Self-Attention Driven Tensor Representation for High-Order Data Recovery

Supplementary Material

1. Proof of Theorem 1

Let G = Ha(Z) be the core tensor parameterized by MLPs
with parameters @, where Z ~ A(0, 1) sampled from the
continuous Gaussian distribution. Assume that the weight
matrices of MLPs satisfy [|[W;||; < v fori = 1,2,--- 1,
and the activation function o () is §-Lipschitz continuous.
Since o(-) is Lipschitz continuous, thus, for any a,b, we
have

lo(a) = (), < dlla - b1 (1)

Then, for any a, b € Z, the following inequality holds:

[Ha(a) — Ha ()1

= [[Wi(6(Wi—1---0(Wia))) = Wi(6(Wiy -+~ 6(W1b)))[x

= [[Wi(6(Wi—1---0(Wia)) = 6(Wiy - - 6(W1b)))|a

< [[Wil[1[[6(Wi—1---8(Wia)) = 6(Wi—1 -+ 6(W1b)) 1

< A6(Wi—y -+ 6(Whia)) — o(Wi—y - 6(W1b))[lx
S 75||Wl,1 cee 5(W1a) — Wl,1 cee 5(W1b)”1

<96 Hla — bl
0)

Therefore, we have
[Ha(a) — Ha(b)[l1 <~'6' " a— bl 3)

Since Z ~ N (0, I) follows a Gaussian distribution, |la—
b||1 is likely to be close to a constant in high-dimensional
space, and thus the output difference of G is compressed
to a finite upper bound. This means that the elements of
G statistically tend to be close to zero, forming an implicit
sparse distribution. This completes the proof.

2. Proof of Lemma 1

We first show the following lemma:

Lemma 3 ([2]). Let Z = {Z € RP||Z|2 < q} be
the set of the input, and Dy be a deep generative model
with network parameter § = {Wy, Wa,--- W}, where

[T, Will2 < p. Also let X = {Dy(Z) | VZ € Z C

RP}. Then, for the set X, the following upper bound holds:
3 D

WXﬂS<Zg : )

where N(-, -) is the covering number and 0 < € < 1.

Consider the G = {G = He(Z2) | VZ2 € Z2 C
R71*72%7s1 10 be a set of core tensors, where Hg (+) is an

L-layers MLPs network with HiL:1 T;[|W;|2 < vand T; is
the Lipschitz constant of the i-th activation function. Since
Z = {Z € R"*"2X"s | Z||p < «} is a Euclidean ball
that has a radius of « in the R-dimensional space. Then,
according to Lemma 3, the covering number of G is upper

bounded by
R
N&QSG?), 5)

where R = [[>_, 7. Let A = % 3393 4 3ayr 3212, where
r = max{r,}>_,. The above also implies the following

upper bounds:
€ 3ay =
N(G,—) < .
.5 = (27) ©

Similarly, consider the set @ = {a = FSReg(e) |
Ve € e C R, where FSRg(-) R? — R
is the factor self-representation with parameters ¥ =
{Wq7wk7wv7 ||WqH2||Wk||2HWv”2 < 77}- Thus, the
covering number of the set of a is upper bounded by
36n>d

e

N(a,e) < ( )
where e = {e € R?, |le||z < B} is a Euclidean ball that has
a radius of 3 in the d-dimensional space. The above also
implies the following upper bounds:

d
€ 3\/T;
N(a, =) < (201 ®)
/Tn €
where n = 1,2, 3.

Now, we consider A, = {A, € RI»>x™m A, =
[ai...a.]",a; = FSRe(z;),e; € e,i € [1,2,---,7r,]}
to be a set of the n-th factor matrix. Let a be a \/%—net
of a. For any A, € A,, we can construct A,, = {A, €
RInXmn A = [ay...a,,]",a; € a,i € [1,2,---,7,]}.
Then, for any a; € a and @; € a such that ||a; —a;||2 < \/ETT

fort=1,2,---,7,. Thus, we have

- 1/2
nAn—Aw2=<§jwu—m@>
=1

N 1/2 &)
S(”(¢m>>

=E£.

Hence, the set A,, is an e-net of A,,. Note that the car-
dinality of such set is upper bounded by (N(a, =))".



Thus, the covering number of the set of the factor matrices
A, is upper bounded by

I,y
N(A,,¢) < (W) , (10)

where n = 1,2, 3. In practical applications, I,, > r,. Let
r = max{r,}>_,, the following upper bound also holds:

I,7rn
N(Ay,c) < (?’fﬁ") . (1)

Let A = r2 333 + 3ayr32n2, the above also implies the
following upper bounds:

I,rn
N(A,, 5 < (W) | (12)

Let G be a §-net of G and A,, be a §-net of A, with

n = 1,2,3. Now, we consider Xsg = {X = G x; A x»
Ay x3 A3 | G € G {A, € A,}3_,} to be the set of the
reconstructed tensors. Thus, the cardinality of X'sg is upper
bounded by

| Xsr| <G| |A4]-|Asz] - |As]
R 3 I,
nTn 13

€ ot €
where A = r2 33 + 3ayr2n2.

Next, we will show that X'gg is an e-net of X'sg, where
Xsg = {X¥ =G x1 A1 xo2 A3 x3 43| G € G, {4, €
A, }3_,}. Forany X € X and X € X, there exist
GeGandG € G, and A, € A, and A,, € A,,, such that
G —Gllr < 5 and |4, — Ap|lr < 5 forn =1,2,3.
Then, we have

X =X r
=G x1 A1 x2 Ay x5 A3 — G x1 A1 X2 As x3 A3l
=G x1 A1 X3 As x3 A3 — G X1 Ay x9 Ag x3 As+
G x1 Ay X9 Ay x5 Az — G x1 Ay xo Ag x3 As+
G x1 Ay X9 Ay x5 A3 — G x1 Ay X9 Ay x3 Ag+
G x1 Ay x9 Ay x5 A3 — G x1 Ay x9 Ag x3 As||p
<|IG x Az x Ag x (A1 — Ay)||p+
|G x Ay x A3 x (As — Ad)||p+
|G x Ay x Ay x (A3 — A3)||p+
(G —G) x A1 x Ay x A3 F
§mwﬁﬁ-§+§ﬁﬁ%g

=E.
(14)

Thus, X'sg is an e-net of Xgg, and its covering number is
upper bounded by

R 3 I,rn
N(XSR,E)S(?’A‘”) H(W’) s

15 1S
n=1

Let a = oy and b = /31, we have

3xa\ " 330\
N(XSR,@S(;l) H(s) . e

n=1

This completes the proof.

3. Proof of Lemma 2

To prove the lemma 2, we exploit Sterfling’s sampling-
without-replacement extension of Hoeffding’s inequality
[1], a common proof technique in traditional matrix com-
pletion [3]. We apply it to a tensor-based completion model
with deep generative model constraints.

Lemma 4 ([1]). Lemma 4. Let X1, Xo, ..., X,, be a set of
samples taken without replacement from {x1,x2,...,x,}
of mean p. Denote a = min; x; and b = max; x;. Then

1 w
Pr||— o
ruZ&A@4
=1 (17)
<92 2’U)t2
< Zexp (17(w—1)/n)(b7a)2 .
Consider a set of variables as follows:
D(i7j7 k) =
{06,3,8) = 0,5, 1) V0,5, k) € RP¥ X}
(18)

Then, when (i,j,k) € (€, the sample mean of
D(i,j,k) is the empirical loss, i.e., loss;(X), and when
(4,7,k) € R, the actual mean of D(i,j, k) is the ac-
tual loss, i.e., lossa(X). It can be seen D(i,j,k) <
(V0.5 )+ 125 D < (v + v+ a2 09°) =
§, where v = maxg;|Xe(i,j,k) and v =
max; j k) [N (i, 4,k)|. Obviously, a = min ; xycq With
D(i,j,k) > 0 and b = max; ; req With D(7, j, k) < &.
Thus, according to Lemma 4, we have

Pr[|lossy (X) — losse (X)| > t]

) 202 (19)
= 2o ( (1= (9] - 1)/N)(E - o>2> ’

where N = Hi:l 1I,, is the total number of elements in the
tensor. Let X gg is an e-net of X g, according the union
bound on all X € X g, we have

Pr [ sup [lossy (X) — lossy(X)| > t]
XeXsr (20)

) 2|0t
< 2|XgR|exp ((1 — (9] - 1)/N)52> '



Equivalently, with probability at least 1 — 4, the following
holds:

sup [loss; (X) — lossg(X)|
XeXsr
= 21
(-lo[+ve (Xl )
< log .
2N|Q )
Let g(Q2) £ sup pex ., [108s1(X) — lossz(X)], we have

50 > suppe e, , 110551 () — /Tossal
any non-negative a and b, \/Ja — b| > |v/a — v/b| holds.

Also, note that

1 _
loss lossa ( = — —X||r— - X
[Viossa() = \flossa(D)] = < || = Xl = | = e
1
— Y -X-YV+X]|F
\ﬁH I
< =
~ VN’
_ (22)
Similarly, |/loss; (X) — /loss; (X) < W' also holds.

Hence, the following also holds:

— \/lOSSQ

)| < V(9 =

sup |v/loss; (X

B ) vl N

(23)
Therefore, with probability at least 1 — 6, the following
holds:

sup |v/1oss; (X) — y/lossy (X
XEXsR

2|XSR‘ % 2e
< (g%g( >n) + —,
g V1€

where x = NQ_Al,%Tl and |X sr| = N(Xsg, ). This com-

pletes the proof.

(24)

4. Proof of Theorem 2

Let X* be the optimal solution, and its corresponding em-
pirical loss loss; (AX™*) and actual loss lossy(X*) are as fol-
lows:

loss: (%) = —— &
(A7) WHMQW ), o
o) = -],
Then, we have
R~ el = =X~ Y+ N
\/Nl ) \/Nl (26)
< o1 = Ylr + W lr

Since Gap*(Q2) > |\/loss1(/f’*) - \/IOSSQ(/'\?*)L we have

1 Uk
ﬁ”x - Xelr

< 5 IMO =8l +Gap" (@) + W
(27
Considering that X * is the global optimal solution, in-
equality |[M © (¥ — X*)||lr < M © (Y — X)||r holds
for any solution X € X gp including X'*. Thus, we have

1
—Nnx* - Xalr

1
<7 X* Gap*(Q) + —
< 7m |IIM®(y M F + Gap™( )+\/NIINIIF

MO (X" — Xe)llr + MO (Xg —V)||F

il

1
+ Gap,(Q) + —= ||V
p.()+ =N e
N 1
<l X®||F+—muM*NHF

Aﬁ

P () + \ﬁIINHF

This completes the proof.

(28)

5. More Experimental Results

In this section, we present more visual performance on var-
ious high-order data recovery tasks to further validate the
effectiveness of the proposed SADTR.

Figure | shows the visual performance of high-order data
inpainting by different methods. We observe that the pro-
posed SADTR consistently outperforms other methods both
numerically and visually, owing to its ability to establish
dynamic global connections that jointly model local and
non-local nonlinear dependencies, leading to a more accu-
rate low-rank structure. Figure 2 presents the visual perfor-
mance of multispectral image denoising by different meth-
ods. We observe that the proposed SADTR achieves supe-
rior numerical and visual performance, reaffirming its ef-
fectiveness in capturing accurate low-rank structures. The
compact global representation and implicit sparsity con-
straint jointly highlight key components and suppress noise.

6. More Discussions
6.1. Ablation Study

This subsection further discusses the impact of the key com-
ponents in the proposed SADTR. Specifically, we test the
following variant models, including SADTR-VO (i.e., the
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Figure 1. Visual performance of high-order data inpainting by different methods for MSI feathers (MR=95%), Color Videos News

(MR=90%), and Light Field Dino (MR=90%).
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Figure 2. Visual performance of multispectral image denoising by different methods for MSI imgb2 (Case 1) and HSI WDC mall (Case 3).

proposed SADTR), SADTR-V1 without FSR for all factors,
SADTR-V2 without FSR for factors 2 and 3, SADTR-V3
without FSR for factors 3, and SADTR-V4 without implicit
sparse representation. To test different variants of SADTR,
we conduct experiments on high-order data inpainting on
MSI Toys with MR=95% and multispectral image denois-
ing on MSI Beers with Case 1.

Figure 3 illustrates the visual performance of different
variants. We observe that introducing FSR and implicit
sparse representation significantly improves the visual per-
formance, demonstrating the effectiveness of these compo-
nents.

6.2. Analysis of Rank

In this section, we discuss the influence of rank in the pro-
posed SADTR model. Specifically, we take the third-order

data inpainting as an example to discuss the impact of rq,
r9, and r3 on model performance. We conduct experiments
on high-order data inpainting on MSI Zoys, with a size of
256 x 256 x 31. The candidate sets for 1 and ro are {2,
4,8, 16, 32, 64, 128, 256}, and the candidate set for r3 is
{2, 6, 10, 14, 18, 22, 26, 30}. We fix other ranks when
discussing the effects of different ranks.

Figure 4 illustrates the impact of different rank values
on the SADTR model’s performance in high-order data in-
painting tasks. We observe that the performance of SADTR
gradually improves as the values of 1, r2, and r3 increase.
However, the values of r; and r are more sensitive than 5.

6.3. Analysis of Convergence

In this section, we discuss the convergence behavior of the
proposed SADTR model. Here, we select data inpainting
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Figure 3. Different variants of SADTR exhibit different visual performance in high-order data inpainting.
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Figure 4. The impact of different rank values on the SADTR model in high-order data inpainting tasks.

task and denoising task as examples to numerically verify
the convergence. Figure 5 presents the relative error in the
reconstructed data at each iteration compared to their re-
spective previous iterations. We observe that the values of
the relative error achieved by the proposed method decrease
and gradually tend to zero as the number of iterations in-
creases. This justifies the numerical convergence of the pro-
posed method.
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|X — X||r/||X]|F, and X and X are the results of the current
iteration and its previous iteration.
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