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Supplementary Material

A. Proof of Lemmas

A.1. Proof of Lemma 1
The DPO loss in Eqn. (7) can be rewrite as follows:

Lppo(m,me—1) =E, ¢ {@5 (Acly™,y7)) }

Lg (u) = log (1 + exp(ﬁu))
Ayt y7) = (logmi(y* ) — logmi (™ |x))

— (tog me—1(y*|x) — logm—1(y7|a) )
(18)

Lemma 4 Pairwise Logistic Lower Bound by Margin. For any
u € Rand >0,

ls(u) =log(1+e"*) > log2— Lu.

Proof. Since log(1+e™") is convex and symmetric around v = 0
in the sense that its tangent at 0 is log 2 — %v, the global underesti-
mator follows from convexity log(1+e~") > log2— 2v. Then,

we substitute v = [Su follow by taking expectation over pairs:

BlLs(Aly ",y 7) > log2 — D BTy )L (19)

As a result, the small value of the DPO loss forces large aver-
age margin E[A;(y™,y™)]. In other words, the smaller value of
DPO loss enforces the model’s preference for well-retained y ™ re-
sponses stronger than for forgotten ones y .

Lemma 5 Average Margin Controls an Integral Probability
Metrics (IPM). Let F1 be the set of all 1-Lipschitz functions, If
the reward function v is L-Lipschitz, then v/L € Fi. Then,
for any pair of marginals P*, P~ where y* ~ PY(y") and
y~ ~ P~ (y™), we have

E[Ai(yt,y7)] = Ept[r(z,y")] — Ep—[r(z,y7)]
< LIPMg, (PT,P7) < LWy (PT,P7)

PM7, (PF, P7) = sup (v ps [F(50)] — By op- [y 7))
feF
@0)

where W1 is the 1-Wasserstein distance.

Proof. By definition of IPM over 1-Lipschitz functions and r /L is
admissible, the above inequality is the Kantorovich-Rubinstein du-
ality IPM over 1-Lipschitz functions equals Wi provided in [23].
In addition, although Lemma 5 requires r to be an L-Lipschitz
function, we have observed that a local L-Lipschitz reward func-
tion, which is satisfied in our setup, is also sufficient. Indeed, prior
studies [34] rigorously derives bounds on the local Lipschitz con-
stants of deep neural networks and shows they can be meaning-
fully controlled despite huge global constants. This result indicate

that the LLMs behave smoothly around their high-probability out-
puts. In our context, we only need the log-ratio to be Lipschitz on
the region visited by preference pairs, not globally over all possi-
ble outputs. Transformer-based LLMs incorporate norm control,
weight decay, and normalization layers, which implicitly bound
gradient magnitudes and curtail abrupt jumps in logits. Empiri-
cally, small semantic perturbations rarely cause extreme changes
in logits, suggesting local smoothness holds on the data manifold
[32, 111]. Thus, a locally valid Lipschitz constant suffices the re-
quirement of Lemma 5. Therefore, while LLMs may not be glob-
ally Lipschitz, they plausibly satisfy the needed local Lipschitz
continuity in the regions relevant to DPO, making Lemma 5 still
valid in practice.

In addition, it can be shown that Wi(PT,P~) <
3Wi(mre, me—1) follows naturally from the triangle inequality of
the Wasserstein distance. In particular, if the preference distribu-
tions P* and P~ remain close to the current and previous poli-
cies, respectively, such that Wy (P*,m) < Wi(m,m—1) and
Wi(P~,m—1) < Wi(me, me—1), then we obtain

Wi(PT,P7) < Wi(PT,m) + Wi(my, me—1) + Wi(me—1,P7)
< 3Wy (e, me—1)

21)
This conditions are typically satisfied in the DPO training, where
preference sampling is a monotone and non-expansive process,
e.g., sampling candidates from a mixture (please refer to Remark
1 in Section A.2). In the context of continual learning of LMMs,
the inequality Wy (P+, P™) < 3Wi(m:, m—1) implies that the
discrepancy between well-retained and forgotten knowledge is
bounded by the overall policy shift between two learning steps.
Intuitively, both P+ and P~ remain anchored around their respec-
tive policies, so the overall variation between them is bounded by a
constant multiple of the inter-policy shift Wi (¢, m¢—1). Concur-
rently, both P and P~ remain anchored around their respective
policies: P near the current policy 7; and P~ near the previous
policy m¢—1. Thus, if the model update between tasks is smooth,
the semantic drift between memory retention and forgetting re-
mains limited. This highlights that our continual DPO training
enforces a stable adaptation process, where catastrophic forgetting
is controlled by bounding the inter-policy Wasserstein distance.

Now, the inequality in Eqn. (20) can be further rewritten as
follows:

EA(y g )] =Eptlr(z,y )] - Ep-[r(z,y7)]

(22)
< 3LWi(me, me—1)

Lemma 6 A Transport-Entropy Inequality. Since the output
probability p(y|x) produced by the LMM of previous learning step
Ty, is computed based on the softmax on the logit scores of token
y, we can view mi_1 as a Boltzmann distribution over token se-
quences. Then, without a strict argument, we assume that w1
satisfies the Talagrand T>(Co) inequality [49, 103]:

W3 (, me—1) < 2C0 Dir,(p || we—1)  forall p, — (23)



Then, since W1 < Wa, by substituting p by ¢, we have the final
inequality as follows:

Wi (e, me—1) < \/2CODKL(7Tt | 7e—1) 24)

Proof. The proof of Talagrand T%(Cp) inequality has been shown
in prior studies [9].
Proof of Lemma 1. From Lemmas 4-6, we have

Lppo(f;z) > log2 — SE[A]

> log2 — %Lwl(ﬂtﬂrtfl)
> log2 — %L 2C0 Dk, (me||me—1)
=log2 — Lppo(d;z) < WTL 2Co Dycw(me[|me—1)
(log2 — Lppo (¢, m—1))*
= D || Te—1) >
KL (me||me—1) > 15232220,
(log2 — Lppo (mt, m—1))*
Dxy(mellme—1) > B232L2C),

(25)
Then, assume that there exists a constant M/ > 1 such that for all

(,y)s . 4l2)
Tt—1\Y|T

V= Tl < o
This ensures that the predicted distributions of the LMM model at
the previous learning step ;1 and the current learning step m; are
mutually absolutely continuous and that their density ratio is uni-
formly bounded. In other words, it prevents the predictions of the
LMM from collapsing across consecutive learning steps, ensuring
a stable and smooth evolution of the output distribution during the
continual learning procedure. Let h(z,y) = % denote the
likelihood ratio. The forward and reverse KL divergence can be
rewritten as follows

Dxr(mi-1]lm) = Ea gy, [2(2,y) log h(x, )], (27)

Dxw(mel|me-1) = E(a,y)nm | — log h(z,y)], 9
where h(z,y) = %

Lower bound of Dxr,(m¢—1]|7¢). The function f(u) = ulogu
is convex with f”(u) = 1/u. On the interval [1/M, M], the
smallest curvature is 1/M. By the second-order convexity bound
around u = 1,

1 2
> (u— ——(u—1)%
ulogu > (u—1)+ 2M(u 1) (29)
Since Eq yr, (y)2) [P(2, y) — 1] = 0, taking the expectation under
¢ will result in

1
Dicu(miillm) > 5o B [(h(w,y) — 1)?]. )
Upper bound of Dxr(m¢||me—1). Similarly, with g(u) =
—logu, we have g’ (u) = 1/u?, and on [1/M, M], the largest
curvature is M. Hence,

M? 5
—logu < (l—u)-l—T(u—l) . (30)
Then, taking expectation under 7r; will result in

2
Dt (millmi) < - Ba[(h(e,y) ~ 1) 6D

From Eqn. (1) and and Eqn. (30), we can obtain

1
DKL(ﬂ't—1H7Tt) > WDKL(WHWt—l). (32)

Then, let us define ¢ = M?3. Eqn. (25) can be further derived as
follows:

(log2 — Lpro(;z))?
Dxr(m—1||me) > cf3232L2Cy

(log2 — Lppro(b; .CU))2

(33)

lower

where Clower = ¢3232L%C).

A.2. Proof of Lemma 2

Remark 1. Mixture Sampling and Monotone Labeling.
For each prompt z, the output candidates are sampled from

Q: = am—1(-|z) + 1 —a)m(-|z) witha € (0,1],
(34)
and the selection kernel (human or reward model) chooses the pre-
ferred/dispreferred outputs (y*,y ™) monotonically with the un-
derlying reward, inducing pair marginals P,", P, that do not ex-
pand total variation beyond what is present in Q. Formally, we
have

TV(mi—1(- | 2), m(- | 2)) < éTV(P*,P*). (35)

Remark 1 is both natural and theoretically justified in the con-
text of continual learning via DPO. The candidate responses of
DPO are typically drawn from a mixture of the previous and cur-
rent policies, @z, to ensure balanced exposure to both past and
newly adapted behaviors. The monotone labeling condition fur-
ther indicates that the preference signal, whether derived from hu-
mans or a reward model, preserves the true reward ordering of
outputs. Then, the total-variation inequality then follows from the
data-processing principle, i.e., applying a monotone labeling ker-
nel cannot increase statistical divergence between distributions.
Intuitively, the preference selection process can only reveal dis-
crepancies already present in the mixture ., not amplify them.
Consequently, Remark 1 enforces a bounded relationship between
the divergence of the induced pairwise marginals (P;", P;") and
the divergence between the underlying policies (m¢—1, 7¢). In ad-
dition, this guarantees that updates to 7; remain geometrically
close to m_1, providing a stability-adaptability balance in the con-
tinual learning setting, i.e., the model can adapt to new data or
tasks while preventing catastrophic forgetting.

Remark 2. Sign Consistency. The predictor 7, is Bayes-
consistent in sign on the support of M, := (P, + P, ):

sgn(qe(z) — 3) = sgn(n(z) — 3) for M,-ae. z,

P _ .
where n(z) = m(z) and go(z) = o(Bse(z)) with
o(u) = —=2—. This remark is standard in excess-risk calibration

1+e
and holds whenever the logistic excess risk is sufficiently small to

ensure boundary consistency.



Lemma 7 Logistic Calibration for Pairs. Given P™ and P~, the
total variation of TV (P, P™) will be bounded by the DPO loss:

TV(P*+, P~) <2V2\/ Lopo(m, mi-1) — Lhpo(m,m-1)
(36)
where Lipo (e, me—1) is the Bayes-optimal logistic pairwise
loss.

Proof. Let us abbreviate P* = P}, P~ = P, ,and M =
1(P* 4+ P7). The DPO loss and its Bayes-optimal counterpart
can be written as

Lopo (i, m—1) = Ezm[CE(n(Z),q6(2))]

q0
Lipo (e, m-1) = Ezom[CE(n(Z),1(2))] GD

where CE(,-) is the binary cross-entropy function, 7(-) repre-
sents the true (Bayes-optimal) preference probability between pos-
itive and negative outcomes, go(Z) is model-predicted probability
obtained from the logit margin of the LMM model. Then, the ex-
cess DPO risk is formed as:

Ry 7oy (¥) = Lopo(me, m-1) — Lbpo (e, me-1)
= IEZNM[KL(Bern(n(Z)) [ Bem(qo(Z)))] .
(38)

where Bern is the Bernoulli distribution.
Bernoulli Pinsker Inequality. For any z, Pinsker’s inequality for
Bernoulli distributions gives

KL (Bern((z)) || Bern(gs(2))) > 2(n(2) — a0(2))*. (39

Hence,

2 1
Enl(n—a0)7] < 3

Sign Consistency Implies Margin Control. Under Remark 2,

since 1 and go lie on the same side of % for almost every z:

Roryme_q (T)- (40)

In(z) = 31 < In(2) = ()| + lao(2) — 3| < 2[n(=) — g0 (2)]

41
= |2n(2) — 1| < 4|n(2) — go(2)]
By definition of total variation, we have
TV(PT,P7) =Ez~u[20(Z) - 1]]. (42)

Then, applying Eqn. (41) and Cauchy—Schwarz, we will receive

TV(PT,P7) < 4Eumln—qo| < 4vEu(n—qo)>. (43)

Then, substitute Eqn.(40) will result in

TV(PT,P7) <4

3 Rorme_y ()

=2V2 \/LDPO(Whﬂ'tfl) — Lypo(me, me—1) .
(44)

Proof of Lemma 2. By Pinsker’s inequality, we have

TV(mi—1,m) < y/3 Dru(me-1 || 7).

. (45)
:>DKL(7Tt71 H7Tt) < QTV(TI'tfl,ﬂ‘t) .

Then, substituting Remark 1 and Lemma 7 into Pinsker’s relation
will result in

2
2v2
Dxime—1||m) <2 <a\/£DPO(7Tt»7Tt—1) - Cﬁpo(ﬂmﬂt—ﬂ)

16
< e (Lopo(me, me—1) — LHpo (T, me—1))

16
< —Lppo(me, m—1)
o

= C4upperACDPO (ﬂ't, 7rt—1)
(46)

16
where Cupper = 7.

A.3. Proof of Lemma 3

Proof. Since logp < 0,one has 0 < a,(p) < (1 -—p)7,
and (1 — p)” — 0 exponentially as v — oo. Then, for any fixed
p € (0,1), we have limy—, o ay(p) = 0. As a result, for each
group k, if p(2) € (0,1) a.s. and E[||(pe — 1)V sg]| | Gi] < oo,
then lim oo w; (¢) = 0. By definition, we have

K
IBx@I < D lax — gil [y (O)] [Imi(O)]|.  47)
k=1
Since w; (6) — 0 for each k as v — oo, the sum tends to 0.

B. DPO Data
B.1. Data Description

We release the dataset, annotations, and data preparation scripts
on the project website https://uark-cviu.github.io/
projects/Fai-DPO/. The repository provides the finalized
annotations, data structure, and detailed instructions for reproduc-
ing the dataset used in our experiments. Due to copyright restric-
tions, we do not directly redistribute the raw images, as the original
image copyrights remain with their respective data providers. In-
stead, we provide guidelines that allow users to obtain the images
from the official sources and reconstruct the complete dataset in a
reproducible manner.

This approach ensures that the dataset can be fully reproduced
while respecting the licensing terms of the original image collec-
tions. The released resources include standardized annotations,
metadata, and preprocessing protocols necessary to replicate the
experimental setup reported in this paper.

B.2. Copyright and Usage Notice

All images used in this work remain the intellectual property of
their original creators and dataset providers. We do not claim own-
ership of any raw images. The project website provides only anno-
tations, data splits, and utilities for downloading the images from
their respective official sources.

Users are responsible for ensuring that their use of the images
complies with the licensing agreements and usage terms specified
by the original datasets. By following the provided instructions,
researchers can reconstruct the full dataset while maintaining com-
pliance with copyright regulations and promoting transparent and
reproducible research.



C. Data Quality and Noise Robustness
C.1. Data Quality

Similar to prior work that leverages LLMs for large-scale instruc-
tion or preference data generation [65, 67, 120], LLMs are only
used to generate candidate negative preference pairs, which are
then manually verified and filtered before training. This verifica-
tion process was conducted by five specialists over approximately
one month.

C.2. Noise Robustness

Large-scale preference annotations in complex settings inevitably
introduce noise and potential bias. However, this noise in DPO-
style training is typically considered imperfect or ambiguous neg-
ative preference pairs, especially when certain negatives are over-
represented. From this perspective, our ¢-DPO is designed to limit
the influence of any single subset of preference annotations during
optimization (Lemma 3), so that ambiguous or over-represented
negative pairs do not negatively affect gradient updates. To further
examine this issue, we conduct additional experiments by inject-
ing controlled noise into the preference data. As shown in Table &,
¢-DPO maintains stable performance as noise increases, provid-
ing empirical evidence that the training process remains effective
and balanced even in real-world settings with imperfect preference
annotations.
Table 8. Noise Robustness Examination on the Preference Data

Noise Level RS Med AD Sci Fin | MFTT MFN1 MAAT BWT?}
0% 85.68 69.74 57.73 61.55 9528 | 7429 74.00 75.68  -0.37
5% 84.15 68.73 57.26 6094 9527 | 7409 7327 7518  -1.02
15% 83.06 67.51 56.16 6040 9447 | 7339 7232 7442  -1.33

D. Efficiency Analysis and Scalability

¢-DPO is designed to be parameter-efficient and memory-aware
by training via LoRA, without updating full model parameters. As
in Tab. 9, for a 7B model, ¢-DPO requires only ~0.65GB addi-
tional memory for weights of LoRA adapters and incurs a mod-
est runtime overhead. Moreover, ¢-DPO does not rely on replay
buffers or task-specific gradient storage; preference updates are
computed on-the-fly, keeping memory usage largely independent
of the number of tasks. We also demonstrated scalability with dif-
ferent model sizes (Tab. 7), i.e., InternVL-7B and LLaVA-13B,
showing consistent performance with manageable computation.

Table 9. Efficiency Analysis of Parameter-efficient Training

Method LoRA+FT [36] MOoELOoRA [13] ¢-DPO
Training Time 8.11s/iter 8.35s/iter 9.77sliter
Adapter Memory ~0.65G ~0.65G ~0.65G

E. Ablation on Weighted Loss Coefficients

We adopt a fixed weight of losses in Eqn. (17) to analyze the sta-
bility—plasticity trade-off. The SFT favors adaptation to new tasks,
while ¢-DPO stabilizes updates and mitigates forgetting. As in
Tab. 10, higher SFT weight improves adaptation (higher MFT) but
increases forgetting (lower BWT), whereas higher ¢-DPO weight
improves retention at the cost of adaptability.

Table 10. Ablation on Aser and Ag-ppo

Xstt_Appro | RS Med AD  Sci  Fin | MFT] MFN] MAA{ BWT]
20 1.0 | 8362 6856 57.18 6132 9643 | 75.38 7342 7609 245
10 10 |8568 6974 5773 6155 9528 | 7429 7400 7568  -0.37
10 20 |8371 6754 5567 5923 9316 | 72.13 7186 7361  -0.33
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