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A. Detailed Theoretical Analysis

A.l. Generalization-error Bound

We firstly need the following definitions and assumptions:

Definition 1. Let H be any hypothesis class whose loss { :
Y x Y — [0,1] is L-Lipschitz and ~y-Holder-continuous.
For two marginal distributions Px,(Qx we denote the H -
divergence by

(vaQX)*2bup|P1“ =1] -

sup|Pr CI;)E [h(z) = 1]].

Assumption 1 (Bounded and Lipschitz Loss). The loss
function £ :' Y x Y — [0,1] is bounded and L-Lipschitz
continuous in its first argument, meaning there exists a con-
stant L > 0 such that for all y, u,v:

[£(u, y) — €(v,y) < Lllu—wv].

Assumption 2 (Holder Continuity). The loss function
£(f(u),y) is y-Holder continuous in its input with constant
L., i.e., there exists v € (0,1] such that for all y, u,v:

[6(f (u), y) = £(f(v),y

Definition 2. Ler E = {1,..., Ng} be the set of stations
and C, = {1,..., N} the clients managed by the station
e. At each round, a subset C. ccC. of active clients is
selected. Let S, ; = {(x; 1,y§2)}?;1 ~ Py denote the
client-level source domains, and these distributions are typ-
ically heterogeneous (domain shift). The stations do not
hold or access any raw data. Instead, they aggregate mod-
els trained by their associated clients. Let P%y be an

unseen target domain such that P% # P;}’;Ve, i. The

)| < Lyflu =™
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HFedDG task seeks a hypothesis h that minimizes the ex-
pected 10ss Diarger(h) = E(, :[l(h(z), y)] without
exposing client’s data.

Y)~Px

We prove the Thereom 1 as follows:

Theorem 1 (Generalization-error bound for HFedDG). Let
dyy be the H-divergence. Given the client-level distributions
Py, Clet e = min;ec, dy (P%, Py 1) be the inner diver-
gence and w, = max; jec, duy(Py', PY’) be the breadth
at each station e. Similarly, we define the server-level inner
divergence and breadth as 1 = min.cg,icc, du(P%, PY")
and w = MaxX(c ;) (' ;) du(PS", Pf}”j). Then, for any hy-
pothesis h € H,

NE Ne
Dtarget(h) < Z Z Pz,iDe,i(h) +

e=1 =1
Ng

1 * *
+ 5wt ;pene + 1+ A\ (P%, PL).

1
5 Z p:we
e=1

)

where D, ;(h) = E(ayypei [6(h(x),y)] is the client-level
risk, py; > 0and pt =3 o pr; > 0, with Y pt =1,
represent optimal distributional proximity from client dis-
tributions to the target distribution, P)T( is the closest client-
level distribution to P%, and Ay is the joint-error term.

Proof. For every client distribution P, ;, using the work
of Ben-David et al. [4], we have

Dtarget (h) < De

1
,i(h)+§dHAH(Pe,ia P*) 4+ g (P, P7).

Because A\ (P, ;, P*) < Az (Pt, P*) (choose the same
optimal h), we replace the last term by Ay (P, P*) for all
clients. Multiply the above inequality by pZ ; and sum over
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(e, 1), we have:

Dtarget(

W) <3 ot Deilh)

1
. p* 2
+ 5 phidnan (P, P @

e,

+ A (PT, P).

For every station e, choose a pivot client if(e) =
arg micn du(P*,P.;) and define the pivot distribution
J€Ce

Pl =P, jit(e)- We further define the server pivot P)T( =
arg rmn Z psd (P, P*). For any client (e, 3),
Pe{Pl}

duan(Pey, P*) < dg(P.;, PI) + dy (P!, PT)

3
+dg (P, P*). )

This is because the HAH-divergence upper-bounds the
ordinary H-divergence, and the latter obeys the triangle
inequality. Recall that we have the intra-station term
dg(P.i, PI) < w,, the station-server term dg (PI, PT) <
w, and the server-target term dg (P, P*) = 7. Similarly,
dg (PI, P*) = .. Plugging these into Equation 3 and then
into Equation 2, we have

)3 ot L)
1 | * *
+3 [77 + Z;pene twt Z(;pewe]

breadths

Ltarget (h

inner divergences
+ Au(PT, PY).
We have proved the theorem. O
A.2. HFedATM'’s Convergence

Building upon the HFedDG error bound, we propose the
next lemma, sharpening our theoretical analysis by employ-
ing Holder continuity:

Lemma 1. Under Assumptions I and 2, for any measurable
f and distributions P, Q:

|Eplf] — Eqlf]| < 3L7du(P,Q)".

Proof. Let h* = argmaxheH‘Prp[h] - PrQ[h”. By
Holder continuity, |f(u) — f(v)] < L|ju — v||”. Apply-
ing the variational definition of d; and Jensen’s inequality
gives

F(h* ()|

< LE[|h*(z) — h*(2)|]”
S %L’de(Pv Q)’y

[Bplf] ~Eqlfl] < Egrp|f(h* () -

We have proved the lemma. O

Next, since our framework employs FOT Alignment, it
is crucial to confirm that the alignment is invariant under
permutation. The following lemma verifies this property.

Lemma 2. Let Dor(W1, W3) = minpey (I, C). For any
permutation matrix P,

Dot (PWy, PWs) = Dot(Wy, Wa).

Proof. Premultiply W3 and W by the same permutation
matrix P. The new cost matrix becomes

(PWa2)s |

C¢/zb = H(PWl)a -
= |lwi,p-1(0) = wap-10)|J5
=Cp-1@pP-1()

For any admissible plan II € U/ define

o, = Mp-1(a)p-1(0)-

Because rows and columns are merely re-indexed, IT’ satis-
fies the same marginals II'1 = 11 and (II')"1 = 11; hence
II" € U. Moreover, the mapping IT — II' is a bijection of
U. Using the change of indices,

(I, C") = Tp-1(a)p-15)CP-1(a)P-1(t)

= TyuCuy = (I1,C).

u,v

Because every feasible II for (W7, W2) maps to a feasible
IT" for (PWy, PW5) with identical cost, the minimal costs
coincide:

DOT(PW1, PWQ) = lllr/lérl}lﬂ_[/ C/>

= mln(H C)
ey
= Dot (W1, Wa).
We have proved the lemma. O

Integrating previous lemmas, we show that HFedATM’s de-
sign choices lead to a tighter error bound:

Theorem 2. Assume the local training at every client
achieves De,i(h(R)) < €local for all (e,i), and that the

conditions of Theorem | hold. Then the hypothesis hg?M
output by HFedATM satisfies

w® 4 Z PO

+(1-8) ' + Z pent™)

+)‘H(PX’P;[()7

Dtarget (hEXT)M) <€local + 3 (



where the weights {p’} are the optimal coupling weights of
Theorem |.

Algorithm 1: HFedATM: HFedDG via OptimAl
Transport and regularized Mean aggregation

Input : global rounds R, station rounds /N, client
epochs I, learning rate 7, shrinkage o, OT
regularizer €.

Output: global model hX?F)M.

1 forr< 1toRdo // server initialization

// Step 0: broadcast
2 The server multicasts previous global model
h("=1) to every station e.
// Step 1: client training
3 foreach station e do
4 foreach n < 1 to N do
5 Select client subset C..
6 foreach i € C’e do
7 Pull A"=Y and train F epochs with
any FedDG algorithm.
8 Send . ; to station e.
9 if n == N then
10 Each [ € Ly;,, calculate Gram
G(el)l and send to e.
// Step 2: station aggregation
1 foreach station e do
12 Aggregate {0, ;} with FedAvg or FedDG
approaches — station model h..
13 Get station Gram G + o i GS)Z
14 Shrink G + oG + (1-a) diag(Ggl)).
15 | Send (he, @E,,”) to the server.
// Step 3: server FOT Alignment
16 foreach | € L.,y do
17 Station 1 is reference.
18 for e = 2to N do
19 L Calculate index Hgl)e and send back to e.
// Step 4: model merging
20 foreach ! € L., do
(l)
21 W~ Loy We” with v, = |S.|.
e le
22 foreach l € Ly, do
Hy—1 A7
n || Why e (2.6 YWD
// Step 5: assemble & broadcast
2 Assemble hX%M from {W(l) }eony and
B {Wz(%l’%M}liﬂ and broadcast hX%M to stations.

Proof. Let w(™=1) and W™V be the breadths before FOT
in round . We have that FOT finds the optimal permutation
IT* minimizing entropic-OT cost

(IT*, €) = min(IL, C) < lpr=bp?
ITeu

(bounded because features are bounded by B). Let Sgor :=

%*"C(’;) € (0,1). Then, after permuting filters identically at

all stations,

W™ = (1—

Bron)w™ ™V, W = (1—Bror)w( ™V, (@)

where Lemma 2 guarantees the contraction is
permutation-invariant. We recall that RegMean solves
the closed-form minimizer.

W) =aW =D 4 (1— )W),

where W("=1) is the average filter after FOT and o €
(0,1). Because ¢ is L-Lipschitz and Holder-continuous, the
change in feature space distance contracts by at least the
factor 1 — a

D=1 —ap gl =1 —apY. ®)
Let 8 := 1 — (1 — Bror)(1 — ). Then both breadth and
divergence terms satisfy

w < (1= B, g < (1= (6)
Because Sgor > 0, we have 0 < § < 1. Starting from
initial values at » = 0 and unrolling Equation 6 for R rounds
gives

n < (1— 5)RTI(O), W < (1—

8w,

)

and likewise for n(R , W ( ). Insert these into Theorem

Darge(B™) < et + 5 [(1= ) (10 + ()
]_ — RZ pe 7}6 )}

+)‘H(PX7P;()'

We complete the proof. O

B. Integrated Algorithm

The complete HFedATM workflow couples the three com-
putation tiers: clients, stations, and the server, into a single
synchronous loop. Algorithm 1 displays the procedure; the
subsequent paragraphs clarify what is computed at each tier,
when communication occurs, and how privacy is preserved.



Data Model ENB S C/S Opt LRy Mom WD Sched \or « nj., Rounds
LeNet-5 10 5 32 10 10 SGD 0.01 0.00 0.00 cosine 0.05 0.75 25 200
PACS ResNet-18 10 5 32 10 10 SGD 0.01 0.00 0.00 cosine 0.05 0.75 25 200
VGG-11 10 5 32 10 10 SGD 0.01 0.00 0.00 cosine 0.05 0.75 25 200
LeNet-5 10 5 32 10 10 SGD 0.01 0.00 0.00 cosine 0.05 0.75 25 200
Office-Home ResNet-18 10 5 32 10 10 SGD 0.01 0.00 0.00 cosine 0.05 0.75 25 200
VGG-11 10 5 32 10 10 SGD 0.01 0.00 0.00 cosine 0.05 0.75 25 200
LeNet-5 10 5 32 10 10 SGD 0.01 0.00 0.00 cosine 0.05 0.75 25 200
Terralnc ResNet-18 10 5 32 10 10 SGD 0.01 0.00 0.00 cosine 0.05 0.75 25 200
VGG-11 10 5 32 10 10 SGD 0.01 0.00 0.00 cosine 0.05 0.75 25 200
Amazon Reviews RoBERTa-base 10 5 32 10 10 AdamW 3 x 107° 0.90 10~2 cosine 0.05 0.75 25 200
DeBERTa-base 10 5 32 10 10 AdamW 3 x 10~® 0.90 10~2 cosine 0.05 0.75 25 200

Table 1. Hyper-parameters and implementation details used in our experiments.

C. Detailed Experimental Setup

Baseline Methods To comprehensively evaluate the per-
formance of our proposed HFedATM method, we consider
baseline approaches structured according to the two-stage
HFL scenario. At the client-station communication, we
first adopt FedAvg [12] as our baseline since it is the stan-
dard aggregation protocol in FL. To directly address the
challenge of data heterogeneity, we further incorporate Fed-
Prox [10] which introduces a proximal regularization term
into the local training objective, constraining client model
updates and ensuring a more stable convergence under het-
erogeneous data conditions. Additionally, to assess DG
capabilities, we select two FedDG baselines representing
different categories: FedSR [13], a regularization-based
technique, and FedIIR [5], an aggregation-based method.
FedSR applies feature-level regularization, promoting sim-
plicity and domain-invariant representations across multiple
clients, while FedIIR performs gradient alignment across
client models, facilitating invariant feature learning robust
against distributional shifts. At the station-server commu-
nication, we use standard weight averaging (Avg) as our
baseline aggregation method. All baseline implementations
and comparisons were conducted using the established FL.
framework provided by Tan et al. [15].

Datasets Our experiments were conducted across diverse
datasets commonly employed in DG studies: PACS [9],
featuring stylistically varied images across photo, art-
painting, cartoon, and sketch domains; Office-Home [16],
comprising images across art, clipart, product, and real-
world domains with a rich class diversity; Terralnc [3],
containing camera-trap images from distinct wildlife loca-
tions; and Amazon Reviews [2], involving sentiment clas-
sification across distinct product categories. This selection
of datasets collectively provides comprehensive coverage of

different data types, domains, and challenges to robustly
evaluate our proposed method.

Heterogeneous Partitioning To synthesize controllable
non-IID data distributions across clients, we adopt the Het-
erogeneous Partitioning strategy proposed by Bai et al. [1].
Specifically, given D domains (or classes) and C' clients,
the algorithm first assigns a subset of domain indices D,
to one or more clients, subsequently allocating samples to
each client-domain pair (d, ¢) according to:

1[d S DC] Nng
H{c¢' :de Dy}|’

A2

nd’c ()\) = C

@)
where A € [0, 1], and ny denotes the total number of sam-
ples in domain d. The parameter A controls the degree of
heterogeneity: a value of A = 1.0 corresponds to an IID
distribution, where each client receives data proportionally
from all domains; conversely, A = 0.0 results in maxi-
mum heterogeneity, assigning each client exclusively to its
designated domains. Intermediate values (e.g., A = 0.1)
smoothly interpolate between these extremes, controlling
domain-level imbalance.

Model Architectures For vision datasets, we employed
LeNet-5 [8] (a convolutional neural network with 7 lay-
ers, consisting of two convolutional layers followed by
pooling operations and three fully-connected layers, to-
taling approximately 60,000 parameters), ResNet-18 [6]
(an 18-layer residual network architecture with convolu-
tional and identity skip-connections, comprising around 11
million parameters), and VGGI11 [14] (an 11-layer con-
volutional neural network featuring eight convolutional
layers followed by three fully-connected layers, amount-
ing to approximately 133 million parameters).  For
NLP tasks, we utilized transformer-based language mod-
els, including RoBERTa-base [11] (Robustly Optimized



BERT Pre-training Approach, a 12-layer transformer en-
coder with around 125 million parameters, known for im-
proved masked-language modeling through enhanced train-
ing strategies) and DeBERTa-base [7] (Decoding-enhanced
BERT with disentangled attention, a 12-layer transformer
encoder architecture comprising roughly 140 million pa-
rameters, notable for disentangling content and position
representations within its attention mechanisms, signifi-
cantly boosting model performance).

Hyper-parameter Tuning All hyper-parameters, fixed
constants, and runtime configurations used in our exper-
iments are detailed in Table 1, with corresponding de-
scriptions provided in Table 2. We conducted experiments
on NVIDIA RTX 3090 GPUs, using three random seeds
{0,1,2}) to ensure reproducibility.

Group Column Meaning
Data Dataset name
Data/Model Model Backbone architecture
E Local epochs per station round
. N Station rounds per server round
Federation .
B Batch size
S Number of stations
c/s Clients per station
Opt Optimizer (SGD/AdamW)
LRy Initial learning rate
Optimization Mom Momentum or /31
WD Weight decay
Sched Learning rate scheduler
Aot Sinkhorn regularizer
HFed ATM-specific «a RegMean shrinkage parameter
Niter Sinkhorn iterations
Runtime Rounds Global rounds

Table 2. Legend of each hyper-parameter.

D. Sensitivity Analysis

We study how HFedATM behaves under changes in the hi-
erarchical configuration. Results are averaged over three
random seeds and all target domains. We report perfor-
mance for all four client-station baselines and all datasets,
always using HFedATM at the station-server level.

D.1. Effect of Hierarchical Schedule

We first investigate how HFedATM reacts to changes in the
schedule, controlled by the number of station rounds per
server round and the total number of server rounds.

Varying station rounds. We fix Rounds = 200, S = 10,
C/S =10, E = 10, and sweep N € {1,3,5,10} while

keeping all other hyper-parameters as in Table 1. Table 3
reports the average target-domain accuracy for all methods
and datasets. Across all cases we see a consistent pattern.
When N = 1, each station performs only one round of
client aggregation before communicating with the server,
which weakens within-station consensus and yields notice-
ably lower accuracy. Increasing to a small number of station
rounds (N = 3 or N = 5) recovers most of the benefits.
Larger values (N = 10) bring at most marginal gains and
sometimes a slight drop, while increasing the total amount
of client-station computation. This confirms that HFedATM
does not require many station rounds to be effective; the de-
fault value N = 5 used in the main experiments lies in a
stable regime.

Dataset ‘Station Rounds‘FedAvg FedProx FedSR FedIIR

1 766 772 815 826

3 780 787 834 842

PACS 5 78.6 792 839 84.6
10 785  79.1 838 845

1 572 578 635 644

3 588 594 650 659

Office-Home 5 594 600 657 66.6
10 593 599 656 66.5

I 403 416 458 466

Terraln 3 420 433 473 481
erraine 5 425 438 480 488
10 424 437 479 487

1 765 774 798  79.6

Amason Revie 3 780 789 809  81.3
azon Review 5 785 794 812 8L6
10 784 793 811 815

Table 3. Effect of the number of station rounds N (with Rounds =
200 fixed) on all datasets, averaged over target domains. HFe-
dATM is used at the station-server level for all methods. Accuracy
improves when increasing N from 1 to 3-5 and then saturates.

Varying server rounds. We now fix N = 5, S = 10,
C/S = 10, E = 10, and vary the total number of server
rounds € {100,200, 400}, again keeping all other hyper-
parameters identical to Table 1. Table 5 shows that addi-
tional global communication generally improves accuracy
across all baselines and datasets, but with diminishing re-
turns. Overall, HFedATM benefits from a reasonable num-
ber of global rounds to repeatedly align station models, but
does not require very long training. The default schedule
(Rounds = 200, N = 5) used in the main experiments lies
near the knee of the curve across all datasets.

D.2. Effect of Stations and Clients per Station

We now vary the hierarchical topology while keeping the
total number of clients fixed at C = S x (C/S) = 100.
Specifically, we consider S € {5,10,20} stations with



Dataset | S |C/S|FedAvg +Avg FedAvg +HFedATM |FedProx +Avg FedProx +HFedATM |FedSR +Avg FedSR +HFedATM | FedlIR +Avg FedIIR +HFed ATM
5] 20 78.3 79.0 79.0 79.6 82.0 84.1 82.7 85.0
PACS 10| 10 76.8 78.6 715 79.2 80.5 83.9 81.2 84.6
20| 5 75.1 782 75.8 78.8 78.8 835 79.5 84.2
5] 20 59.3 59.8 60.3 60.4 63.7 66.1 64.3 67.0
Office-Home | 10| 10 57.8 59.4 58.8 60.0 62.2 65.7 62.8 66.6
20| 5 56.1 59.0 57.1 59.6 60.5 65.3 61.1 66.2
5] 20 437 429 4.5 442 46.0 48.4 46.5 492
Terralnc | 10| 10 422 425 43.0 438 4.5 48.0 45.0 48.8
20| 5 40.5 42.1 413 434 42.8 47.6 433 48.4
5|20 714 78.9 724 79.8 73.8 81.9 73.7 82.0
Amazon Review | 10| 10 69.9 78.5 70.9 79.4 71.9 81.2 72.2 81.6
20| 5 68.2 78.1 69.2 79.0 70.1 80.7 70.5 81.2

Table 4. Effect of the number of stations S and clients per station C'/S on all datasets, averaged over target domains, with total clients fixed
at C = 100. HFedATM consistently improves all baselines and its gain increases when S is large and stations are more heterogeneous.

Dataset ‘Rounds‘FedAvg FedProx FedSR FedIIR

100 71.7 78.3 82.1 831
PACS 200 78.6 79.2 839 84.6
400 78.9 79.5 84.0 849

100 58.4 59.0 64.2  65.1
Office-Home 200 59.4 60.0 65.7  66.6
400 59.7 60.3 66.0 669

100 41.6 429 46.5 473
Terralnc 200 42.5 43.8 48.0 48.8
400 42.8 44.1 483  49.1

100 717.5 78.4 80.3 804
Amazon Review | 200 78.5 79.4 81.2 81.6
400 78.8 79.7 81.3 819

Table 5. Effect of the number of server rounds (Rounds) on all
datasets, with N = 5 fixed. More global rounds help HFedATM,
but gains saturate around Rounds = 200, which is the value used
in the main experiments.

C/S € {20,10,5} clients per station, respectively, and
keep £ = 10, N = 5, Rounds = 200, B = 32, and
A = 1.0 unchanged. For each configuration, we compare
the standard station-server averaging (+Avg) with +HFe-
dATM. Table 4 reports the average target-domain accuracy
for all methods and datasets.

Two consistent trends emerge. First, HFedATM matches
or improves the corresponding +Avg baseline for every
topology and method. Second, as the number of stations
S increases (and thus each station has fewer clients), inter-
station heterogeneity becomes more pronounced: the +Avg
baselines degrade, while HFedATM degrades much more
slowly. This effect is particularly visible at S = 20, where
HFedATM maintains high accuracy while +Avg suffers a
clear drop, confirming that HFedATM is most beneficial
when inter-station divergence is large.

E. Privacy Analysis

HFedATM aggregates only Gram matrices G = X' X
from client-side activations, inherently avoiding direct
transmission of raw data or gradients. However, whether
Gram matrices can leak sensitive information remains a
concern. Here, we demonstrate theoretically that Gram ma-
trices inherently protect against exact data inversion.

Theorem 3. Given a Gram matrix G = X' X € R™>xm,
the activation matrix X € R¥™ cannot be uniquely recov-
ered.

Proof. Suppose X has rank r < min(d, m). Consider any
orthogonal matrix @ € R™*™ satisfying QTQ = I. De-
fine a new activation matrix as X = X Q. Then:

X"TX=Q"X"XQ=0Q"GQ.

If G has repeated eigenvalues or is rank-deficient (which
is typically true since d > m), there exist infinitely many
distinct matrices X yielding the identical Gram matrix G.
Therefore, the mapping from X to G is inherently many-to-
one, ensuring non-invertibility and protecting against exact
inversion attacks. O
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