Hilbert-Geo: Solving Solid Geometric Problems by Neural-Symbolic Reasoning

Supplementary Material

A. Solid Geometry Formal Language

A.l. Formal Geometry Representation

In the domain of solid geometry, simple geometric bodies
serve as fundamental units that are combined into complex
geometries via combinatorial strategies. This section pro-
vides a formal proof that the solid construction operation
constitutes a commutative semigroup.

Previous work on Geometry Formalization Theory has
shown that the formal representation of plane geometry is a
semigroup (Section. 3.1). In solid geometry, we elevate this
representation to a set of faces. The plane geometric cate-
gory is encapsulated as an entity, which serves as the foun-
dational reference for constructing solid geometric models.

Let the formal representation of a simple polyhedron P
be a set Rp (Here, the polyhedron refers to a figure that is
topologically homeomorphic to a R? sphere):

Rp = {7, 17, 1Dy 2)

where each face fi(P) is an ordered list of vertices (follow-
ing the right-hand rule with outward normal vectors) de-
scribing the boundary of that face:

£ = (o1, 09, ., o) 3)

Definition of Composition Operation (£3p): This is the
foundation of the combined strategy, let polyhedra A and B
be joined via a shared interface. Let S 4 denote the shared
face in A, and Sp denote the corresponding shared face in
B (note: geometrically, the vertex order of Sy is the re-
verse of Sp). The solid composition operation is defined as
the set union minus the symmetric intersection (the internal
contact faces), as shown in Eq. 4:

Ra®3p Rp = (Ra\{Sa})U(Rp\{SB}) @

Theorem A.1. The formal representation of solid geometry
is closed under the operation ®sp.

Proof. By definition, a valid object in the solid formal sys-

tem is a “’set of faces bounding a closed 3D space”.

1. Let R4 and Rp be face sets of two valid polyhedra.

2. Execute the operation R,¢syit = Ra ®3p Rp.

3. This operation removes the internal contact faces (54
and Sp) and retains all external surfaces.

4. According to the generalization of Euler’s formula for
manifolds, when two closed manifolds are glued along
a simply connected face and that face is removed, the
remaining surface still constitutes a closed 2-manifold
(i.e., the boundary of the new polyhedron).

5. Therefore, R,.sy: remains a set of faces describing a
closed solid.

VRA,Rp €S, (Ra®spRp)€ES &)

O
Theorem A.2. Ry ®3p Rp = Rp ®3p Ra.

Proof. Let R, contain m faces and Rp contain n faces.
Based on Eq. 4:

Ra®spRp ={f|f€ RaURB, f# Sa, f# Sg} (6)

Now consider the reverse operation Rp ®3p R 4:

Rp @3p Ra = (R \{SB})U(Ra\{Sa}) (D

According to set algebra, the union operation is commuta-
tive,i.e., X UY =Y U X. Therefore:

(Ra\{Sa})U(RE\{SB}) = (Re\{SB})U(Ra\ {SA(Q
Substituting back into Eq. 6 and Eq. 7, we obtain:

R4 ®3p Rp = Rp ®3p Ra &)

This indicates that the construction of solid figures is inde-
pendent of the input order of components. O

Theorem A.3. (RAEngRB)EBspRC = RaPs3p (RB SPEYD)
Re).

Proof. setup:
1. Polyhedra A and B share interface faces (Sap, Spa).
2. Polyhedra B and C share interface faces (Spc, Scp).
3. R4, Rp, R¢ are their respective face sets.

Left Hand Side: Let Ry = R4 ®3p Rp.

Rap =(RaURp)\{Sap,Spa} (10)

Next, calculate Rap ©3p Rc. The contact interface in-
volves B and C (i.e., Sgc and S¢p):

(Ra ®3p Rp) ®@3p Rc = (Rap U Rc)\ {SBc,Scs}
(11)

= ((RaURB)\{SaB,Ssa} URc)\ {SBc,Scs}
(12)

Since Sap, Spa exist only between A and B and do not
affect C', the formula simplifies to the total union minus all
interface faces:

= (RaURBURc)\{SaB,SBa,Spc,Ses} (13)



Right Hand Side: Let Rgc = Rp ®3p Re.
Rpc = (RpU Rc) \ {SBc, Scr} (14)

Next, calculate R4 ©3p Rpc. The contact interface in-
volves A and B:

Ra®3p (R ®3p Rc) = (RaURpc)\ {SaB,Spa}
(15)

= (RaU((RpURc)\{Ssc,Scr})) \{Sap, Spa}
(16)

Similarly, this simplifies to the total union minus all inter-
face faces:

= (RaURpURc)\{SaB,Spa,Spc, Scp}  (17)
Comparing Eq. 13 and Eq. 17, the results are identical:
(Ra @3p Rp) ®3p Rc = Ra ©3p (R ©3p Re) (18)
O
A.2. Predicate Library and Theorem Bank

A.2.1. Predicate Library

The Solid Predicate Library encompasses 120 predicates,
comprising 35 fundamental predicates (Table 3) natively in-
tegrated into the solver, along with 20 entity types (Table 4),
35 entity relationships (Table 5), and 30 attribute descriptors
(Table 6) defined via a dedicated predicate.

Table 3. fundamental predicates

id type name examples

1 Construction Coplanar Coplanar(ABCD)

2 Construction  Cospherical  Cospherical(O,ABC)
3 Construction Collinear Collinear(ABC)

4 Construction  Cocircular Cocircular(O,ABC)
5 BasicEntity ~ Plane Plane(U)

6  BasicEntity  Sphere Sphere(O)

Table 4. Entities defined for solid geometry using the predicate

id type examples

1 Entity Cube(ABCDEFGH)

2 Entity Cuboid(ABCDEFGH)

3 Entity Cone(O,P)

4  Entity Cylinder(P,Q)

5  Entity Prism(P,Q)

6  Entity TriangularPrism(ABC,DEF)

The detailed statements for defining a predicate is as
shown in the Tab. 7, including the predicate name and point
variable declaration, validity check declaration, multiple
representations, and automatic expansion.

Table 5. Relations defined for solid geometry using the predicate

id type examples

1 Relation ParallelBetweenPlane(U,V)

2 Relation PerpendicularBetweenPlane(U,V)

3 Relation  PerpendicularBetweenLineAndPlane(AB,U)
4 Relation IsDiameterOfSphere(AB,O)

5  Relation IsTangentOfSphere(PA,O)

6  Relation IsCentreOfSphere(P,0)

Table 6. Attributions defined for solid geometry using the predi-
cate

id type examples
1 Attribution HeightOfCone(O,P)
2 Attribution HeightOfCylinder(P,Q)
3 Attribution HeightOfPrism(P,Q)
4 Attribution HeightOfTriangularPrism(ABC,DEF)
5 Attribution RadiusOfSphere(O)
6 Attribution DiameterOfSphere(O)
A.2.2. Theorem Bank

As shown in Table 8, this section presents some represen-
tative theorems from the theorem library, demonstrating the
formal representation of geometric knowledge used in the
automated reasoning system.

These theorems focus on line-plane relationships and
solid geometry: plane-to-plane relationships (transitivity),
line-to-plane relationships (perpendicular and parallel judg-
ments), sphere formulas (area and volume), and cylinder
properties (volume and height judgments). The theorem li-
brary contains over 200 such theorems covering compre-
hensive geometric knowledge from basic properties to ad-
vanced relationships.



Table 7. example for defining a predicate

name

item content

IsMidpointOfLine(M,AB)

Point(M)
check Line(AB)
Collinear(AMB)
multi  M,BA
extend

Equal(LengthOfLine(AM),LengthOfLine(MB))

Table 8. Examples from the theorem library.

theorem

premise

conclusion

transitivity _between_plane_and_plane

perpendicular_judgment_between_line_and_plane

perpendicular_judgment_between_plane_and_plane
parallel_judgment_between_line_and_plane
sphere_area_formula

sphere_volume_formula

cylinder_volume_formula_common
height_of_cylinder_judgment

ParallelBetweenPlane(U,V) &
ParallelBetweenPlane(V,W)
PerpendicularBetweenLine(AD,BD) &
PerpendicularBetweenLine(AD,CD) &
Coplanar(U,BCD) & ~Coplanar(U,AD)
PerpendicularBetweenLineAndPlane(AB,U) &
Coplanar(V,AB)

ParallelBetweenLine(AB,CD) & Coplanar(U,CD) &
~Coplanar(U,AB)

Sphere(O)

Sphere(O)

Cylinder(P,Q)

Cylinder(P,Q) & Coplanar(P,A) & Coplanar(Q,B) &
PerpendicularBetweenLineAndPlane(AB,P)

ParallelBetweenPlane(U,W)

PerpendicularBetweenLineAndPlane(AD,U)

PerpendicularBetweenPlane(U,V)
ParallelBetweenLineAndPlane(AB,U)

Equal(AreaOfSphere(O),Mul(4,pi,RadiusOfSphere(O),
RadiusOfSphere(0O)))
Equal(VolumeOfSphere(O),Mul(4/3,pi,
RadiusOfSphere(O),RadiusOfSphere(O),
RadiusOfSphere(0)))
Equal(VolumeOfCylinder(P,Q),Mul(AreaOfCircle(P),
HeightOfCylinder(P.Q)))
Equal(LengthOfLine(AB),HeightOfCylinder(P,Q))




B. Dataset

B.1. Data and Annotation

SolidFGeo2k (Fig. 13) presents examples of geometric
problems under this benchmark, covering various scenarios
and tasks related to solid geometry; PlaneFGeo3k (Fig. 14)
focuses on the field of plane geometry; MathVerse-solid
(Fig. 15) is a representative resource among existing geo-
metric benchmarks, providing abundant supplementary data
support for solid geometry tasks. Together, the three con-
stitute a multi-scenario and multi-level dataset system for
geometric tasks.
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Figure 13. Examples from SolidFGeo2K
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Figure 14. Examples from PlaneFGeo3k

To convert raw problem content into actionable resources
for geometric formalization and model training, datasets
are systematically annotated manually by experts. This an-
notation work adheres to standardized protocols and uses
professional tools. Meanwhile, formal language encoding
is adopted to convert the annotated information into Geo-
metric Description Language. As shown in Figure 16, the
geometric description language and the standard answers

Figure 16. Data Samples from Mathverse-solid and SolidFGeo2k

are annotated based on the original text and images, which
serve as the ground truth.

B.2. Data Construction

In our dataset SolidFGeo2k, we collect solid geometric
problems in existing datasets except SolidGeo (containing
other datasets) as shown in Fig 17. In addition, we add
new samples (31.1%) for the comprehensive evaluation.
For each problem, we ask two undergraduat students to
give detailed annotations including parsing results, reason-
ing process, and correct answer. For your reference, we
show differenes to existing datasets in Fig 17.

Attribute MathVision |  CMMatH | DynaMath | MathVerse | OlympiadBench | GeoEval | MV:Math | SolidGeo | SolidFGeo2k (ours)

size 203 122 e 206 a8 6 5 20 1008

Fine-grained Label |  Subject | Knowedge Point| Queston Ty po | o Tye TaskType | EvalSubset [Quoston Tyl ‘Sub-domain Sub-domain

Parsing Annotation x x x x x x x x

Reasoning Process v v x x p x x x

LLM Goneration Pl v x x x v x v x

Figure 17. Comparison of Datasets for Solid Geometry Problems

B.3. Fine-grained Subject categorization

The SolidFGeo2k and Mathverse-solid dataset incorporates
fine-grained subject categorization, covering the full spec-
trum of spatial reasoning skills required. Figure 18 catego-
rizes SolidFGeo2k’s content into themes: Composite Solid
Structure, Spatial Metric Relations, Solid Shape Identifica-
tion, and Measurement of Solid Geometric Forms, demon-



CSS, 25.40%

MSGF, 52.20%

SMR, 49.20%
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Figure 18. Proportion of different subjects in SolidFGeoZ2k, note
that a single question may match multiple different subjects (Fig.
19)

strating the dataset’s coverage of core solid geometry top-
ics. Figure 18’s pie chart quantifies the proportion of differ-
ent subjects in SolidFGeo2k: SSI (Solid Shape Identifica-
tion) accounts for 70.10%, SMR (Spatial Metric Relations)
for 49.20%, CSS (Composite Solid Structure) for 25.40%,
and MSGF (Measurement of Solid Geometric Forms) for
52.20%. Note that a single problem may belong to multiple
subjects, reflecting the interdisciplinary nature of geometric
reasoning tasks.

Composite Solid Structure Spatial Metric Relations

Solid Shape Identification M of Solid G ic Forms

=~

Figure 19. Examples from different subjects




C. Multimodal Formalization Parser (M2FP)
Supplementary Information

C.1. M2FP Pipeline Architecture

C.1.1. Overview and Objectives

The Multimodal Formalization Parser (M2FP) translates
natural language geometric problem descriptions and visual
diagrams into Conditional Description Language (CDL),
enabling precise computational reasoning. It integrates in-
formation from text and images, converts descriptions into
predicate-based CDL format, and ensures completeness and
consistency across modalities.

C.1.2. Output Structure

The parser produces a structured CDL representation with

four components:

1. construction_cdl: Geometric  construction
predicates defining fundamental structure (e.g.,
Shape (AB,BC,CD,DA), Collinear (PABQ),
Cocircular (0))

2. text_cdl: Predicates extracted from natural lan-
guage (e.g., Equal (LengthOfLine (A,B),5),
ParallelBetweenLine (A,B,C,D))

3. image_cdl: Predicates derived from visual analy-
sis (e.g., PerpendicularBetweenLine (AB, BC),
Equal (RadiusOfCircle (0), 3))

4. goal_cdl: A single canonicalized predi-
cate representing the problem’s objective (e.g.,
Value (VolumeOfCone (O, P)))

The system ensures entities in text_cdl and
image_cdl are declared in construction_cdl,
maintaining cross-modal consistency.

C.1.3. Pipeline Components

Stage 1: Text Parsing The text parsing module extracts
entities (points, lines, shapes), maps relations (e.g., “par-

allel” — ParallelBetweenLine (A,B,C,D)),
parameterizes attributes (e.g., “length of AB is
5” — Equal (LengthOfLine (A,B), 5)),

volume” —
normalizes

identifies goals (e.g., “Find the
Value (VolumeOfCone (O, P))), and
the output format.

Stage 2: Image Parsing The image parsing module de-
tects primitives (points, lines, shapes), recognizes visual
relations (right-angle marks, parallel indicators, intersec-
tions), parses numeric annotations from diagram labels,
aligns entities with text mentions, resolves conflicts, and en-
codes visual information into CDL format consistent with
text-derived predicates.

Stage 3: Output Packing The output packing stage con-
solidates all information into a JSON structure with four

CDL components. Numeric values are formatted without
units (supporting expressions like 36+pi), entities use up-
percase letters, and formatting follows strict rules (no extra
spaces). The system validates that all entities are declared
in construction_cdl and all predicates conform to the
official vocabulary.

C.2. Fuzzy Matching Evaluation Metrics

We employ fuzzy set-based metrics to evaluate CDL pars-
ing outputs, allowing partial credit for semantically similar
predicates that may differ in variable naming or formatting.
This section provides complete definitions enabling full re-
producibility of the evaluation metrics.

C.2.1. Element Normalization Process

Before computing similarity scores, all CDL elements
must be normalized to eliminate differences caused
by variable naming conventions. Given a raw CDL
set P = {p1,p2,...,pn}t (predicted) or G =
{91,92,...,9m} (ground truth), we apply a normaliza-
tion function Normalize(-) to obtain normalized sets P’ =
{Normalize(p) | p € P} and G’ = {Normalize(g) | g €
G}.
The normalization process follows these steps:

1. Remove whitespace: Strip all spaces from the element
string

2. Replace variables: Replace all variable names (single
uppercase letters like A, B, C, O, P, etc.) with the place-
holder _v_

3. Preserve numeric values: Keep all numeric values un-
changed

4. Process nested structures: Recursively apply normal-
ization to nested predicate structures

5. Normalize variable-only parameters: If all parameters
are variables, replace with (_V_)

Examples:

* Equal (LengthOfLine (A, B),5) —
Equal (LengthOfLine (.V_),5)

* Equal (HeightOfCone (O,P),12) —
Equal (HeightOfCone (V_),12)

* Shape (AB,BC,CD,DA) —

Shape (.V_, V_, V_, V.)
* Collinear (PABQ) — Collinear (.V.)

The complete normalization algorithm is provided in Al-
gorithm 2.

C.2.2. Fuzzy Matching Score Function

The core fuzzy matching score function S(p’,¢’) € [0,1]
quantifies the similarity between a normalized predicted el-
ement p’ € P’ and a normalized ground truth element
g’ € G'. This function is formally defined as:



1.0 if p’ = ¢’ (exact match)

Anumbers(p’) N numbers(g’) # 0

Sw'.g') =
only
0.3 if numbers(p’) N numbers(g’) # 0
only
0.0 otherwise
(19)
where:

* predicate_name(x) extracts the predicate name (the sub-
string before the first parenthesis) from normalized ele-
ment x

* numbers(z) extracts all numeric values from normalized
element x using regular expressions

* The intersection numbers(p’) N numbers(g’) # () means
at least one numeric value appears in both elements

Examples:

* S(Equal (.V_,5),Equal (.V_,5)) =
match)

e S(Equal (V. 5),Equal(V_5.0)) = 0.8 (predi-
cate match + number intersection)

e S(Equal (.V_, 5),Equal (.V_, 3)) = 0.5 (predicate
match only)

e S(Equal (.V_, 5),LengthOf (.V_, 5)) = 0.3 (num-
ber intersection only)

* S(Equal (.V_, 5),LengthOf (V_,3)) = 0.0 (no
match)

1.0 (exact

C.2.3. Fuzzy Jaccard Similarity

Given normalized sets P’ and G’ (obtained from raw sets
P and G via the normalization process in Section C.2.1),
and using the scoring function S(p’,¢’) defined in Sec-
tion C.2.2, the Fuzzy Jaccard Similarity extends the stan-
dard Jaccard index by replacing exact set intersection with
a fuzzy intersection. The fuzzy Jaccard score is computed
as:

Score(P,G) = Zp/eP' maxg eq’ Sw'.9)
7 - |P/‘ + |G/| _ZP’GP’ maxg e’ S(p/7g/)
(20)

where:

* The numerator ), py maxyecr S(p', g') represents the
fuzzy intersection: the sum of best-match scores for each
predicted element

* The denominator [P'|+|G'|=3_ ¢ p maxgecr S(p', 9')
represents the fuzzy union: the sum of set sizes minus the
intersection

0.8 if predicate_name(p’) = predicate_name(g’)

0.5 if predicate_name(p’) = predicate_name(g’)

Algorithm 2 CDL Element Normalization

1: function NORMALIZECDLELEMENT(element)
2 t < strip spaces(element)
3 if no parentheses in ¢ then
4 if is number(¢) then
5: return ¢
6 else
7 return replace all variables with _v_
8 end if
9 else
10 Process innermost parentheses recursively
11: parts < split by commas within parentheses
12: for each part in parts do
13: if is number(part) then
14: Keep numerical value
15: else if contains parentheses then
16: part < NORMALIZECDLELE-
MENT(part)
17: else
18: part < _V_
19: end if
20: end for
21: if all parts are _V_ then
22: return (_V._)
23: else
24: return concatenate processed parts
25: end if
26: end if

27: end function

» P’ and G’ are obtained by applying normalization to raw
sets P and GG as described in Section C.2.1

The complete computation algorithm is provided in Al-
gorithm 3.

C.2.4. Boundary Case Handling

Boundary cases are handled as follows: if both sets are
empty, Jaccard = 1.0; if one set is empty, Jaccard = 0.0;
division by zero is prevented with explicit checks.

C.2.5. Evaluation Algorithms

The evaluation framework implements three core algo-
rithms: normalization (Algorithm 2), Fuzzy Jaccard calcu-
lation (Algorithm 3), and score matrix construction (Algo-
rithm 4).

C.2.6. Computational Efficiency

The algorithm computes a |P’| x |G’| score matrix with
O(|P’']-|G'|) time complexity, providing a balance between
matching quality and efficiency.



Algorithm 3 Fuzzy Jaccard Similarity Calculation

1: function FUZZYJACCARD(P, (7)

2 P’ + {NORMALIZECDLELEMENT(p) | p € P}

3: G’ < {NORMALIZECDLELEMENT(g) | g € G}

4 if boundary case detected then

5 return boundary Jaccard value (as described in
Section C.2.4)

6: end if

7: S < BUILDSCOREMATRIX(P’, G")

8: row_max[p'] < maxgycq S[p’, ¢'] for each p’ €
P/

9: int-ersection +— Zp’eP’_ Tow,ma;-(;[p/]

10: union < |P'| +|G'| — intersection

11: jaccard < intersection/union

12: return jaccard

13: end function

Algorithm 4 Matching Score Matrix Construction

1: function BUILDSCOREMATRIX(P’, G)

2 Initialize S as |P’| x |G’| matrix

3 for each p’ € P’ and each ¢’ € G’ do

4 if p’ = ¢’ then

5: Slp',g'] + 1.0

6 else

7 pred_name < predicate name(p’)

8 gt_name < predicate name(g’)

9: pred_nums < extract numbers(p’)

10: gt_nums < extract numbers(g’)

11 name_equal < (pred_name = gt_name)
12: num_intersect < intersects(pred_nums,

gt_nums)

13: if name_equal and num_intersect then
14: Slp',g'] + 0.8

15: else if name_equal then

16: Slp',g'] + 0.5

17: else if num_intersect then

18: Slp',g'] + 0.3

19: else
20: Slp',g'] + 0.0
21: end if
22: end if
23: end for
24: return S

25: end function

C.3. Parsing Performance Across Models and Sam-
ple Sizes

This section presents comprehensive experimental results
evaluating the parsing performance of various Multimodal
Large Language Models (MLLMs) under different few-
shot sample configurations. The evaluation employs fuzzy

matching metrics as described in Section ?? to assess the
quality of CDL parsing across construction predicates, con-
dition predicates (merged text and image), and goal identi-
fication.

C.3.1. Parse Score: Comprehensive Performance Metric

The Parse Score serves as a comprehensive performance
metric that aggregates the parsing quality across three criti-
cal components of geometric problem formalization: Con-
struction, Condition, and Goal. The Parse Score is com-
puted as the expectation (average) of the Jaccard similarity
scores across these three components:

1
Parse Score = 3 Cez; Jaccard,. 21

where Jaccard,. denotes the Jaccard similarity score for
component ¢, Z = {Construction, Condition, Goal }

C.3.2. Component-wise Parsing Performance

To provide detailed insights into the parsing performance,
we examine each component individually. The following
figures present the Jaccard similarity scores for Construc-
tion, Condition, and Goal parsing, respectively, allowing for
granular analysis of model strengths and weaknesses across
different aspects of geometric formalization.

Construction Parsing: Jaccard Similarity

08 - 15
25
07 35

Jaccard Score

Figure 20. Construction Parsing Performance: Jaccard similar-
ity scores across different models and sample sizes. Construction
parsing evaluates the accuracy of extracting geometric structure
predicates (e.g., Shape, Collinear, Cocircular). All met-
rics use fuzzy matching as described in Section 2?.

These three components collectively contribute to the
Parse Score, which is computed as their average.

C.3.3. Performance Analysis

The experimental results (Figures 20, 21, and 22) show that
Parse Score generally improves as sample size increases
from 15 to 45 across all models. Construction parsing
achieves the highest scores due to the structured nature
of construction predicates, while goal parsing remains the
most challenging task. Closed-source models consistently

Number of Samples



Condition Parsing: Jaccard Similarity
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Figure 21. Condition Parsing Performance: Jaccard similarity
scores across different models and sample sizes. Condition pars-
ing measures the quality of extracting geometric constraints from
problem descriptions and visual diagrams (merged text and im-
age). All metrics use fuzzy matching as described in Section ??.
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Goal Identification: Jaccard Similarity
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Figure 22. Goal Parsing Performance: Jaccard similarity scores
across different models and sample sizes. Goal parsing assesses
the precision of identifying the problem’s objective. All metrics
use fuzzy matching as described in Section ??.

outperform open-source models, with larger models show-
ing better performance within the same model family. The
Parse Score effectively captures overall parsing quality by
equally weighting the three components, ensuring compre-
hensive parsing capability is rewarded.

C.4. Prompt Templates

This section introduces the specific prompt templates used
in the M2FP system for CDL parsing and direct problem
solving. The M2FP system uses prompt engineering to
guide large language models: (1) task description with role
definition and schema compliance, (2) strict predicate vo-
cabulary constraints from GDL, (3) few-shot examples cov-
ering all predicate types, (4) rule-based guidance for source
separation and formatting, and (5) error prevention warn-
ings. This approach balances flexibility with strict con-
straints to ensure output quality.

C.4.1. CDL Parsing Prompt Template

The following prompt template is used for CDL parsing,
which guides large language models to convert natural lan-

guage geometric problem descriptions and visual diagrams
into formal CDL representations. Parsing step starts with a
targeted prompt engineering approach: specialized prompts
are constructed using expertly designed example sets that
cover all basic predicates. These examples can express
predicates and formal language without involving complex
geometric relationships, and each includes geometric de-
scriptions and their corresponding formalizations.

3 o ¢

Figure 23. Examples from designed samples

The complete prompt template is shown below:

You are an expert in geometry, logic, and
computer science. Your task is to precisely
convert a geometry problem (with natural
language and an image) into a JSON object
following the provided JSON Schema. You
must strictly follow the schema and output
a complete JSON obiject.

Rule 0: Predicate Compliance

(MOST IMPORTANT)

— All CDL predicates you generate
(e.g., Equal, Cone, LengthOfLine) MUST
be strictly chosen from the official
list below.

- Using any predicate that does not
appear in this list is strictly
forbidden.

—-—— Official Predicate List —-——
[valid_predicates_str]

—-—— End of Official Predicate List —-—-

Core Rules and Constraints:



Information Source Separation:

- text_cdl MUST include only facts
extracted from the natural language
description.

— image_cdl MUST include only facts
directly observable from the image
(e.g., length labels, right-angle
marks, shape recognition).

- If a fact appears in both text and
image, include it in both fields.

construction_cdl - Geometric

construction predicates (IMPORTANT) :

construction_cdl defines basic
construction for entities, and MUST
include the following types where
applicable:

— Shape predicates: define
edges/segments of shapes
* For segments/edges:

Shape (AB, BC,CD, DA)
or Shape (PQ, QP)

* For points (spheres etc.):
Shape (O) or Shape (P)

* Example: rectangles require
Shape (AB,BC,CD,DA); cylinders
require Shape (PQ, QP)

— Collinearity/Cocircular/Coplanar/
Cospherical:

* Collinear (PABQ)
collinear

* Cocircular (O)
(for cone/cylinder base center)

* Coplanar (U,ABCD) - U coplanar with
ABCD

* Cospherical (O)
(for spheres)

Important:

- Carefully analyze the image to
identify all necessary
edges/segments/relations

— Most problems require at least one
Shape (...)

— Cones/cylinders often need Shape(...)
and Cocircular(...)

— Spheres often need Shape (0)
Cospherical (0)

or Shape (OP, PO)

- P, A, B, Q are

- O is on a circle

- O is on a sphere

and

Answer formatting:

— problem_answer MUST be a pure number
or expression (e.g., "10", "36%pi"),
and MUST NOT contain units or extra
text.

4) Core predicate logic:

- Length/Height:

Equal (LengthOfLine (A,B),5),
Equal (HeightOfCone (O, P),12)

- Relations:
PerpendicularBetweenLine (A,B,C,D),
ParallelBetweenLine (A,B,C,D)

- Goal: the requested quantity MUST be
wrapped by Value(...).

5) Predicate and Operator Legality
(CRITICAL) :
— Only reuse names from the official
predicate list; DO NOT invent new
construction predicates.

— Quantities allowed in CDL expressions

are LIMITED to standard forms:
VolumeOfCone,
SurfaceAreaOfCylinder,
AreaOfCircle, LengthOfline,

— Only the following algebraic
operators are allowed: Value,
Sub, Mul, Div.

— Formatting: NO extra spaces inside
any predicate/operator.

etc.

Add,

6) Completeness Checks:

- Ensure every entity used by
text_cdl/image_cdl exists in
construction_cdl

- Ensure the target entity in goal_cdl

exists in the construction as well
Self-check after generation:

verify

all predicates/operators are allowed,

no extra spaces, and no undeclared
entities are referenced.

Important: Output Requirements

1. You MUST output a complete JSON object
with all required fields

2. All CDL fields MUST be arrays of
strings

3. goal_cdl MUST be a string (e.g.,
"Value (VolumeOfCone (O,P)) ")

C.4.2. Direct Problem Solving Prompt

In addition to CDL generation, the system also supports di-
rect problem solving using GPT models for testing model
accuracy. This approach bypasses formalization and di-
rectly generates answers to geometry problems, providing
a baseline for comparison with formalized CDL-based rea-
soning systems.



The direct solving prompt is simpler than CDL gener-
ation and focuses on step-by-step reasoning. The prompt
template is:

You are an expert in geometry and
mathematics. Please solve the following
geometry problem step by step.

Important Instructions:

1. Carefully analyze the problem text and
the accompanying image

2. Show your reasoning process step by step
3. At the end, provide your final answer in
a clear format

4. xxYour final answer should be ONLY a
number or mathematical expression (like
"10", "5.5", "12xpi", "36xpi"), without any
units or textxx

5. Put your final answer on a line starting
with "FINAL ANSWER: "

Example format:
FINAL ANSWER: 10

or
FINAL ANSWER: 36xpi

Now, please solve this problem:



D. SGRE Supplementary Information

D.1. Theorem Search Tree and Search Process

Error reason &
theorem sequence

—_—

Theorem

X O

Node

Expanded

Expandable

Answer & Solved

theorem sequence
\C .
> Unsolved

Figure 24. Theorem Search Tree and a inference demonstration is
shown in fig. 28

The search process involves constructing a search tree,
where nodes represent a set of known conditions, this con-
stitutes a state variable, while arrows denote the applied the-
orems that supplement the existing 0 condition. As shown
in figure 24, starting from the known conditions of the prob-
lem, theorems are continuously applied to derive new con-
ditions until the goal is reached. The search tree is tra-
versed using either breadth-first or depth-first search, re-
turning nodes in the “expandable” state. The theorems as-
sociated with the current nodes are then repeatedly applied
to verify if the problem has been solved. Guided by the
known conditions of the current node, the “expand” oper-
ation checks the list of applicable theorems and generates
new nodes. A simple example of “expand” is as follows:
given a cube with a known side length, it is intuitive to ex-
pand to other side lengths and various angles. This process
requires no additional theorem application and can also val-
idate contradictory conditions resulting from upstream pars-
ing.

D.2. Traditional Search vs. SGRE

Traditional search has various optimization schemes, such
as heuristics, but simple pruning of search is not the focus of
this paper. The traditional search focuses only on “inferring
the target from the known”. In contrast, SGRE draws inspi-
ration from SMT (Satisfiability Modulo Theories), which
not only determines satisfiability and proactively identifies
contradictions but also addresses multi-constraint conflicts
(e.g., given a cube with two known distinct side lengths, it

ZABD, £CBD |:>AABD+ /BCD=Z ABC L ABD, LCBD¢4ABD+LBCD: / ABC

A

Figure 25. Plane and Solid differ greatly in all aspects, even if the
CDL is consistent. SGRE needs to distinguish the Combination of
multiple theories

“Encapsulation"

Plane Plane

Sy Solid

Figure 26. Regarding the encapsulation of the planar theorem,
Coplanar(point_seqs) will be treated as a Plane class to apply the
theorems and “extend” in set A (See Fig. 27)

angle_addition.theorem_1 / ABD, ~CBD [:>LABD+ £/ BCD=~ZABC
"angle_addition(ABC,CBD)":
g

"premise":
"conclusion":

Figure 27. A theorem (as illustrated in Fig. 25) that falls into set
A holds true exclusively within the Plane Class

returns “unsatisfiable” and provides the cause of the con-
flict—specifically, the contradictory constraints) and com-
binations of multiple theories (e.g., hierarchical rapid evalu-
ation of planar and solid properties: the constraints required
for problem-solving vary under different theoretical frame-
works; see Figure 25). This demonstrates the feasibility of
subsequent integration between Hilbert-Geo and large-scale
mathematical tools.



The problem describes a cylinder with a height of 8 and a radius of 6.

/
i
/

i

i

You need to find the volume of this cylinder.

e e e | ) = ) e

[ owr

LengthOfLine(PQ) = 8

T
o
Input Circo P
RadusOfGuclo(P) = 6
Theorem Application: Theorem Application:
circle_area_formula(P) cylinder_volumel form:

Equation 25 (from circie_area_formula): Equation 27 (from cylinder_volume_formuia): Equation 21 Equation 22:
AreaOICircle(P) - T*RadiusOICicle(Py = 0 ~At@aOICirclo(P) HeghlOICybinder (P.Q) HelghtOfeylinder(P.Q) - 8 = 0 RadiusOICicie(Q) -6 = 0

l:‘ Prerequiste/Given Facts

l:l Extended Objects 2otve_eq 18.22) e oHy '_‘f,;f::,” 268m ] Arrow Flows:
=B Extended Relation
D Theorem Application
\ —> Derivation Flow
u Theorem Input

AreaOfCircla(P) = > Theorem Flow
Theorem Output
l:l & ~» Equation Flow

Equations/Solve Steps > Final Answer Flow

Q I:I Final Answer
.,

2y

VolumeOfCylinder(P,Q) = 28811
5 =904.78

Figure 28. one illustrative example for reasoning based on Hilbert-Geo




E. Experiments

This section supplements some content to the experimental
part.

E.1. Mathverse-solid

The findings in Table 9 underscore the inherent challenges
of Solid Geometry. GPT-5 emerges as the top-performing
model with an overall accuracy of 62.9%, followed by Gem-
ini 2.5 pro at 59.7% and Claude-3.7-Sonnet at 54.7%. No-
tably, all other models score below 50%, highlighting the
significant hurdles that solid geometry reasoning presents
even for cutting-edge large language models.

Notable performance disparities persist among state-of-
the-art models across fine-grained tasks requiring robust
reasoning. GPT-5 leads in SMR with a 67.1% score yet
falls short in SSI, managing only 52.9%. Open-source mod-
els, exemplified by Deepseek-V3 67B (39.1% in CSS and
34.7% in SSI), consistently underperform relative to closed-
source alternatives. Critically, all these models remain far
behind human performance, underscoring the current chal-
lenges in replicating human-level solid geometry reason-
ing. Hilbert-Geo, by contrast, delivers a distinct perfor-

Table 9. MLLMs and Hilbert-Geo (Gemini-2.5-pro 45 sam-
ples) performances on Mathverse-solid; Four fine grains: Com-
posite Solid Structures (CSS), Spatial Metric Relations (SMR),
Solid Shape Identification (SSI), Measurement of Solid Geometric
Forms (MSGF); The underline represents the best performance of
MLLMs

Model ‘ OverallAvg CSS SMR SSI MSGF
Closed-source MLLMs

GPT-40 424 45.1 366 442  46.7

GPT-5 62.9 649 67.1 529 56.1

Claude 3.7 Sonnet 54.7 572 553 506 524

Gemini 2.5 Flash 475 50.1 472 445 459

Gemini 2.5 Pro 59.7 60.6 619 54.1  60.1
Open-source MLLMs

Llama 3.3 70B 36.0 382 365 338 331

Qwen2.5-VL-Instruct-32B 31.0 339 291 298 304

Qwen2.5-VL-Instruct-7B 229 247 204 235 242

Deepseek-V3 67B 354 39.1 337 347 322
Human Performances

Human \ 92.1 93.0 894 978 885

Hilbert-Geo
Hilbert-Geo (Ground-Truth) (Ours) 86.3 87.5 87.1 869 81.1
Hilbert-Geo (Gemini-2.5-Pro) (Ours) 84.1 859 849 802 783

mance profile. Evaluated on Hilbert-Geo with 45 samples,
it achieves top-tier results across all key dimensions: 85.9%
in CSS, 84.9% in SMR, 80.2% in SSI, 78.3% in MSGF, and
an overall accuracy of 84.1%.

As shown in table 10 and figure 29. Based on Hilbert-
Geo, the reasoning success rates of Gemini 2.5 Pro and
GPT-5 rise sharply as the number of samples increases, ap-
proaching 90% when the sample size reaches 45. In con-
trast, open-source models such as Llama 3.2 70B exhibit a
modest upward trend in performance, which also remains

significantly lower than that of closed-source counterparts
overall.

Table 10. Performance of Different Models on Hilbert-Geo (45
Samples): Accuracy, Average Time per Solved Problem, and Rea-
soning Steps; The underline represents the best performance of
Hilbert-Geo

Model ‘ OveralL,Avg CSS SMR SSI MSGF
Closed-source MLLMs

Hilbert-Geo (GPT-40) 62.1 65.1 596 642 59.1

Hilbert-Geo (GPT-5) 80.5 842 77.1 829 775

Hilbert-Geo (Claude 3.7) 73.2 762 698 746 724

Hilbert-Geo (Gemini 2.5 Flash) 69.1 70.1 675 715 679

Hilbert-Geo (Gemini 2.5 Pro) 84.1 859 849 80.2 78.3

Open-source MLLMs

Hilbert-Geo (Llama 3.3 70B) 52.0 546 465 538 @ 56.1

Hilbert-Geo (Qwen2.5-V1-32B) 38.7 439 36.1 358 364

Hilbert-Geo (Qwen2.5-V1-7B) 29.4 304 269 337 282

Hilbert-Geo (Deepseek-) 46.6 49.1 447 447 472

Formal Language Ground Truth

Hilbert-Geo (CDL) ‘ 86.1 875 87.1 869 8l.1
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Figure 29. Reasoning performance of MLLMs under different
numbers of samples based on Hilbert-Geo



E.2. PlaneFGeo3k

Table 11. MLLMSs and Hilbert-Geo (Gemini-2.5-pro 45 samples)
performances on PlaneFGeo3k

Model Accuracy (%)
GPT-40 47.2
GPT-5 68.1
Claude 3.7 Sonnet 60.0
Gemini 2.5 Flash 55.6
Gemini 2.5 Pro 72.3
Llama 3.2 70B 33.3
Qwen2.5-VL-Instruct-32B 24.8
Qwen2.5-VL-Instruct-7B 17.5
Deepseek-V3 67B 30.4
human 87.9
Ground Truth 84.1
Hilbert-Geo 80.2

As shown in table 11, GPT-5 emerges as the top per-
former with an overall accuracy of 72.3%, followed by
Gemini 2.5 Pro at 68.1% and Claude 3.7 Sonnet at 60.0%.
Notable performance disparities persist among leading
models. Open-source models like Llama 3.2 70B consis-
tently underperform compared to closed-source ones. Crit-
ically, all these models remain far behind human perfor-
mance, highlighting the current difficulties in replicating
human-level plane geometry reasoning. Hilbert-Geo, by
contrast, delivers a distinct performance profile. Evaluated
on Plane-Geo with 45 samples, it achieves excellent results
across all key areas, with an overall accuracy of 80.2%.
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