Appendix - Fed-ADE: Adaptive Learning Rate for Federated Post-adaptation
under Distribution Shift
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A. Notation Table

Table 5. Notation Table

Notation Description Notation Description
P! P!
x% Pre-training data at server y% Pre-training labels at server
Qg‘ x Feature distribution of xOG Q(g)‘y Label distribution of yOG
s Set of class indices % Index for class
t Timeste; T Total number of timesteps
P P

C Set of FL clients c Client index
0 Global model parameters 2 Model parameters of client ¢

¢ Overall data distribution at time ¢ w(t Weighting function controlling the distribution at time ¢

c ghting 2
H(-) Softmax prediction of the model L(+) Loss function
Fbio.) Class-wise risk for class 4 Foi(6.) Empirical risk
M Confusion matrix computed using pre-training data QZ, 5 Predicted distribution over xz
R Total number of communication rounds T Communication round
cm Selected client set in round 7 N; Number of samples of client c at ¢
Pe Shared layers of client ¢ (o Personalized layers of client ¢
P Aggregated global shared layers {11/1L , e} Model split: shared/personalized
[Mmin > Mmax) Min/max learning rate bounds S; Distribution dynamics signal

f . Lo ¢ . Co
Sunc,c Uncertainty dynamic signal Srep,c Representation dynamic signal
qé Aggregated predictive distribution of current data batch zi Batch-level latent feature vector
hy (+) Feature extractor Keos, Kn, Ky, K¢ Lipschitz constant
B Loss value upper bound o Min. singular value of M

pp g

Number of classes
Initial loss gap for convergence

T Projection constant |Z|

Reg Dynamic regret over 1" rounds

B. Proof of Unbiased Risk Estimation

Lemma 5 (Unbiased Risk Estimator). Given model parameters 0., independent of the test-time data (x%,y"), the estimator
Flin (4) satisfies
Eytnq, [Fe(fe)] = Fo(be),

provided that the confusion matrix M, estimated at the server using sufficient pre-training data (x%,,y%) ensuring M = M,
and that each client has sufficient local initial data (x°,yY) such that F2(0.) = F2(0.) for all i € T.
Proof. The expected risk decomposes into class-specific components:
'Fct(ec) = Z[ng]i ]:?11(90)
s

where 7 denotes the class index set. Through BBSE [40], we approximate Q¢ ~ Mleyé using the confusion matrix M
from pre-training and empirical predictions Qg:.
Expanding the estimator’s expectation:

E[FE] = Y _[ME[Qg:lli - 72 (0)
ieT
Under condition E[Qg:] = MQy:, yielding:
E[F] =) [Qyili - F'(6:) = FL(0.)
ieZ

The estimation error |]E[]?£} — F!| is bounded by O(1/,/ng) via concentration inequalities, where a number of pre-training
datang = |(x%,y%)|. This becomes negligible when ng > Q(|Z|?/€?) for error tolerance €. Practical implementations may
employ singular value thresholding for numerical stability when inverting M. O

Complete derivation expanding the expectation operator:

Ex:[Fl] =Y MT'E[Qg:] - F2U(0c) = > [Qye]i - FOU(0e)

€T i€l

confirming the unbiasedness through the relationship Qy: = M_IE[Qﬂ ] established via BBSE methodology.
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Remark 6. The complexity function §2(-) in the sample complexity ng > €(|Z|?/€2) denotes an asymptotic lower bound,
meaning the pre-training dataset size must grow at least quadratically with the number of classes to guarantee estimation
accuracy. This aligns with information-theoretic limits for distribution estimation.

C. Proof of Theorem 1

We restate the theorem for completeness. Let QY ¢,y denote the true predictive distribution marginal at timestep ¢, and q! the
empirical mean softmax vector defined in (11). Under e-calibration with respect to Q. ,, we have [|q}. — QL /|2 < ¢ in
expectation. The cumulative surrogate of predictive dynamics is

T
unc Z unc — Z ]- - COS(qzil, qZ))
t=1

Our goal is to show that S,,;,c approximates the cumulative true deviation Zthl 1QL, — QL1 up to an additive error of

order O( Y, €).

c,y’

Step 1: Lipschitz continuity of cosine distance. The cosine similarity function cos(-, -) is Kos-Lipschitz continuous in
each of its arguments on the unit sphere, i.e.,

| cos(a,b) — cos(a’, b’) ‘ < KCOS(Ha —a|a+|b- b/HQ).

Since both g, and Qi,y are probability vectors normalized to unit norm, this Lipschitz property holds directly.

Step 2: Bounding the surrogate deviation. By the definition of S __, we have

|Sthe — (1= cos(Q5. QL))

S I(cos(”qz_1 - Qi,_1||2 + ||Qf; - ch/’yH2) S Kcos<€t71 + et)-

unc?

Step 3: Summing over timesteps. Summing overt = 2,...,T yields

T
‘ Z unc 1 - COS( i,_yl7 f:,y))‘ S KCOS Z(Gt + 675*1)'

t= 1 t=2

Step 4: Relating cosine distance to total variation. For normalized probability vectors, the cosine distance upper bounds
the /7 deviation:

1-cos(Qcy Qey) < 1Qey — Qeylh-

Combining this with the bound above yields

unc Z || Qt,y

T
’S Z€t+€t1
t=2
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D. Proof of Theorem 2

Let z! denote the empirical £2-normalized batch-mean feature vector defined in (13), and z%, = E[hy, (z)/||hy, (7)|)2] be its
expectation under the local distribution at time ¢. We assume ||z, — z!||2 < €} in expectation, and that the shared representation
extractor hy,_ is Kp-Lipschitz.
The cumulative surrogate of representation dynamics is defined as
T
1 -1t
Srep = Z rep_§Z 1—cos 7zc)).

t=1 t=1

Since all feature vectors are o-normalized, the cosine distance 1 5 (1 —cos(a, b)) is smooth on the unit sphere, and its deviation
with respect to small perturbations of a and b is bounded hnearly by their /5 distance. Using the Lipschitz continuity of A,
the deviation between the empirical mean z, and its population counterpart z’, thus induces a bounded perturbation in the
cosine term.

For each timestep ¢, we have
1 st—1 ot / ,
‘ rep 5 1 - COS(Z(: 7Zc)) ’ < Kh (et—l + Et)'

Summing over all t = 2,...,T gives

T
—Lzl)) ’ < Kj Z(ei +é€_q).

t=1 t=1 t=2

2
el
|
NE
N|—=
—
=
|
o
o)
|95}
BN
NI
Qo

Therefore, the cumulative surrogate Srep satisfies
T 71z T
‘Srep -3 (1 - tclt> ’ < Kn) (e +eq),
P [z [|2 |z]] =2

which shows that S}ep accurately approximates the temporal trajectory of the expected local feature representations, with error
bounded by the feature-level estimation noise scaled by the Lipschitz constant Kj,. (]
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E. Proof of Theorem 3
E.1. Regret Bound

We present the proof of Theorem 3 by decomposing the dynamic regret into two terms. Our approach introduces a reference
sequence that evolves in a piecewise-constant manner across predefined intervals. The first term evaluates the algorithm’s
performance relative to this sequence, while the second term quantifies how well the reference sequence itself approximates
the optimal comparator. For the following proof, we use {¢, ¢%.} for model parameters to differentiate the model per timestep.

Proof. The regret bound can be split into two terms by introducing a reference sequence {t%, ¢} that only changes every
7 steps. Specifically, let J,,, = [(m — 1)7 + 1, m7| denote the m-th interval. For each interval, the comparator {1, ¢}
is chosen as the best fixed decision in that interval, i.e., {7, ¢} = argmingye g0y > 7 Fe({Wh, ¢L}) for t € Ty
Then,

T T
Evr | Fe({wl o)) — Zfé({wé‘,abi})]
t=1 . t=1 .
=Eir [ Y FH{hot) = > Y fﬁ({w?’wﬁfm})} @)
t=1 m=1teJ,
M T
+Epr lz > Fidwdm 60 Zfz({zb:,d):})] (b)
m=1teETm t=1

where M = E] < T/7 + 1 is the number of intervals. Next, we analyze term (a) and term (b) separately.

Analysis of term (a) This term represents the regret of the algorithm compared to the piecewise-stationary reference
sequence. The regret with respect to the expected risk FZ(-) can be related to the unbiased empirical risk estimator FZ(-):

A T
term (2) = By | > Fe({oh, ol}) — > FL({eh, ¢>i})1
Lt=1 t=1

[ T
< Eur | D (VL ok}, ({h 683) — ({9, ¢i})>1

t=1

= ]El:T

M=

t

T
+Er [Zwﬁz({wa O, (et oL)) — ({uls ¢Z}>>] ,
t=1

1

(VFL{Wh 0h}) = VFL{WL 08}), ({vh 0b)) — ({wh, ¢>Z})>]

where the first inequality uses the convexity of F(-). The first term above is zero because }A'i is an unbiased estimator,
ie, VFL({¢L, ot}) = EJVFL({L, ¢t}) | 1 : ¢t — 1]. For the model sequence {{%, ¢L}}I_, generated by Fed-ADE, the
following lemma holds:

Lemma 7. Under the assumptions of Theorem 3, Fed-ADE with learning rate n > 0 in equation (6) satisfies

T
2 ¢|T|G2T 2T Py + T2
S (VR o). ((wh 01)) — (1wt o)) < 2T S
=1
where Pr = Zfzz I({t, ¢t}) — (i~ ¢t 1})||2 is the total variation of the comparator sequence and G =

SUD (xt yt) |V{¢C,¢c}£(7’l({¢w bt xi) , yZ) H2 is an upper bound on the gradient norm.

Since the comparator sequence for term (a) changes only M — 1 times, Pr < T'(M — 1) < (I'T') /7. Taking expectations
gives

2|Z|G?T  2T°T/7 +1?
3 + .

term (a) <
o) 2n
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Analysis of term (b) This term accounts for the error from changing the reference sequence. Following [5], we get

T

term (b) <27 ) sup [FL({r éc}) — FUH({wl oL} £ 278

=2 {¥L,0t}
Combining the two terms, we obtain

m|Z|G*T  202T/r + I?
_|_
o2 2n

2|7|G? r? | BTS,
(UQ+232> nT+?+4(F+1) n’

where we set 7 = [\/FQT/(nBSC)—‘ for optimal balance and B = SUP(xt yt) |L(H({te, ¢}, xL), yE)]| is an upper bound

on the loss value, and G represents gradient norm upper bound.
Under the distribution shift assumption, the variation S, can be further bounded by the change in class and representation
priors. Thus,

IN

+2B7S,

T T
mﬁZwaﬂ—Zﬁwmm
t=1 t=1

2|7|G? r? BTS.
E [Regy] < ( |O_|2 +2B2> nT+?+4(F+1) ,

E.2. Min-max Optimality

For online convex optimization with general convex losses, [5] showed that the dynamic regret has a lower bound of
Q (S’Cl/ S2/ 3) when only noisy feedback is observed. Here, S. measures the total variation of the loss functions. The upper
bound in Theorem 3 matches this rate, showing that Fed-ADE achieves min-max optimality up to constants.

Lemma 8. Under the same assumptions as Theorem 3, Fed-ADE with learning rate n satisfies

7|G? I? | BS,T 1 /ST
E[RegT]§2(|U2 +32>nT+n+4(F+1) ; (9<17T+n+ ; )

where o > 0 is the minimum singular value of the confusion matrix M and S, is the temporal variation of the loss.

This result follows by setting n = © (T‘l/ 35/ 3), which yields O (S‘i /372/ 3) regret, matching the lower bound. Similar
reasoning shows that the algorithm also achieves O (max{scl /32/ 3T }) dynamic regret.
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F. Convergence Analyses

We next show that our Fed-ADE provably converges when each per-timestep learning rate 1% € [7min, Tmaz) Obeys the same
upper bound used in Theorem 12. For the proof, we use three commonly used assumptions [6, 51] as follows.

Assumption 9. (Lipschitz parameter) For every client ¢, the loss function £ is continuously differentiable and there exist
Lipschitz constants K., Ky, Ky, K¢y holds that

o VL™, qﬁy)) is Ky, Lipschitz with respect to 1 and Ky, Lipschitz with respect to o).

. V(bﬁ(z/;(r), QSET)) is K Lipschitz with respect to ¢ and Ky Lipschitz with respect to (7).

When the average loss function of total clients is defined as £(¢)("), ¢(")) = 0] 2cec E[L(Y (), (T))} , it has Lipschitz
constant K, with respect to 1), K, /1/|C] with respect to ¢, and K‘fd’ /|C| with respect to any ngC ") Further, there exist
X to measure the relative cross-sensibility of V¢£(¢(’"), ¢£’")) and Vwﬁ(d)(r), Sf)) as follows.

~ max {Kyg, Koy }

X =
VEy Ky

19)

Assumption 10. (Bounded variance) The stochastic gradients in the client-side update algorithm are unbiased and have
bounded variance as follows.

E[VsL(pT, ¢ )] = V(™ 6{7) (20)

E[VyL@",6{N)] = VL™, 6") @21

Furthermore, there exist constants o4 and oy, that meet the following inequation.

E[|VsL(™, 6{7) = VoL@, ¢M)]|?] < (22)

E[[[VyL@®, ¢{7) = V£, 60)|?] < o) (23)
We can consider le/ic(i(r), (Z)((f)) as a stochastic partial gradient of average loss function L(?Z("), qS(T)) with respect to 1)(") .

Assumption 11. (Partial gradient diversity) There exist constants § > 0 and p > 0 such that for /(") and all personalized
layers ¢(") = [¢\"), ¢\ ...], which meet the following equations.

Z IVy L@, 607) = VL@, 602 < 8% + p? |V LT, 602 24)

ceC

c|

Additionally, £(¢, (") is bounded below by L, where £ meets the equation AL©®) = L, 0y — £ at initial communi-
cation round.

Theorem 12. The convergence of the Fed-ADE is bounded as follows, where AL©O) denotes the difference between a bound
and initial value of loss L(1, ¢.).”

R—-1

1 (r) ‘C(T” AL 2 2 2
E A < 2
Z( 1+ e 18) < SR e =

r=

{<z><”|c e ¢y,

2To simplify the inequality in the following assumptions and theorems, we use following shorthands: o) =
Ne pp(r) (r) A (r)y _ v Ne o)y (T) A(T)
W), ¢c), V4 Sece R L@, 67,

LM, o0 = LI, 6 Yxt), L@, M) = ¥ o X
ot Sece VoL@, 687)|.




Here, the constants 0% and o3 are defined as follows.

o? = ﬁ( _ IC“‘>|) of o3 (ICC+x3(lel - 1e)) 06
Ky IC| Ky K¢|C‘
2 2 2|0(r) 2 2
5 (00 44 0’¢|C | R X°o;
7= Ky Ky|C| JI=E7)+ Ky &7

This convergence is bounded when the learning rates are chosen as 1y, = n/(KyE) and ng = n/(KFE), where 1 satisfies
the following inequality.

: 1 || Ic™)|
< mind s T | V) 29
Proof. The proof of Theorem 12 begins with the following equation describing the update from round 7 to round r + 1.
£(¢<r+1>, ¢(r+1>) _ 5(@@)7 ¢<r>) _ 5(1;@), ¢(r+1)) _ L(@(q ¢<r>) (29)
4 E(w(r+1), ¢(7’+1)) _ L(ql—}(r), ¢(r+1)) (30)

ot In the case of the update for the personalized layers in (29), since each client is training with their own data, it can be

o2 demonstrated similarly to the gradient update in conventional deep learning approaches. However, in the case of the update for

9s the shared layers in (30), as gradient descent is performed for different client models, we aim to establish its convergence.
The smoothness bound for the updating of the shared layers gives an equation as follows.

LD, 6 40) — £ (0, D) < <wz:(w(”, B+ ) D) 1/1"”)>
+ %Ilw"‘“) -0 31

According to Lipschitz continuity, we can express the gradient as shown in the (31), when (A, B) means A” B. The proof
proceeds by demonstrating that for all communication rounds 0 < r < R, the total sum of this gradient does not diverge but
rather remains bounded, as is well known. However, a key distinction between the conventional deep learning approach and
the personalized federated learning method is that only a subset of clients among the total clients participate in training during
a single round. In these conditions, the virtual full participants q3(7"+1) are used to move all the dependencies of the model
update on the participants C(") € C [51]. When applying the virtual full participants to the (31), we can get an equation as
follows.

<W£(¢;m, §rHD) ) W>> _ <Vwﬁ(%5“), Fri) i) ¢<r>>
N <w£(w<’“>, FrHD) 2T, gD ) et ¢<r>> (32)
Applying Young’s inequality and Lipschitz inequality to the (32), the (31) can be expressed as follows.
£(¢(r+l)’¢(r+l)) _ £<&(r),¢(r+1)> < <vw£(w(r)’¢(r+l)),w(r+l) _ w(r)>

1 _ ~ _
- (r) Hr+1)) _ (r) Hr+1) Y12
+ g VL (30,6040) = 2y (50,6040 )|
+ Kyl[pr D — )2 (33)

This allows us to take an expectation. Therefore, the final bounded form can be described as follows with Assumption 11,
where the Ag) is the analog of AE[) with the virtual variable qg(’"“).

R—-1
1 nyE ) ngFc () ALO)
R; (8 E[A,] + 16|C|]E[A¢ || < =%+ 0 +n3). (34)



o« Bound of shared layers update When using (34), the update of the shared layers can be bounded as follows.

£(¢(r+1)7¢(r+1)) _ E(w(r)’dj(wrl))

2
N . : : . K ~(r :
S<Vp£(w<’%as(’*”),w“*” - w<’>>K¢|w“+” =90+ R NG — gl (35)
ceC

Thus, the dependence of the second line term on ¢("+1) is successfully eliminated. To bind the third line term, expectation can
be used as follows.

E{L(d)(rﬂ)’d)(rﬂ)) _ ﬁ(w(r),¢(r+1)’>:|

Ee 2ny K . . c
< -ERA0] 4 |quZE”¢” WO + e (1- 62)

ceC e=0
KwniEz ) Ic™)| |C<|
s Tl 52(1 — 2 B2 4\ 2 A 36
1G] (o +38%( C] )) + SIE Ko e (36)

Note that 24K 41y E(1 + p?) < 1is used to simplify the coefficients of some of the terms above. The term in the third line is
referred to as client shift in the literature. This term can be described using the virtual variable ¢(" 1) as follows.

2y K, B — ()2
- S S EI — v

ceC e=0
1673 K, E(E —
- C|

1) i ,
(52 + PRV, L (™), g +D) ||2) + 83 K2E2(E —1)0?, 37)

By inputting (37) into the previous inequality of expectation (30), the inequality can be described as follows.

E[£(¢(T+1), ¢(r+1)) _ E(l[)(T), ¢(r+1))]

B K 1]2 F2 c cr)
Ty A (1) Yy 2 2 | ( | 2 12 2.2 | |
< - + + +

]E[Aw ] |C(T)| (aw 26 (1 |C| )) 477¢E K¢G’¢X ( ‘ | )

2 2 2 |C ‘ (r) 2 |C(T)| 2
+8n3 B2 K ox* (1 - 7 S Al s s e (1- i )(03 +20,) (38)

os Bound of personalized layers The above analysis for updating the shared layers can be applied to updating the personalized

o6 layers. This analysis provides the following, which displays the bound of the update of the personalized layers. It can be

o7 simplified some coefficients using 128n¢EK¢X2(% -1)<1.

E[£(¢(r+1>’¢(r+1>) _ £(¢<r)7¢(r))}

) ") " ")
< - WERIAC) - BECTgA0) 4 a2k, 5% 2<|C Ly 2(1- ¢ |))

8 ¥ 16[C| C] IC|
ninEz 2 2 |C(r)| 2 12 12 2 2 |C(T)| 3 72 72 2

es The summation of inequality (39) for considering the communication round is given below.
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R—1 (r)
2 2 (2Zap) + LB pag))

R\ 8 IC|
ALO 2 2 c] Ic)] KB [, 2 Ic)]|
< + A2 KB %( o X 2(1- i )>+ raa] (aw+25 (1- i ))
f )
+8n3 KL E*(E — 1)(07, + 26%) + |C|C||4n§;K§E2(E — 1o (40)

This is the bound about virtual variable (;3(’““). To describe this bound with the participants ¢("+1), the assumption of the
Lipschitz parameter is used as follows.

EHW»C P, ) = VL™, G HD)y|?

< o SEIVuL. o) = VoL, 6 )|
ceC
Y’ K4K , ()12
< S SRl - o)
ceC
XKy 2 (CIFIONIE 22 2 22, 2 2 )
< TZ (16 E2||V, L™, 60| + 8n3E %) = 82 E%y K¢K,/,(a¢+2E[A¢ ]) 1)
ceC

Using the Cauchy—Schwarz inequality described as follows.
V£, 6O < 2Ty L), 60) = VL@, §T )2 + 2|V LD, D) (42)
By utilizing inequality (42), we obtain the following result.
E[A}] < E[AY)] + 1602 E2X2K Ky (02 + 2E[AY)) (43)
Through inequality (43), we can get the following inequality.

(r) ~ ()
MIE[A(”] + WE[A(”] < Ll”EE[A(’”)] nEIC|

EA E302\2K K. 44
16 32[C] 8 T T BN KKy (44)

By summing inequality (44) over the total number of communication rounds and applying the parameter settings 1y, =
n/(K4E) and iy = /(K E), the proof is completed. O

To ensure that the convergence analysis above remains valid when using an adaptive learning rate in (9), we require
that the value of the adaptive learning rate 7). across all clients and rounds is bounded by the same upper bound used in
Theorem 12. Since our proposed label shift adaptive learning rate can not have value outside of the bound [7in, Pmaz] (Where

. . . c( c(r)
nt € [Nmin, Mmax))» by appropriately choosing [7min, Mmaz] < mln{ 24(1{Fp2)7 128X2é|6’\—|\c(r)|)7 \lecf , we guarantee that

all learning rates used in the adaptive scheme satisfy the conditions required for Theorem 12.
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G. Simulation Settings

G.1. Datasets

We evaluate on various benchmarks including five image-based benchmarks- Tiny ImageNet [32], CIFAR-10 [29], CIFAR-
10-C [19], CIFAR-100 [29], and CIFAR-100-C [19], and a text-based benchmark LAMA [50]. The following is a detailed
description of the datasets used in this work.

* Tiny ImageNet [32]: Tiny ImageNet is a subset of the ImageNet dataset, containing 200 object classes, each with 500
training images, 50 validation images, and 50 test images. All images are RGB and resized to 64 x 64 pixels.

* CIFAR-10 [29]: The CIFAR-10 dataset consists of 60,000 RGB images of size 32 x 32 across 10 classes, with 50,000
images for training and 10,000 for testing. We applied standard preprocessing including normalization with dataset-wide
mean and standard deviation.

¢ CIFAR-10-C [19]: CIFAR-10-C is an extension of the CIFAR-10 dataset designed to evaluate model robustness against
common corruptions. It contains 950,000 images created by applying 19 different types of corruption—such as noise, blur,
weather effects, and digital distortions—at 5 severity levels to the original CIFAR-10 test set of 10,000 images.

¢ CIFAR-100 [29]: CIFAR-100 is a fine-grained variant of CIFAR-10 containing 100 object classes. It consists of 60,000
color images at 32x32 pixels, split into 50,000 training and 10,000 test images. The 100 classes are grouped into 20
superclasses for hierarchical classification research.

e CIFAR-100-C [19]: CIFAR-100C applies the same 19 corruption types with 5 severity levels from CIFAR-10-C onto
the CIFAR-100 dataset. It consists of 950,000 corrupted images used as a benchmark for analyzing model robustness on
fine-grained image classification tasks.

* LAMA [50]: LAnguage Model Analysis is a benchmark dataset designed to evaluate the factual and commonsense
knowledge acquired by language models. In our experiments, we focus on the T-REx subset of LAMA, which consists
of (subject, relation, object) triples derived from Wikidata. This subset consists of 41 relational tasks, with 100 samples
randomly sampled per task. To simulate heterogeneous client environments, we assign disjoint subsets of tasks to different
clients.

G.2. Online Distribution Shift Modeling

To emulate online distribution shift in (1), each client’s data distribution moves from a common initial uniform vector Q(C)
toward a client-specific target QL according to a time-dependent weight w(t). We evaluate under four prototypical distribution
shift schedules—Ilinear (Lin.), sine (Sin.), square (Squ.), and Bernoulli (Ber.), each driving a client’s distribution from a
uniform start toward a client-specific target [10, 45, 56, 65, 69]. Following is a detailed description of four prototypical
label-shift schedules according to different w(¢) functions, and Figure 3 shows how the parameter w(¢) changes over time for
various shift types.

* Linear shift (Lin.): w(t) = %, where t is the current timestep and 7' is the total number of timesteps. This provides a smooth

and gradual transition from QU to Q7 over time.

* Sine shift (Sin.): w(t) = sin (’T—t) This introduces cyclical variations, capturing periodic shifts in the data distribution.

vT
* Square Shift (Squ.): w(t) alternates between 0 and 1 every g

distribution.

* Bernoulli shift (Bern.): w(t) retains its previous value w(t — 1) with a probability of %, or flips to 1 — w(t — 1).
This configuration captures stochastic variations, ensuring that class priors change randomly while maintaining a scale
proportional to /7.

For QI , we used the Dirichlet distribution to consider heterogeneous data distributions among clients. The distribution
factor « of the Dirichlet distribution controls the level of heterogeneity among clients. Smaller « leads more heterogeneous
distribution, and Larger « leads to Independent and identically distributed data system. In this study, we set Dir(a = 0.1).
Figure 4 visualizes the heterogeneity among clients according to Dirichlet distribution factor a.

timestep, resulting in abrupt, periodic changes in the class

G.3. Distribution Shift Scenarios

In all experiments, each target distribution of client Qg in (1) is defined according to the specific type of distribution shift

being simulated. We summarize below the construction and datasets used for each shift scenario.

* Label Shift. Label shift simulations are conducted on Tiny ImageNet [32], CIFAR-10 [29], and LAMA [50], where each
client’s class prior evolves over time according to one of four temporal schedules (Lin., Sin, Squ., Ber.) which follows (1).

* Covariate Shift. The target feature distribution QZX reflects corruption-induced changes to the input domain. Each
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Figure 3. Visualization of how the parameter w(¢) changes over time for various shift types. The Lin. presents a steady and continuous
increase or decrease, reflecting a gradual and predictable change. Both the Squ. and Sin. display periodic patterns. The Squ. alternates
sharply between two values at regular intervals, while the Sin. oscillates smoothly in a wave-like manner. The Ber. introduces randomness at
each timestep, resulting in a stochastic and less predictable trajectory for w(t).
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Figure 4. Visualization of heterogeneity among clients according to Dirichlet distribution factor o in CIFAR-10 dataset. The z-axis
represents the ID of the client, while the y-axis represents the class of the data. The color of the circles varies with each class type, and the
size of the circles indicates the size of the data. This level of heterogeneity is not dependent on the data set but on « values.

client is assigned a distinct and fixed corruption type (e.g., Gaussian noise, blur), while the corruption severity level shifts
dynamically over time according to one of four temporal schedules. We use the CIFAR-10 [29] — CIFAR-10-C [19] and
CIFAR-100 [29] — CIFAR-100-C [19] benchmarks to simulate these covariate-shift environments.

G.4. Compared Methods

We evaluate our proposed Fed-ADE against six existing unsupervised online adaptation baselines:

e FTH [58]: FTH maintains an average of estimated label distributions across all previous timesteps. By aggregating the
entire history of predictions, FTH assumes that past distributional information is informative for current adaptation, making
it robust to gradual, monotonic shifts but potentially less responsive to abrupt changes.

* ATLAS [2]: ATLAS maintains an ensemble of base learners, each optimized with a distinct learning rate. Using an
exponential weighting scheme, ATLAS dynamically aggregates these learners according to their recent performance,
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enabling robust adaptation to various patterns and magnitudes of label shift.

UDA [18]: UDA is a technique where a model is trained on labeled data from a source domain and adapted to work well
on a target domain that has no labels, even though the data distributions are different. The main idea is to reduce the gap
between the source and target domains by aligning their feature representations or adjusting the model so it can generalize to
the target data, all without using any target domain labels.

UNIDA [63]: UNiDA is a method designed to handle domain adaptation scenarios. This assumes the same class set across
domains, which aims to adapt models by distinguishing between common, source-private, and target-private classes, often
using prototype-based or confidence-based techniques to avoid misclassifying unknown target classes as known ones.
Fed-POE [43]: Fed-POE is a federated online adaptation framework in which each client combines local fine-tuning with
an ensemble of periodically aggregated global models. While this approach supports client personalization and leverages
federated knowledge, it employs a fixed learning rate and incurs computational overhead from managing multiple model
instances.

FedCCFA [9]: FedCCFA is a federated learning framework for concept shift, where clients may experience different
distributions. It performs class-level classifier clustering to share aggregated class-wise classifiers among similar clients, and
aligns feature spaces using clustered feature anchors with an entropy-based adaptive weighting.

G.5. Hyperparameters

In this section, we summarize hyperparameters used in the simulations.

Table 6. Hyperparameters for Tiny ImageNet, CIFAR-10, and CIFAR-100.

Hyperparameter Tiny ImageNet CIFAR-10 CIFAR-100
Number of clients 100 100 100
Communication rounds (R) 10 10 10

Local epochs 4 4 4
Optimizer SGD SGD SGD

Batch size 128 32 32
Participant rate 10% 10% 10%

Model architecture ResNet18 CNN w/ 3 residual blocks ~ CNN w/ 3 residual blocks
Shared layers () Representation layers Representation layers Representation layers
Lowest learning rate 5x107° 5x107° 5x107°
Highest learning rate 1074 1074 1074

Table 7. Hyperparameters for CIFAR-10-C, CIFAR-100-C, and LAMA

Hyperparameter CIFAR-10-C CIFAR-100-C LAMA
Number of clients 100 100 5
Communication rounds (R) 10 10 5

Local epochs 4 4 1
Optimizer SGD SGD AdamW
Batch size 32 32 4
Participant rate 10% 10% 100%
Model architecture CNN w/ 3 residual blocks CNN w/ 3 residual blocks Llama-3.2-3B
Shared layers (1) Representation layers Representation layers LoRA on g/k/v (layers 0-13)
Lowest learning rate 5x 107° 5x 1076 1x1078
Highest learning rate 1x107% 1x 1074 1x1072

G.6. Hardware Specifications

Table 8. Hardware specifications used for all simulations.

Component Specification

CPU AMD Ryzen 9 7950X, 16-Core, 32 Threads
GPU NVIDIA GeForce RTX 3090X2
RAM 256 GB DDR5

Storage 1.8 TB NVMe SSD




185

186

187

188

189

190

191

192

193

—#— Sin. - Squ. —&— Ber
89.5 89.5
~ ~ Sl g—a—t— ::. <
X 89.0 X 89.0 S 74 l=l=ﬁ
B :2% B % oy S T e—e—o—9oo
Q Q o o
g 88.5 g 88.5 £ ¢ —— o £
o 5 Q Q
88.0 88.0 3 3
5 < < <
87.5+— - - 875+ - - 70 - - 70— = =
10° 10° 0 10° 10 10 10° 10° 107 10° 10! 10
Thmin Tlmax Tlmin Thmax
(a) Tiny ImageNet Nmin (b) Tiny ImageNet Nmax (c) CIFAR-10 nmin (d) CIFAR-10 nmax
64.8 64.8
{975 3975 L6t % L6t %
< < Soad S o4s
295.0 2950 2642 2642
g g S6i0le o—o oo 5640 —o o0
g %25 3925 g6 ip—mu—a | SO ipm—a—u—__
< < g <636
90.0 90.0 b - 64 634
10 10 10° 10° 1607 5¢.0716:06  5¢-061¢-05 56-0616-05  5¢-05lc-04  S5e-04
Tmin Thmax Thmin Thmax
(e) LAMA Nmin (f) LAMA nmax (g) CIFAR-10-C nmin (h) CIFAR-10-C max
— =46.0
546.0 w: & g >—o :—__ﬁ
> 45.5 > 453
8 8 450
5450 g5
S sl —a—88 3245 .=.___.§I§'
<45
440
1607 5c-076:06  5¢-061c-05 1606 5c-06lc-05  5e-051c-04
Tmin Thmax

(i) CIFAR-100-C Nmin (j) CIFAR-100-C nmax
Figure 5. Impact of learning rate bounds on Fed-ADE under label shift scenarios.

H. Extra Simulation Results
H.1. Impact of Learning Rate Selection

Figure 5 examines the sensitivity of Fed-ADE to the choice of learning rate bounds under all scenarios and benchmarks.
For image benchmarks, we vary 7., while fixing 7. = 1074, and vary 7. While fixing 1,1, = 5 x 1075, For text
benchmark LAMA, we vary nyi, While fixing nmax = 1072, and vary Nmax While fixing nmin = 10~*. Across all cases,
Fed-ADE consistently maintains high accuracy within a broad range of hyperparameter choices. While extreme values lead to
slight performance degradation, the overall trend shows that our dynamics-driven adaptation is far less sensitive to the exact
learning rate bounds compared to fixed-rate baselines. This robustness highlights that Fed-ADE reduces the need for extensive
hyperparameter tuning, an essential property in federated and online learning where search budgets are limited.
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Table 9. Performance comparison of different online distribution shift adaptation methods across datasets and shift types with pretrained
model from Gaussian distribution (average accuracy (%) and average wall time (sec.))

| Localized Learning | Federated Learning
Dataset Shiftl FTH ATLAS UNIDA UDA |Fed-POE FedCCFA FixLR(Low) FixLR(Mid) FixLR(High) Fed-ADE
(i) Label Shift Scenarios

Lin. |74.14+23 70.7+21 75.14+21 63.1+23| 81.5+12 81.7+138 81.5+1.1 81.2+13 78.1+15 84.5+1.1

Tiny Sin. [73.74+24 71.1419 74.8+25 61.3+2.1| 82.1+12 80.9+1.1 81.9+17 81.0+2.1 77.542.1 84.7+07
ImageNet  Squ. |72.6+24 709418 74.6+22 61.742.1| 81.54+13 78.8+19 824412 80.9+1.6 77. 7413 83.9+09
Ber. [72.1+23 71.0+20 74.7+21 61.1+1.7] 80.9+16 79.1+1.1 82.1+09 80.8+1.7 77.8+15 84.2+04

Lin. | 284417 22.6+33 17.2441 27.4442| 66.1+12 53.642.1 64.8422 65.7+2.1 513431 68.0+1.7
Sin. [28.9421 23.143.1 18.3+45 27.1437| 66.7+12 53.3+2.1 64.7+1.9 65.1+1.8 51.6+4.1 67.7+17
Squ. 259417 21.6+26 15.8437 25.1422| 67.1+15 543+13  64.8+12 65.7+16 52.3+35 66.4+1.6
Ber. |26.14+2.1 21.7429 16.14+41 24.5425| 67.0+13 54.1+13 64.3+17 65.4+14 52.6+28 67.1+1.3

CIFAR-10

(ii) Covariate Shift Scenarios

Lin. | 154404 10.1+08 39.14+05 37.84+1.1| 41.64+04 35.2405 58.0+0.6 58.1+06 36.7+24 59.5+05
CIFAR-10  Sin. |15.24+05 11.9+07 39.2404 37.2+09| 41.7+06 33.1+04 57.1+05 57.8+0.7 353417 59.3+05
CIFAR-10-C  Squ. [ 13.5+05 13.1406 38.3+04 36.8+12|43.1+05 32.1+07  56.9+09 57.3+1.1 35.6+2.1 60.4+0.5
Ber. | 14.8405 12.2+1.1 38.74+04 36.6+1.1| 43.2405 33.0+05 56.7+0.7 67.1+1.0 46.1+27 60.3+0.4

Lin. | 42417 24402 29.14+01 31.3+03| 20.24+04 20.7+0s6 42.0+0.4 40.8+0.2 37.1+1.1 43.1+05
CIFAR-100  Sin. | 5.6 £22 2.54+01 29.5+03 30.7408| 20.3+05 20.7+06 41.94+04 40.9+40.3 36.6+13 44.4+04
CIFAR-100-C Squ. | 5.74+21 3.2403 27.1404 29.1+07| 22.9+04 18.6+08  41.6403 41.2405 371415  45.1+0s5
Ber. | 6.1+18 3.1+04 27.84+04 29.6+08| 21.8408 19.3+038 40.3+05 41.4+05 34.1+14 44.8+0.6

H.2. Impact of Distribution of Pre-training Data

In practical federated deployments, the exact distribution of the pre-training data on the server is often unknown to clients.
To examine the robustness of Fed-ADE under such realistic conditions, we evaluate post-adaptation performance on image
benchmarks when the pre-training data follows two non-uniform distributions: Gaussian and Exponential Decay. As shown in
Table 9, and Table 10, Fed-ADE maintains consistently strong performance across all distribution settings and shift types,
with only a minor variation compared to the uniform case (cf. Table 1). These results demonstrate that our dynamics-based
adaptation effectively generalizes even when the pre-training distribution differs from the assumed prior, validating its
robustness under practical deployment scenarios.

H.3. Why Cosine Similarity? Alternatives and Ablations

In this paper, our Fed-ADE must be (i) online & per-client (no extra communication), (ii) label-free (only pseudo-
labels/representations), (iii) robust to pseudo-label noise and transient shifts, (iv) lightweight in compute and memory,
and (v) bounded and interpretable so that we can stably map it to a learning rate in [7min, 7max] across heterogeneous clients.

Cosine similarity meets these requirements
* Bounded: S! is bounded in [0,1], so it leads to a stable mapping to learning across clients and timestep
« Efficient: Linear-time, no optimization/probabilistic inference
* Robust: Scale-invariant and less sensitive to sparsity/outliers in pseudo-label histograms; temperature rescaling or mild
miscalibration does not change directions.

Alternatives considered We implemented three commonly suggested alternatives and found consistent drawbacks in our
setting.

(1) KL divergence on batch histograms: Pros: classical information-theoretic distance. Cons: asymmetric and un-
bounded; becomes unstable/infinite under zeros/sparsity—common with noisy pseudo-labels on small batches. Requires
smoothing/regularization and hyperparameters (e.g., e-floor), which are highly dataset/client dependent and harm cross-client
consistency. Mapping an unbounded statistic to a stable learning rate is delicate.

(2) Wasserstein distance: Requires a ground metric on classes or high-dim features; even with Sinkhorn regularization, it
needs iterative optimization (per batch pair) and careful tuning. Pros: captures geometric discrepancies. Cons: higher compute



Table 10. Performance comparison of different online distribution shift adaptation methods across datasets and shift types with pretrained
model from exponential decay distribution(average accuracy (%) and average wall time (sec.))

| Localized Learning | Federated Learning

Dataset Shift| FTH ATLAS UNIDA UDA |Fed-POE FedCCFA FixLR(Low) FixLR(Mid) FixLR(High) Fed-ADE

219

220

221

222

223

224

225

226

227

228

229

230

(i) Label Shift Scenarios

Lin. | 782410 70.2+2.1 77.34+08 69.040.6| 79.9403 82.1+04 81.8+0.5 82.5+03 81.4+02 83.1+04
Tiny Sin. [77.9408 714416 77.1+06 69.4+05| 80.4+06 81.5+04 82.14+02 82.7+0.5 81.3403 82.7+05
ImageNet  Squ. |77.2+08 71.14+18 76.9+06 69.4405| 80.94+05 81.2+03 823404 82.1404 80.1403 82.6+0.3
Ber. | 78.2+1.1 70.7+16 76.6+07 69.7404| 80.44+05 80.4403 81.1+04 82.1+0.2 80.4403 81.8+04
Lin. |27.7+14 29.0+20 20.24+13 27.6+18| 65.1+10 63.8+09 64.1+14 64.84+13 60.1+13 66.2+1.7
CIFAR-10 Sin. |28.4+12 28.3+20 20.3+1.1 28.1+16| 64.7+06 63.1+13 63.8+12 64.3+14 60.3+0.8 65.9+17
Squ. |27.14+12 28.5+1.8 21.1+09 24.841.6| 64.64+09 62.8+1.1 64.5+1.1 64.1+16 61.1+09 66.4+1.5
Ber. |26.6+15 27.1+19 20.74+1.1 25.14+2.1| 643411 62.3+07 64.7+1.4 63.8+15 60.8+1.2 67.1+1.3

(ii) Covariate Shift Scenarios
Lin. | 23.7402 13.9+02 43.3+06 45.74+08| 44.5+08 43.1+05 63.4402 63.94+03 40.6+2.1 58.3+05
CIFAR-10  Sin. |22.9402 13.2+02 44.840.1 43.5+03| 44.7+12 43.3+04 63.5403 63.7+03 38.1+3.1 58.2+05
CIFAR-10-C  Squ. |23.840.1 14.1+04 422401 43.3+02|485+12 41.6+£07  62.7+2.1 64.5+2.1 39.6+28  59.0+o0s5
Ber. |23.64+02 14.2+03 42.7+02 42.340.1| 48.74+09 42.0405 64.14+2.1 64.4+42.1 40.8+22 59.0+04
Lin. | 5.1+18 6.4+04 244405 27.6405| 19.1+21 17.9+1.1 40.8+0.5 39.1+0.6 377412 42.7+05
CIFAR-100  Sin. | 5.3 +£17 5.14+04 24.3+06 28.14+05|20.14+19 18.3+1.1 40.7+0.6 38.6+0.7 37.6+12 42.4+0.6
CIFAR-100-C Squ. | 4.8415 4.7+05 24.14+04 28.3+07| 19.8+21 18.14+09  39.4406 38.2+07 381411 42.1+04
Ber. | 43413 5.1+03 23.54+04 27.8406| 19.7+23 169+1.0 40.1+04 37.7+0.6 37.8+12 42.0+05

and memory; sensitive to transient fluctuations; scale depends on ground metric = learning rate scaling across clients becomes
ill-conditioned. In high-dim feature space, pairwise costs/transport exacerbate overhead.
(3) Bayesian change-point detection: Pros: probabilistic treatment of regime switches. Cons: assumes i.i.d. within segments
and requires prior modeling; posterior updates/inference add computation; fragile to batch-level noise (false alarms/delays).
Typically designed for detection (binary), not for per-step continuous shift magnitudes needed to drive learning rate.

Performance comparison of cosine similarity vs. alternatives
Bayesian CPD under four dynamic shift patterns (Lin./Sin./Squ./Ber.) on CIFAR-10. Cosine consistently achieved the best

We compared cosine similarity with KL, Wasserstein, and

accuracy:
Measure Lin. Sin. Squ. Ber.
Fed-ADE (Cosine similarity) 73.8 £0.6 73.6 0.5 722+1.6 72.9+2.2
KL divergence 63.2+38 624+23 61.1+34 614+3.6
Wasserstein 708 +£0.6 699+1.1 688+13 6065+2.1
Bayesian CPD 71.54+£05 70.8+0.8 69.7+£24 69.0+1.1

Gains of the cosine similarity method are largest under label noise and transient shifts, where bounded, direction-only
comparison stabilizes learning rate scaling across clients.
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