Information-Theoretic Decomposition for Multimodal Interaction Learning

Supplementary Material

In the Supplementary Material, we first present the proofs
and detailed analysis for the information-based interaction
bound and the decomposition architecture in Appendix A.
Specifically, we provide the theoretical proof for Theorem
1 to clarify the significance of interaction subsection A.l.
And we provide the variational explanation for the interac-
tion decomposition architecture subsection A.3. Next, we
describe the experimental setup and model architecture in
greater detail subsection B.1. Finally, we conduct expanded
evaluations across diverse domains with varying modalities
and backbones to further validate the applicability of our
DMIL method subsection B.3.

A. Proof and Analysis
A.1. Proof for Theorem 1

Theorem 1. Let C be the interaction composition random
variable with realization c, Z be the learned representation
from a multimodal input X, and Y be the target variable.
The mutual information 1(Z;Y") is lower-bounded as fol-
lows:

I(Z;Y) 2 Ec[I(Z;Y )] - H(C|Z) + I(Y;C), (1)
where H(C|Z) is the conditional entropy of C given Z.

Proof. The proof aims to establish a lower bound for
I(Z;Y) by analyzing the difference between the total mu-
tual information and the expected conditional mutual in-
formation, a quantity we denote as A. This term, A =
1(Z,Y) — E.[I(Z;Y|c)], quantifies the information syn-
ergy; that is, how much information about Y is revealed in
Z due to knowledge of the interaction context C.

Our derivation rests on two key assumptions regarding
the data generation process:

1. Deterministic Encoding: The representation Z is gen-
erated by a deterministic encoder ¢ from the multimodal
input X, i.e., Z = ¢(X). This implies that given X,
there is no uncertainty about Z, so the conditional en-
tropy H(Z|X) = 0. This establishes the Markov chain
Y- X = Z

2. Deterministic Interaction: The interaction variable C' is
a deterministic function of the input X and the target Y,
ie.,, C = f(X,Y). This means the conditional entropy
H(C|X,Y) = 0. The variable C is designed to capture
specific interaction patterns between modalities in X that
are relevant for predicting Y.

We begin by expressing A using a standard information-

theoretic identity. We have the following identity:
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= I(Y;C) + I(Z;C) — 1(Z,Y;C).
This identity follows from the chain rule of mutual in-
formation, as I(Z,Y;C) = I(Z;C) + I(Y;C|Z) and
I(Z;Y)-1(Z;)Y|C)=1(Y;C) — I[(Y;C|2).

Next, we apply the Data Processing Inequality (DPI).
From our first assumption (Z = ¢(X)), the pair (Z,Y)
is a function of the pair (X,Y"). This implies the Markov
chain (X,Y) — (Z,Y). The DPI states that post-processing
cannot increase information, so for any variable C, we have:

1(Z,Y;C) < I(X,Y:;C). 3)

Substituting this into our expression for A yields the inequal-

1ty:
A>IY;C)+1(Z;C) - I(X,Y;0). “4)

Now, we use our second assumption, that C' is a deter-
ministic function of X and Y. This means the conditional
entropy H(C|X,Y’) = 0. By the definition of mutual infor-
mation:

I(X,Y;C)=H(C)-H(C|X,Y)=H(C)-0=H(C).

&)
Replacing I(X,Y; C) with H(C') in our inequality for A,
we get:

A>I(Y;C)+1(Z;C) — H(C). 6)

To simplify further, we use the definition of mutual infor-
mation for I(Z; C):

1(Z;C) = H(C) — H(C|Z). (7)

Rearranging this gives I(Z;C) — H(C) = —H(C|Z). Sub-
stituting this into the inequality for A:

A>I(Y;C)— H(C|Z). )

Finally, by substituting back the definition of A, we arrive
at the desired lower bound:

I(Z;Y) = E[I(Z;Y]e)] > I(Y;C) = H(C|Z), (9)
which can be rearranged to conclude the proof:

I(Z;Y) 2 Ec[I(Z;Ye)] = H(C|Z) + I(Y;C).  (10)
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A.2. Analysis for Theorem 1

Theorem 1 establishes a lower bound on the learned mul-
timodal information I(Z;Y"). As derived in its proof, this
bound is given by:

1(2:Y) 2 E[[(Z:Y]e)) - H(C|Z) + (Y O).

To maximize this lower bound and thus enhance the overall
multimodal information captured by the model, we must
consider the roles of its constituent terms. The term (Y; C')
is determined by the intrinsic data distribution and represents
the total information about the target Y contained in the inter-
action composition C'. The other two terms, E.[I(Z;Y|c)]
and H(C|Z), are directly influenced by the learned repre-
sentation Z.

Firstly, E.[I(Z; Y |c)] represents the expected conditional
mutual information between the representation Z and the
target Y, given the interaction composition c. This term
quantifies how well the model captures task-relevant infor-
mation for specific interaction patterns. Maximizing this
term implies that the model effectively learns information
across diverse interaction dynamics, which is crucial for
robust multimodal learning.

Secondly, H(C|Z) is the conditional entropy of the inter-
action variable C' given the learned representation Z. This
term measures the uncertainty remaining about the interac-
tion composition C' after observing Z. A lower H(C|Z)
indicates that Z is a better predictor of C, meaning the
representation effectively captures the underlying interac-
tion patterns. According to the Data Processing Inequality,
H(C|Z) > H(C|X), which means H(C|X) serves as a
fundamental lower bound for H(C'|Z), representing the in-
herent uncertainty of interaction given the raw data. To
maximize the overall multimodal information I(Z;Y"), it
is crucial for the representation Z to minimize H(C|Z),
thereby learning to predict the intrinsic interaction composi-
tions C' as accurately as possible.

In summary, the proof of Theorem 1 underscores that the
ability of multimodal representations to effectively capture
information across diverse interaction types (maximizing
E.[I(Z;Y|c)]) and to accurately predict these intrinsic in-
teraction patterns (minimizing H (C|Z)) are critical factors
for achieving comprehensive and high-quality multimodal
information learning.

A.3. Explanation of decomposition

A.3.1. Intra-Modal Decomposition

Here, we provide a detailed explanation of how our proposed
decomposition framework operates. The core objective is
to decompose a given representation Z into two latent com-
ponents, N and M. The decomposition aims to satisfy two
primary conditions: (1) the components N and M should
be statistically independent, minimizing their mutual infor-
mation I(N; M), and (2) they should collectively preserve

the information content of the original representation Z. To
achieve this, we employ a variational approach.

We begin by deriving the Evidence Lower Bound (ELBO)
for the marginal log-likelihood of Z, log p(z). We assume
that z is generated from latent variables n and m drawn from
independent priors, i.e., p(n, m) = p(n)p(m). We introduce
a factorized variational posterior g(n, m|z) = q(n|z)q(m|z)
to approximate the true posterior p(n,m|z). By applying
Jensen’s inequality, we obtain the ELBO:

logp(z) = Log [ pleln,m)p(p(m) dods
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= Ey(n|2),q(m|=) [log p(z|n, m)]
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= IEq(n\z),q(m|z) [logp(z|n, m)]

— KL(q(n[2)||p(n)) — KL(q(m\Z)Ilp(m))m)
Maximizing this lower bound involves optimizing three
terms. The first term, E;(;,2),q(m|2) [l0g p(2|n, m)], is the re-
construction term, which encourages the latent components
N and M to accurately reconstruct the original representa-
tion Z. The other two terms are regularization terms that
minimize the Kullback-Leibler (KL) divergence between
the variational posteriors (g(n|z), ¢(m|z)) and their respec-
tive priors (p(n), p(m)). Typically, the priors are chosen to
be standard Gaussian distributions, N'(0, I), to encourage
well-structured latent spaces.

To understand why this decomposition architecture
achieves disentanglement, we can analyze its connection
to information theory. The goal is to decompose a repre-
sentation Z into two statistically independent components,
N and M. This can be framed as an optimization problem
aimed at minimizing their mutual information, I(N; M),
while ensuring that N and M collectively retain the infor-
mation from Z.

From an information-theoretic standpoint, minimizing
I(N; M) is equivalent to maximizing the negative interac-
tion information, I(Z; M,N) — I(Z; M) — I(Z; N). This
objective encourages the joint representation (N, M) to be
predictive of Z (maximizing I(Z; M, N)) while penalizing
the information that N and M individually share with Z
(minimizing I(Z; M) and I(Z; N)). This process effec-
tively isolates the unique contributions of N and M and
minimizes their redundant overlap.

This equivalence relies on the assumption that N and M
are conditionally independent given Z, i.e., p(n,m|z) =
p(n|z)p(m|z). This is a natural assumption for a model
designed to decompose Z into distinct factors and is explic-
itly enforced in our variational framework by the factorized




posterior g(n, m|z) = q(n|z)g(m|z). The derivation is as
follows:
I(Z;M,N) —I(Z;M) — I(Z;N)

p(z,m, n)p(z)p(m)p(n)}
p( ) (va)p(zvv)

= ]Ep(z,v,m) log

B r p(m,n| ) (m)p(n)

= Ep(z,0,m) p(m,n)p(m|z )p(n|z):| (12)
_ 1o, P(ml2)p(n]2)p(m)p(n)
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m)p(n
=Epim,n) {log p[()(nil,)fz))} =—I(M;N).
Thus, maximizing the interaction information objective is
equivalent to minimizing the mutual information I (M; N).
We now show that maximizing the ELBO from Equation 11
aligns with this information-theoretic objective. The ELBO
can be expressed as:

LeLBo = IEq(n\z),q(’m|z) [logp(z|n, m)]

Reconstruction
— K L(q(n|2)|p(n))
Regularization for N
— K L(q(m|z)||p(m)).

Regularization for M

(13)

Each term in the ELBO corresponds to a term in our

information-theoretic objective:

1. Reconstruction Term: Maximizing the reconstruction
term, E[log p(z|n, m)], is equivalent to minimizing the
conditional entropy H(Z|V, M). Since I(Z;V,M) =
H(Z) — H(Z|V,M), this term effectively maximizes
the joint mutual information I(Z;V, M), ensuring that
the latent components collectively preserve information
about Z.

2. Regularization Terms: The KL divergence terms serve
as variational upper bounds on the mutual information
between the representation and the latent components.
Specifically, we have:

I(Z; M) =Ep(m) [Iog p}gﬂﬂ

< Ep()[KL(g(m|2)[[p(m))],
[(Z;N) = Ep..0 {log p;?nz)’)}

Maximizing the ELBO involves minimizing these KL
terms, which in turn minimizes the upper bounds on
I(Z;M)and I(Z; N).
Therefore, maximizing the ELBO in Equation 11 implic-
itly encourages maximizing I(Z; V, M) while minimizing

(14)

I(Z; M) and I(Z; N). This aligns directly with the ob-
jective of maximizing I(Z; M, N) — I(Z; M) — I(Z; N),
which, as shown in Equation 12, is equivalent to minimizing
I(M; N). This connection demonstrates that our variational
decomposition framework is principled and effectively pro-
motes the learning of disentangled latent representations.

A.3.2. Consistency Decomposition

After obtaining the intra-modality feature M (™), we propose
a consistency decomposition to separate it into a modality-
specific vector U("™) and a consistency/shared vector R. The
objective is to learn representations that capture shared in-
formation in R while isolating unique, modality-specific
information in U(™). This is achieved by maximizing the
following objective function:

max 2I(MM; M@ R) —1(UW; R) — I(UP); R). (15)
This objective encourages R to capture information com-
mon to both MM and M@ (interaction information
I(M®™; M(?); R)) while being independent of the unique
components U(l) and U®),

To better understand the optimization process, we can
decompose this objective. By focusing on the components
related to modality M), the objective can be rewritten
into three interpretable terms. The derivation is as follows,
assuming a symmetric treatment for M (2):

I(MD; M@ Ry — (UM R)
=I(M";R)+ I(M®;R)

I(MY MP: Ry — (UM R)
— I(M(l); v, R) — ](M(l); U(l)) — I(M(2); R|M(1)) .
Reconstruction Compactness Redundancy
(16)

The last equation is similar to Equation 12. This decomposi-

tion reveals three key optimization goals:

1. Maximizing Reconstruction: The term
I(M®M:; UM R) corresponds to a reconstruction
objective. Maximizing it is equivalent to minimizing the
conditional entropy H (M (M |UM) | R), ensuring that the
original feature M (1) can be accurately reconstructed
from its specific component U") and the shared
component R.

2. Maximizing Compactness: The term —7(M™1); U(M)
encourages the specific representation U1 to be a com-
pact, minimal representation of the information in M M),
following the information bottleneck principle. This is
analogous to the KL divergence regularization term in
Equation 14.

3. Minimizing Redundancy: The term —I(M(?); R|M ™)
aims to minimize the conditional mutual information be-
tween M) and R given M (M), This encourages R to
only contain information that is shared between M (")



and M), effectively isolating the redundant (shared)

information from the unique aspects of each modality.

The third term, the conditional mutual informa-
tion I(M®);RIM™), is often intractable to compute
directly because it requires evaluating g¢(r|m)) =
fq(r|m(1),m(2))p(m(2)|m(l))dm(2).

I(M®; RIMW)
q(r‘m(1)7 m@))}

= Ep(m(l),m@))q(r\m(l),m(z)) |:10g q(r|m(1))

a7
To address this, we introduce a variational distribution
vy(rm) to approximate the true posterior g(r|m)).
This allows us to derive a tractable variational upper bound
on this term:

r|m®, m® )y (r[m™)

E (m@ m@ 1) (2 IOgQ(
p(m (), m(®)q(rlm,m2) vg(rm ) q(r[m ™)

= By ey [KL(a(rm @, m ) g (rim ™))
By [KL(a(rm®) g (rlm™))]

< By ey [KL(g(rm @, m®) v, (rfm ™))

(18)
The inequality holds because the KL divergence is non-
negative. By minimizing this upper bound, we effectively
minimize (M ®); R|IM (™). This strategy allows for the
practical decomposition of features into their unique and
redundant components. In summary, the complete objective
function L. is given by:

EC = Eq(r,u(m [mM)p(m ) |m @) [logp(m(l) |’I“, u(l))]

Reconstruction

+ Eq(r,u(2) [m(2))p(m 1) |m(2)) [logp(m@) |’f’7 U(Q))]

Reconstruction
= KL((g(r|m™)||o(r)) + K L(q(r[m®)|u(r)))
Regularization for R
— KL(g(u™|m™)[|p(u))
Regularization for U (1)

— KL(qu®|m®)|[p(u®)).

Regularization for U (2)

(19)

The final loss function is a composition of the Evidence

Lower Bound (ELBO), denoted as f(z,y) = LgLpo, and the
consistency loss, g(z,y) = Le.

B. Experiment

B.1. Experimental setting

Real-world Dataset BRCA [10]: A dataset for breast in-
vasive carcinoma PAMS50 subtype classification, including

|

875 samples across 5 classes. We utilize mRNA expression
and DNA methylation modalities.

ROSMAP [6]: A dataset targeted at Alzheimer’s Disease
diagnosis, containing 351 samples spanning 2 classes. Con-
sistent with BRCA, we utilize mRNA expression and DNA
methylation modalities.

CREMA-D [4]: An emotion recognition dataset consisting
of 7,442 video clips. It covers six emotional states (anger,
happiness, sadness, neutrality, disgust, and fear) using Audio
and Visual modalities.

Kinetic-Sounds (KS) [1]: A multimodal action recognition
dataset containing 19,000 ten-second clips. It includes 31
human action classes selected from the Kinetics dataset, uti-
lizing Audio and Visual modalities.

CMU-MOSEI [11]: A large-scale sentiment analysis dataset
including 23,453 video segments with Audio, Visual, and
Text modalities. In this work, we focus specifically on the
Visual and Text modalities for a challenging three-way senti-
ment classification task (positive, negative, neutral).
UCF101 [9]: An action recognition benchmark containing
13,320 videos across 101 human action classes. We employ
RGB and Optical Flow modalities.

UR-FUNNY [7]: A large-scale dataset for humor detection,
including over 16,000 samples from TED talks. It integrates
Text, Visual, and Acoustic modalities to capture diverse
speakers and topics.

VGGSound [5]: A large-scale audio-visual dataset consist-
ing of short clips from over 200,000 videos, designed to
capture sound events in diverse acoustic environments.

Training Details All experiments used a batch size of 64.
CNN-based models were optimized using SGD (momentum
0.9, weight decay le-4) with dataset-specific learning rates:
le-2 (KS/UCF) and 4e-3 (CREMA-D). For the Transformer-
based MOSEI experiments, we used Adam with a learning
rate of le-4. Training for our proposed method proceeded
in three stages: (1) training the intra-modal decomposition
for 10 epochs; (2) freezing this module while training subse-
quent consistency decomposition for 5—10 epochs; and (3)
unfreezing the decomposition module to jointly fine-tune the
full model with a learning rate between le-4 and le-5.

Data Preprocessing For datasets containing videos, we
extract frames at 1 fps. In the KS dataset, we uniformly
sample 3 frames from each 10-frame clip as visual inputs.
For CREMA-D, 1 frame is extracted from each video. In
UCF101, we select 2 RGB frames and 5 optical flow frames
per video. For VGGSound, 3 frames are used as visual
inputs. Additionally, we conduct experiments using more
frames for both the KS and CREMA-D datasets; see Section
B.3.2 for details.



Table 1. Performance comparison on diverse tasks with various modality combinations. ACC: accuracy, mAP: mean average precision. Best

results in each column are bolded.

| UR-FUNNY (V+T) | ROSMAP (mRNA+METH) | BRCA (nRNA+METH)

Method
‘ ACC mAP ‘ ACC mAP ‘ ACC mAP
Joint 63.71 67.99 82.08 85.57 88.97 86.41
Ensemble | 62.57 65.92 83.02 86.32 89.35 86.62
DMIL 65.50 69.15 85.85 88.84 89.73 87.33
Table 2. Comparison of performance with richer temporal dynamics
" " on CREMA-D (5 frames) and KS (8 frames) datasets.
Method CREMA-D (5 Frames) KS (8 Frames)
" ! ACC mAP ACC mAP
Joint 79.44 87.69 85.39 91.59
Ensemble 81.32 90.46 86.34 92.76
Figure 1. Illustration of the XOR data, which is a simple example of
DMIL 83.16 91.83 87.44 93.15

synergistic interaction. Left: The features (x1, z2) are not linearly
separable, making it hard for a linear model to distinguish classes.
Right: By adding the interaction term (1 - x2 ), the data is separated
in three-dimensional space, enabling simple linear separation.

B.2. Model architecture

Architecture Description. In this section, we detail the
architecture of our Decomposition-based Multimodal In-
teraction Learning (DMIL) model, as illustrated in Figure
3. The DMIL framework incorporates two distinct de-
composition modules. First, raw inputs from m modal-
ities, denoted as X (™), are mapped into feature rep-
resentations Z(™) via modality-specific encoders ¢("™).
These features are subsequently decomposed to capture
inter-modal interactions. Each decomposition module is
built upon a Variational Autoencoder (VAE) framework,
wherein the encoders—composed of Multi-Layer Percep-
trons (MLPs)—predict the mean and variance of the latent
distributions. Correspondingly, the decoders employ multi-
layer networks designed to minimize information loss during
reconstruction. To extract the redundant component, we en-
force feature alignment across modalities by minimizing the
Kullback-Leibler (KL) divergence between their correspond-
ing distributions.

Synergistic Interaction. The synergistic component is de-
signed to capture information that is not present in any single
modality but emerges solely through their integration. There-
fore, designing an effective fusion mechanism is crucial.
While simple concatenation is a common approach, it is often
insufficient for modeling complex interactions. For instance,
in a typical synergistic scenario such as the XOR problem,

data points are not linearly separable in the original feature
space. This non-linearity hinders the model’s ability to learn
synergistic interactions effectively. As shown in Figure 1 a,
linear separation is unachievable with simple inputs. To ad-
dress this, we introduce an element-wise product term. The
formulation is defined as: S = fiinear (2", n, n(H @n(2),
where ® denotes element-wise multiplication. The introduc-
tion of this multiplicative term simplifies the interaction
modeling: it renders the XOR data linearly separable, as
demonstrated in Figure | b. Furthermore, this product term
explicitly captures high-order interactions, which are essen-
tial for defining synergy.

B.3. Expanded evaluation on diverse domains

B.3.1. Generalization across modalities and tasks

To comprehensively validate the robustness of our method,
we introduced three additional datasets: UR-FUNNY,
ROSMAP, and BRCA. These were selected to cover distinct
tasks and modality combinations beyond standard audio-
visual benchmarks. UR-FUNNY focuses on humor detection
using Visual (V) and Text (T) modalities, which are known
to contain strong synergistic information [8]. ROSMAP and
BRCA are biological datasets involving mRNA and DNA
methylation (METH) modalities, presenting a different chal-
lenge in feature interaction.

The results are presented in Table 1. On the UR-FUNNY
dataset, the Joint model outperforms the Ensemble baseline.
This supports the idea that humor detection relies heavily
on the synergy between vision and text, which Ensemble
methods—designed to isolate modalities—often fail to cap-



Table 3. Performance comparison across different backbone architectures (CNN and Vision Transformer) on KS and VGG datasets.

KS (CNN) VGG (CNN) KS (ViT) VGG (ViT)
Method
ACC mAP ACC mAP ACC mAP ACC mAP
Joint 85.07 90.93 56.79 59.21 67.81 73.11 45.09 44.84
Ensemble 85.86 91.90 57.46 59.85 71.80 79.03 48.16 50.03
DMIL 86.72 92.15 58.05 60.66 74.20 81.50 52.28 53.91

ture. Conversely, on the biological datasets (ROSMAP and
BRCA), the Ensemble model performs slightly better than
the Joint model. Despite these variations in baseline perfor-
mance, our DMIL method consistently achieves the highest
accuracy and mAP across all datasets. This demonstrates
that DMIL can adaptively learn interactions, whether the task
requires capturing strong synergy (as in humor) or handling
more independent modalities (as in biological analysis).

B.3.2. Impact of richer temporal dynamics

Previous studies highlight the importance of temporal dy-
namics in multimodal learning [2]. Therefore, we investi-
gated how increased temporal resolution affects model per-
formance. We conducted experiments on the CREMA-D and
KS datasets using inputs with richer temporal information:
5 frames for CREMA-D and 8 frames for KS. The results
are presented in Table 2. Compared to the baseline results in
the main manuscript, CREMA-D shows significant improve-
ment with added temporal information, whereas the gain
on KS is more moderate. Notably, on CREMA-D, the en-
semble model benefits more from the increased frame count
than the joint model. This suggests that richer temporal dy-
namics strengthen the individual unimodal features, which
the ensemble method captures more effectively. Crucially,
our DMIL method continues to outperform these baselines,
demonstrating its effectiveness with varying temporal dy-
namics.

B.3.3. Various backbone

Distinct backbone architectures process data differently,
which affects how they capture and learn interactions. Fol-
lowing the initial experiments in Table 1, we conducted
further validation on the KS and VGGSound datasets to ex-
amine the impact of architecture choice. Specifically, we
introduced the widely used Vision Transformer (ViT) as the
backbone for both modality encoders to provide a compari-
son with CNN-based models.

The results, presented in Table 3, indicate that the choice
of backbone significantly influences baseline performance.
We observed that ViT demonstrates weaker modeling capa-
bilities for audio-visual understanding compared to CNN-
based models. Additionally, the joint model marginally un-
derperforms the ensemble model, particularly when using

Table 4. Weights of different interaction types learned on the
CREMA-D and KS datasets.

Interaction Type CREMA-D KS

Redundancy 0.7471 0.5732
Unique-Visual 0.0650 0.2093
Unique-Audio 0.1329 0.2096
Synergy 0.0549 0.0078

ViT. This is likely because audio-visual tasks are complex
to learn, and ensemble methods are often more effective at
preserving distinct uni-modal information. In contrast, our
DMIL method consistently delivers superior performance
across different backbones, demonstrating that it not only
outperforms other approaches but also effectively learns in-
teractions regardless of the architecture.

B.3.4. Interaction Weight

Our method employs an adaptive weighting mechanism to
assign importance to different interaction components. Table
4 presents the average weights learned across samples for the
CREMA-D and KS datasets. We observe that Redundancy
is the predominant component in both datasets. Notably, on
CREMA-D, the weight for Audio Uniqueness significantly
surpasses that of Visual Uniqueness. This suggests that the
audio modality possesses stronger discriminative power than
the visual modality for this task. In contrast, KS shows
a balanced distribution between audio and visual unique
weights (0.2096 vs. 0.2093). These results demonstrate that
our method effectively captures the intrinsic properties and
primary information carriers of each dataset.

Interaction learning demonstration. While the previous
section confirms DMIL’s overall performance, it is crucial to
verify that our proposed training strategy effectively learns
the intended interaction components. To this end, we con-
struct synthetic datasets from bit-wise features governed
by logical relationships with the labels, including mixtures
such as 1/2 AND and 1/2 XOR, 1/2 OR and 1/2 XOR,
and 1/3 AND, 1/3 OR, and 1/3 XOR. We compare the in-



Table 5. Validation of interaction decomposition on synthetic Boolean datasets. The table compares the estimated proportions (%) of
Redundancy (R), Uniqueness (U WU (2)), and Synergy (.5) interaction for various logical combinations with the ground truth (Truth).

Metho d\ AND \ AND+XOR \ OR+XOR \ AND+OR+XOR

‘ R UM p® g ‘ R UM 7@ § ‘ R UM [p® g ‘ R UM 7@ g
CVX 380 00 09 61.1|214 00 03 782|212 00 06 783|337 04 0.1 658
DMIL |364 00 1.7 619|190 04 00 806|207 00 19 774(268 41 00 69.1
Truth |383 00 00 61.7/191 00 00 809|191 00 0.0 809|255 00 00 745

teraction proportions estimated by DMIL against the CVX
estimator [8], a specialized method for quantifying interac-
tion quantity of Redundancy, Uniqueness, and Synergy. For
DMIL, we derive these proportions from its decomposed
feature components. The results in Table 5 show that al-
though DMIL is not explicitly designed for quantification,
it implicitly learns the interaction composition. Our frame-
work’s estimates are highly comparable to those of the CVX
estimator, validating the effectiveness of our decomposition
approach. Furthermore, in complex datasets mixing two or
three interaction types, DMIL often achieves a closer approx-
imation to the ground truth, demonstrating its robustness in
capturing multifaceted interactions.

B.4. Synthetic dataset

In Section 4.3, we construct two types of synthetic data to
facilitate our study. The first type is shown in Figure 1 of
the main paper, where the data is crafted with pre-defined
interactions to elucidate specific interaction dynamics. The
second type derives from Boolean logic variables. Here, the
interactions are inherently embedded within the Boolean
logic itself, providing a general consideration for interaction
analysis.

The data generation process for predefined interactions
is executed in two sequential steps. Initially, the type of
interaction for each sample is identified. We categorize po-
tential interactions as Redundancy, Uniqueness, and Synergy
for each dataset. As illustrated in the teaser figure in the
introduction, each dataset is composed of samples exhibiting
one or two types of interactions. The proportion of each in-
teraction type is quantified using a fractional notation, such
as iU + %R. This indicates that % of the samples display
Unique interactions, while the remaining samples demon-
strate Redundant interactions.

In the second step, data corresponding to the predefined
interactions is constructed. Different networks are employed
to encode specific interactions into some dimensions of input
space, which are then concatenated to form a comprehensive
sample. If a sample is defined as a certain interaction, other
types of interaction are suppressed by introducing Gaussian
noise into their respective dimensions. This approach en-
sures that each sample exclusively embodies one type of
interaction, thereby facilitating the construction of datasets
with specified interaction properties.

The dataset, derived from Boolean logical data, is gener-
ated in a structured manner. Initially, the specific Boolean
logic within each sample is determined. We consider two to
three types of Boolean logics—AND, OR, and XOR—with
each sample containing only one type. Each type of logic
occupies an equivalent proportion within the dataset. Subse-
quently, these logics are encoded into the input space. Given
that Boolean data inherently contains measurable interac-
tions [3], we utilize this data to validate our method for
interaction decomposition.
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