Appendix

The appendix is organized as follows:

* In Sec. A, we provide additional visualizations following Fig. 1’s format.

¢ In Sec. B, we review additional mathematical background.

¢ In Sec. C, we provide additional details on the method.

¢ In Sec. D, we provide clarifications on our design choices and provide examples.

* In Sec. E, we provide the complete proofs of the claims and lemma in the main paper.

¢ In Sec. F, we provide additional results on the human trajectory experiment.

 In Sec. G, we document the experimental details. Code is available at https://github.com/ashig24/soft—
equivariance

A. Additional Visualization following Fig. 1

Following the format of Fig. 1, we provide more visualization on the model weights, and with respect to different rotations
in Fig. 3 and Fig. 4.
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Figure 3. Visualization of the ViT [12] weights with our soft equivariance layer (w.r.t. 90° rotation) under different softness levels, along
with the corresponding extracted features and the equivariance errors. Our tunable design allows the layers’ weights to transition smoothly
from perfectly equivariant to fully non-equivariant behavior in a controlled manner.
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Figure 4. Visualization of the ViT [12] weights with our soft equivariance layer (w.r.t. 10° rotation) under different softness levels, along
with the corresponding extracted features and the equivariance errors. Our tunable design allows the layers’ weights to transition smoothly
from perfectly equivariant to fully non-equivariant behavior in a controlled manner.

B. Mathematical Background

In this section, we review the mathematical preliminaries needed to construct the soft-invariant and soft-equivariant projection
operator.


https://github.com/ashiq24/soft-equivariance
https://github.com/ashiq24/soft-equivariance

B.1. Groups

Group. A group is a set GG together with a binary operation - : G x G — G that combines any two elements a, b € G to form
another element denoted « - b. And it satisfies the following four requirements:

e Closure: For all a,b € G, the result of the operation a - b is also in G.

* Associativity: Forall a,b,c € G, (a-b)-c=a-(b-c).

o Identity element: There exists an element e € G such that for every element ¢ € G, the equation e - @ = a - e = a holds.

e Inverse element: For each a € G, there exists an element b € G such thata - b = b - a = e, where e is the identity element.
The binary operation is often referred to as the group product.

Generating Set. A subset S C G is called a generating set of the group G if every element of GG can be expressed as product

of the elements of the S. So for any element g € G, there exists a sequence of elements s1, so, ..., S;, from S such that
— n2 n
g=s87" 857 ... 850,

Word Metric. Given a generating set S of G, any element g € G can be written as a product g = s7* - s52 - - - s7m with s; € S.
The word length of g with respect to S is defined as the minimum number of generator applications required to express g:

m

(0 2 win{ 3o
i=1
The word metric ds : G x G — Z> is then defined as:

ds(g.9') = ts(g™ '), 31)

which measures the minimum number of generator steps needed to reach ¢’ from g. When S is clear from context, we write
d(-,-) and £(-) to denote word metric and word length, respectively.

Note: In general, the decomposition g = s} -s5 - - - s/ is not unique. For this, a fixed minimal-length word representation
for each element g € G is chosen, which is called the ‘canonical’ word representation.

g:s?l-us%’“,sieS}. (30)

Group Action. The group action or the representation of a group G on space X is amap p : G — GL(X), where GL(X)
is the set of invertible linear transformations on X, such that for any g,h € G and any x € X, we have p(e)x = x and
p(gh)x = p(g)(p(h)x), where e is the identity element of the group G.

Discrete Rotation Group (Cyclic group C),). Let r denote the planar rotation by angle 27” The set
C,2{r*|k=0,1,....n -1}

With composition as the group product, it is a discrete (finite) group.

The generating set is {r} since every element is 7*. The 2D linear representation p maps r* to 2D rotation matrix R(

where
R(6) 2 (cos@ —sin9>

sinf  cosf

2k
=)

The action on = € R? is p(r¥)z = R(2E)z.

n
Lie Group. A Lie group G is a smooth manifold equipped with a group structure such that the group operations—multiplication
(g,h) + gh and inversion g — g1 are smooth maps.

Lie Algebra. The Lie algebra g associated with a Lie group G is the tangent space at the identity element e, denoted as
g = T.G. Tt is a vector space equipped with a bilinear operation [, -] : g X g — g called the Lie bracket. For matrix Lie groups
(where G C GL(n,R)), the bracket is defined as the matrix commutator:

[A,B]= AB— BA, VA,Be€g. (32)
Lie Algebra Basis. A basis for a Lie algebra g of dimension d is a set of linearly independent elements { A1, ..., A4} such

that every element A € g can be uniquely represented as a linear combination A = Zle c;A;, where ¢; are scalar coefficients.
Exponential Map. The exponential map exp : g — G creates a mapping from the tangent space to the manifold. For matrix

Lie groups, it is given by the matrix exponential:

exp(A) = Z o (33)
k=0



The map satisfies exp(0) = I and % exp(tA)|;—o = A. Crucially, for commutative algebras, exp(A + B) = exp(A) exp(B),
though this does not hold generally for non-abelian groups like SO(3).

Group and Algebra Representations. A group representation is a homomorphism p : G — GL(V') acting on a vector space
V. This induces a Lie algebra representation dp : g — gl(V), derived by differentiating the group action at the identity:

dp(A) = S plexp(i4)) (34)

t=0

This map preserves the bracket structure: dp([4, B]) = [dp(A), dp(B)].

Case Studies: Rotations in R? and R3.
We explicitly detail the geometry of 2D and 3D rotations used in the main paper.

The SO(2) Group. The SO(2) or the special orthogonal group in 2D consists of planar rotation matrices parameterized by an
angle 6 € [0, 2):
cos) —sinf
R(6) = (sin@ cos 6 > ’ (35)

The corresponding Lie algebra, 50(2), consists of 2 X 2 skew-symmetric matrices. It is 1-dimensional, spanned by the generator
A:

s0(2) = [tA|t € R}, where A= (? _01> . (36)

Since SO(2) is abelian, the exponential map is straightforward: exp(tA) = R(t). The standard representation acting on

x € R? yields the generator action:

T

dp(A)x = Ax = (”) . 37)

The SO(3) Group . The group of 3D rotations is non-abelian. Its Lie algebra, s0(3), consists of all 3 x 3 skew-symmetric
matrices. A general element A € s0(3) has the form:

0 —c b
A= ¢ 0 —-al|, abcelR (38)
-b a 0
Any such matrix can be written as A = 6K, where 0 is the rotation angle and K is a skew-symmetric matrix representing the
unit rotation axis (K7 = —K and ||K ||z = v/2). The exponential map is given by Rodrigues’ rotation formula:
exp(AK) = I +sinOK + (1 — cos ) K2 (39)

For example, the generator for a rotation about the z-axis corresponds toa = b =0,c = 1:

0 -1 0 cosf) —sinf 0
K.=[1 0 0], exp(dK,)=[sinf cosf 0]. (40)
0 0 O 0 0 1

The Lie algebra action dp(A) describes the infinitesimal velocity of a point x being rotated. It is computed via matrix-vector
multiplication:

0 —c b 1 —cxg + bxs
dp(A)x =Ax=| ¢ 0 -a o | = | cx1 —azs |. 41)
-b a 0 T3 —bxy + azxs

This linear action is geometrically equivalent to the cross product v x x, where the vector v = (a, b,c) "
axis of rotation scaled by the angular velocity.

Lie algebra basis. Since so(3) is a 3-dimensional vector space, any element A can be uniquely expressed as a linear
combination of three basis matrices, A = aA, + bA, + cA,. These basis elements correspond to infinitesimal rotations about

the standard axes:

corresponds to the

00 0 0 -1
A, =0 0 -1], 4,=|0 0
01 0 -1 0

(42)

o O O

1
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Real Schur Decomposition. For any real square matrix M € R™*", there exists an orthogonal matrix U such that
UXUT = M, where X is upper quasi-triangular. When M is normal, i.e., MM T = M " M, ¥ is block diagonal with
1 x 1 and 2 x 2 blocks where the 2 x 2 blocks correspond to pairs of complex conjugate eigenvalues. And the canonical form
for a these 2 x 2 block is (see Theorem 2.5.8 by Horn and Johnson [24]):

(5 o)

where the associated eigenvalues are a + ib. The spectral norm of these 2 x 2 matrices models the scaling factor of the
associated basis vectors in U.

C. Method Details

In this section, we provide additional explanations and technical details of our proposed technique.
C.1. Multi-generator Equivariance

In practice, many Lie groups of interest are generated by multiple generators. For example, the special orthogonal group
SO(3) is generated by three generators corresponding to rotations about the X, y, and z axes. To design a soft equivariant
layer for a group G with multiple Lie algebra generators {A;}%_,, we use the right singular vectors of the combined constraint
(following Eq. (13)) as

L;

L=|: | errddxid 43)
Ly,

where, L; = (dpx(4;)" @ Iy — I, ® dpy(A;)). The right singular vector of L corresponding is then used to design Beg
following Eq. (15).

C.2. Details on Schur Equivariance prediction

We present two examples showing the implications of Lemma | and the constraints on the weights for exact equivariance.
Example: 4D to 3D Equivariant Map. Consider a map from a 4D input space X’ to a 3D output space ). Let the Schur

decomposition of their respective Lie algebra representations be:
dpx =UxZxUy, dpy =UyZyUy, (44)

The input and output Schur forms X x and Xy are block diagonal matrices with the following blocks:

a b c d
Sl = <_b a) ) SQ = (—d C) (45)

2;( = diag(Sl, Sg) (46)
T, = (_Cd ff) LTy = (\) @7
Yy = diag(Th, Ts) (48)

The transformed weight (in Schur basis) matrix ©' is a 3 x 4 matrix. To be equivariant, non-zero blocks ©’ ; can only exist
where the representation blocks share eigenvalues, i.e., T ~ S ;. All other blocks must be zero [24] and the non-zero block

must take the form of Eq. (22).
The final sparse structure for ©' is
a p
(— 1) oz) . (49)
O1x2 |  Oix2

@/ _ 02><2

This equivariant design reduces the number of learnable parameters from 3 x 4 = 12 in a standard dense layer to just 2, while
guaranteeing the desired symmetry.

Example: 4D to 4D Equivariant Map. Consider a map from a 4D input space X to a 4D output space ). Let the Schur
decomposition of their respective Lie algebra representations be:

dpx =UxZaUy, dpy =UyZyUy, (50)



Let the block diagonal Schur forms 3 » and 3y, be written as:
2){ = diag(Sl,Sg), Ey = diag(Tl,Tg) (51)

We define the specific structure of these blocks using scalars a, b and ¢, d as follows:

a b c d

Sl = (_b a) ) S2 = (_d C) (52)
a b c d

Tl = <_b CL) ) TQ = (—d C> (53)

The transformed weight matrix ©’ is a 4 x 4 matrix. Acoording to Lemma | W ; relating input block S; to output block T7
can be non-zero only if the representations are equivalent (17 ~ S ;).

Here, we observe that T3 ~ S; and Tb ~ S5, while cross-pairings (e.g., T7 vs S3) possess distinct eigenvalues.
Consequently, the weight matrix allows for learnable parameters (following Eq. (22)) on the diagonal blocks but enforces

zeros elsewhere:
(_O[ﬁl gl ) 02 X2
o — 1 1 54)

az
O2x2 <§2 O;)

This constrains the layer to take a block-diagonal structure in Schur basis, reducing the number of learnable parameters from
16 to 4. We illustrate these examples in Fig. 5.
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Figure 5. Visualization of condition of strict equivariance condition on the weight ©’ which is described in Lemma 1.

Schur equivariance projection for multiple generators. To design the Schur projection operator for a Lie algebra with

multiple generators, we compose the projection operator for each generator, i.e., Bschur = Bacpur © Bopur © ** * © B Surs

where B¢, .. is the projection operator design from dpx (A;) and dpy (A;). For commuting generators, this yields the exact
projection operator. However, for non-commutative generators, this is an approximation of the true projection operator.

C.3. From hard thresholding to smooth cut-off

Instead of applying a sharp cut-off (threshold) to the singular values as in Eq. (9), an alternative design is to use a smooth
transition, i.e.,

Biny £ yiusu/, (55)

where v; = 1if o; < b, else v; = exp(—02/s?). Here, s € R is a hyperparameter controlling the decay rate.

Remarks. For the special case of shift invariance, the smooth cut-off in Eq. (55) is analogous to the concept of “transition
band” in filter design [38, 65]. A sharp cut-off in the Fourier domain, i.e., an ideal filter, produces ripples in the time domain,



which is undesirable in practice.

Soft Schur equivariance projection. Instead of following a strict cut-off when designing the projection operator, we follow a
smooth cut-off defined as:

Y1k Oy, if T) % Sk, As, + A1, > b,
W, = ¢ Sym(©),) + ix(0], —Sym(©),)) if T} ~ Sk, As, + Ary > b, (56)
1k otherwise

Where v, = exp(—i()\sk;kn ))

hyperparameters s.

is a decay factor based on the eigenvalues of the corresponding representation blocks, with

D. Additional Clarifications
D.1. Properties of -Soft Equivariance Metric

The relative equivariance error in Eq. (6) provides a metric that is unaffected by local rescaling of the function and the input.
For linear layers, it is a scale-invariant measure: rescaling the weight (W — aW) or the input (x — ) does not change the
relative equivariance error as

oW px(g)Bx — py(g)aW Bz| _ [[Wpx(9)x = py(g) W]
laW ||| ]| W] [J] ;

(57)

This property ensures that the metric captures the intrinsic equivariance error without being influenced by the scale of the
weights or inputs.

Furthermore, we empirically validate the stability of this metric by analyzing a pre-trained ResNet-18 model. As illustrated
in Fig. 6, the norm of the Jacobian of the logits with respect to the input does not vanish, and the relative equivariance error
neither explodes nor collapses. This confirms the robustness and reliability of our proposed metric.

D.2. Example

Here we will show a worked-out example for constructing a projection operator for weights W € R3*3 working on 3D
vectors. We aim to achieve approximate equivariance with respect to rotation about the z-axis, corresponding to the following
Lie algebra generator:

0 -1 0
A.,=|1 0 0]. (58)
0 0 O
Here we directly used the matrix form of A, i.e., dp(A,) = A,
D.2.1. Using SVD
Following 13, we form the Kronecker product
L=Al@L-I3®A, ¢ R™, (59)
When written explicitly, we obtain:
0 1 0 1 00 0 0O
-1 0 0 0 1.0 0 0O
0 0 0 0 01 0 0O
-1 0 0 0 1.0 0 0O
L=|10 -1 0 -1 00 0 0O (60)
0 o -1 0 0 0 0 00
0 0 0 0 00 0 1 0
0 0 0 0 00 -1 0 O
0 0 0 0 00 0 0O

The singular values of L are {0(*3) 1(x4) 2(x2)1,
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Figure 6. Distribution of the norm of the Jacobian and the relative equivariance metric (Eq. (6)) from a pre-trained ResNet-18 model on
ImageNet. The relative equivariance error does not collapse or explode.

The 3-dimensional null space corresponds to singular values of 0, and yields the following 3-parameter family of exactly
equivariant weights, i.e., exact equivariance:

a B 0
Weq = _5 a 0 e 577 eR. (61)
0 0 v

With SVD L = UFSL(VE) T the projection Beg = >, o1 <b vE (vl) T keeps right singular vectors below cutoff b. For
b = 1.5, the 7 vectors with o € {0, 1} are retained, yielding a 7-dimensional projected subspace. Reshaping each of the 7
right singular vectors v € R into 3 x 3 matrices V; = reshape(v}), the projected weight can be written as:

7
W => aVi=aVi+a;:Va + asVs + asVi + a5 Vs + a Vs + a7V, (62)
i=1

where the 7 basis matrices are (3 from ¢ = 0, 4 from o = 1):

100 0 10 00 0
vi=|o 1 0|, “a=[-10 0], =|0 0 o],
00 0 0 00 00 1
00 1 00 0 00 0 00 0
vi=[0 0 o|, vs=|0 0 1|, Vs=[0 0 o], v==[0 0 0
00 0 00 0 100 010

Here Vi, V5, V3 span the exactly equivariant subspace (¢ = 0), while Vy, V5, Vi, V7 correspond to o = 1 directions that
mildly break equivariance by coupling the zy-plane to the z-axis.



D.2.2. Schur decomposition approach

For this example A, is already in real Schur form, Uy = Uy = I3. Furthermore, ¥y = diag({Si}i_,) = Xy =
diag({T}}7_,) = A, with A, having the following block diagonal structure:

A, = diag ((1) _01), (0) . (63)
N~~~
—— 53, A5,=0
S1, )‘Sl =1

The weight in Schur basis ©’ = U. 3—,'— ©Uy = O is partitioned into blocks. Following Lemma 1, each block ©;, is governed
by the Sylvester equation 7; ©},, = O}, Si which can be summarized as follows:

Block Size Aq +As, T;~Si? Equivariant solution

1L 2x2 2 Yes (fﬁg)
s 2x1 1 No 0
L 1x2 1 No 0
5  1x1 0 Yes 0

Schur projection with b = 1.5: Following Eq. (20), blocks with Aq; + Ag, > 1.5 are projected; blocks below this threshold
are unconstrained. Atb = 1.5:
e Oy A=22>1.5,T) ~ Sp): symmetrized to (_("ﬁ g) form (2 degree of freedom) after projection.
* ©)5, ©4; (A =1 < 1.5): unconstrained (4 degree of freedom) ,i.e., remain unchanged after projection.
©hy (A =0 < 1.5): unconstrained (1 degree of freedom).

Numerical Example: Schur projection in action Let the weights before projection be

2 3 1
e=[|-1 4 2
3 -1 5
Applying the Schur projection with cutoff b = 1.5:
2 3 Sym 3 2
. [A—
on=(2 ) (% 3)
o= G), by = (3 —1) : unchanged.
e O}, = (5): unchanged.
The final projected weight matrix is
3 2 1
W=|-2 3 2
3 -1 5

Remarks. We note that both the SVD and the Schur decomposition approach give rise to the same projection operator.
However, computing the projection operator via Schur decomposition is much more efficient.

E. Complete Proofs of the Claims and Lemmas

Reformulation of equivariance constraint. To study deviation of a function F' from perfect equivariance at an input «, we
define the equivariance residual/error R(g) under the action of group element g € G:

R(g9) = F(px(9)x) — py(9)F (). (64)



For perfect equivariance, |R(g)|| = 0 for all ¢ € G and for soft equivariance the || R(g)]|| is bounded for all ¢ € G.
Applying the first order Taylor approximation from Eq. (3) around the identity element e € (G, we can rewrite the error as:

R(g +Zt OR(exp Z tidi)) O(lAl12) (65)
t=0
3R(exp(2i tiAi))
=> t . ot O(|Al?), (as R(e) = 0) (66)

i

where g = exp(A) with A = ). t;A; and || A||g < 7@, where 7¢ is the injective radius (or injectivity radius) of G. Hence,
the Taylor remainder is bounded by

O(||lAll;) £ 0(E) < eq,

for some group-dependent constant €. In the following proofs, we first bound the linear term and then add the residual term
€ in the final estimate.

E.1. Proof of Claim 1
Claim 1. For any compact and connected Lie group G with injective radius rq and ng number of generators, the function
Fyc(x, Biny0) is np-soft invariant, i.e.,
|(Binv8) " — (Binvt) T px (9)||
1 Fee-su0) (2) |||

where m, = by/ngrg + g, b € RY is the cut-off value for the projection operator , and g is the residual from the
first-order Taylor approximation.

<m,VgEG (10)

Proof. We apply the Taylor expansion of the equivariance error (Eq. (65)) on the function Fyc = w ' & with w = Bjp,0.
Following the convention established in Eq. (65), we work with the first-order terms and absorb the Taylor residual error e
into the final bound and obtain:

Zt (w'px(exp(X; tiA))x — w' ) 67

ot;

t=0
+ 0 LAy
ot; 0
= Zt w de )x (using Lie algebra representation). (69)
For Fr¢ the exact invariance condition becomes:

R(g)=0 = > taw'dpx(A)z =0 Vi, z,g. (70)

This implies that if w is in the left null space dpx (A;) for all 4, then the exact invariance condition is satisfied. We now derive
the bound on the equivariance error when w is not in the null space of dpy (A;).

We denote the singular value decomposition (SVD) of each Lie algebra representation dpx (A;) as:
iNviysi
dpx(A) = UV (71)

where U and V* are orthonormal matrices and Y is a diagonal matrix with singular values 0 < 0% < o% < ... arranged in
increasing order.



We can express the invariance error norm, ||R(g)||, as:

[R(g)Il = ‘ Ztindpx(Ai)w (72)
< Z [tillw " dpa (As)z] (73)
= i It w UV | (74)
= Z [t (U ) TS (V)| (75)
= ZZ:M winixi (76)

where Wi = U’ wand X = V' z are the coordinates of w and = in the left and right singular vector bases, respectively.
As b is the cut-off value of the projection of operator Biypy, W; = 0 for all 0;- > b (true for all generators by definition).
Therefore, we can write:

IR(g)| < Z [ti] Z a;|W;||X;| (as X' is a diagonal matrix) a7
) j:a;.'<b
<y bl > (WX (78)
i j:cr;.<b
< Zb|tl|||Wl||HXlH (by Cauchy-Schwarz) (79)
<Y bltil|wll|=| (as U and V" are orthonormal ||W'|| = [|w]|) (80)
= bllwl[fl] Y _ It 81
i

For compact and connected Lie groups /> i tf < rg (assuming an orthonormal basis for the Lie algebra), where r¢ is the
injective radius of the group G [30]. Applying Cauchy-Schwarz inequality on ), |t;| gives:

Il < Vg, > 12 < Vnara, (82)

%

where n¢ is the number of Lie algebra basis elements of the group G.
For the linear function Fc, the norm of the Jacobian at  is ||J g, () (2)||r = [|w]|. Lastly, substituting the definition of
R(g) and w, and reintroducing the Taylor residual error €, we obtain the final bound on the equivariance error:

1(BO) "x — (BO) " px(9)x|
19 e o) () [ 1|

H(BG)TX — (BH)TpX(g)xH < bllw|||x||vVrere + ¢ = <bngrg +e¢c. (83)

Here, ¢ is the Taylor residual normalized by ||wl||||x]|. O

E.2. Proof for Multiple Generators.

We now prove that the Claim 1 also holds for the projection operator Bj,, designed using the combined SVD of multiple Lie
algebra generators.

Proof. We denote

A = [dpx(Ar) [ dpx(A2) | -+ | dpx(Ang)], (84)



where, A, ..., A, are the basis elements of the Lie algebra. We also denote the SVD of Aas A = UXV '.
We now define an extended input z as

tlm

t2:13
z= | .|, (85)

tho®
O

i.e., z is ng times repetition of the input x scaled by parameter associated with the Lie algebra generator.
Now following Sec. E.1 we express the invariance error as
IR(9)l = ||Ztinde(Ai)wH (86)
i
= w" ) tidpx(A))| (87)
= |w'Az| (88)
= |w'USV || (89)
— W) E(V2)] (90)
= [wTsz||. ©1)
Following the condition of Bi,,, W; = 0 for o; > b. We can rewrite the bound as
IR < > oW,z 92)
g;<b
< bllwllllz]| by Cauchy-Schwarz and [[W|| = [lw]|, | Z]| = ||=]| (93)
< bfjw|| Z t?||z|| following the construction of z 94)
< brgllw||||x|| using the definition of injective radius 95)
< byngrellwl||lz]. asng >1 (96)
Finally, following the definition of R(g), and Jacobian of the linear function Fr¢, we obtain
Bf)'x — (B6)"

IB0)  — (BO) o)l _y oo o

19 Fre saw) () [ [

Thus, the designed projection operator via combined decomposition satisfies Claim 1.

Note: An alternative approach for designing a projection operator for groups with multiple generators is to design a
projection operator Biy, ; for each generator A; and the final projection operator can be approximated via compositions
Biny = Biny,10Biny 20. .. Binyn,. For commutative generators, this approximation is exact. For non-commutative generators,
better approximations can be obtained by recursive application of these projection operators.

E.3. Proof of Claim 2

Claim 2. For any compact and connected Lie group G with injective radius v and ng generators, let W be defined as
in (12). Then Fyc(x, W) is np-soft equivariant, i.e.,

[Wpx(g)x — py(g) W
T Fre (5w (@) | [l

< M, Vg € G7 (16)

where ny = by/ng d' r¢ +e¢, b € R is the cut-off value of the projection operator Beq, d' is the output dimension, ¢ is
the residual from the first-order Taylor approximation.




Proof. Applying the Taylor expansion of the equivariance error Eq. (65) in the function Frc = Wz with vec(W') = ngO €
R%? and retaining only the linear terms, we obtain:

Rlg) = Z ‘ O (Wpx(exp(},; tiAi))x — py(exp(D_,; tidi)) Wa) 98)
i atl t=0

= t; (Wdpx(A))x — dpy(A;) W) (99)

= t; (Wdpx(4;) — dpy(A)W) (100)

= ti(a" ® Iy)vec(Wdpx(A;) — dpy(A;)W)  (using the fact Mz = (2" @ I )vec(M)) (101)

= ti(z' @ Iy)vec(IaWdpx(A;) — dpy(A;)W L) (102)

= ti(@" @ Iy)(dpx(Ai)" ® Iy — I, @ dpy(A;))vec(W)  (as vec(ABC) = (CT ® A) vec(B)). (103)

K3

We denote L; = dpx(A;)T @Iy — I3 ® dpy(A;) and T = " @ Iy and define the SVD of L; as
L =ULyLyL (104)

where U+ and VX are orthogonal matrices and X% is a diagonal matrix with singular values 0 < o, < o9 < ... arranged
in increasing order. We can express the equivariance error norm as:

IR(g)ll = ‘ Ztmeec(W)H (105)
< Z ts] - [ BLvec(W)| (106)
= Z It]|[BUS S VI vec(W))| (107)
= Z tl|(Us ) TSR (VR vec(W))| (108)
= Z 41X S (109)

—_ L ’ ’ —1 T 4 1 r 1
where X' = (UL 'Z") e RCD and W' =V vec(W) € RY? are the coordinates of  and vec(W) in the left and
right singular vector bases, respectively. Here X" is a matrix with d’ columns, where ch denotes its c-th column, and ch j
denotes the j-th component of that column.

As b is the cut-off value of the projection of operator Beg, W; = 0 forall O’;» > b (follows from the definition of the cut-off
values and holds for all generators).



Therefore, we can write:

1R(g)

Now we compute ||Z||r where & = = ® Iy € RY

as [vec(W)| = [[W|r.

R p—;
<Y lalIX ==

<Z|t|z Z UX W

c=1 ]g [P
< th |Z > Xl

c= 1]0‘ <b
<Z|t |bz S IXe, I

c= ljg <b

p 1/2 1/2
<> (Y] Y Xl > WP
% c=1 j:a;’<b j:U;.gb

<D Il X =W
i

<> [ti|bl[@||s[[vec(W)||  (as U™ and V"¢ are orthonormal).

xd'd.

IIfIIQ‘? = llz" @ T3
(@' oly)(z' @1y)")
tr((z' @ly)(z@1y))
r((z'z)© (ols))

= tr(||:c||2 ®Id/)

= [|lz||* - tr(Tar)

= d'||z|*.

Therefore, ||Z||r = v/d’||«||. Substituting the norms, we can rewrite the inequality as:

I1R(g) < Z 430V |l || W e

(110)

(111)

(112)

(113)

(114)

(115)

(116)

(117)

(118)
(119)
(120)
(121)
(122)
(123)
(124)

(125)

For compact and connected Lie groups />, t7 < r¢ (assuming an orthonormal basis for the Lie algebra), where r¢ is the

injective radius of the group G. Applying Cauchy-Schwarz inequality on ), |¢;| gives:

d_ltl < Vg, [Y 8 < revie,
i i

where ng is the number of Lie algebra basis elements of the group G.

(126)

As the function Fic is linear, the norm of the Jacobian at « is ||J p(,w),, (2)|[r = ||W||¢. Substituting the definition of



R(g) and [|J p(;w), () ||, and reintroducing the Taylor residual error €, we obtain the final bound on the equivariance error:

W px(9)z = py(9)We|| < brev/nad |3 pew) (@)l + cc (127
B’ — B’
_, IBGpxlge = py(9)B'Ol| _, oo (128)

19 7 wee (@) e[l
Here, ¢ is the normalized Taylor residual. O

E.4. Proof of Lemma 1

Lemma 1. The weight matrix © is equivariant if it satisfies the condition
310 —0'Yy =0+ T,0), = 0,,Sr Vi, k, (19)

where Oy, are blocks of ©' corresponding to the blocks of Xy and X x of dimensions dim(T;) x dim(Sy).
Proof. Following Eq. (100), we can write the condition for exact equivariance as for weight © € RY >4 g

|R(g)| =0 = ‘ =0. (129)

Z t; (Odpx (4A;i) — dpy(4:)0) x

The above condition holds if
[©dpx(Ai) — dpy(A:)Ofr =0 Vi (130)

As the condition is the same for all Lie algebra generators A;, we drop the index A; for readability. We define the Schur
decomposition of the Lie algebra representations as:

dpx =UxZaUy, dpy =UyZyUy), (131)

where Uy and Uy, are orthonormal. And we denote ©' = U. ; OU y Substituting the Schur decomposition in the equivariance
condition, we obtain:

|©dpax — dpy®llr =0 (132)
= |OUxZxUy — UyEyUy Oz =0 (133)
= Uy, (OUx =2 U5 — UyEyU,,0)Ux|r =0 (orthonormal matrix preserves norm) (134)
= U, 0UxExUxUx — Uy, UyEyUy OUx || = 0 (135)
= 0’2y — 230 =0 (136)

This condition holds when
30— 0'Zy =0. (137)

Now as dpx and dpy are normal matrices, 3y and 3y are block diagonal matrices i.e., ¥y = diag({Sy}}_,) and
¥y = diag({Ti};_,), where {Si}/_, and {T}}] , are sets of 1 x 1 or 2 x 2 Schur form blocks. We decompose ©’ into
blocks ©7,, corresponding to the blocks of X x and 3y, of size dim(T}) x dim(S}) i.e., O}, is a submatrix of ©’ corresponding
to the rows associated with block he T} in 3y, and columns associated with the block Sy, in 3 ».

As the 0 entries of 3 and 3y, do not contribute to the matrix multiplication, we can rewrite Eq. (137) as a blockwise
condition:

T,0), — 0,S, =0 Vi k. (138)

O



E.5. Proof of Claim 3

Claim 3. For any Lie group G with normal Lie algebra representations with injective radius rc and ng generators. Let
W = Uy Bscnur [0’ U, then the function Fec(x, W) is ny-soft equivariant

[Wpx(g)x — py(g) W]
| e (s w) (@) || |2 |

<m,VgEG (23)

with n, = by/nara + €, b is the cut-off value of the Schur filter Bscnur and ¢ is the residual from the first-order Taylor
approximation.

Proof. Applying the Taylor expansion of the equivariance error Eq. (65) for the function Frc(x, W) = W and retaining
only the linear terms, we obtain:

Rig) =" 9 (WPX(GXP(tv:Ai))ﬂ(;; py(exp(tiA;)) W) (139
P 7 t=0

= Zti (Wdpx (4Ai)x — dpy(A;) )W) (140)

= Zt (Wdpx(Ai) — dpy(A)W) . (141)

?

Now, we denote W' = Uji,TWU}'Y where U} and Uj, are the orthonormal matrices from the Schur decomposition of
dpx(A;) and dpy(A;) respectively. We denote £y = diag({S.},_,) and £y = diag({T}}_,), where {S}}/_, and
{Ty}}_, are sets of 1 x 1 or 2 x 2 Schur form blocks corresponding to the Schur decomposition of dpx (A;) and dpy (A;).
By A si and )\le we denote the norm of the highest eigenvalue of the blocks S} and Tll respectively. We can express the
equivariance error norm |R(g)| to be upper-bounded by:

D 1tlWdpa(Ai) = dpy (AW || (142)
BT a4 s Y RSN sl ivi i V\(pTi v T |
= Z [t[|(UyW" Uy )(UrE5Uy ) — (UyE3Uy )(UpyW Uy 2]z (143)
= Z [ti] ||Wi/2iX - ES,W1/||2||:UH (spectral norm of orthonormal matrices is 1) (144)
i'5vi i il
<D WIS = W e | (145)
1/2
i Qi ivisi

= Z It:i] Z WSk — TIW7 |12 ||| (146)

i 1k

1/2
il Qi iyrsi’ T x it

= Z [t Z (WS — TiW?¢, |2 |l (as Bscuur, W'}, Si—T W}, =0 when Agi +Ag>b) (147)

i Lkihgi +A i <b

1/2

< Z |ti‘ Z ()\Slxc + A’_l"l‘l,)2||WL;k||g H:BH (' maximum scaling is bounded by the highest eigenvalues) (148)

i l,k:)\si-‘r}\Tligb

1/2
74'/

<>l > PIWLE] =l (149)

i Lkihgj +A i <b

1/2
il

<DL D IWE ] el (150)

i 1k



i/
= [t W [l¢]| (151)

= Z [t:[b|W |[e||z|| (as Uk and U3, are orthonormal). (152)
For compact and connected Lie groups, applying the Cauchy-Schwarz inequality and using the injective radius property:

S It < Ve, [ #2 < ngre. (153)

Substituting the definition of R(g) and using ||J g, ,w) ()|l = [|[W || F, and reintroducing the Taylor residual error e,
we can state

|1B:Opx(9)x — py(9)B;Ox|

[1BsOpx(9)x — py(9)B:Oz|| < brav/na|Wrlz| +cc = 3
19 Aeow) (@) || 7l

< by/ngrag+eq.
(154)
Here, ¢ is the normalized Taylor residual. O

E.6. Proof of Lemma 2

Lemma 2. Let G be a finite discrete group with generating set S = {s1,...,s;}, and f : G — R be h-Lipschitz
with respect to the word metric ds, then the first-order Taylor approximation of f at the identity element e defined as
flg) = fle) + Zle ns, Ag, f(e) satisfies the following point-wise error bound:

1) = f(9)| < 2h-ds(e.g), (25)
where ns, humber of occurrence of s; in the canonical word representation of g.

Proof. By definition of f , the approximation error is:

k
(9= flo)| = ‘f(g) o) =D ns, A f(e)]. (155)
=1
Applying the triangle inequality:
k
£9) = F(9)] < |£9) = ()] + D mi A, f(e)] (156)
S—— im1

@
an

Recall that the word metric dg(g, ¢') counts the minimum number of generator from S needed to reach g’ from g; in particular,

for g = s} - - s, the word metric can be expressed as ds(e, g) = > v n; = Ele ns,, where ng, is the total number of

m

occurrence of s; in s7* - - - s the canonical word representation of g .
Bounding (I). Since ds(e, g) = Zle n; and f is h-Lipschitz:

1f(g) = f(e)l < h-ds(e g). (157)
Bounding (IT). Each generator s; satisfies ds(e, s;) = 1, so by h-Lipschitz:
A5 f(e)l =1f(si-e) = fe)] < h-ds(e,si) = h. (158)
Summing over all generators: . .
Zni |Ag, f(e)] Sthi = h-ds(e, g). (159)

i=1 i=1



Combining the two bounds:

#(9) = F(9)| < h-ds(e.g) +h- dse.9) = 21 dsle. ). (160)

which completes the proof.



Table 8. Human Trajectory Prediction Results (ETH/UCY). All metrics are lower is better.

Method ETH UNIV ZARA1 ZARA2 HOTEL

ADE| aADE| cADE| FDE| aFDE| cFDE| ADE| aADE| cADE| FDE| aFDE| cFDE| ADE| aADE| cADE| FDE| aFDE| cFDE| ADE| aADE| cADE| FDE| aFDE| cFDE| ADE| aADE| cADE| FDE| aFDE| cFDE/|
Base [19] 467 480 473 6.04 627 615 790 792 791 816 817 816 357 3.65 3.61 463 473 4.68 3.8 3.15 3.17 3.83 376 379 583 585 584 6.64 671 6.67
EqAuto [10] 540 540 540 733 733 733 816 816 816 833 833 833 366 3.66 3.66 498 498 498 294 294 294 363 3.63 363 6.6 6.16 616 678 678 6.78
Ours 450 466 458 6.10 635 623 7.82 7.88 7.85 8.04 8.09 8.07 339 341 340 465 468 4.67 291 291 291 3.60 3.60 3.60 5.69 5.69 569 6.26 625 6.26

F. Additional Experiments and Results
F.1. Synthetic O(5) benchmark

We follow the setup of [17] to create a synthetic benchmark for O(5) invariant learning.
Task Description Given two vectors x1, 72 € RS, the task is to predict the following O(5) invariant quantity f(xq,z2) =
sin(||lz1]]) — |lo2]]2/2 + TexTzay - To induce a more challenging learning problem, we deviate from the strict invariant target

function f and reformulate the target function as

T
Ty T2

olos el + [+ [+ |3
Terlllzall 7 T3+ led] + 3] + 2] + <

non-invariant term

flar,ws) = sin(|lz1]]) = [|lz2]%/2 + (161)

where 7 is a hyperparameter that controls the degree of deviation from strict invariance and xf denotes the kth component
of the vector z;. When v = 0, the target function is strictly invariant, and as -y increases, the target function becomes less
invariant.

We present the results in Tab. 9, which show that our method outperforms the baselines, with EMLP-RPP [16] being the
second-best.

Table 9. Relative MSE (10~ ') for varying ~ on Synthetic O(5) benchmark.

Model vy=03 =04 ~=05
EMLP [17] 0.78 0.88 1.00
EMLP-RPP [16] 0.79 0.81 0.84
MLP 1.21 1.20 1.29
Ours 0.72 0.74 0.81

F.2. Additional ablation studies and extended results

We evaluate the benefits of soft equivariant models we also report the performance of full equivariant models. However, fully
equivariant pretrained models with architectures and parameter counts similar to ViT or DINOv2 are not publicly available. So
we use our projection operator to create a full equivariant model from a pretrained non-equivariant model. We present the
results in Tab. 10 on the classification and segmentation tasks following the setup of Sec. 5.2 and Sec. 5.3. We observe that the
full equivariance constraint degrades the performance (see Tab. | and Tab. 4).

Table 10. Performance of full equivariant models Table 11. Wang et al. [67] vs Ours.
Task Dataset ViT  DINOv2 ResN/Seg Wang et al. [67] Ours
; # Filter Bank cAcc (%) Softness cAcc (%)
CIFAR-10 84.10 93.07 73.21
Class. (cAcc) 2 83.08 0.7 85.52
CIFAR-100 66.98 81.99 58.857 3 81.25 0.8 8502
Segmen. (cloU) Pascal VOC 63.45 68.87 29.20* 4 82.74 0.9 85.11

TResNet-50, ¥ SegFormer
We also compare our method with the group convolution-based soft equivariant model proposed by Wang et al. [67] on the
MNIST digits classification task. We follow the setup of Sec. 5.1 and report the results in Tab. 1 1. We observe that across
different levels of softness, which is controlled by the number of filter banks in Wang et al. [67], our method maintains stable
performance, outperforming the baseline.
We provide the full results on the human trajectory prediction task in Tab. 8. We observe that, across most datasets,
our method outperforms both strict-equivariant and non-equivariant baselines on both standard metrics (ADE, FDE) and



Table 12. Segmentation Performance on PASCAL

VOC [15].Results reported as mean =+ std over multiple runs.

eErris in x1072,

Table 13. Performance on CIFAR10/100 across various back-
bones. Results reported as mean = std over multiple runs. iErr is in
x1072.

Arch. ViT [12] DINOV2 [43] Segformer [71] Arch. ViT [12] DINOv2 [43] ResNet-50 [21]
cloUtT eErr) cloUT eErr| cloUtT eErr) cAccl iErr) cAccl iErr cAcct iErr}
Base 72.99+0.95 1l+o01 87.97+1.02 04+00 63.67+00s 1lioo S Base 97.47+0.05 06+00 98.63+0.06 04+o00 94.88+017 21+o1
Canon. 64.37+075 19+o00 82.83+0.18 38+o07 55.90+1.26 24+02 < Canon. 93.42+o0.22 13402 97.78+0.22 03+00 91.00+0.26 1l+o01
Ours 73254038 10+00 88.61+01s 03+00 63.87+067 10+00 O Ours  97.49+014 06+00 98.70+005 04+00 95.05+027 1903
S Base 85.63+0.22 24400 91.62+0.20 25+01 79.78+0.18 5Hl+o2
% Canon. 78.41+0.44 25+02 88.64+065 16+o01 T74.18+1.02 27 +o03
5 Ours 85.67+028 23+01 91.90+012 23+00 80.13+024 45+00

augmented metrics (aADE, aFDE). While | and 4 reports results for a single run, Tab. 13 and Tab. 12 report mean + std over
5 random seeds following the exact setup of Sec. 5.2 and Sec. 5.3. We observe that our method consistently outperforms the
baselines.

G. Experiment Details
G.1. Validating tunable softness level

We use a two-layer MLP trained with a batch size of 512 for 30 epochs. The MLPs take flattened images as input. The models
are trained on the standard MNIST [33] training set with 10% held out for validation. We choose the best-performing model
on the validation set for final evaluation on the test set. We use Adam optimizer with a learning rate of 1e~3 and a weight
decay of 1e~*. The input images are padded to prevent the boundary artifact during rotation. We use the Adam optimizer with
linear learning rate decay.

G.2. Image Classification

CIFAR-10 and CIFAR-100. We use the pretrained ViT-B/16 model from [12] as the backbone which is pretrained in
ImageNet-1k dataset for classification task. We replace the final classification layer to match the number of classes in
the CIFAR-10 and CIFAR-100 datasets. The ResNet-50 [21] backbone is also pretrained on ImageNet-1k, and only the
final classification is replaced. The DINOv2 [43] is trained on the large-scale LVD-142M dataset. We add a single-layer
classification head with the DINOv2 backbone.

For the Canon. [41] baseline we use a 3 layer Cg equivariant steerable (a 20° rotation equivariant) CNN architecture [9]
as the canonicalization network. The model is trained from scratch with random initialization. We also use the prior loss
as described in [41] to stabilize the canonicalization network. We use the same rotation group for designing our projection
operators. See Sec. G.5 for details on the choice of the cutoff value for the projection operator.

All the models are finetuned for 30 epochs. Images are interpolated to 224 x 224 resolution to match the input size of the
pretrained models. We use a larger learning rate of 1e~3 for the classification head and 1e > and 5e~® for the ViT/DINOv2
and ResNet backbone, respectively. Models are trained with random rotation augmentation. We use the AdamW optimizer and
a cosine learning rate scheduler. 20% of the training data is held out for validation. The best model on the validation set is
used for final evaluation on the test set.

ImageNet-1k. We use publicly available pretrained ViT-B/16 [12], DINOv2-base [25, 43], and ResNet-50 [21] models. We
directly evaluate the models on the ImageNet-1k validation set. We use the same architecture for the canonicalization module
for the Canon. [41] baseline as described above. We use the training script from Pytorch Image Models (timm) library
[68] for finetuning and evaluation. We train all the models on a single GPU with a batch size of 128 for 15 epochs with 4
warmup epochs. We use a cosine learning rate scheduler with a learning rate of 1le~4. We use standard data augmentation
techniques from ImageNet training [12, 22], with mixup, cutmix, random erasing, and RandAugment. The hyperparameters
are summarized in Tab. 14.

G.3. Semantic segmentation

We use the PASCAL VOC 2012 [15] dataset for the semantic segmentation task. Following the DINOv2 [43], we use a linear
classifier over the pre-trained DINOv2-base and ViT-B/16 backbones. For SegFormer [71], we change the final classification
layer of the decoder head to match the number of classes in the PASCAL VOC dataset. We use the same canonicalization
network architecture as described above for the Canon. baseline. The SegFormer and DINOv2 models are trained with images
of size 512 x 512 following their original setup. For ViT-B/16, we use an image size of 224 x 224. All the models are trained



Table 14. Training Hyperparameters for ImageNet-1k

Hyperparameter Value
Optimization
Optimizer AdamW
Learning Rate le—14
Weight Decay 0.05-0.04
Epochs 15
Gradient Clipping 1.0
Learning Rate Schedule
Scheduler Cosine Annealing
Warmup Epochs 4
Warmup LR le—6
Layer-wise LR Decay 0.65
Augmentation
Mixup o 0.8
CutMix « 1.0
Random Erasing 0.25
RandAugment rand-m9-mstd0.5-inc1
Regularization
Label Smoothing 0.1
Drop Path Rate 0.1
Model EMA 0.99
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Figure 7. Sample trajectories from the ETH/UYC dataset. Solid circles indicate observed past positions, and hollow circles show the future.
Square markers denote starting points. Each line with a distinct color corresponds to a different pedestrian in the scene.

for 100 epochs with a batch size of 32. We use a cosine annealing learning rate scheduler with 8 warmup epochs. The learning
rate is set to 5e 2 for ViT-B/16, 1le—° for DINOv2, and le—* for SegFormer baselines. We use standard data augmentation
techniques, including random scaling, cropping, horizontal flipping, and rotation.



(a) cloU vs softness level for SegFormer (b) cloU vs high softness level for different pretrained models
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G.4. Human trajectory prediction

We use the human trajectory datasets from ETH [44] and UCY [34], consisting of five subsets with the number of subjects
(humans) varying from 5 — 57 across different scenes and datasets. We visualize two samples from the dataset in Fig. 7,
illustrating the task and the dataset’s complexity. We use an auto-regressive transformer model with 4 transformer layers, each
with 4 attention heads. We follow the technique of Vector neurons [10] for designing an equivariant auto-regressive (EqAuto)
transformer. Models are trained for 100 epochs with a learning rate of 5¢=* with a weight decay of 1e~°. The models are
trained with mean squared error. The best-performing model on the validation set is used for the final evaluation on the test set.
We use the Lie algebra representation of the 2D rotation group to design the projection operators. The combined ADE (cADE)
and combined FDE (cFDE) are calculated as

ADE + aADE FDE + aFDE
cADE — % cFDE — % (162)

G.5. Softness level selection

In Sec. 5.1, we show that when training from scratch, the level of ‘softness’ can be selected depending on the trade-off between
performance and consistency.

However, when using pretrained models, smaller softness levels (i.e., more aggressive projection) can lead to a significant
drop in performance because they deviate further from the pretrained weights. As we see in Fig. 8a, the performance of
SegFormer drops significantly when the softness level is smaller than 0.6, and we do not see any benefit from pretraining. So,
when adapting pretrained models, we use higher softness levels (> 0.7) to retain the benefits of pretraining. As we see in
Fig. 8b, across all architectures, this range of softness levels leads to effective fine-tuning and better performance.
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