DBMSolver: A Training-free Diffusion Bridge Sampler
for High-Quality Image-to-Image Translation

Supplementary Material

1. Diffusion Models

The reverse diffusion process is given by the PF ODE [1, 11]:

1
dey = | f(x, t) — §g(t)2th logpt(a:)] dt, (1)

where the marginal distribution of x; at ¢ is p;(x), and V, log p;(x) is its score
function, which is learned by a neural network [4]. Furthermore, the drift and
diffusion coefficients are:

f(x, t) = xy % log oy, and g(t)? = —207? % log (i—j) :
where o := «(t) and o, := o(t), for time ¢t € [0, T] (where T' > 0).
Different formulations of a; and o; give rise to different formulations for the diffusion
process. Prior works hand-design these to obtain the variance-preserving
(VP) [11, 15], variance-exploding (VE) [6], and TrigFlow [9] formulations. We
contrast the design choices of such diffusion formulations in Table 1.

Table 1. Design choices for widely-used diffusion formulations. DDBM [15] mainly utilizes the VP and VE bridges, while TrigFlow is
utilized by [9].

Formulation oy o flxe,t) g(t)?  SNR; = @//s2 Domain of
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TrigFlow [9] cos(t) sin(t) —tan(t) o, 2 tan(t) cot?(t) [0, /2]




2. Proofs & Derivations

2.1. Proof of Proposition 1 of the main paper

Given a well-trained DBM Dy(-) that approximates data sample x,, we can simplify
Equation 2 of the main paper as:

da; = ( f(e,t) — g(t)*[Va, logpi(x: | 1) — Vg, logpi(@r | 2)]) dt + g(t) dwy
dlog oy 002 dlog (%)

= | Lt dt + 20} dt [th 1ngt(wt ‘ mT) - V:vt logpt(mT | wt)] de
dlog <g—:)
“+ oy —QT th
dl dlog (i—) Ygr—a
S L T T
dt dt 52 (% _ 1>
t \ofar
) dlog (%) %s—;wgp + aDg(x;) (1 — ﬁgﬁg—;) —x
+20_t Tt Tt dt
" ot (1 )
dlog (?—:)
+ oy —2T th
leg Ot 9 leg (g_:) Oéth(iL’t) — Iy leg (%)
= 2 dt —2——=2d
Ty T T o2 o a
dloga; _dlog (%)
= -2 dt
dt dt ot
L(t) (Li;gar Term)
dlog (%) dlog (%) dw
+ | 200——LDg(x;) + 0 \| —2 i L at, )

dt dt dt

N(4,t) (Non-linear Term)



where L(t) is the linear term, and N (;, t) is the non-linear term. This shows the
semi-linearity of Proposition 2 of the main paper. Thanks to the semi-linearity, we can
make use of the Exponential Integrators method [3] to solve Equation (2), as
explained next.

Given initial value x,, where b = a + A7 and 0 < b < a < T, we obtain the solution
to xy as:

b
T — e [P L(r)dr z, + / pluir LMY N(zx,,7)dr. (3)

To simplify the integral of the linear term L(r) from a to b, we first expand L(r) using
the properties of logarithms:

_dloga, 2dlog (%)
- dr dr

d
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d o2
— a llog <Oé_r)] . 4

Because L(r) simplifies to a single exact derivative, we can easily evaluate its integral
with respect to r from a to b:

/abL(r)dr _ /abd% [log (?)] ar

2
— log (% - 0-’;) . (5)
op O
Next, let’s define A, := log ¢, with the inverse function ¢,(-), that satisfies ¢,(\;) = ¢.

Through the change-of-varia'bles method for A\, we can denote o) := Qg (\)>

) = @y,(n), Do(@y) 1= Do(x4,(1)), W = Wi, (n), dwy 1= (/=G dwy, (n), and
N(xp, A) = N(s,(0), tA(N)).



Thus, we rewrite Equation (3) as:
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Use Taylo;rExpansion Ito Integral

The integral | AA" e**Dg(x)) d) can be computed by performing Taylor Expansion:
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where £ > 1, and D‘(g ')(:13 A) = d D(f/\(f 2a) is the n'"-order derivative of Dy () w.rt. \.
Furthermore, we can compute the Ito integral [10] as:
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where z;, ~ N(0,1).
2.1.1. ISt-order Bridge SDE Solution

Substituting k£ = 1 for Equation (7), we can ultimately simplify Equation (6) as:
Iy = %62()\“_)"’>a3a + <1 - 62()\“_/\1’)) DQ(ZB/\() + O’b\/l — 62(>‘a_)\b) VA
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where SNR; := ¢i/s? = ¢*, giving us the 1*-order solution to the Bridge SDE.

Thus, given the initial value x,, where b = a + At and 0 < b < a < T, the solution to
xp 1S:
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2.1.2. an-order Bridge SDE Solution
Similar to the process above, by substituting £ = 2 for Equation (7), we
simplify Equation (6) as:
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where Dén) (xy,) = an(fA(f %) is the n-order derivative of Dg(-) w.r.t. \, giving us the
2" order solution to the Bridge SDE.

2.1.3. Ablation Study on the Bridge SDE Solutions

We provide an ablation study on the effect of £ = 1 (Eq. (9)) and k = 2 (Eq. (12)).

In Section 3 of the main paper, we justify our choice of £ = 1 for the initial Bridge
SDE step in DBMSolver. As k = 2 step is higher-order, it requires an extra NFE.
However, because this initial step is taken over a very small interval dt = ¢, k = 2’s
higher-order solution renders the gains trivial, providing negligible benefits.

To validate this claim, we conduct an ablation study on the DIODE (256 x 256)
dataset using DBMSolver. For a fixed number of sampling steps (with the same
2"d_order Bridge ODE step), we compare & = 1 and k = 2 and report the results in
Table 2. For 4 sampling steps, both settings achieve an FID of 3.38. However, £ = 1
requires only 6 NFEs, whereas k£ = 2 requires 7 NFEs due to its higher-order
computation. With 11 sampling steps, the FIDs for £ = 1 and k£ = 2 are 2.06 and 2.07,
respectively. Although the IS metric for £ = 2 is slightly better (6.04 IS) compared to
that of £ = 1 (6.00 IS), the improvement is marginal compared to the computational
cost incurred for the extra NFE .

These results confirm that using £ = 2 offers no meaningful improvement in
generation quality over k = 1, supporting our choice to use k£ = 1 for the initial
Bridge SDE step.



Table 2. Ablation Study on value of k for the Bridge SDE solution on DIODE (256 x 256). We see that
compared to using £ = 2, using £ = 1 for the solution for DBMSolver is sufficiently good and requires
lower computational resources.

Value of k Steps NFEs FID| IS1T LPIPS| MSE/]
k=2 4 7 338 6.04 0.197 0.015
k=2 11 21 207 6.02  0.198 0.018
k = 1 (Proposed) 4 6 338 6.00 0.196 0.015

k = 1 (Proposed) 11 20 206 6.00 0.198 0.018

2.2. Proof of Proposition 2 of the main paper

Given a well-trained DBM Dy(-) that approximates data sample x,, we can re-write
the Bridge PF ODE (Equation 5 of the main paper) as:
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We further simplify the equation above as:

dx; dlog oy N 1 dlog (%) N Dy(z)) — Tr/ar dlog (%)
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(13)
where L(t) is the linear term, and N (x;,t) is the non-linear term. Thus, we can
clearly observe the semi-linearity of Equation 5 of the main paper. Similar to the
derivation above, we can once again make use of the EI method to
solve Equation (13):

Given an initial value «, where b = a + A7 and 0 < b < a < T, we obtain the
solution to x;, as:
b b b
@y, = el MOV g 4 / eloc- WA N (g 7)dT. (14)
a

To simplify the equation, we first integrate the linear term L(7) with respect to r from
a to b:

b
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where )\; := log g—: has the inverse function ¢ () which satisfies ¢)(\;) = t.

Next, we can use the change-of-variables method for A\. We denote oy := ay,(y),

) .= iBt/\()\), and N(CB,\, )\) = N(%(,\), t)\()\)).

Substituting Equation (15) along with the value of N (x), \) back into Equation (14),
we get:
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When we simplify the integral in Equation (16), we get:
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Next, we separately integrate the individual terms of Equation (17).
For the integral associated with @7, we use integration-by-parts to simplify it:
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where p(m,n) := e2m") — 1,

Finally, we perform Taylor Expansion to obtain the solution to the integral
in Equation (19):
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where £ > 1, and Dén)(a: A) = d”D(fA(f 2a) is the n'-order derivative of Dy(-) w.r.t. .
This is the same as Equation 10 of the main paper.

Thus, we can derive an exact solution for x;. For completeness, we derive the 1%- and
27d_order solutions below.



2.3. Deriving Solutions for Proposition 2 of the main paper

2.3.1. 1% .order Bridge ODE Solution

We use Taylor Expansion to find the solution. By using & = 1, the 1%-order solution is
as follows:

N o2 o2\ 3\
e Do(@)) 1 DY (), / (A= Aa) "y
N w/—A Ny O
= Dy() e
P >\7)\T
Ags A
= Dg(x),) "/ p( Mo, Ar) (1 - H) : (20)

Substituting Equation (20) back into Equation (19), we get the following 1%-order
formulation of a;:
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P
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Relation to DBIM Sampler [14].  Our solution is a generalized form of the DBIM-1 sampler’s
deterministic step. Simplifying the DBIM-1 deterministic step’s formulation for x;



(with p = 0), we get:
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By substituting the equation above with ¢! := SNR;, we in fact see

that Equation (23) simplifies to our 1%-order formulation of x; in Equation (22). Thus,
we see that DBIM is actually a 1%-order formulation of our solution to the Bridge PF
ODE (i.e., kK = 1). DBMSolver’s advantage is that it instead utilizes a more precise,
2"_order solution that has lower error bounds compared to DBIM.

2.3.2. 2nd-0rder Bridge ODE Solution

Similar to the derivation in Section 2.3.1, we use Taylor Expansion to find the solution
when k£ = 2:

Ab 62)‘1)9(3:)\) N D(())( Ab 2)\ d/\+D )( ) Ay 2)\()\ A )
\/,()()\,)\T) v P )\ >\T \/ P )\ >\T
Solution derlved in Equation (20) Solution derlved below
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The second term’s integral can be solved as:
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By substituting Equations 20 and 25 into Equation (24), we reach the 2"-order Taylor
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Expansion:
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Finally, substituting Equation (26) back into Equation (19), we get the following
formulation of a;:
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where D) (1), ) := ancfA(f %) is the n-order derivative of Dg(-) w.r.t. \. Note that

), , the perturbed image at \,,, is obtained via Equation (22).

3. Experiment Details

3.1. Training Details

We provide thorough details for the diffusion bridge models and their training
procedures in Table 3.

3.2. Sampling Details

To ensure consistency across different Image-to-Image Translation tasks, the sampling
hyperparameters used in our experiments are summarized in Table 4. The following
table outlines the discretization schedules and step counts applied to each dataset.



Table 3. Training details for the various Image-to-Image Translation tasks.

Dataset Edges2Handbags [5] DIODE [13] Inpainting on Conditional ImageNet [2] CelebAMask-HQ [7]  Face2Comics [12]
Hyperparameters and Training Details

Bridge Formulation VP VP I’SB [8] VP VP
Noise Conditioning, Cpoise 2501Int 2501Int 1000 ¢ 2501Int 2501Int
Learning Rate le-4 le-4 le-4 le-4 le-4
EMA Rate 0.9999 0.9999 0.9999 0.9993 0.9993
Noise Discretization Schedule Karras Karras Karras Karras Karras
Noise Discretization Steps 40 40 40 40 40
Batch Size 256 64 256 64 64
Training Iterations 400k 400k 400k 120k 120k
Number and Type of GPUs 4 A100 4 A100 8 A800 8 A6000 8 A6000
Model Details

Model Channels 192 256 256 256 256
Dropout 10% 10% 10% 10% 10%
Time Embedding Cosine Cosine Cosine Cosine Cosine
Channel Multiplier (1,2,3,4) (1,1,2,2,4,4) (1,1,2,2,4,4) (1,1,2,2,4,4) (1,1,2,2,4,4)
Number of Residual Layers 3 2 2 2 2
Attention Resolutions (8,16, 32) (8,16, 32) (8,16, 32) (8, 16, 32) (8,16, 32)
Model Capacity (Mparams) 284 534 534 534 534

Table 4. Sampling details for the various Image-to-Image Translation tasks.

Dataset Edges2Handbags [5] DIODE [13] Inpainting on Conditional ImageNet [2] CelebAMask-HQ [7] Face2Comics [12]
Hyperparameters for Sampling

Discretization Schedule Karras Karras Uniform Uniform Karras
Discretization Steps 40 40 40 40 40

4. More Qualitative Results

Beyond the quantitative metrics presented earlier, we include additional qualitative
results in Figures 1-3 to further highlight the perceptual advantages of DBMSolver.
We generate images with different random seeds to observe the image generation
quality across multiple instances, as portrayed in Figure 1. We observe that different
random seeds lead to the generation of different images. This is because the random
seed affects the initial Bridge SDE step of DBMSolver, which utilizes random
gaussian noise.

In Figures 2 and 3, we continue to observe that our DBMSolver produces significantly
better qualitative results compared to other baselines. DBMSolver achieves 34.76 FID
in 6 NFEs, while DBIM-1 achieves 44.92 FID on CelebAMask-HQ (256 x 256). On
the Class-conditional Inpainting task on ImageNet (256 x 256), we achieve 4.98 FID
in 6 NFEs while DBIM-1 achieves 5.36 FID, demonstrating our DBMSolver’s
improvements.
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Figure 1. Additional CelebAMask-HQ samples for DBMSolver with 6 NFEs, with different initial SDE steps.
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Figure 2. Additional qualitative comparison for Label-to-Face Generation on CelebAMask-HQ.
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Figure 3. Additional qualitative comparison for Class-Conditional Inpainting on ImageNet.
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