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Supplementary Material

A. Experimental Settings

A.l. Experimental Environments

All experiments were conducted on a workstation equipped
with an Intel(R) Xeon(R) Bronze 3206R CPU @ 1.90
GHz (16 cores) and an NVIDIA GeForce RTX 3090 GPU
with 24 GB of memory. The system runs CentOS with
Python 3.8. PyTorch (version 2.0.0) was used to implement
FedAlign and all baseline models, ensuring a consistent and
reproducible experimental setup.

A.2. Implementation Details

All experiments are conducted with a fixed set of 10 clients,
where all clients participate in every communication round
(participation ratio = 1). Each client performs 1 local epoch
per round, and the training batch size is set to 10. Models
are trained using the stochastic gradient descent (SGD) op-
timizer with a fixed learning rate of 0.01 and a momentum
coefficient of 0.9.

The experiments are designed to evaluate the perfor-
mance of FedAlign under both system and data heterogene-
ity conditions.

System Heterogeneity: To simulate variations in compu-
tational capabilities among clients, a hyperparameter delay
is introduced. Larger values of delay correspond to higher
disparities in client processing speeds. In the reported ex-
periments, the delay is set to 0.1 to represent moderate sys-
tem heterogeneity.

Data Heterogeneity: Two types of Non-IID scenarios are
considered. First, label and quantity skew are induced by
partitioning each clients data according to a Dirichlet dis-
tribution with concentration parameter « = 0.5. Second,
feature skew is modeled by adding Gaussian noise A (0, )
to the training and testing datasets, with 8 € {0.05,0.1}.

All reported results represent the mean and standard de-
viation over five independent runs, excluding the maximum
and minimum performance values. The best performance
in each setting is highlighted in bold. Other hyperparam-
eters, including dropout rate and data partitioning strategy,
are uniformly configured across all clients to ensure repro-
ducibility.

B. Detailed Proofs
B.1. Proof of Theorem 1

Proof. Let g be the stochastic gradient of client k, and let
the global DP gradient be
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Using the identity
g% = 771 = gell* + 197717 = 2(g, 3°7),  (16)

and taking expectations yields

El|lge—3°"I* = Ellgell® —2E(gk, §°7) +ElIg7|*. (A7)
Inner product expansion. Substituting (15),
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Since 7 is zero-mean and independent of gy,
E(gk,n) = 0. (19)
For arbitrary random vectors A, B,
E[AT B] = E[A] "E[B] + tr(Cov(4, B)).  (20)
Thus,
E(gk, 3j) = (9k> g5) + tr(Cov(gr, G;))- (2D
Expected squared norms. The local gradient satisfies

El|gill* = llgkll* + tr(Var(ge)). 22)

The global DP gradient yields

E[|g""[1* = llgll* + tr | Var
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+ tr(Var(n)). (23)



Collecting terms.
plify to

The mean-gradient components sim-

lgwll* = 2(g, ) + llgll* = llge — g1 @4

The variance—covariance terms combine to
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Adding tr(Var(n)) yields the decomposition
Ellgr — g°" 11> = llgr — glI* + tr(Var(gr))
K
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+ tr(Var(n)), (26)
thereby proving the theorem. O

B.2. Proof of Proposition 1

Proof. Let g = Epup [Vl(w;z)] and g =
E.p[V{(w;x)] denote the local and global expected
gradients. We adopt a standard smoothness assumption in
which the gradient with respect to the input can be locally
approximated by a first-order expansion,

Vi(w;z) = H(w)(z — po) + b(w),
where H (w) approximates the Hessian and p is a reference

point.

Expected-gradient expansion. Taking expectations un-
der the local and global data distributions yields

gr = H(w)(pe—po)+b(w),

where i, and p denote the local and global means. Sub-
tracting the two expressions gives

gk — g ~ H(w)(px — 1),
and therefore

gk — glI* < [[H ()%l — pll.

g~ H(w)(p—po)+b(w),

Effect of DP noise on global mean estimation. Each
client reports a perturbed mean

fue = o + €, ex ~ N(0,001).

The server aggregates them to form

K
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Since the noise across clients is independent and Gaussian,
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where d is the input dimension.

Mean estimation error. We decompose

lpe—Fill? = || —p—ell® = | pe—pl>+ | €ll*—2{ux—p, ).

The cross-term has zero expectation because € is indepen-
dent of p;, — p and has zero mean. Thus,

Ellp. — All* = e — ull* +Eel®.
Rearranging yields
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Combining with gradientmean relationship. Substitut-
ing into the gradient bound leads to
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which completes the proof. O

B.3. Proof of Proposition 2

Proof. We first relate the variance of the stochastic gradient
to input second moments via the Lipschitz property of the
sample-wise gradient. Let ¢(-) be the per-sample loss and
assume its gradient with respect to model parameters is L-
Lipschitz in the input, i.e.

|Vl(w; ) — Vi b(w;2")|| < Lljz —2'|].  (27)

For the stochastic gradient g computed on client k£ we then
have

E[llgr — gxll*] < L*E[|=|%], (28)

where the expectation is taken over the local data sampling
on client k and g5, = E[gy] denotes the corresponding mean
gradient.



Decomposing the second moment of the input around the
local mean py, gives

E[]lz?]

Using the identity E[||z — ux||?] = tr(Z), where 3 is the
covariance matrix of client £’s data, we obtain

=E[l|lz — ] + [l (29)

E[llgr — gxll*] < L (tx(Zk) + [|1nl|?)- (30)

Since tr(Var(gx)) = E||gr — gx||?, the above inequality
yields the desired bound

tr(Var(g)) < L2 (te(S) + [us?). G

which is Eq. (9).

We now account for DP noise injected into the covari-
ance estimation used for normalization/alignment. Let each
client release a perturbed covariance

Sk=Sk+& & ~NO,0pp, D),  (32)
and let the server aggregate these perturbed covariances by
weighted averaging:

Z + Nagg, (33)
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Where Nage > i1 (ng/N)E; denot.es the aggregated
noise. Because the &; are zero-mean, independent Gaus-
sian perturbations, the expected squared Frobenius norm of
the aggregated noise satisfies
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where dy; is the dimension of the vectorized covariance ma-
trix (i.e. the number of entries after flattening).

Replacing ;; by its noisy counterpart in the previous
Lipschitz-based bound and taking expectation over the DP
noise gives

tr(Var(gE") 2(& (20) + s+ Efer(10ss)])

L (tr(Zk) + [lo|?

K 2
S e

=

which is exactly the bound stated in Eq. (10). This com-
pletes the proof. O

B.4. Proof of Proposition 3

Proof. Let g, = Eyup [Vl(w;z)] and g =
Z;il(nj /N)g; denote the local and global gradients.
Using the Edgeworth expansion, the expected gradient
under distribution Py admits the approximation
g ~ gGauss + %M(w),

where M (w) is the third-order derivative term of the loss.
Similarly, -

auss fy

g~ g 4 o M(w).

Subtracting gives the skewness-induced deviation

Ve — 7

gk =9~ —— M(w),
and therefore
lge = glI? oc [y — 71>
Effect of DP noise. Let the DP-perturbed gradients be

g =g +&,,  g°T =g+¢

where &, & are zero-mean Gaussian and independent of
skewness effects. Then

(&x — &).

The cross term vanishes in expectation, so the deterministic
skewness contribution remains dominant:

Ellg” — g™ |* =

ar =Y = (g —9)+

lige — glI* + Oodp) o [y — 3.

This completes the proof. O
B.5. Proof of Proposition 4

Proof. Let x ~ Pj with mean puy, covariance Y, and kur-
tosis rx. For smooth loss ¢(w; x), linearizing the stochastic
gradient around p, gives

~ Aw)(x = pr) + b(w),

so the Gaussian reference variance satisfies

Ve (w; x)

VarGauSS(Vg(w; x)) o tr(Xg).

Kurtosis correction. Applying GramCharlier expansion
and retaining the leading non-Gaussian term gives the vari-
ance adjustment

Var(Ve(w; ) ~ Var®™ (V6(w; ) (1 J s 3) .

Taking traces yields

tr(Var(Ve(w; 7)) (1 B 3> tr(Sh).



Effect of DP noise. With DP-perturbed gradient

" = gr + epp,

the additive isotropic noise contributes independent vari-
ance
tr(Var(epp)) = dodp.

Combining the kurtosis-induced multiplicative factor
with the DP noise term gives the desired relationship. [

B.6. Proof of Theorem 2

Proof. The proof follows the standard descent analysis un-
der L-smoothness, combined with a decomposition of the
stochastic update direction into its bias and variance com-
ponents, and an explicit upper bound on the statistical dis-
parity term.

Descent inequality under L-smoothness. For any L-
smooth non-convex objective F', the update w;41 = wy —
ndy satisfies

L
F(wi) < F(wt)+<VF(wt)7wt+1—wt>+§||wt+1fwt\\2.

(33)
Substituting the update rule gives

L 2
Flwisr) < F(w) = n(VE(wy),di) + = di]]*. (36)

Expectation and bias—variance decomposition. Taking
expectation of (36) and expanding d; = E[d]+ (d; —E[d¢])
yields

ELP (wp1)] < BLF(w)] — (VF (). Eldi]
+ 20 (IERI2 + Elld, — Bld)IP).

(37

Introduce and subtract 7|V F (w;)||? to reveal a descent

term:

E[F (wi41)] < E[F(wy)] = nl[VF (w)|*

+{VE (), V() ~ Eld)
2
+ 2 (LI + Eld, ~ Eld]IP).

(38)

Applying the Cauchy—Schwarz and Young inequalities
gives

(VE(wp), VE(w;) — E[di]) < %IIVF(wt)II2

1
+ §||VF(wt) — Eld]||>.
(39

Combining terms yields the per-iteration inequality
i
E[F(wis1)] < E[F(w)] = SIIVF(w)]?

+ 2V F(w) — E[di]|
L 2
+ - (B2 + Elld: — Eld]I?).
(40)

Bounding the bias term via statistical disparity. Using
Jensen’s inequality,

1 K
IVE(w) ~Eld|* < 4 ; IV E(we) —gi(we)[|*. 41)

The deviation |[VF — gi|| can be bounded by discrepancy
of the empirical statistics of client k, giving

K

1
VP () — Bl < 73 (L2800 + L2IZ: — T3
+ Ly vk — v + Lk — H|>
= Fstat- (42)

Bounding the variance term and DP noise. The vari-

ance of d; decomposes as
Elld; — E[d]||* = Ellge — E[ge]lI” + Ellee||*,  43)

where g, is the stochastic mini-batch gradient and ¢, is DP
Gaussian noise.

Define the minimal client-side variance by o2 , and
note that DP noise satisfies
8C?log(1.25/6
Ellee]|” = obp = —;2 L
Thus
E|ld; — E[d]||* < o7 + oDp- (45)

Final convergence rate. Summing (40) over t =
0,...,T — 1 and telescoping the left-hand side gives

!
-

1 2A
T E(|VF(w)]|* < 7TF +nL(02n + Lstat + 0Dp),
t=0
(46)
which matches the claim in Theorem 2. O
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