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Supplementary Material

6. Theoretical Justification

This section provides detailed derivations for Proposition 2
and Proposition 3 presented in the paper.

6.1. Proof of Proposition 2

Proposition 2: The coreset selected by BPS effectively
covers the information of the original data manifold.

As discussed in Sec.3.4, BPS constructs a pattern-
balanced coreset Vz = V; U V; by evenly selecting sam-
ples from pattern centers and margins based on the modeled
multiple visual pattern distribution. To verify that V1 effec-
tively covers the information of the manifold M (Eq. (4) in
the paper), the fill distance dz;;(Vz, M) is employed as a
metric, defined as:

dfill(VI,M) = Ssup min ||V - g“v (18)
veM 9€Vz

where the sample representation v is an arbitrary point on

M, and ¢ denotes the representation of a sample in V7.

We first analyze the information coverage of V; with re-
spect to M, ie. dp(Ve, M). For any point v on M,
assume it belongs to the m-th pattern, i.e., v € M,,. Since
Cm € Vg is the center of this pattern, the minimum distance
from v to V;, mingey, ||v — §||, must be less than or equal
to the distance from v to ¢, ||V — &, ||, that is

i — gl < lv—=2énll 19
min [v = gl < [v = & 19

By applying the triangle inequality, Eq. (19) can be further
decomposed as

e — sl < o — 2
min [[v =gl < [lv = ém|

= ||V = phm + tm _émH (20)

<l = | + lpem = éml;
where L., is the center of M,,,. For ||v — p.,||, according

to the definition of manifold in the paper (M,, = {v €
V||[v=piml| < Rn}inEq. (4)), we have |[v—rim, || < Rp,.

For H,um —Cm ||, we define
Crm, — . 21
Eclu mer{ri‘?fjw} ”cm /lmH 20

Consequently, for Vv € M,

drin(Ve, M) becomes

the upper bound of

drin(Ve, M) = SUP mm ||V =3l

M 9€ (22)
< max R, + €cu-

Similarly, for the representation set V; of selected
marginal samples, we define

ops = max s = o] (23)

Analogous to the decomposition in Eq. (20), the upper
bound of d;; (V;, M) between V; and M becomes

drin(Vy, M) = sup mm ||v -4l

M 9€ (24)
< max Ry, + €eps-

m

Since V7 = V: U V;, the fill distance between V7 and
M is determined by the minimum of the two individual fill
distances, denoted as

dgiu(Vr, M) = min (dgu(Ve, M), dgiun(Vy, M))

< max Ry, + min(ecy, €eps)-
m

(25)

For R,,, it is known that the first term of L, (Eq. (8))
in the paper is

171

clu intra = |T| Z | Z ||Vz VjHlv (26)

oL ]EO*

which aims to minimize the average pairwise distance
within each pattern. Based on the GMM assumption in Ax-
iom 1, the pattern radius R,,, is proportional to the standard
deviation of the pattern distribution o,,, i.e., R, o op,.
Since Ly, inra quantifies the scattering of sample represen-
tations (i.e., the standard deviation o,,), R,, satisfies the
following inequality,

R X Om < A ‘Cclu intra’ (27)

where A is a constant, and L, ., is the computed loss of

the m-th pattern. Consequently, Eq. (25) becomes
dfill(VI7 M) <A ‘Cclu, intra T min(eclm Eeps)- (28)

Therefore, during training, Ly, intra Will decrease to a small
value. Meanwhile, arg min, H(Pr|O) in Eq. (7) ensures
that ¢,,, approaches (i, driving €., to approximate zero by
the end of training. Furthermore, benefitting from Ly, €cps
is maintained at a small value during training. Thus, when
dyin(Vz, M) is decreasing to a negligible value, it indicates
that the pattern-balanced coreset selected by BPS can cover
the information of the original data manifold.



6.2. Proof of Proposition 3

Proposition 3. The risk of /7, on the original dataset can
approximate the risk of i, i.e., R (h1) ~ Ry (h7).

Following Eq. (15) in the paper, the empirical risk gap
Raiee between hy;, and h is defined as

E [Ih7(v) = hr (V). (29)

v~V

Raier =
For any point v on the manifold M, let g* € Vz de-
note the nearest sample in the coreset to v, ie., §* =
argmingcy, [[v — g[|. By applying the triangle inequal-
ity, the risk gap at v, denoted as ||h7 (v) — h7(v)||, can be
decomposed as

1h7 (V) = hr (V)| < lh72(§7) = hr(37)] +

Part 1 (30)
[(h7z (v) = h7(v)) = (h7z (") — 7 (7)) -
Part 2
For Part 1, we define
€appr = SUp Ih7z(9) = hr (9], (3D

geVr

which represents the difference between the outputs of h;
and h7 on the coreset Vz. It is the optimization objective
of Lxp (Eq. (17)) in Stage 3. Therefore, as hy, converges
during training, €, will be minimized.

For Part 2, let’s define an interpolation function A(v) =
h7,(v) — hy(v). Then, Part 2 can be formulated as

Part 2 = | A(v) - A3)]) (32)

According to the Mean Value Theorem, there exists a point
¢ € M on the line connecting v and §*, yielding the fol-
lowing upper bound for Part 2:

Part2 = [|A(v) = A(G")] = [[VAE) (v = g7)l
< sup [VAW)[-[Ilv =] &9
veM
where the gradient norm ||[VA(v)|| of the interpolation
function A(v) is

IVAMW)I = [IVh7(v) = VR (V)]

(34)
< [IVhr (I + VAT (V)]

Since hy is trained on the original dataset T, its
learned manifold exhibits good smoothness, implying that
IVh7(v)| approximates zero. Furthermore, existing stud-
ies [34, 35, 41] report that employing regularization strate-
gies, such as data augmentation, can enhance the smooth-
ness of the model h7; in the sample interpolation region,

thereby maintaining ||V, (v)| at a small value. Follow-
ing these studies, it can be assumed that the interpolation
function A(-) satisfies the €;,¢.,.-Lipschitz continuity con-
dition, indicating the upper bound of Eq. (34) is

sup HVA(V)H S €inter, (35)
veM

where €;,¢e 1S @ small constant. Based on Egs. (18) and
(35), the upper bound of Part 2 in Eq. (33) becomes

Part2 < sup [VA(v)[ - [v— g
veM (36)
< €inter * dfill(VIvM)'

In summary, by substituting Eqgs. (31) and (36) into (30),
the upper bound of R (Eq. (16) in the paper) becomes

Rdiff < €appr + €inter - dfill(va M) (37)

Since Stage 1 and Stage 2 have ensured that d ¢;;; in Eq. (11)
decreases to a small value, Ry can be minimized. In other
words, the performance of i, can approach that of i

7. Implementation Details of Pattern Marginal
Sample Selection

As described in Sec. 3.4 of the paper, at the initial phase
of Stage 2, a candidate set Z;, , containing K samples
(Eq. (13)) is constructed by selecting low-confidence sam-
ples from pattern margins. However, not all low-confidence
samples are beneficial for learning [7]. The candidate set
17" ., may contain samples with two distinct properties:
1) Valuable hard samples, which possess certain valuable
semantics but are hard to identify, corresponding to the
marginal patterns; and 2) Harmful noisy samples, which
contain misleading information, such as incorrect annota-
tions. The former are crucial for enhancing model gener-
alization, whereas the latter impose a negative impact on
model training. To filter valuable samples containing mar-
gin patterns from Z;" ., we employ a noisy label learn-
ing method. Specifically, for each visual pattern O,, (Eq.
(7)), we assume that the confidence distribution Pz of
its candidate set Z;* ., follows a two-component Gaussian

hard

Mixture Model (GMM), denoted as:

2
PI)’;;M = wval,mN(,uval,m, Uval,7rz)+ (38)

2
wnoise,mN(ﬂnoise,mv Jnoise,m) )

where w, u, and o denote the weight, mean, and stan-
dard deviation of the Gaussian components, respectively.
The subscripts val and noise correspond to the Gaussian
components for valuable samples and noisy samples, re-
spectively. These parameters can be estimated via the
Expectation-Maximization (EM) algorithm. According to



[7], noisy samples typically exhibit lower confidence com-
pared to valuable samples, i.€., [tnoise,m < Hval,m- Then,
based on Eq. (38), the posterior probability P(Nar,m|X;)
that each sample x; in Z7 . belongs to Noal,m is com-

puted, denoted as

a

wval,mN(xi; Hval,m Uial,m)
sz Xi)

hard(

P(Nval,m‘xi) = (39)

Finally, the candidate samples in Z;"  , are sorted according
to their posterior probability P(Nyai.m|X;), and the top Ny,
samples with the highest probabilities are selected to form
the final marginal sample set Z;"/#""  Note that N,,, is set
equal to the number of samples selected from the pattern

center 272 (Eq. (12)) to ensure pattern balance.

8. Visualization Analysis

To qualitatively validate the effectiveness of BPS, we se-
lecte three classes (Stone Wall, Bald Eagle, and Amphibious
Vehicle) from ImageNet-1K, and first visualize their mod-
eled multi-pattern distributions alongside some samples se-
lected by BPS that capture class-general and marginal pat-
terns, respectively. Second, we projecte the data distilled by
BPS and other SOTAs into a unified reference space V.,
to further visualize their respective degrees of pattern bal-
ance.

8.1. Visualization of Multiple Visual Pattern Distri-
bution & Class-general and Marginal Pattern
Instances

Figure 7 illustrates the distributions of the original dataset
modeled by BPS and other SOTAs. Since other methods
commonly impose constraints to minimize intra-class dis-
tance and maximize inter-class distance, they implicitly en-
force a unimodal cluster structure per class, thereby ne-
glecting the intricate diversity within classes. In contrast,
by explicitly modeling the multiple visual pattern distri-
bution, BPS captures a multi-pattern structure that better
aligns with the nature of real-world data.
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To further intuitively illustrate the visual semantics en-
coded in these multiple visual patterns, Fig. 8 shows some
instances selected from these pattern centers and margins.
Our observations reveal two key insights: 1) Even within
a single class, the distinct patterns discovered by BPS ex-
hibit notable visual variations, such as different viewpoints
or backgrounds. This finding aligns with Axiom 1 in the
paper: the distribution of each class in real-world data often
follows a multi-pattern structure rather than a single cluster.
2) Samples from pattern centers represent class-general pat-
terns, capturing the most typical features of the class; con-
versely, samples from pattern margins represent marginal
patterns, carrying more complex visual features that are in-
herently harder to identify. Although marginal patterns are
visually more challenging and less frequent, they are critical
for enhancing model generalization.

These visualizations underscore the importance of BPS,
which explicitly balances patterns based on the modeled
multiple visual pattern distribution, thereby offering a novel
perspective for understanding dataset natures in the field of
dataset distillation.

8.2. Visualization of Pattern Balance

To qualitatively assess the pattern balance of datasets dis-
tilled by all methods, we present t-SNE visualization in Fig.
9, comparing BPS with other SOTAs (excluding SRe2L)
on ImageNet-1K with [IPC = 50. For a fair comparison,
we adopt the same experimental setup in Sec. 4.2.2 of the
paper, projecting all distilled data into a unified, pattern-
balanced reference space V,..; derived from the original
dataset, rather than the space with multi-pattern structure
learned by BPS. It can be observed that the samples se-
lected by BPS are distributed uniformly and sparsely in
Vyes. This observation empirically validates Proposition 2
in the paper, indicating that BPS effectively covers the in-
formation of the original data manifold and suggesting that
these samples contain balanced class-general and marginal
patterns. In contrast, the distilled data from some SOTAs
exhibit dense and localized clustering, reflecting an under-
lying pattern imbalance.
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(a) The feature distribution modeled by other methods. (b) The multi-pattern distribution modeled by BPS.

Figure 7. T-SNE visualization of feature distributions of three classes (Stone Wall, Bald Eagle and Amphibious Vehicle) in ImageNet-1K.
(a) The single cluster distribution of a class modeled by other SOTA methods. (b) The multi-pattern structure modeled by BPS, where
different colors denote distinct patterns within one class.

Close-up View P
of a Wall s

Wallin a
Grassy Field

Wall
in the Forest

(a) The class of Stone Wall



The Head
of an Eagle

An Eagle

Flying
in the Sky

Eagles
Perched on
a Treetop

An Eagle
Skimming
Over the Water

(c) The class of Amphibious Vehicle

Figure 8. The instances capturing the class-general (yellow boxes) and marginal (blue boxes) patterns discovered by BPS in ImageNet-1K.
Each row represents a visual pattern.
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Figure 9. T-SNE visualization of distilled data (marked by red) and original data (marked by blue) on ImageNet-1K with IPC = 50. All
data are projected onto a unified and pattern-balanced reference space V..



	Introduction
	Related work
	Coreset-based Dataset Distillation
	synthetic-based Dataset Distillation
	Generative-based Dataset Distillation

	Methodology
	Problem Formulation
	Proposed Balanced Pattern Selection
	Stage 1: Modeling the Visual Pattern Distribution
	Stage 2: Pattern-Balanced Coreset Selection
	Stage 3: Distillation Training

	Experiments
	Experiment Setup
	Quantitative Evaluation
	Performance Comparison
	Performance against Pattern Imbalance
	Cross Architecture Generalization
	Computational Efficiency

	Ablation Study

	Conclusion
	Theoretical Justification
	Proof of Proposition 2
	Proof of Proposition 3

	Implementation Details of Pattern Marginal Sample Selection
	Visualization Analysis
	Visualization of Multiple Visual Pattern Distribution & Class-general and Marginal Pattern Instances
	Visualization of Pattern Balance




