Hier-COS: Making Deep Features Hierarchy-aware via
Composition of Orthogonal Subspaces

Supplementary Material

We structure this supplementary material as follows, pro-
viding relevant references (in blue) to the main paper. In
Sections 7 and 8, we prove that our proposed formulation of
Hier-COS results in an HAVS and is thereby hierarchically
consistent (as mentioned in Sec. 3.2 of the main paper). We
then discuss a few important geometric properties of Hier-
COS in Section 9. In Section 10, we provide details about
our experimental setup, dataset details, comparative base-
lines and implementation details (as mentioned in the Sec.
5 of the main paper). In Section 11, we discuss the results
on tieredlmageNet-H (as mentioned in Sec. 5 of the main
paper) and provide an empirical validation of our model’s
hierarchical consistency. We also present the results of our
ablation study, sensitivity analysis and qualitative results
demonstrating the quality of feature representations learned
by Hier-COS in comparison to previous methods. In Sec-
tion 12, we review the existing metrics used to evaluate hi-
erarchical classification, information retrieval and ranking
systems (as mentioned in Sec. 4.1 of the main paper). We
formally define HOPS in Section 13, and show its computa-
tion with an example (as mentioned in Sec. 4.2 of the main
paper). We define and discuss the limitations of each met-
ric. In Section 14, we provide additional discussion on our
framework, its complexity and some of the future research
directions. We also provide additional supplementary files
with our submission, which we summarize in Section 15.

7. Proof of Theorem 1

Theorem 2. Consider a vector space Vi and its sub-
spaces for fine-grained classes {Vy,,-- - ,Vy, } spanned by
{&yrs- -+, Eys } defined using the hierarchy tree T, as dis-
cussed above. For all x € Vi, if x € V,, and (x,¢e;)* >
0, Ve; €&y, then Vyy is an n-dimensional HAVS induced
by an LCA-based tree distance function D.

Proof. To prove Vi is an HAVS, we must satisfy Def. 1.
Let x be a feature vector for class y; such that the theo-
rem’s conditions hold. We must show that for any two other
classes y;,yr € V-

it Dr(yi,y;5) < D7(¥i, Yk)
then ‘Di—DJ| < |DZ—Dk|

where, D7 is an LCA-based distance function, which
implies that D7 (y;,y;) < D7(yi,yx) if and only if
‘fa(vi) N fa(vj)| > |fa(vi) N fa(vk)"

First, by the theorem’s assumption x € V,,,, the projec-
tion of x onto its own subspace is x itself. Thus, its distance

to its own subspace is zero:
D = |x =Py, (x)[| =0 @)
The HAVS condition simplifies to proving:

it D7 (yi,y;) < Dr(yis yk)
then D; < Dy,

From the main paper’s definition (Eq. 2), the squared
distance from x to any subspace V,,; is the sum of squared
components of x on the orthogonal complement basis =&, :

D}x)= >  (xem) (8)

em €&y,

Now, we use the first assumption, x € V,,. This im-
plies that x has no components outside of V,,. Formally,
(x,em) = 0,Ve,, € =&, i.e., x is orthogonal to all the
basis vectors not in £,,. We can substitute this into Eq. 8.
The only basis vectors e,,, € ﬁé’yj that can contribute to the
sum are those that are also in &,,.

Dix)= ),

em E—\Eyj OEW

<X7 6m>2

This set is equivalent to the set difference £,,\&, ;. Thus, the
distance is the energy of x projected onto the basis vectors
that are in y;’s path but not in y;’s path:

Dix)= > (xem)’ 9)
em€Ey, \‘g’yj
Similarly, for class yy:
Dix)= Y. (xem)’ (10)
em€Ey; \Ey,,

Since we know that | f, (v;)N fa(v;)] > | fa(vi)N fa(v)],
i.e., the set of shared ancestors for y; and y; is larger than
for y; and yy, therefore:

|gyb ﬂg’!/j' > |gyz mgykl

Since &, \ &, is equivalent to &y, \ (£,, N E,,), a larger
intersection implies a smaller set difference. Therefore:



Furthermore, because the LCA path is shared, the set differ-
ence &, \ £, is a strict subset of £, \ &y, :

(Eyi \ Ey;) C(Eyi \ Eyy) (11)

Finally, we use the second assumption of the theorem:
(x,e)* > 0forall e € . Since the sum for D?(x) (Eq.
9) is over a strict subset of the basis vectors used for D% (x)
(Eq. 10), and all terms are strictly positive, the sum over the
smaller set must be smaller.

D?(x) < Di(x) = Dj(x) < Dp(x)
Combining this with D;(x) = 0 (Eq. 7), we have:
[Di(x) = D;(x)| < |Di(x) = Di(x)]
This satisfies Def. 1, proving that V.- is an HAVS. O

8. Proof of Proposition 1

Lemma 1. For any given node v; € V7 and its parent
vp = parent(v;), V; C V.

Proof. By definition,
& =EU{eJUE!
E=ErU{e,}UEY
The ancestors of v; are v, and all of v,,’s ancestors, i.e.
Ef =& U{ep)

The descendants of v, include v; and all of v;’s descen-
dants, i.e.

XD {euéEd
Substituting these into the definition of &£,
& =Eufe,}UES
DEFU({e uEd
D¢
Thus, £; C &, which implies V; C V,. O
Proposition 2. The label hierarchy predicted using

Hier-COS is consistent across all the levels, i.e.,
{5, ..., 9O, ... g} is a valid path in the tree.

Proof. Hierarchical consistency requires that for any pre-
dicted node §V) at level I > 1, its predicted parent (!~1)
must be its true parent, i.e., g1 = parent(g}(l)).

The prediction at any level [ is the node v; € Vg) that
minimizes the distance D (x):

4 = arg min Djz(x) (12)
Wev?

We prove consistency by showing that for an ideal fea-
ture vector x corresponding to a single leaf class g, f, the
distance to any true ancestor is 0, while the distance to any
non-ancestor is strictly positive.

Let §icq s be the predicted leaf node. In an ideal setting,
xeVy This implies (x, e;) = 0,Vep € =& Let
7 be any true ancestor of Jj.q ¢ at level [. By recursive
application of Lemma 1, we have Vj,_, s C V@u). Since
x € V.., itfollows that x € V). Therefore, the distance
from x to any of its true ancestors is zero:

leaf* leaf*

Dzu)(x) = ||X - PQW(X)H =0 (13)

Now, let v, be any other node at level [ (i.e., v, # 7).
Since v, is at the same level as () but is not the same node,
v, cannot be an ancestor of {jjc,s. By the definition of the
subspace V, its basis &, consists of £ U {e,} U £Z. Since
vg is not an ancestor of ieay, €5, ¢ €4 U {eq}. Since
Uleay is not a descendant of v, e, ¢ 5;1. Therefore, the

basis vector ey, . is not in &g

Chiear € ﬁ“c”q

Now consider the distance to this “incorrect” node vy:

Dg(x): Z (x,ek>2

ekE"gq

This sum includes the term (x, ey, ., >2. The condition in
Theorem 1 is designed to ensure the feature vector x has
non-zero energy on its leaf node, i.e., (x, ey,.., >2 > 0.

Since D2(x) is a sum of non-negative terms (squared
inner products) and includes at least one strictly positive
term (<x, €Jleas >2), we have:

D2(x) > (x,e4,..,)° >0 (14)

Comparing Eq. 13 and 14, at any level [, the distance to
the true ancestor g)(l) is 0, while the distance to any other
node vy is strictly positive.

Therefore, the prediction at level [ must be the true an-
cestor:

) = arg min D?(X) =¥
vj EV;E)
This holds for all levels, and thus §(‘~1) = parent((")) for
all I. The predicted path is guaranteed to be consistent.
O

9. Properties of Hier-COS

1. Isometry between the subspace distance and LCA-
based tree distance: The sorted order of pairwise dis-
tances between the subspaces V,, and V,, Vj € [K], as
defined in Eq. 8, results in an order which is exactly



the same as the partial preference order obtained using
the LCA-based tree distance metric. Intuitively, with the
increase in the number of common ancestors between
any two leaf nodes, the overlap of the subspaces also in-
creases, thereby reducing their distance. Therefore, fea-
ture vectors in Hier-COS are inherently consistent with
the semantic similarity obtained from the tree.

2. Isometry between Grassmannian distance and LCA-
based tree distance: For any two distinct leaf nodes
y; and y;, the squared Grassmannian distance between
their subspaces is directly proportional to the LCA-based
tree distance between them in the hierarchy tree 7. In-
tuitively, with orthogonal basis vectors as in Hier-COS,
the principal angles between any two subspaces can ei-
ther be exactly zero (common ancestors) or /2 (dis-
tinct nodes). Since the Grassmannian distance between
two subspaces is directly proportional to the sum of their
principal angles, therefore, it is directly proportional to
the LCA-based tree distance.

3. Hierarchy-Adaptive Capacity: The dimensionality of
the subspace V), adapts to the semantic complexity of
the class y. Superclasses have higher dimensionality to
capture diverse features, while fine-grained classes have
constrained dimensionality for specificity. &y for a su-
perclass provides the necessary capacity to represent the
union of features from all diverse sub-categories (e.g.,
V Anima; must accommodate features of both birds and
fish). Whereas &, acts as a constraint, forcing the model
to learn a specific representation for leaf class that is a
refinement of its ancestors, without the excess degrees
of freedom found in superclasses.

4. Unified Classifier for Hierarchy-Aware and Hierar-
chical Multi-Label Classification: The distance of the
feature vector x € V7 can be computed from any sub-
space V; C Vg. This property allows computing the
pairwise distance of x from all the subspaces corre-
sponding to each node at a particular height h, therefore,
encouraging predicting a class label for each hierarchi-
cal level h € [H]. This enables hierarchical multi-label
classification.

10. Experimental Setup

Dataset: We evaluate our approach on the test set of
four datasets: FGVC-Aircraft [25], CIFAR-100 [20],
iNaturalist-19 [36] and tieredImageNet-H [32]. For FGVC-
Aircraft, we adopt the original hierarchy provided by the
dataset. For CIFAR-100, we use the hierarchy tree provided
by [21], while for iNaturalist-19 and tieredImageNet-H, we
use the hierarchies provided by [6]. The statistics of these
datasets are summarized in Table 5.

Baseline Methods: We compare our method with [3, 6,
7, 13, 23, 31] and a flat cross-entropy-based classification
approach. Following [23], we also include baselines with-

Dataset ‘ H ‘ K ‘ n ‘ Train ‘ Val ‘ Test
FGVC-Aircraft 3 100 200 3.3K 33K 33K
CIFAR-100 5 100 134 45K 5K 10K
iNaturalist-19 7 1010 1189 187K 40K 40K
tieredlmageNet-H 12 608 842 425K 15K 15K

Table 5. Statistics of the datasets while excluding the root node. H
is the height of the hierarchy tree, K is the number of fine-grained
classes and n is the total number of nodes in the tree. The right-
most three columns represent the approximate number of samples
in train, val and test sets, respectively.

out the transformation layer (I) and with the transformation
layer (I). For a fair comparison with the best competing
methods, we re-did the experiments using the official code-
base provided by the authors. For methods denoted with
an asterisk (*), we simply use the metrics reported by [13].
Among all the baseline methods, [7, 13] train an additional
classifier for each level of granularity. We compare our re-
sults with them to evaluate hierarchical consistency. Al-
though cross entropy and [23] do not explicitly allow clas-
sification across all the hierarchical levels, we compute the
probabilities for a super-class as the sum of probabilities
of all its children to compare the FPA on CIFAR-100 [13].
None of the previous methods evaluate the hierarchical per-
formance of a transformer-based method. We create a sim-
ple baseline where we only fine-tune the output layer of a
pre-trained ViT using the cross-entropy loss.

Backbone Architectures: Following the same strategy
as [13, 23], we use WideResNet architecture for CIFAR-
100 and ResNet-50 for FGVC-Aircraft, iNaturalist-19
and tieredImageNet-H. In addition to the CNN-based
feature extractors, we compare our method using a
transformer-based backbone. We use a pre-trained ViT-
MAE for iNaturalist-19 and a ViT-B16 for tiered-ImageNet-
H datasets as the feature extractor and freeze the weights,
i.e., we only learn a transformation map from the learned
embedding space to Hier-COS.

Evaluation Metrics: We follow the same evaluation strat-
egy as [0, 13, 18, 23] and report the top-1 accuracy, MS
and AHD@{1, 5, 20} for all the baseline methods. Sim-
ilar to [23], we report the mean and 95% confidence in-
terval derived from the t-distribution with four degrees of
freedom for five different seeds. Additionally, we report
the proposed HOPS, HOPS@{5, 20} for the competing
methods. To quantify hierarchical consistency, we also re-
port the full-path accuracy (FPA) [28] for FGVC-Aircraft,
CIFAR-100 and iNaturalist-19. We do not report FPA for
tieredlmageNet-H because the leaf classes in the corre-
sponding hierarchy tree are not at the same level. Unlike
previous methods, we do not artificially extend the leaf
nodes to be at the same level, therefore, classes at levels
[ € [H] are not well defined.



Method | Accuracy (1) | MS({) | AHD@1(}) | AHD@5(]) | AHD@20(}) | HOPS(t) | HOPS@5 (1) | HOPS@20 (1)
Cross Entropy 73634+ 0312 | 695+0021 | 1.8340023 | 566+0008 | 72940010 | 0.58+0.001 | 0.23+0.003 0.14 + 0.002
Barz & Denzler* 60.27 +0.240 | 6800019 | 27040022 | 548 +0271 | 621 & 0.005 - - -
YOLO-v2* 66.024+0.099 | 699+0011 | 23840012 | 505+0001 | 6.17 % 0.001 - - -
HXE+CRM* 73544+ 0150 | 6.89+0027 | 1.824£0016 | 4.82+0.006 | 6.03 = 0.004 - - -
Soft-labels (3=30)* | 69.31 +0.125 | 6.99 +0.007 | 2.15+0.008 | 49540001 | 6.11 % 0.001 - - -
Soft-labels (B=4)* | 1728 £0.079 | 7.54+0001 | 62440005 | 69440005 | 7.25+ 0.002 - - -
Flamingo-T 722740209 | 696+0016 | 19340017 | 577+0010 | 74240012 | 0.58+0001 | 0.22-0.001 0.13 4 0.002
Flamingo-II 65724+ 1.551 | 7.07+£0036 | 24240122 | 579+£0.023 | 73320018 | 058+0001 | 022+0004 | 0.14 & 0.002
HAFeat-I 734940218 | 69240027 | 1.83£0016 | 555+0020 | 6980017 | 0.65+0003 | 0280002 | 0210003
HAFeat-Tl 6789+ 1.772 | 7.05+0016 | 226+0.128 | 56240036 | 697+0015 | 0.65+0.004 | 026+ 0011 0.20 & 0.007
HAFrame 737040284 | 690 +0.007 | 1.8240019 | 4.96+0013 | 6160009 | 0.87+0.003 | 0.56 =+ 0.008 0.60 + 0.009
Hier-CoS 722240211 | 670+£0.009 | 1.8640012 | 481 +0.006 | 6020002 | 09440001 | 0.71+0.003 0.76 + 0.002
ViT-Cross Entropy | 75.10 £ 0.079 | 6.77 £ 0015 | 1.69 0005 | 54440002 | 7.00=+0003 | 0.624 0000 | 031+ 0.001 0.21 + 0.001
ViT-Hier-CoS 7471 +0.082 | 660+0023 | 1.6740009 | 4.82+0007 | 6070003 | 09240001 | 0.65=+0004 | 0.70 = 0.004

Table 6. Results comparing the performance of hierarchical classification on the test set of tieredImageNet-H.

10.1. Implementation Details

Inspired by HAFrame [23], the transformation module com-
prises of 5 linear layers, each with hidden units same as
the number of nodes n, along with batch-norm layer and
PReLU activation feeding to a fully connected layer with
fixed weights {e1...,e,} (Fig. 3). A small distinction
from [23] is that we define the transformation module fy
as the Transformation + Linear module of HAFrame. We
re-emphasize that the weight vectors (equivalently, the ba-
sis set £) can be arbitrary but are always orthonormal and
fixed for the fifth linear layer.

ze ZCR? xeVr=R"

_4_% e (ﬂ% @_%.?_. T

X2,
Figure 3. Tllustration of the transformation module fy : Z — V7.
The components of fy are inspired from HAFrame [23]

10.2. Training Configuration

We use the same training configurations as [23]. We
obtained the best results on FGVC-Aircraft, CIFAR-
100, iNaturalist-19 and tieredlmageNet-H using « as
(0.1,0.05,0.001,0.0001), respectively. To compare our
method using a transformer-based backbone, we freeze the
weights of the backbone and only fine-tune fy for 10 epochs
with o = le — 4.

11. Additional Experiments and Results

In this section, we analyze the performance of Hier-COS
on tieredlmageNet-H (Table 6) and provide an empirical

validation of our model’s hierarchical consistency. Here,
we observe a reduction of 1.48% in the top-1 accuracy as
compared to SOTA, while we observe significant improve-
ments in MS, AHD@{5, 20}, HOPS and HOPS@{5, 20}.
AHD@1 is slightly reduced because of the degraded top-
1 performance. We emphasize that tieredlmageNet has
a complex hierarchical structure (visualized in Results
and Analysis.pdf) with leaf nodes at different levels
of the hierarchy. This makes learning algorithms difficult
to optimize. This is also evident in SOTA. We observe that
while HAFrame improves the top-1 performance, its over-
all performance is not better than the baseline HXE+CRM.
The AHD @k metrics for HXE+CRM are significantly bet-
ter than HAFrame, while we show that with a slight reduc-
tion in top-1 performance, Hier-COS is able to achieve bet-
ter performance across all the hierarchical metrics.

Fig. 1 from the main paper, depicts the improvement in
hierarchical performance. We observe a large drop in the
percentage of samples with correct prediction orders using
all the previous methods for all £k > 1 in Fig. 1. Although
the drop in accuracy is not justified because, unlike [6], we
demonstrated via other experiments that there is no trade-off
between top-1 and hierarchical performance, we speculate
that this occurs due to the design of a simple loss function
that does not account for the imbalance in the height of sub-
trees. Specifically, each class in tieredImageNet-H spans
a different number of dimensions, while all the classes in
other datasets span exactly H dimensions. We hypothesize
that accounting for the dimensionality of subspaces should
also improve the top-1 accuracy.

Finally, while Hier-COS theoretically promotes positiv-
ity, we validate this property empirically in Fig. 4. By plot-
ting the distribution of projection magnitude (energy) onto
the correct basis vectors from root to leaf, we demonstrate
that Hier-COS maintains consistent positive energy across
all levels, ensuring the structural integrity of the learned hi-
erarchical representations.
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Figure 5. Ablative analysis examining (a) the impact of the regularization term and (b, ¢) the effect of adding extra dimensions to V;. HOPS

metric is mentioned in parenthesis in (b, c).

11.1. Ablation Study

In this section, we examine the (i) impact of the regulariza-
tion term (Fig. 5a), (ii) the effect of adding extra dimensions
to the vector space (Fig. 5b and 5c¢), (iii) the influence of «
on the hierarchical performance (Table 7), and (iv) the in-
fluuence of w; on the classification performance (Table 8.
In Fig. 5a, we plot the percentage of samples with correct
order for the top-k predictions against k. We observe that
when L, is not used (dotted line), the hierarchical perfor-
mance reduces with k, however, it is still better than the pre-
vious methods shown in Fig. 1 of the main paper. Includ-
ing L.y minimizes the norm of the projection of a feature
vector corresponding to a class y; onto its complementary
subspace V- = span(€ \ £, ). Therefore, we would expect
the feature vector to be closer to the subspace corresponding
to the correct class y;. We validate this on CIFAR-100 by
calculating the cosine similarity between x and P¢, x. The
cosine similarity obtained with and without £, is O 97 and
0.87, respectively.

In Fig. 5b and 5c, we observe that when no addi-
tional dimensions are added to the vector space, i.e., V; =
span({e;}), the level-wise accuracy is competitive with the
proposed Hier-COS framework (i.e., V; = span(&;)); how-
ever, the HOPS metric is deteriorated significantly. This
suggests that extra dimensions help in learning diverse and

discriminative features across all the hierarchical levels.
Further, we emphasize that, unlike [7, 13], a single classifier
is used to predict classes across all the levels. This demon-
strates that learned feature representations are generalized
across all the hierarchical levels. We discuss this property
further in Section 14.

11.2. Sensitivity Analysis

We evaluate the performance of Hier-COS in Table 7 with
different values of a on CIFAR-100. We observe that the
performance is not too sensitive to o and maintains the same
hierarchical performance across all the values with slight
variations in top-1 accuracy.

AHD@5

1.10 £ 0.005
1.09 & 0.005
1.10 £0.010
1.10 £ 0.002
1.10 4 0.006
1.11 £ 0.005

AHD@20

2.17 £0.002
2.17 4 0.003
2.18 £ 0.004
2.18 £ 0.002
2.18 4 0.004
2.18 £ 0.004

HOPS

0.93 £ 0.001
0.93 4 0.001
0.93 4+ 0.002
0.93 4+ 0.001
0.93 4 0.002
0.93 4 0.001

Accuracy ‘ MS ‘

2.21 £0.026
2.214+0.017
2.21 £0.049
2.21 £0.008
2.22 4 0.020
223 £0.019

a |
0 77.51 £0.288
Se-2 | 77.79 £0.145
le-2 | 77.39 +£0.231
Se-3 | 77.43 £0.072
le-3 | 77.48 £0.371
le-4 | 77.41 £0.217

Table 7. Sensitivity Analysis of o on CIFAR-100

In Table 8, we analyze the impact of distributing the
weights w; such that (i) w; > w41, i.e., projection norm
is concentrated towards the coarser classes, (i) w; = w41,
i.e., projection norm is concentrated equally across all the



levels, and (iii) w; < wj41, i.e., projection norm is con-
centrated towards the finer classes. To obtain weights w; >
w41, we simply reverse the order of the level-wise weights
obtained using the equation mentioned in the main paper,

i.e., w; = exp| z7i=; |- Obtaining the uniform weights

for all the levels is straightforward and done using w; = %

Empirical evidence supports our discussion in Sec. 3.3 of
the main paper, that the leaf classes become indistinguish-
able as the concentration of the projection norm becomes
high towards the coarser classes. This also justifies our de-
sign choice of a monotonically increasing weight function
as we move from the root node’s basis vectors to the leaf.

Weights | Accuracy |  MS | AHD@1 | AHD@5 | AHD@20
wp > wigy | 51.08 4+ 19.681 | 1924+ 0.070 | 0.93 £ 0.338 | 1.29 4 0.156 | 2.24 £ 0.056
w=wiyy | 702222860 | 2.08%0.019 | 0.6240.055 | 1.16 £0.029 | 2.19 £0.010
w <wpgy | 7779 £0.145 | 2.2140.017 | 049 +0.006 | 1.09 +0.005 | 2.17 & 0.003

Table 8. Impact of the distribution of weights w; on Top-1 accu-
racy and other hierarchical metrics

We further investigate the sensitivity of the HOPS met-
ric by defining a generic decay function n; = b~%/, where
b € {1.5,2,3,5} controls the penalty for high-severity mis-
takes. Additionally, we compare three multi-step decay
functions: (i) exp-linear (solid), (ii) exp-log (dashed), and
(iii) exp-exp (dotted). As shown in Fig. 6(a,b), the HOPS-
based performance ranking of methods remains invariant
across different datasets (iNat-19 and tieredImageNet-H)
and values of b, with Hier-COS consistently achieving su-
perior performance. These results confirm the stability of
relative HOPS scores regardless of the decay constant 7);
or the specific tree topology. Similar trends are observed
for HOPS@{5, 10,20}. Furthermore, Fig. 6(c) suggests
that the weights generated by the exp-linear decay are more
representative of hierarchical preference, as the exp-log and
exp-exp functions reduce weights too abruptly to maintain
discriminative value.

11.3. Qualitative Analysis

In this section, we demonstrate that our method learns
stronger hierarchical feature representations as compared to
the previous methods. Fig. 1 of the main paper, only high-
lights the overall hierarchical performance of the methods,
where even a small mistake would result in an error. For
a deeper analysis of the learned representations, for all the
samples belonging to a class y;, we visualize the average
of the log probabilities for the complete prediction vector
comprising of K classes. A higher log probability denotes a
higher preference (or a low inter-class distance). We explain
these plots using the ground truth LCA-based log probabil-
ities on the test set of CIFAR-100 in Fig. 7, representing
the best hierarchical performance, and demonstrate the hi-
erarchical performance across all the datasets in Fig. 8. We

iNaturalist-19
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Figure 6. HOPS Sensitivity Analysis (zoom-in for clarity)

observe that Hier-COS is able to learn better hierarchical
representations than any of the other baseline methods.

11.4. Time and Memory Complexity Analysis

To evaluate the computational efficiency, we provide a com-
parative analysis of the training time and memory overhead.
As observed in our empirical profiling, Hier-COS demon-
strates a significantly reduced temporal footprint. Specif-
ically, it requires only 0.48x and 0.66x the training time
of HAFrame on the CIFAR-100 and iNaturalist-19 datasets,
respectively. For hardware resource allocation, we mon-
itor peak utilization ratios for both VRAM and RAM. For
CIFAR-100, Hier-COS maintains a (VRAM, RAM) ratio of
(0.97 x, 1.59x) relative to the baseline, while on the larger-
scale iNaturalist-19 dataset, the ratio is (1.12x, 0.67x).
These results indicate that while our features are higher-
dimensional, we remain computationally efficient and scal-
able across varying dataset complexities.
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Figure 7. Ground truth LCA-based log probabilities on the test
set of CIFAR-100 representing the best hierarchical performance.
Consider the row highlighted by the rectangular box, say class y..
‘Region A’ contains the classes farthest from the class y. because
they have the least log probability in that row. Similarly, ‘Region
B’ contains all the classes closer to y. than the classes in ‘Region
A’ but are farther than all the other classes that are not in ‘Region
A’ and ‘Region B’. ‘Region C’ contains only one class, i.e., y., and
represents the average log probability of being correct. The color
scale of log probabilities helps in understanding the hierarchical
preference order. Therefore, for learned hierarchy-aware feature
representation, we would expect the log probabilities to follow a
similar preference order.

(a) CIFAR 100

Figure 8. (Zoom in for better clarity) Plots showing the ob-
tained order from different classification methods on the test set
of (a) CIFAR-100, (b) iNaturalist-19 and (c) tieredlmageNet-H.
The rows and columns represent the K classes. Each row contains
the softmax-based log probabilities for all the K classes averaged
over all the samples belonging to that class. All the classes are
grouped according to the LCA distance.

(c) tieredImageNet-H

12. A Review of Evaluation Metrics

This section discusses some of the widely used and related
evaluation metrics for hierarchical classification methods.
This also includes metrics used for evaluating information
retrieval and recommendation systems.

12.1. Definitions

Mistake Severity: The severity of a mistake is often quan-
tified using the hierarchical distance of a mistake, i.e., the
LCA distance between the ground truth and the predicted
class when the input is misclassified [6].

1 | X

MS — PN ; height(LC A(ys, Ji))

where y; and ¥; are the ground truth and the predicted class
label at the finest level of granularity for a sample ¢ in the
dataset and | X| is the total number of samples in the dataset
X. The MS is averaged over all misclassifications, i.e.,
the total number of false positives (FP) and false negatives
(FN). It is important to note that the hierarchical distance
for correct predictions is zero, and hence, averaging it over
only FP and FN makes it equivalent to saying that MS is
computed for misclassified samples only.

Average Hierarchical Distance @k: A major drawback of
the MS metric was pointed out by [18] that it only considers
the misclassified samples and hence needs to be paired with
top-1 accuracy for comparing different methods. A simple
extension of MS is to average over all the samples |X'| in-
stead of only the misclassified ones (FP + FN) [6].

| X

AHD = Zhelght LCA(yuyz))

|X] &

In the case of hierarchy-aware feature representations,
we would expect not only lower MS and AHD values but
also smaller LCA distances between the top predictions —
an aspect that neither MS nor AHD adequately captures.
Therefore, [6] also proposes to compute the average AHD
for all the top-k predictions, defined as:

| X k
AHD@G = ‘)1(| Z | > height(LCA(yi, §ij))

j=1

where 7; is the top-j*" ranked prediction for sample i.

Hierarchical Precision and Recall: For evaluating hierar-
chical classification methods, hierarchical precision (hP) is
used, which is the proportion of correctly predicted classes
among all the predicted classes at all the hierarchical levels,

| falvg,) N fa(vy,)|
2 Z 7

(vg)

where y; and 7; are the ground truth and predicted class
labels, respectively, v,, and vg, are the corresponding nodes



in the tree and fa(vi) is the set containing all the ancestors
of v; and itslef, i.e., { fo(v;) Uv;} [17].

Similarly, for any sample ¢, hierarchical recall (hR) is
the proportion of correctly predicted classes among all the
ground truth classes at all the hierarchical levels.

BT -

hR = 3 |fa(vg) 0 fa(vy:)

‘X| =1 |fa(vy7;)

In simpler words, we can say that hR is analogous to h P

but focuses on how well the true hierarchical structure is re-
trieved rather than the correctness of the predicted structure.

Total Preference Ordering: We often deal with informa-
tion expressed as partial orderings (PO). For PO based on a
hierarchy tree, the highest preference is given to the ground
truth class, the second highest to all its siblings, the third
highest to all its first cousins, and so on, resulting in a total
preference ordering (TPO) [10]. There could also be other
TPOs, such as TPO based on the prediction probabilities.
[10] presents a metric to compare TPOs using a pair-wise
Preference-Score Matrix (PSM), M, for each TPO, defined
as:

1, if x; = xj,
M(i,j) = -1, ifz; <z,

0, if x; = x;.

where x; and x; denote the preference scores of a classes
i and j, respectively, and M (4, j) is the component of PSM
representing whether the classes ¢ and j are in the correct
preference order. Finally, [10] defines the distance between
the two TPOs using the Frobenius distance as follows:

dr(Mi, M) = ||My — Ms| r

= \/Tr ((Ml — Mo)T (M, — M2))

Mean Reciprocal Ratio and Normalized Rank: A popu-
lar evaluation metric used in information retrieval and rank-
ing systems is Mean Reciprocal Rank (MRR). We present
its definition with respect to our problem setup. As the name
suggests, it measures the mean of the reciprocal of the ranks
for the correct class. Specifically, rank can be considered as
the position or index at which the correct class appears in an
ordered list of predictions. The lowest rank, zero, signifies
the prediction with the highest confidence.

|X]

1 1
MRR= =Y ——
| X izzlmmki

Recently, Tian et al. [34] proposed an alternative to
MRR for hierarchical classification called Mean Normal-
ized Rank (MNR). We present its definition with respect to
multi-class classification below:

| X1

1 1 <N [ rank!
MNR = — — :
v (72 (7))

=1

In simpler words, MNR is the average rank over all the hier-
archical levels normalized by the number of classes at each
level.

Normalised Discounted Cumulative Gain: Normalized
Discounted Cumulative Gain (NDCG) is a standard met-
ric that evaluates the quality of recommendation and infor-
mation retrieval systems. NDCG measures the ability of
a method to sort items based on relevance. The relevance
score is inversely proportional to ranks, i.e., the higher rel-
evance score is better. The NDGC @k computes the NDCG
for top-k predictions, given for each sample ¢ by:

DCG,;Qk

IDCG;Qk
k

’ rel; ;
DCG;Qk = —
; loga(j + 1)

where, I DCGQF is the DCG@K for the ideal ranking. Re-
cently, Tian et al. [34] presented an approach to extend
this metric to hierarchical classification, where relevance
between classes ¢ and j is defined based on the structure
of the hierarchy tree as:

NDCG;Qk =

d(i, lea(i, j)) + d(j, lca(i, j))
Dr

T‘Gli,j =1-

where, ¢ is the ground truth class, j is the predicted class,
lca(i,j) is the lowest common ancestor between ¢ and 7,
d(i,7) is the number of edges between the nodes 4 and j,
and D7 is the length of the longest path between any two
leaf nodes.

12.2. Limitations

Mistake Severity: We emphasize that MS only considers
the average cost of mistakes and is biased towards meth-
ods that make more mistakes in numbers but less in severity
[18]. Therefore, it can only be compared when coupled with
the top-1 accuracy. This is also evident for the ‘Soft-labels
B = 4 and ‘Barz & Denzler*’ methods in Tables 2 and
3 of the main paper, respectively. Moreover, the metric is
dependent on the properties of the tree and is not normal-
ized. Because the MS is unnormalized, this is often inter-
preted as the average LCA distance for a mistake. However,
for a given class, the lowest MS for misclassification is de-
pendent on the LCA distance of the nearest sibling, which
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Figure 9. (Left) The same taxonomy 7 shown in Fig. 2 of the main paper. (Right) Three examples with correct class prediction but varying

the predicted preference order for top-10 predictions.

results in a higher MS for imbalanced trees, even for less
severe mistakes. For instance, whenever classes A2 and A3
of the taxonomy 7 in Fig 9 are misclassified, the MS is
expected to be high because most incorrect classes are at a
higher LCA distance. Therefore, we discover that MS de-
pends on the leaf node’s depth, tree’s branching factor and
imbalance, and it is challenging to interpret the MS score
without due consideration to the tree structure.

AHD@Fk: AHD@]1 can be viewed as a straightforward ex-
tension of MS that does not require pairing with top-1 ac-
curacy. However, as highlighted by [13], this metric tends
to be biased towards higher top-1 accuracy and fails to ef-
fectively measure the severity of mistakes. Moreover, sim-
ilar to MS, AHD @k is also unnormalized and suffers from
the limitations discussed above. For instance, although the
predictions are correct, AHD@{5, 10} is non-zero for all
the cases in the Fig. 9, which depends on the structure of
the tree. Moreover, the average operation is permutation
invariant; therefore, any random permutation of the same
top-k prediction results in the same AHD@%k. For instance,
AHD@10 for any random permutation of the top-10 pre-
dictions is always 1.9, as shown in Fig. 9. Therefore, we
discover that AHD@F also depends on the properties of the
tree and is invariant to the order of predictions.

hP and hR: Similar to AHD@E, we can also use the av-
erage hP and hR of the top-k predictions to get hP@F and
hR@FE, respectively. Both hP@k and hR@F can be viewed
as alternatives to AHD@FE that are normalized. Observe
that |f,(vg,) N fa(vy,)| measures the LCA similarity be-
tween the ground truth and the predicted classes, i.e., as
the number of common nodes increases the similarity in-
creases; therefore, a higher value represents better perfor-
mance. However, because of their resemblance to AHD @k,
both possess similar limitations, i.e., both depend on the
tree’s properties and are permutation invariant. Moreover,
for a balanced tree having the leaf nodes at the same level,

we know that | f,(vg,)| = |fa(vy,)], therefore, hP = hR.
In Fig 9, it is evident that hP@£ is a normalized version of
AHD@E.

TPO: This metric fundamentally depends on the definition
of TPOs and their corresponding PSMs. We can use the
hierarchy tree to define a ground truth PSM, say M;. How-
ever, determining an order of preferences from the predic-
tion is not well-defined when we have multiple classes at the
same preference value, which is almost always the case with
hierarchies. Therefore, although [10] presents a promising
direction to compare the TPOs, it is not yet feasible for hi-
erarchical evaluations. Even if we assume a method exists
to determine the order of preferences from the prediction,
using this method for hierarchical evaluation is still chal-
lenging. The construction of PSM considers all misclassi-
fications equally severe. Moreover, deciding which classes
(based on ground truth TPO) are more important when con-
sidering a hierarchy with a huge number of leaf nodes is
often important.

MRR and MNR: MRR only considers the rank of the
correct prediction, while ignoring all the negative classes.
Therefore, it is analogous to AHD@1 and, hence, suffers
from the same problems. Similarly, MNR is also computed
over the correct prediction at all levels and has the same lim-
itations. Further, MNR requires a ranking over all the hier-
archical levels. Hence, it can not be used for methods that
predict for a single level, like Cross-Entropy and HAFrame.
NDCG@Fk: The definition of the relevance given by [34]
does not hold for trees that do not have leaf nodes at the
same level. According to them, d(D1, A2) < d(D1, D6)
in Fig 9, however, we can see that D1 is closer to D6 than
A2. Moreover, the discounting factor, m for each
class with rank j, is independent of the hierarchical struc-
ture. Therefore, NDCG@F£ does not capture the properties
of the hierarchy tree. Specifically, for a class that has all the
nearest-k neighbors at the same LCA distance, if the pre-




dicted class at (k — 1) rank has a higher LCA distance, the

penalty is decayed significantly (m) without consider-

ing that all the top-k predictions are equally relevant.

13. HOPS: Technical Description & Example

Let Ug,,, be the set of classes at the finest level that are at
LCA distance d from y.. Note that U, is a singleton set
with the only element being {y.}, i.e., the correct class. We
emphasize that the cost of misclassifying y. as any of the
classes in Uy, is the same, i.e., d. Therefore, an order on
Ug.y, can be used to define the preferences of classes where
any order within a set Ug,,_ is equally preferred, i.e., the
preferred ordering will be {Up ., -+ ,Uny, }. In the case
when a node only has one child, for some value d = [, U
will be empty and will be of no significance. In order to ig-
nore such empty sets, we use ranks instead of absolute LCA
distances to represent the ordering. Specifically, we use an
index set I to rank all the non-empty sets in {Uy,, }4=1.
We define the index set I = {0,1,2,..., H} for indexing
the elements in the ordered set S,_, defined as

Sy. = {Si, i € I} := {Uay, |Uay, # ¢}i=i . (15)

Now, we define the desired order z for a class vy, as:

2=[0,1,. . 1, k. K] (16)
——— ——
[S}, | times Sk | times

Note that this preference order is conditioned on the true
class ye. |Siyc | denotes the number of classes at rank ¢; there-
fore, z encodes the properties of the tree via ranks.

Let II = [m,,,- - ,my,] be the vector of probabilities
corresponding to all the leaf classes and 1= arg sort(IT)
be the vector of indices (class labels) that would sort II in
descending order. Assume rank(y.,y;) returns the index
i € I of the set Uy, that contains the class y;. Finally, we
define the predicted order Z as follows:

Z = [rank(y., I;)],

a7

By defining a metric on the desired and predicted prefer-
ence orders, z and Z respectively, we can derive a hierarchi-
cal metric that takes into account the branching factor and
depth (or height) of the tree. Specifically, we compute the
following for a single sample having the true class ¥, as:

K
s= mi-|z — 5 (18)
j=1

where, n);’s are defined using a multi-step exponential-linear
decay function. Specifically, we use the exponential decay
when the preferred rank changes, i.e., n; = 27% when j is

the first occurrence of rank z;, and for each subsequent val-
ues j for rank=z;, we use a linear decay weight by linearly
interpolating between 27% and 2~ (%5+1) An exponential
decay ensures that the classes with higher LCA distances,
when ranked closer to the predicted class, have a relatively
high negative impact on the score; thereby accounting for
the imbalance of the tree. Meanwhile, the linear decay ac-
counts for the branching factor by reducing the weights for
classes at the same rank as we move away from the correct
class. The rationale behind the choice of this decay function
is detailed in the supplementary.

Note that we get S,,;, = 0 when z = Z, and we use the
worst possible predicted order, i.e., the reverse order of z, to
get the maximum achievable score s,,,4,. The final measure
of HOPS is given by:

HOPS =1 —

€ [0,1] 19)
Smam

HOPS@E. We are often interested in only the top-k per-
formance of a classifier, particularly, when there are a large
number of classes. We define the HOPS @£ variants, simply
by modifying the notion of the worst achievable score and
adapting the weights. For HOPS@Fk, we define the worst
ranked vector 2z = [2k._1.1, Zk+1.1.x] ~ yielding the score
as s® _ which is then used to compute HOPS @:

max

k
HOPS@k = max (o, [ ) (20)
where s* is computed using (18), but with nji>k = 0.

The scores averaged over all samples are used for report-
ing the classifiers performance. It is worth pointing out that
for k = 1, the HOPS@k% is equal to the top-1 accuracy.
This is aligned with the design of this metric, where the
HOPS @£ concerns with the ranking performance of up to
the k" ranked prediction, while the HOPS metric concerns
the complete ranking over all classes.

13.1. Example

As discussed in the previous section, for a given ground-
truth class y., we get a preference order based on the hier-
archy tree by constructing z as:

2=[0,1,...,1,- k,....k] ,k<H (1)
——

——

XN XN

where, 1, denotes the number of (k — 1)*"-nearest higher
order cousins of class y. and ng = 1 (self). This implies that
z is the desired preference ordering where all the classes
are arranged according to the hierarchy-based preferences
such that a lower value of z; denotes a higher preference
(similar to ranks). We then propose to construct z using

3In zg4.c:p, @ is the start, b is the stop and ¢ is the step-size



the predictions such that it contains the preference values
of the predicted classes based on z. For instance, z and 2z
corresponding to the second row in Fig 9 will be:

2=100,1,1,1,2,2,3,3,3,3,3,3,3,4, 4,4, 4]
2=10,3,3,3,3,2,2,1,1,1,3,3,3,4, 4,4, 4]

14. Additional Discussions

Computational Overhead: In the worst case, the com-
plexity for a complete b-ary tree is O(%55L) ~ O(K).
However, in the real world, the complexity is much lower
because the hierarchy trees are rarely complete. The val-
ues of (K, n) for all the datasets is given in table Table 5.
Moreover, unlike Flamingo and HAFeat, we do not append
dummy nodes to have all the leaf nodes at the same level.
Additionally, we do not train separate classifiers for each
hierarchical level. Hence, we are resource-efficient when
compared to these methods.

Reducing Complexity when Severity of Mistakes is not
important: The ablation experiments suggested that the
level-wise accuracy for all the datasets is maintained even
when the subspaces are defined using V; = span({e;}),
while the severity of mistakes is compromised. This is
because all the leaf classes are orthogonal and have no
hierarchical awareness. As mentioned earlier, the Hier-
COS framework learns a single classifier that is capable of
classifying at all levels, we can reduce the complexity of
the network if the severity of mistakes is not conccerned.
Specifically, for predicting classes at level [, we can prune
the network by removing all the weights corresponding to
{E\ED}.

Extending to DAGs and Arbitrary Groups: Previous
methods [7, 13] learn the semantic relationship between the
leaf classes by learning a separate classifier for every level
in the hierarchy tree using a multi-class classification loss
with additional constraints. However, in case the relation-
ship is not represented as a tree [2, 29, 33], these methods
can not be used and are non-trivial to extend. HAFrame
[23] fixes the frames based on the LCA distance between
leaf nodes. However, in the case of a Directed Acyclic
Graph (DAG), there can be multiple lowest common ances-
tors that makes this formulation ambiguous and non-trivial
to apply in such a setting. In contrast, we formulate Hier-
COS based on the number of common ancestors between
any two leaf nodes, which is unambiguous for DAGs or any
arbitrary grouping that defines the hierarchical structure.
Designing Kernel Tricks: Kernel methods have been
widely used in various domains as they allow embeddings
to be learned in a very high dimensional space while ac-
tually operating in a lower dimensional feature space. At
the core, kernel methods use kernel functions that com-
pute the inner product in a lower-dimensional feature space

while implicitly transforming the feature embeddings into
a higher-dimensional vector space where patterns become
easier to recognize. We re-iterate that Hier-COS is a frame-
work that defines a vector space V- which implicitly cap-
tures the properties of the hierarchical structure. Therefore,
we hypothesize that kernel tricks can be designed for im-
plicitly transforming the feature vectors from Z into V-
without operating in the n-dimensional vector space. This
will especially be beneficial when the number of leaf nodes
is very high and the given semantic relationship is complex.

15. Additional Supplementary

This section summarizes all the supplementary files
shared with the main paper. In Results and
Analysis.pdf, we share pre-computed results of our
analysis on CIFAR-100. It includes visualization of hierar-
chy trees for all the datasets (demonstrating the complexity,
imbalance, etc.), error & metric analysis, visualization of
the weights w used for HOPS and HOPS @£ (depicting the
impact of proposed weight decay function), and results of
FPA computed based on the approach presented by HAFeat.
We will release the code upon acceptance.



