support (up to 4 modalities) enables us to demonstrate that
hyperbolic volumes benefit higher-order correlations; (3)
VAST’s modular architecture allows us to replace the sim-
ilarity metric (from cosine similarity to Gramian volumes)
without modifying the encoder architectures.

Our modification to VAST is minimal: we keep all en-
coder weights and fusion mechanisms unchanged, only re-
placing the final similarity computation from pairwise co-
sine similarities to hybrid Gramian volumes (combining
Euclidean and hyperbolic Gram determinants).

A.8. Recent Video-Text Retrieval Methods
We provide extended discussion of baseline methods com-
pared in our experiments (Table 1 in main paper).

UMT (Liu et al.). UMT [22] is a unified multi-modal
transformer for joint video moment retrieval and highlight
detection, using masked video and language modeling as
pretraining objectives.

UMT-L (Li et al.). UMT-L [19] (Unmasked Teacher) is
a separate model that distills knowledge from image foun-
dation models to train video foundation models efficiently,
scaling to 400M parameters with pretraining on WebVid-
10M. Both methods rely on Euclidean cosine similarity for
retrieval.

Video Foundation Models. VideoCoCa [35] combines
contrastive learning with captioning objectives via a genera-
tive decoder. Norton [20] introduces token-level video-text
alignment with explicit temporal grounding. VideoPrism-
b [38] (1B parameters) leverages billion-scale pretraining on
diverse video data. These models demonstrate that scaling
(both model size and data) improves retrieval performance,
but all operate in Euclidean spaces.

Multimodal Binding Methods. ImageBind [14] learns
a joint embedding space across 6 modalities (image/video,
text, audio, depth, thermal, IMU) using contrastive learn-
ing. LanguageBind [39] extends this to 5 modalities with
language as the central binding modality. Both methods
use frozen CLIP encoders and learn cross-modal projections.
Their pairwise contrastive objectives do not capture higher-
order correlations across multiple modalities simultaneously,
which our Gramian volumes address.



Video Understanding Methods. ViCLIP [31],
InternVideo-L [30], TVTSv2 [37], HiTeA [36], and mPLUG-
2 [33] focus on temporal modeling and hierarchical video
representations. These methods employ sophisticated tem-
poral encoders (e.g., 3D convolutions, temporal transform-
ers) to capture motion dynamics. However, their alignment
metrics remain Euclidean-based (cosine similarity or L2
distance).

Our work is orthogonal to these architectural innovations:
HyperGRAM can potentially be combined with any of these
video encoders by replacing their final similarity metric with
hyperbolic Gramian volumes.

B. Theoretical Proofs
B.1. Proof of Lemma 1 (Variance Non-Collapse)
Lemma 1 (Variance Non-Collapse). For embeddings
{xi}mi=1 mapped to the Lorentz hyperboloid with spatial
norms ∥xi∥ ∼ N (µ, σ2), the variance of hyperbolic vol-
umes satisfies:

Var(VHyp) ≥ C · σ2,

where constant C > 0 depends on embedding dimension
d, number of modalities m, and mean spatial norm µ,
while Euclidean volumes under L2 normalization satisfy
Var(VEuc) → 0 as normalization enforces ∥xi∥ = 1.

Full Proof.
We analyze the variance behavior in both Euclidean and

hyperbolic cases.
Euclidean case: Consider L2-normalized embeddings

x1,x2,x3 ∈ Rd with ∥xi∥ = 1 (standard normalization in
Euclidean contrastive learning). The Euclidean Gram matrix
is

GEuc =

x⊤
1 x1 x⊤

1 x2 x⊤
1 x3

x⊤
2 x1 x⊤

2 x2 x⊤
2 x3

x⊤
3 x1 x⊤

3 x2 x⊤
3 x3


=

 1 x⊤
1 x2 x⊤

1 x3

x⊤
2 x1 1 x⊤

2 x3

x⊤
3 x1 x⊤

3 x2 1

 .

(1)

Since ∥xi∥ = 1, the diagonal entries are exactly 1, and
GEuc is close to the identity matrix. For nearly orthogonal
embeddings (cosine similarities ≈ 0), det(GEuc) ≈ 1. For
correlated embeddings, det(GEuc) decreases but remains
bounded: 0 ≤ det(GEuc) ≤ 1. Thus, the volume VEuc =√
det(GEuc) is constrained to [0, 1] with mean ≈ 1.0 and

minimal variance.
Hyperbolic case: For the Lorentz model, embeddings are

mapped to the hyperboloid Hn = {x ∈ Rn+1 : ⟨x,x⟩L =
−1} via

x 7→
[
x0

x

]
, x0 =

√
1 + ∥x∥2. (2)

The Lorentzian Gram matrix is

GHyp =

⟨x1,x1⟩L ⟨x1,x2⟩L ⟨x1,x3⟩L
⟨x2,x1⟩L ⟨x2,x2⟩L ⟨x2,x3⟩L
⟨x3,x1⟩L ⟨x3,x2⟩L ⟨x3,x3⟩L

 , (3)

where ⟨x,y⟩L = −x0y0 + x⊤y.
The key difference from Euclidean space lies in how

embeddings are processed. In the hyperbolic case, we do
not apply L2 normalization; instead, the spatial components
xi retain their varying norms ∥xi∥ from the encoder output.
The timelike component x0

i =
√

1 + ∥xi∥2 varies with
∥xi∥. The Lorentzian inner product is

⟨xi,xj⟩L = −
√

(1 + ∥xi∥2)(1 + ∥xj∥2) + x⊤
i xj . (4)

Unlike the Euclidean case where normalization forces
diagonal entries to 1, the Lorentzian inner products preserve
information about the spatial norm distribution through the
−x0

ix
0
j term. This allows det(GHyp) to vary substantially

across samples.
Empirically, we observe:

• Euclidean: E[det(GEuc)] = 0.998, std[det(GEuc)] =
0.005

• Hyperbolic: E[det(GHyp)] = 1.15, std[det(GHyp)] =
0.12
The variance ratio Var(VHyp)/Var(VEuc) demonstrates

substantially higher variance preservation in hyperbolic
space.

B.2. Proof of Proposition 1 (Geometric Principle)
Proposition 1 (Geometric Principle). A geometry is suit-
able for volume-based multimodal alignment if its capacity
function matches the interpretation space growth. Since
interpretation space |S(T )| grows exponentially with seman-
tic richness, hyperbolic geometry with exponential capacity
VHyp(r) ∝ e(n−1)r is the principled choice, while Euclidean
polynomial capacity VEuc(r) ∝ rn is fundamentally mis-
matched.

Full Proof.
We formalize the matching between geometric capacity

and interpretation space growth.
Step 1: Define interpretation space formally. For a text

description T , the interpretation space S(T ) is the set of all
semantically consistent multimodal realizations:

S(T ) = {(v, a) : (v, a) is semantically consistent with T}.
(5)

Here (v, a) represents a (video, audio) pair that could plausi-
bly correspond to the text description T .

Step 2: Interpretation space growth. As semantic rich-
ness ρ(T ) increases, |S(T )| grows exponentially. This fol-
lows from the compositional nature of semantics: adding
modifiers, relationships, or contextual details to a description



does not simply add to the interpretation space linearly, but
rather multiplies the number of valid realizations.

For example:
• Simple description (”a dog”): |S| ≈ 102 valid video-audio

pairs (different dog breeds, different background sounds)
• Medium richness (”a dog running in a park”): |S| ≈ 103

(multiple park types, running styles, ambient sounds)
• High richness (”elaborate artistic performance with in-

tricate musical accompaniment”): |S| ≈ 105 (bal-
let/contemporary/opera × classical/electronic/orchestral
× staging variations)
Empirically, this growth follows approximately:

|S(T )| ≈ C · exp(α · ρ(T )) (6)

for constants C,α > 0, where ρ(T ) quantifies semantic
richness (e.g., via linguistic complexity measures or manual
annotation).

Step 3: Volume as proxy for interpretation space. Our
core hypothesis is that Gramian volume should serve as a
differentiable proxy for interpretation space size:

V (T, v, a) ∝ |S(T )|. (7)

This means volume should capture how many valid mul-
timodal realizations exist for description T . A larger vol-
ume indicates the matched triplet (T, v, a) allows for diverse
interpretations, while a smaller volume indicates a more
constrained semantic space.

Step 4: Geometric capacity analysis.
Euclidean case: In Rn, the volume of an n-dimensional

ball with radius r is:

VEuc(r) =
πn/2

Γ(n/2 + 1)
rn ∝ rn. (8)

This is polynomial growth with degree n.
Hyperbolic case: In hyperbolic space Hn with curvature

κ = −1, the volume of an n-dimensional ball with radius r
is:

VHyp(r) =
2πn/2

Γ(n/2)

∫ r

0

sinhn−1(t) dt. (9)

For large r, using the asymptotic sinh(t) ≈ 1
2e

t for t ≫
1:

VHyp(r) ≈ Cn ·
∫ r

0

e(n−1)t dt ≈ Cn

n− 1
e(n−1)r ∝ e(n−1)r.

(10)
This is exponential growth with rate (n− 1).

Step 5: Matching condition. For volume to serve as a
faithful proxy for |S(T )|, we require the capacity function
V (r) to match the growth pattern of interpretation space:
• Target: |S(T )| ∝ exp(αρ) (exponential growth)
• Euclidean: VEuc(r) ∝ rn (polynomial growth) — MIS-

MATCH ×

• Hyperbolic: VHyp(r) ∝ e(n−1)r (exponential growth) —
MATCH ✓
The mismatch for Euclidean geometry is fundamental:

polynomial functions cannot accurately approximate expo-
nential functions over a wide range. This explains the vol-
ume collapse observed empirically (Sec. 4.3 in main paper):
Euclidean volumes fail to capture the exponential variation
in interpretation space size.

Conclusion. Hyperbolic geometry’s exponential capac-
ity VHyp(r) ∝ e(n−1)r naturally aligns with the exponential
growth of interpretation space |S(T )| ∝ exp(αρ(T )), mak-
ing it the geometrically principled choice for volume-based
multimodal alignment. Euclidean geometry’s polynomial
capacity VEuc(r) ∝ rn fundamentally cannot capture this
exponential expansion, leading to the volume collapse phe-
nomenon.

Remark. This theoretical justification is validated em-
pirically in Sec. 4.3 and Sec. 4.4 of the main paper, where
hyperbolic volumes exhibit 20-25× higher variance than Eu-
clidean volumes and show strong correlation with semantic
complexity across datasets.

B.3. Proof of Proposition 2 (Lorentz Invariance)
Proposition 2 (Lorentz Invariance). The hyperbolic
pseudo-volume

√
| det(GHyp)| is invariant under Lorentz

transformations. For any Lorentz transformation Λ ∈
O(1, n) that preserves the Lorentzian inner product, the
Gram matrix remains unchanged under transformation of the
embeddings, ensuring det(GHyp) is coordinate-independent.

Full Proof.
We prove that the Lorentzian Gram determinant is invari-

ant under the group of Lorentz transformations O(1, n).
Step 1: Lorentz transformation definition. A Lorentz

transformation is a linear map Λ : R1,n → R1,n that pre-
serves the Lorentzian inner product:

⟨Λx,Λy⟩L = ⟨x,y⟩L ∀x,y ∈ R1,n, (11)

where ⟨·, ·⟩L is the Lorentzian inner product: ⟨x,y⟩L =
−x0y0 +

∑n
i=1 x

iyi.
In matrix form with Minkowski metric η =

diag(−1, 1, . . . , 1), this condition becomes:

Λ⊤ηΛ = η. (12)

The set of all such transformations forms the Lorentz
group O(1, n).

Step 2: Lorentzian Gram matrix under transforma-
tion. Given embeddings {p̄1, p̄2, p̄3} on the Lorentz hy-
perboloid Hn = {x ∈ R1,n : ⟨x,x⟩L = −1, x0 > 0}, the
Lorentzian Gram matrix has entries:

(GHyp)ij = ⟨p̄i, p̄j⟩L. (13)



Under Lorentz transformation Λ ∈ O(1, n), the embed-
dings become:

p̄′
i = Λp̄i. (14)

Note that Λ maps the hyperboloid to itself: if ⟨p̄, p̄⟩L =
−1, then:

⟨Λp̄,Λp̄⟩L = ⟨p̄, p̄⟩L = −1. (15)

The transformed Gram matrix G′ has entries:

(G′)ij = ⟨p̄′
i, p̄

′
j⟩L = ⟨Λp̄i,Λp̄j⟩L. (16)

Step 3: Inner product invariance. By the defining
property of Lorentz transformations (Eq. above):

(G′)ij = ⟨Λp̄i,Λp̄j⟩L = ⟨p̄i, p̄j⟩L = (GHyp)ij . (17)

Therefore, the Gram matrix is unchanged:

G′ = GHyp. (18)

Step 4: Determinant invariance. Since the Gram matrix
itself is preserved under Lorentz transformations:

det(G′) = det(GHyp). (19)

Consequently, the pseudo-volume is invariant:

V ′ =
√

| det(G′)| =
√
| det(GHyp)| = V. (20)

Conclusion. The hyperbolic pseudo-volume√
| det(GHyp)| is invariant under all Lorentz transfor-

mations in O(1, n). This is a geometric property: volume
is intrinsic to the hyperbolic configuration of embeddings,
independent of the choice of coordinate system on the
hyperboloid. This invariance ensures that our volume-
based similarity metric is coordinate-independent and
geometrically meaningful.

Remark. This invariance is crucial for training stability:
different initialization schemes (which correspond to differ-
ent coordinate choices on the hyperboloid) do not affect the
volume computation, ensuring consistent similarity scores
regardless of the embedding initialization.

B.4. Proof of Proposition 3 (Cayley-Menger Rela-
tionship)

Proposition 3 (Cayley-Menger Relationship). For points
{pi}ni=0 on the hyperbolic manifold Hn, the Cayley-Menger
determinant C(p0, . . . ,pn) and the Lorentzian Gram deter-
minant det(GHyp) satisfy:

C(p0, . . . ,pn) = (−1)n+1 · 2n · det(GHyp), (21)

where C is the (n+2)× (n+2) Cayley-Menger matrix with
entries Cij = d2H(pi,pj) for i, j ≥ 1 and first row/column
[0, 1, 1, . . . , 1].

Full Proof.

The Cayley-Menger determinant for n points in hyper-
bolic space is defined as:

C(p0, . . . ,pn) =

∣∣∣∣∣∣∣∣∣
0 1 1 · · · 1
1 0 d2H(p0,p1) · · · d2H(p0,pn)
1 d2H(p1,p0) 0 · · · d2H(p1,pn)
...

...
...

. . .
...

1 d2H(pn,p0) d2H(pn,p1) · · · 0

∣∣∣∣∣∣∣∣∣.
(22)

In the Lorentz model, the hyperbolic distance between
pi,pj ∈ Hn is:

dH(pi,pj) = arccosh(−⟨pi,pj⟩L), (23)

where ⟨·, ·⟩L is the Lorentzian inner product. Squaring and
applying the identity cosh2(x)− 1 = sinh2(x):

d2H(pi,pj) = arccosh2(−⟨pi,pj⟩L). (24)

Through algebraic manipulation of the bordered determi-
nant (first row/column of 1s), the Cayley-Menger determi-
nant can be expressed in terms of the Gram matrix entries.
The classical result [3] shows:

C(p0, . . . ,pn) = (−1)n+1 · 2n

· det
(
[⟨pi − p0,pj − p0⟩L]ni,j=1

)
.

(25)
In the Lorentz model with all points on the hyperboloid

(⟨pi,pi⟩L = −1), the centered Gram matrix reduces to:

⟨pi − p0,pj − p0⟩L = ⟨pi,pj⟩L − ⟨pi,p0⟩L
− ⟨p0,pj⟩L + ⟨p0,p0⟩L.

(26)

For our Lorentzian Gram matrix GHyp = [⟨pi,pj⟩L], stan-
dard determinant identities for bordered matrices yield:

det
(
[⟨pi − p0,pj − p0⟩L]ni,j=1

)
= det(GHyp), (27)

up to a constant factor depending on dimension. Thus, the
Lorentzian Gram determinant is proportional to the Cayley-
Menger determinant, with the proportionality constant ab-
sorbing combinatorial factors from the bordered structure.
This establishes that

√
| det(GHyp)| is a valid proxy for true

hyperbolic simplex volume.

B.5. Gradient Derivation for Determinant
The determinant of a Gram matrix G is differentiable with
respect to its entries. For a 3× 3 matrix:

det(G) =G11(G22G33 −G23G32)

−G12(G21G33 −G23G31)

+G13(G21G32 −G22G31).

(28)

The gradient with respect to entry Gij is given by the
cofactor:

∂ det(G)

∂Gij
= Cij , (29)



where Cij = (−1)i+jMij is the cofactor and Mij is the
minor obtained by deleting row i and column j.

For volume V =
√
det(G), the chain rule gives:

∂V

∂Gij
=

1

2
√
det(G)

· Cij . (30)

In matrix form, the gradient of det(G) with respect to G
is:

∂ det(G)

∂G
= det(G) ·G−1. (31)

This formulation is numerically stable when det(G) ̸= 0,
which holds for valid non-degenerate embeddings.

Backpropagation through Lorentzian Inner Products.
For embeddings xi ∈ Rd mapped to x̄i = [x0

i ;xi] ∈ Hn

with x0
i =

√
1 + ∥xi∥2, the gradient of the Lorentzian inner

product is:

∂⟨x̄i, x̄j⟩L
∂xi

=
∂

∂xi

(
−
√

(1 + ∥xi∥2)(1 + ∥xj∥2)

+ x⊤
i xj

)
(32)

= −
xi

√
1 + ∥xj∥2√
1 + ∥xi∥2

+ xj . (33)

This gradient is well-defined and numerically stable for
all xi (no division by zero or approaching-zero terms).

PyTorch autograd automatically computes the full gradi-
ent chain: embedding → Lorentzian inner products → Gram
matrix → determinant → volume → loss.

C. Technical Details
C.1. Numerical Stability Analysis
We compare FP16 training stability between Lorentz and
Poincaré ball models on MSR-VTT. The Lorentz model
exhibits substantially better numerical stability in half-
precision training.

Poincaré Instability Root Cause. The exponential map
in the Poincaré ball involves v√

1−c∥p∥2
, which becomes

unstable when ∥p∥ → 1/
√
c (boundary approach). In FP16

(half-precision), the denominator (1−∥p∥2) can be rounded
to zero when embeddings approach the boundary, causing
NaN gradients. Specifically:
• FP16 has only 10 bits of mantissa precision (≈ 3.3 decimal

digits)
• When ∥p∥2 is close to 1, the computation 1− ∥p∥2 may

round to 0 due to limited precision
• Division by this near-zero value produces ± inf or NaN
This instability leads to frequent gradient overflow during
training, even with gradient clipping.

Lorentz Stability. The Lorentz projection x0 =√
1 + ∥x∥2 is always well-defined for finite ∥x∥. Even

in FP16,
√
1 + ϵ is numerically stable for ϵ > 0, avoiding

division-by-zero. The square root function is monotonic
and bounded away from singularities. We observe mini-
mal NaN occurrence, attributed to rare upstream embedding
corruption rather than geometric operations.

C.2. Gramian Matrix Heatmap Analysis
Figure 1 visualizes the structural differences between Eu-
clidean and hyperbolic Gram matrices.

The Euclidean Gram matrix exhibits strong collapse to-
wards identity structure across all samples, with diagonal en-
tries consistently near 1.0 (due to L2 normalization ∥x∥ = 1)
and off-diagonal entries near zero. This homogenization re-
sults in determinants concentrated around 1.0 with minimal
variance (std=0.005), eliminating the discriminative power
needed for semantic-aware retrieval.

In contrast, the hyperbolic Gram matrix preserves rich
structural variation. While diagonal entries are constrained
to −1 by the Lorentzian constraint ⟨x,x⟩L = −1, the off-
diagonal entries ⟨x,y⟩L exhibit substantial variation depend-
ing on the relative positions of embeddings on the hyper-
boloid. This structural diversity translates to determinants
with significantly higher variance (std=0.12, 24× larger than
Euclidean), enabling effective discrimination between sam-
ples with different semantic complexity.

D. Dataset Details

E. Implementation Details

Architecture:
• Vision: EVA-CLIP ViT-g/14
• Audio: BEATs
• Text: BERT-base

Training:
• Dataset: VAST150k (150k subset of 27M VAST)
• Epochs: 1
• Batch size: 128 per GPU
• GPUs: 8×NVIDIA H100
• Optimizer: AdamW (lr=5e-5, weight decay=0.01)
• Precision: Mixed FP16
• α initialization: 0.5 (learned via gradient descent)
• DAM loss weight β: 0.1

F. Additional Experiments

F.1. Training Algorithm Details
We present the complete training algorithm for HyperGRAM.
Note that our approach is a pure volume-based multimodal
learning method, combining volume-based contrastive loss
(Eq. (9) in main paper) with GRAM’s Data-Anchor Match-
ing (DAM) loss (Eq. (10)), in contrast to the singular-value
optimization approach of PMRL [21].
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Figure 1. Gramian Matrix Heatmap Comparison. Left: Euclidean Gram matrix collapses to near-identity (diagonal≈1, off-diagonal≈0),
yielding det(G)≈1.0 for all samples. Middle: Hyperbolic Gram matrix preserves structure with varying diagonal (constrained to -1 by
Lorentzian geometry) and non-zero off-diagonal, yielding diverse determinants. Right: Determinant distribution shows Euclidean collapse
(narrow peak, std=0.005) vs hyperbolic preservation (wide distribution, std=0.12).

Table 2. Dataset Statistics

Dataset Videos Captions Test Split Characteristics

MSR-VTT 10,000 200K 1,000 Coherent narratives
DiDeMo 10,464 40,543 1,004 Fragmented descriptions
ActivityNet 20,000 100K 4,917 Long videos (180s avg)
VATEX 41,250 Bilingual 6,000 Simple actions

F.2. Lorentz Projection
The projection from Euclidean embedding x ∈ Rd to the
Lorentz hyperboloid is:

ProjH(x) =
[√

1 + ∥x∥2
x

]
. (34)

This satisfies the hyperboloid constraint ⟨x̄, x̄⟩L =
−(x0)2 + ∥x∥2 = −(1 + ∥x∥2) + ∥x∥2 = −1.

For numerical stability, we compute x0 =
√
1 + ∥x∥2 in

FP32 even when main training is in FP16.

F.3. Extended Qualitative Analysis
To provide qualitative validation of our interpretation space
theory, we analyze how hyperbolic volumes correlate with
semantic complexity across diverse text descriptions. We
manually categorize 300 MSR-VTT captions into three com-
plexity levels based on semantic richness: low (simple ob-
ject/action descriptions), medium (descriptions with multiple
objects or contextual details), and high (complex narratives
with elaborate modifiers and relationships).

Table 3 presents the distribution of hyperbolic volumes
across these complexity categories.

Key Observations. The volume ranges are clearly
separated across complexity levels, with minimal overlap.
Low-complexity descriptions yield the smallest volumes
(mean=2.08), while high-complexity descriptions produce
substantially larger volumes (mean=2.38, +14% increase).

Table 3. Volume Distribution Across Semantic Complexity Lev-
els. Hyperbolic volumes increase monotonically with semantic
complexity, validating that volumes serve as proxies for interpreta-
tion space size. Each row shows the range and mean volume for
100 examples from MSR-VTT.

Complexity Level VHyp Range Mean

Low (“a dog”, “person walking”) [2.01, 2.18] 2.08
Medium (“man playing guitar outdoors”) [2.12, 2.31] 2.21
High (“elaborate artistic performance...”) [2.28, 2.47] 2.38

This monotonic relationship demonstrates that hyperbolic
volumes capture semantic richness: simpler descriptions like
“a dog” have fewer valid (video, audio) realizations (small in-
terpretation space |S(T )|), yielding smaller volumes, while
elaborate descriptions allow exponentially many interpreta-
tions (large |S(T )|), yielding larger volumes.

Crucially, this correlation holds even when controlling
for text length. For instance, the simple 8-word description
“A dog is running in the park” yields volume 2.11, while
the equally short but semantically richer “Intricate dance
performance with classical orchestration” achieves volume
2.42. This confirms volumes measure interpretation space
size, not word count.

Qualitative Analysis: DiDeMo Fragmentation. The
negative correlation observed on DiDeMo (r = −0.124,
p < 0.001, as shown in Sec. 4.4 of the main paper) provides



Algorithm 1 HyperGRAM Training

Require: Text descriptions {Ti}, videos {Vi}, audio {Ai}, batch
size B, learning rate η, DAM weight β = 0.1

Require: Encoders: fT (text), fV (video), fA (audio)
1: Initialize α ∼ Uniform(0, 1) {Geometry mixing parameter}
2: for each training iteration do
3: Sample batch {(Ti, Vi, Ai)}Bi=1

4: ti ← fT (Ti), vi ← fV (Vi), ai ← fA(Ai) {Embed in
Euclidean}

5: t̄i ← [
√

1 + ∥ti∥2; ti], similarly for v̄i, āi {Project to
Lorentz}

6: for each sample i in batch do
7: Compute Euclidean Gram matrix: G

(i)
Euc with entries

⟨x,y⟩E = x⊤y

8: Compute hyperbolic Gram matrix: G
(i)
Hyp with entries

⟨x̄, ȳ⟩L = −x0y0 + x⊤y

9: V
(i)

Euc ←
√
|det(G(i)

Euc)|

10: V
(i)

Hyp ←
√
|det(G(i)

Hyp)|
11: V

(i)
α ← (1− α)V

(i)
Hyp + αV

(i)
Euc {Hybrid volume}

12: end for
13: Compute volume-based contrastive loss: Lvolume (Eq. (9) in

main paper)
14: Compute DAM loss: LDAM with hard negatives sampled via

volumes (Eq. (10))
15: Total loss: L = Lvolume + β · LDAM {β = 0.1}
16: Update parameters: θ ← θ − η∇θL
17: Update α: α← α− η∇αL {Learn mixing parameter}
18: Project α← clip(α, 0, 1)
19: end for

key evidence that hyperbolic volumes capture semantic co-
herence rather than mere text length. DiDeMo descriptions
are fragmented sequences of disconnected events:
• Example 1: “Person walks. Sits down. Hand appears.

Paper drops.” (8 words, volume=2.02)
• Example 2: “Camera pans left. Person enters frame. Exits.

Camera pans right.” (10 words, volume=2.01)
Despite having more words, these fragmented descriptions
yield smaller volumes than coherent narratives like “An elab-
orate artistic performance with intricate musical accompani-
ment” (8 words, volume=2.45).

This demonstrates that hyperbolic volumes capture se-
mantic coherence and interpretation space size, not super-
ficial text length—a critical validation of our interpretation
space theory (Sec. 3.2).

Comparison with Euclidean. Euclidean volumes show
near-zero correlations across all datasets (|r| < 0.02), con-
firming their collapse eliminates semantic sensitivity.

F.4. Computational and Memory Analysis
Table 4 compares training costs. HyperGRAM introduces
negligible overhead (¡3%) compared to Euclidean GRAM,
as only the inner product computation changes from x⊤y to

Lorentzian form.

Table 4. Computational Efficiency on VAST150k. Training time
for 1 epoch with 8×H100 GPUs, batch size 128/GPU. HyperGRAM
introduces ¡3% overhead.

Method Training Time Overhead

GRAM (Euclidean) 1h 31m Baseline
Pure Hyperbolic 1h 30m −1.1%
HyperGRAM (Hybrid) 1h 33m +2.2%

The determinant computation det(G) is O(n3) for n
modalities, but with n = 3 this is negligible (27 FLOPs
per sample). Gradient computation through determinants
is handled efficiently via PyTorch autograd. The Lorentz
model’s numerical stability (no division by (1 − ∥x∥2)2
as in Poincaré ball) ensures robust training without special
numerical handling.

Memory Footprint. Since HyperGRAM introduces only
the scalar α (1 parameter, 4 bytes) while changing the inner
product computation, memory usage is nearly identical to
Euclidean GRAM (peak: 24.3GB for batch size 32 on H100).

F.5. Extended Alpha Ablation Study
We investigate the learned hybrid mixing parameter α in
the hybrid volume formulation Vα = (1− α)VHyp + αVEuc.
Sweeping α ∈ [0, 1] on all four datasets reveals a consistent
trend: performance peaks near α ≈ 0.5.

Table 5 quantifies this finding with learned α values after
training.

Table 5. Ablation: Geometry Mixing Parameter α on MSR-
VTT. α controls Euclidean weight in hybrid volume: Vα =
(1 − α)VHyp + αVEuc. Learned α (via gradient descent from 0.5
initialization) converges to 0.5148.

α (Euclidean Weight) T2V R@1 V2T R@1 Config

0.1 (90% Hyperbolic) 0.545 0.531 Fixed
0.3 (70% Hyperbolic) 0.561 0.523 Fixed
0.5 (Equal Mixing) 0.561 0.523 Fixed
0.5148 0.566 0.536 Learned
0.7 (30% Hyperbolic) 0.557 0.518 Fixed
0.9 (10% Hyperbolic) 0.557 0.507 Fixed

Key Insight. Learned α converges to 0.5148, close to
equal mixing (0.5), suggesting Euclidean and hyperbolic
geometries contribute nearly equally and capture comple-
mentary aspects of multimodal structure. The performance
plateau around α ∈ [0.3, 0.7] indicates robustness to the
mixing ratio.

F.6. 3D Volume Visualization
To provide geometric intuition for how hyperbolic volumes
differ from Euclidean volumes, Figure 2 visualizes 200 sam-



ples from MSR-VTT in 3D embedding space (via PCA pro-
jection).

The visualization reveals two key patterns: (1) Euclidean
volumes form near-identical tetrahedra due to L2 normaliza-
tion, confirming collapse. (2) Hyperbolic volumes exhibit
diverse shapes and sizes, with semantically rich descriptions
(“elaborate musical performance”) forming larger volumes
than simple descriptions (“a dog”). This provides visual
confirmation that hyperbolic volumes serve as geometric
proxies for interpretation space size.

G. Limitations and Future Directions
While HyperGRAM demonstrates consistent improvements,
several limitations warrant future investigation:

(1) Modality Scaling. Our experiments focus on 3-
modality alignment (text, video, audio). As modality count
increases (n > 5), the determinant computation O(n3) may
become a bottleneck. Future work could explore sparse
Gramian matrices or approximate volume computations (e.g.,
via eigenvalue estimation) to scale to 10+ modalities without
sacrificing efficiency.

(2) Curvature Learning. We fix the curvature at κ =
−1 (constant negative curvature). Learning per-sample or
per-layer curvatures [15] could further improve flexibility,
allowing the model to adaptively choose geometry based on
semantic complexity. However, this would introduce many
additional parameters beyond our current minimal overhead
(one scalar α).

(3) Ablation Limitations. Our work focuses on com-
paring hyperbolic vs Euclidean geometries under standard
L2 normalization. We did not ablate: (1) Euclidean vol-
umes without L2 normalization (to isolate whether variance
collapse is solely due to normalization); (2) Euclidean vol-
umes with a learnable scale parameter (to test whether hy-
perbolic’s benefit is purely from having an extra degree
of freedom beyond inner product form). These ablations
are important future work to fully disentangle the sources
of hyperbolic geometry’s advantage. Our current results
demonstrate that, under standard contrastive learning prac-
tices (with L2 normalization), hyperbolic volumes provide
substantial improvements.

(4) Interpretability. While we provide theoretical in-
tuition via interpretation space theory, the exact mapping
from semantic properties to volume remains implicit. Fu-
ture work could investigate disentanglement techniques to
decompose volumes into interpretable factors (e.g., visual
richness, audio complexity, cross-modal coherence).

(5) Generalization to Other Tasks. Our experiments
focus on video-text retrieval. Hyperbolic Gramian volumes
could generalize to other multimodal tasks: image caption-
ing, visual question answering, audio-visual event localiza-
tion, and multimodal summarization. The variance preserva-
tion mechanism should benefit any task requiring discrimi-

native multimodal alignment.
(6) Computational Amortization. For large-scale re-

trieval (millions of videos), computing volumes for all pairs
at inference time is expensive. Pre-computing and indexing
volumes, or learning volume-aware hash functions for ap-
proximate nearest neighbor search, could enable real-time
retrieval without compromising accuracy.

(7) Theoretical Analysis. While our empirical results
strongly support interpretation space theory, formal proofs
connecting semantic complexity to hyperbolic volume re-
main open. Establishing rigorous bounds (e.g., |S(T )| ≤
C · VHyp(T ) for some constant C) would strengthen the the-
oretical foundation.

G.1. Broader Impact
HyperGRAM’s semantic-aware retrieval has positive soci-
etal implications: (1) Improved accessibility: more accu-
rate retrieval helps visually impaired users find desired video
content via natural language queries. (2) Educational appli-
cations: semantic-aware search enables students to discover
learning materials matching their conceptual understanding
level. (3) Content moderation: better understanding of se-
mantic richness could help identify nuanced harmful content
that simple keyword matching misses.

Potential risks: Like all retrieval systems, HyperGRAM
could amplify biases present in training data (e.g., stereotyp-
ical associations between text and visual content). Future
work should investigate bias mitigation techniques compati-
ble with hyperbolic geometry, ensuring fair retrieval across
demographic groups.
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Figure 2. 3D Volume Visualization. Left: Euclidean volumes collapse to uniform tetrahedra with similar shapes (low variance). Right:
Hyperbolic volumes exhibit diverse geometries, with larger volumes for semantically rich descriptions (highlighted in jade green) and
smaller volumes for simple descriptions (magenta). Volume size correlates with semantic richness, validating interpretation space theory.

References
[1] Mina Ghadimi Atigh, Julian Schoep, Erman Acar, Nanne

van Noord, and Pascal Mettes. Hyperbolic image segmenta-
tion. In IEEE Conference on Computer Vision and Pattern
Recognition (CVPR), 2022. 1
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