Progressive Guessing to Fixed Point: Rethinking Human Motion Prediction with
Deep Equilibrium Models
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Figure 1. Comparison between conventional explicit neural networks (upper) and our DEQ method (lower) for human motion prediction.

In the following, we first present the related work about
error correction in Section A, and provide the illustrations
about explicit motion prediction baselines and our implicit
DEQ-based method B. We also illustrate different prediction
settings in Section C and the detailed fixed-point reusing in
Section D. We then provide the theoretical proofs in Sec-
tion E, and Pytorch-style pseudo-code in Section F. Next,
we provide more details about datasets and implementation
in Section G. In Section H, we present and analyze further
experimental results. Finally, we discuss the limitations of
our approach and directions for future work in Section I.

A. Related Work

A.l. Error Correction

Recent studies have explored error correction to enhance
prediction accuracy of handling streaming data, such as
time series forecasting [9], traffic forecasting [8], and hu-
man motion prediction [15, 16]. These approaches incor-
porate feedback from newly observed data to continuously
guide the ongoing predictions. For instance, [15] mod-
els the deviation between consecutive motion segments and
corrects the base prediction using MLP-based and GRU-
based architectures. We draw inspiration from this idea, and
integrate an error correction mechanism into DEQ-based
models via a well-designed lightweight equivariant correc-
tion adapter, without breaking equivariance.

One-Round
— Prediction —>

: Network
Observed Motion Predicted Motion
(a) Standard Prediction Setting
A Motion Sequence

AEETTEE G EELRECE

Time

Prediction Prediction Predlctlon Predlctlon

(b) Prediction on Streaming Motion
Figure 2. Different prediction settings.

Rounds:

B. Illustrated Comparison

Figure | illustrates the comparison between conventional
explicit neural networks and our DEQ method for human
motion prediction. Given an observed motion sequence,
a motion feature encoder first extracts compact representa-
tions. The upper branch employs an explicit neural network
to predict motion features through a finite stack of layers. In
contrast, the lower branch formulates prediction as a fixed-
point problem, where the latent state z* is obtained by solv-
ing z* = fp(z*,x) through implicit equilibrium iterations.
Both branches employ an output layer for final prediction.

C. Different Prediction Settings

Standard human motion prediction (i.e., Sec. 4.2 in main
paper) performs a one-shot prediction of a T'y-frame future
sequence given a T},-frame observation, as shown in Figure
2(upper). In contrast, prediction on streaming motion data
(i.e., Sec. 4.3 in main paper) operates in a round-by-round
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Figure 3. Fixed-point reusing on streaming motion data. We adaptively determine the number of DEQ iterations via convergence criterion.

manner, as shown in Figure 2(lower).

D. Illustrated Fixed-Point Reusing

As shown in Figure 3, our framework reuses the fixed-point
from the previous round as a warm initialization for the cur-
rent DEQ solve. Instead of enforcing a fixed number of it-
erations, we allow the DEQ solver to adaptively decide how
many updates are needed by monitoring a convergence cri-
terion. The iteration process automatically terminates once
the fixed-point updates fall below a tolerance, enabling each
round to converge with only necessary number of steps.

E. Theoretical Proofs

In this section, we prove Theorem 1 in our paper which
shows the overall equivariance of our network. Moreover,
we provide more details about Implicit Function Theorem
(IFT) [2].

E.1. Proof of Theorem 1

We first review the detailed definitions of equivariance and
invariance as follows:

Definition 1 Let X be an input, F(-) be an operation and
Y = F(X) be the corresponding output. Operation F(-)
is called equivariant under Euclidean transformation if

ZR +t=F(XR+t) VR €SO(3),VtecR>

Definition 2 Ler X be an input, F(-) be an operation and
Y = F(X) be the corresponding output. Operation F(-)
is called invariant under Euclidean transformation if

Y =FXR+t) VR e€SO(3),Vt e R

We then give the following proof for Theorem 1.

1. For the initialization Fpy,(-) in Eq.(4) of main paper,
the decomposed initial geometric guess G(©) is equivariant,
and the decomposed initial pattern guess H(®) is invariant:

GOR+t, HY = Fpr, (X1, R + t).

Proof: When transforming the past motion, we have:
X, R+t = X, R+t = GOR+t,

which shows G(?) is equivariant to the input motion. For
the i-th joint (denoted as X;) of X, we also have:

AX;R+1t) = A(X;)R = VR,
T T
pt=|VIR|2 = VIRRTV!" = VIVI" — || V|3,

VR(VIT'R)"
5; = angle(VIR, VI"'R) = — ( ZH)
IViR[2[| Vi~ Rl

vivi-1T
= ﬁ = angle(Vﬁ,Vﬁ_l).
IVEll2llVi™ ll2
Therefore, H(®) = [p; 4] is invariant to the input motion

under Euclidean transformation.

2. For the ¢-th DEQ update layer in Eq.(5) of main paper,
geometric feature learning ¢ = {Fgc1, FEGFL} IS equiv-
ariant, and pattern feature learning iy = {Fp1, F1prL} is
invariant:

G VIR 4+t = Fo(GYR 4 t, XgR + t, HY X()

HEAD — ]:H(G(Z)R +t, H(Z)7 Xy).
Proof: We first show the geometric input injection Fgrgr(-)
is equivariant. When transforming the observed geometric

feature X and the input geometric guess G (), for every
i-thjoint (4 = 1,2,--- ,J),

60 (GOR +t — (G 'R +1t)) + G

=W, (GOR-G'R)+GR +t

= (W, (GO -G+ G R+t
=gR +t,

R+t



indicating that g in Eq.(6) is equivariant.
¢g2(gR+t +XcR+t—(gR+t)
— (XgR+1t)) + XgR +t

=W, (gR+XcR-gR—-XgR)+XcR+t

= (Wy,(g+X6—8—Xg) + Xg)R+t

=PR +t.
Therefore, P in Eq.(6) is equivariant, and Frqi(-) is equiv-
ariant to the input motion under Euclidean transformation.

We then show the pattern input inject Fipr(-) is invari-

ant. Since the input pattern guess H) and the observed

pattern feature Xy are invariant, when transforming the in-
put motion, we have

Ohs (dny (FOIL(XR + 1)) + FiL(XR + t))
= G, (dn, (H') + X))
=Q
Thus, Q in Eq.(6) is invariant, and Fypj is invariant to the
input motion under Euclidean transformation.
Combined with the property that Frgrr, is equivariant

and Fipry, is invariant (which has been proven in EqMotion
[19]), we have:

Fo(GYR +t, XR + t, HY  X¢)
= Fuarr (Fec1(GOR + t, XR + t), Fier (HY, Xu), Xc),
= FrerL(PR + t,Q, X¢)
=GR+ ¢,
and
Fu(GOR +t,HY Xy)
= FipPFL (-FEGI(G([)R +t,XcR + t), }—IPI(H(Z)7 Xu), Xu)
= FirrL(PR + t,Q, Xu)
=H".

This shows the geometric learning F¢ = {Fgrar, FEGFL
is equivariant, and pattern learning Fy; = {Fipr, FiprL} is
invariant in the [-th DEQ update layer.

3. The adapter Fgca(-) in Eq.(12) of main paper is
equivariant:

Y, 1R+t = Frea(Gi R+ 6, H, H).

Proof: We adopt a one-layer EGNN [10, 14] to incorpo-
rate the deviation information. For notational simplicity, we
denote G, as G. The whole process of our equivariant
correction adapter is formally expressed as:

H' = Fpo(Y, — X,p1), H=H!, + MLP(H'),

m;; = %/Jm([hi;hj; 1Gi — Gjll2,col])s

G} = Z Yo (myj) - (G — Gy),
JEN(4)

Y, 41 = Fror(G),

where v,,, and 1),, represent MLPs, N/ (7) denotes the set of
neighboring joints associated with ¢-th joint, m;; refers to
an E(3)-invariant message transmitted from joint j to joint
1, which is used to aggregate weights.

As proven previously, H' obtained from Fpy,(-) is in-
variant, and thus H is invariant. Besides, for the c-th col-
umn (c = 1,2,---, (), we have:

IGR+t— (GR+t)2
= [|GiR - G;R|2
=G = Gjlf2.
Therefore, the column-wise ¢>-distance of geometric fea-
ture is invariant. Since the pattern feature H is invariant,

the edge feature m,; is invariant. We then have the follow-
ing equivariance:

GR+t+ > e(mi)(GR 4t — (G;R +t))
V@) ol
1
—GR+t+ +(my;) - (G; — G;
‘N(Z g[:()w m] )
= wam” (Gi—G;)R+t
JEN ()

Thus, G/ is equivariant. As noted in EqMotion, Fror(-) is
equivariant, i.e., ?THR +t = FrorL(G'R + t). Com-
bining these equations, we show the equivariance of our
adapter Frca(-).
4. The forward pass in Eq.(7) of main paper preserves
original equivariance/invariance under Anderson solver.
Proof: We adopt the Anderson iterative method [1, 18] to
update the state z(©) by leveraging the previous my results.
The update is computed as follows:
my mye

2040 = 53l ) H1-5) Y alal e
i=0 i=0

where F = {Fq,Fu}, and of is the weight for the i-th

previous step at the /-th iteration, subject to ) . 0 ab =1,

and (3 is a hyper-parameter. More details are in [18].
When transforming input geometric guess G, we have:

my my
BY e F( G IR 4 )+ (1-8) Y ol (G
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Similarly, we also have the invariance for pattern guess H:

my me
H(Z-‘rl) _ 52 aff(H(é—MZ+l))+(1_ﬂ) ZafH(f—me-‘ri).
i=0

i=0
This shows that the forward pass of DEQs preserves original
equivariance/invariance under Anderson iterative solver.

5. The fixed-point reusing zgzl = z, does not affect the
network’s equivariance and invariance.
Proof: For the first round, G§0)7H§0) = Fpr(Xy.1,) are
equivariant and invariant, respectively. And the final fixed
point for the first round G} and H7 retain the same prop-
erties, as proven before. In the second round, we reuse
these fixed points as the initialization, i.e., Ggo) = G7 and
H§°> = H7, which naturally preserves the equivariance and
invariance. Therefore, fixed-point reuse does not alter these
properties.

Combining all components, we conclude that the entire
MotionDEQ architecture remains equivariant. O

E.2. Implicit Function Theorem

Theorem 2 Assume that the training loss is Lyvsg(-) and
the network is parameterized by 0. Given a fixed-point mo-
tion representation z* = {G*,H*} and the input x =
{Xg, Xy, X}, the gradient of DEQ motion is given by

OLvise _ OLwse (1 8f(z*,x|9)>_1 of (z*,x|9)

00 0z* oz* 00

The proof of implicit function theorem (IFT) can be found
in [2]. However, we have to compute the inverse of the
Jacobian matrix J = (I — W)_l, which requires
O(N?) computational complexity. Recent efforts employ a

linear system to approximate the inverse-Jacobian matrix:

T _ jT 8f(Z*7X|9)
0z*

Lnisk
oz* '’

J + 0
where T represents the transpose of the matrix. However,
this approach still relies on an external optimization solver
to iteratively compute the solution. As noted in [4], we can
approximate J with its Neumann series expansion to obtain
gradients:

OLMSE ~ lim OLMSE iv: (8f(z*,x0)>" of(z*,x[0)

a0 N—oo Oz “— 0z* a9
Many efforts set N = 0 to derive Jacobian-Free Backpropa-
gation (JFB) for approximating the gradients. While this in-
exact gradient simplifies the backward pass to a single-step
computation 2£Mse ~ OLase of (zgé"'e), it yields subopti-
mal prediction performance. Instead, we employ N = 1 to
obtain truncated gradients to better approximate 7:

OLmse _ OLuse - af(z*,x|0)\ 8f(z*,x|0)
20 = Oz z* o0

F. Pseudo Code

We provide a Pytorch-style pseudo-code for the DEQ mo-
tion prediction in Algorithm 1.

Algorithm 1 DEQ motion training

def train/(
M, # iteration forward times

encoder, # past motion extractor

decoder, # output layer

solver, # fixed-point solver, e.g., Anderson
func, # one DEQ update layer

MSE, # loss function

X, # observed motion (B, Tx, Jx3)

y, # ground truth future motion (B, Ty, Jx3)
z, # fixed-point (B, J, Cx3+D)
# fixed point of previous round

# number of correction losses

prev_z,
freq,
gamma # weights of correction

B: batch size
J: joint number
C: geometric feature dimension
D: pattern feature dimension
Tx/Ty: past/future motion length
W
cond = encoder (x)
with torch.no_grad() :
# Fixed-Point Reusing
z, zm = solver (func, cond, freq, zO=prev_z)
if training:
loss = MSE(y, decoder (z)
if sparse_correction:
for i in range(freq):
zm_1i = decoder (zm[i])
loss += gamma[i] * MSE(y,
return z, loss
return z

zm_1i)

G. Experimental Details

G.1. Dataset Description

Human3.6M [7] includes motion recordings from seven
subjects (S1, S5, S6, S7, S8, S9, and S11) performing 15
categories of daily actions, each represented by 22 skeletal
joints. We follow the standard protocol by downsampling
the sequences from 50 fps to 25 fps and converting them
into 3D joint coordinates after removing global rotation and
translation. Subjects S5 and S11 are designated for testing
and validation, respectively, while the remaining subjects
serve as the training set.

CMU-MoCap contains a diverse set of motions spanning
eight action categories and originally annotated with 38
joints in 3D coordinates after eliminating global transfor-
mation. Following prior work [3, 12], we keep 25 com-
monly used joints and split the data into independent train-
ing and testing subsets.



Table 1. The hyper-parameters of MotionDEQ.

Hyperparameters Notation Value
The observed motion X1,

The predicted motion ?Tp+1:Tp+Tf

The ground truth future motion Y

The observed geometric feature Xg

The observed pattern feature Xy

The observed interaction graph Xc

The ¢-th geometric guess G

The ¢-th pattern guess H®

The /-th guess PAS)

The final fixed point z*

The r-prediction round fixed point z"

The network parameters 0

The initialized decomposed layer FoL(+)

The input geometric injection layer Frci()

The input pattern injection layer Fipi()

The equivariant correction adapter Frcalr)

The fixed point iteration steps for training Ticain 20
The fixed point iteration steps for inference Tinfer 30
The number of sparse correction losses 3
The weight of sparse correction losses 0% 0.8
The geometric feature dimension for short-term prediction C 72
The geometric feature dimension for long-term prediction C 96
The pattern feature dimension D 64
The early stopping tolerance € 0.001
The learning rate 0.0005
The learning rate decay 0.98
The weight normalization True
The DCT using True
The batch size 100
The number of epochs 100

3DPW [17] provides challenged in-the-wild human motion
sequences captured across both indoor and outdoor environ-
ments. Each pose is represented in 3D with 23 joints, and
the framerate of each motion is recorded at 30 fps.

G.2. Implementation Details

To prevent potential ambiguity in the notation of Motion-
DEQ, we summarize all symbols in Table 1. For the sake
of reproducibility, we further include the hyperparameters
used during training.

H. Additional Experiments

H.1. Maximum Refinement Iterative Steps

We investigate the impact of different fixed-point iteration
steps (Liain) during the training of our MotionDEQ model.
As summarized in Table 2, setting Ti,in = 20 yields the
best average performance with an MPJPE of 65.95. In gen-

Table 2. Different fixed-point iteration steps during training on
3DPW dataset.

Tirain  200ms  400ms  800ms  average

5 32.97 66.84  103.58 69.45
10 31.28 63.06 99.62 67.10
20 30.63 61.38 98.11 65.95
30 30.69 61.54 97.85 65.97

MotionDEQ

eral, increasing the number of refinement steps during train-
ing improves predictive accuracy. However, performance
does not further improve beyond Ti,in = 20, which may be
attributed to the model’s already sufficient representational
capacity, making additional refinement steps redundant.

H.2. Long-term Motion Prediction

Table 3 reports the long-term prediction accuracy (more
than 400ms but less than 1000ms) on the Human3.6M



Table 3. Comparisons of long-term prediction on Human3.6M. Results at 560ms and 1000ms in the future are shown. ‘{’ denotes the
average results over 5 runs from our reimplementation using released code due to its high sensitivity to network initialization. The best and

second-best results are marked in bold and underline, respectively.

scenarios | walking | eating | smoking |  discussion |  directions | greeting | phoning | posing
millisecond | 560ms  1000ms | 560ms  1000ms | 560ms 1000ms | 560ms 1000ms | 560ms 1000ms | 560ms 1000ms | 560ms 1000ms | 560ms 1000ms
Res-sup. [13] | 81.7 1007 | 799 1002 | 948 1374 | 1213 1617 | 1101 1525 | 1561  166.5 | 1412 1315 | 1947  240.2
LTD [12] 54.1 598 | 534 778 | 507 726 | 916 1215 | 71.0 1018 | 1154 1488 | 692  103.1 | 1145 173.0
MSR-GCN [3] | 527 630 | 525 771 495 716 | 86 1176 | 712 100.6 | 1163 1472 | 683 1044 | 1163 1743
PGBIG[11] | 48.1 564 | 511 760 | 465 695 | 8.1 1182 | 693 1004 | 1102 1435 | 659 1027 | 106.1 1648
EqMotion® [19] | 43.1 536 | 478 730 | 410 634 | 764 1068 | 700 1009 | 1090 1433 | 646 1015 | 889 1450
SiMLPe [5] 468 557 | 49.6 745 | 472 693 | 87 1163 | 731 1067 | 99.8 1375 | 663 1033 | 1034 1687
LuKAN [6] - - - - - - - - - - - - - - - -
Ours 427 531 | 470 725 | 418 648 | 80.6 1127 | 69.1 998 | 1041 1414 | 638 1002 | 936 1525
scenarios | purchases | sitting | sittingdown | takingphoto | waiting |  walkingdog | walkingtogether | average
millisecond | 560ms  1000ms | 560ms  1000ms | 560ms 1000ms | 560ms 1000ms | 560ms 1000ms | 560ms 1000ms | 560ms 1000ms | 560ms 1000ms
Res-sup. [13] | 1227 1603 | 1674 2015 | 2053 2776 | 1170 1432 | 1462 1962 | 1913 2090 | 107.6 1311 | 976 1305
LTD[12] 1020 1435 | 783 1197 | 1000 1502 | 774 1198 | 794 1081 | 1119 1489 | 550 656 | 816 1143
MSR-GCN [3] | 101.6 1392 | 782 1200 | 1028 1555 | 77.9 1219 | 763 1063 | 111.9 1482 | 529 659 | 811 1142
PGBIG[11] | 953 1333 | 744 1161 | 967 1478 | 743 1186 | 722 1034 | 1047 1398 | 519 643 | 769 1103
EqMotion® [19] | 972 1379 | 752 1173 | 972 1491 | 764 1213 | 720 1054 | 1058 1415 | 460 584 | 740  107.9
SiMLPe [5] 938 1325 | 754 1141 | 957 1424 | 710 1128 | 716 1046 | 1056 1412 | 508 615 | 757 1094
LuKAN [6] - - - - - - - - - - - - - - 757 1093
Ours 945 1345 | 747 1148 | 946 1416 | 709 1120 | 704 1021 | 1045 1394 | 502 610 | 735 10638
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Figure 4. Visualizations on streaming motion data of our MotionDEQ, compared to other baselines.

dataset. Our MotionDEQ attains the highest accuracy on
the majority of actions and achieves the second-best per-
formance on the others. Furthermore, MotionDEQ outper-
forms EqMotion in long-term prediction, further demon-
strating the powerful representational capability of DEQs.

H.3. Visualization Results of Streaming Prediction

In Figure 4, we present additional qualitative results of mo-
tion prediction on streaming data, comparing our method

with recent baselines, including DeFeeNet [15] and EqMo-
tion [19]. The green dotted line indicates the ground truth
future motion. As shown, our predictions consistently align
more closely with the ground truth across two consecutive
prediction rounds, demonstrating the ability of our method
to effectively handle streaming human motion data and gen-
erate more accurate motion predictions.



I. Limitation & Future Work

While our MotionDEQ demonstrates promising results in
human motion prediction, the training cost per epoch is gen-
erally higher than that of explicit models, primarily due to
the iterative fixed-point solving process in the forward pass.
Inference time remains acceptable in practice, especially
under our warm initial guess strategy, which significantly
reduces the number of iterations required in streaming set-
tings, as validated in Figure. 6(b) of the main paper. Future
work can be made to to develop more efficient and stable
DEQ training strategies. Another promising avenue is to
explore DEQs in multi-agent and interactive scenarios, such
as molecule dynamics and pedestrian trajectory prediction.
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