Dynamic Momentum Recalibration in Online Gradient Learning
Appendix

A. Bias-Variance Decomposition (Section 2 in main paper)

Definition A.1. The unified momentum update rule is defined as:
my = Bmy_1 +ugy, O =01 —amy, (D

where 3 € [0, 1) denotes the momentum (decay) coefficient, and u > 1 — 3 is a scaling parameter controlling the contribution
of the current gradient. The stochastic gradient is given by g; = V f;(0;) + €z, ez ~ N(0,0%I), where f;(0) = f(0;&)
denotes the stochastic objective at iteration ¢ with &; sampled from the data distribution D. Specific cases include:

e u =1 — 3: Exponential Moving Average (EMA),

e ¢ = 1: Classical Momentum (CM) [28, 33].

Assumption A.2. We make the following assumptions on the smoothness and stochasticity of the objective function f:

1. Lipschitz continuity: There exists a constant L > 0 such that, for any 0 and ¢, ||V f(8) — Vf(¢)|| < L||6 — ||

2. Bounded gradients: There exists a constant G > 0 such that, for all ¢, ||V f(6;)]| < G.

3. Bounded gradient noise: The stochastic gradient noise ¢, is temporally uncorrelated with zero mean, i.e., E[e;] = 0, for

all ¢. Furthermore, the variance of the stochastic gradients is uniformly bounded, meaning there exists a constant o > 0
such that E[[|g: — V £(61)]]*] < o

Lemma A.3 (Bias-Variance Decomposition). Let the stochastic gradient be given by g; = ¥V f(0;) +¢t, €, ~ N(0,021), where
V f(0:) denotes the true gradient and €, represents zero-mean Gaussian noise. For any gradient estimator g, = A(g1, - .., gt)
produced by an arbitrary algorithm A, the mean squared error (MSE) satisfies the bias-variance decomposition:

E[llg: — VFO)?] = E[ge] — V£ (611> +E[llge — E[g¢]1%] - 2)

Bias? Variance

Proof.

E[llg: — V£ (0)?] =E[llg: — E[g:] + E[g:] — V£(6,)]%]
=E[llg: — E[g)II] + |E[ge) — V£ (0| + 2E[(g: — E[ge], E[ge] — V£ (6))]
= Var(g:) + Bias®(g¢) + 2 (E[g: — E[g:]], E[g:] — V £(6))
=0
= Var(g:) + Bias®(g;). 3)

Lemma A.4. Refer to the SDEs of vanilla SGD [32], the Definition A.1 with learning rate « can be represented in continuous
time as the stochastic differential equation (SDE):

{dm(t) = [(1 = B)m(t) + uVF(O))] dt + uo dW (¢), @

df(t) = —amf(t)dt,

where m(t) is the momentum, 0(t) is the parameter, 3 € [0,1) is the momentum coefficient, w > 1 — f3 is the gradient scaling
factor, « > 0 is the learning rate, V f(0(t)) is the gradient of the objective function, o is the noise standard deviation, and
W (t) is a standard d-dimensional Wiener process. This approximation holds when the learning rate « is sufficiently small.

Proof. Start with the discrete momentum update rule from Definition A.1:
Mp+1 = ﬂmn + Ug(tn)a 67z+1 =0, — aMn41, (5

where m,, = m(t,) is the momentum, 6,, = 0(t,,) is the parameter, g(t,,) = V f(0,) + €, with €, ~ N(0,0%I),and a > 0
is the learning rate.



Rewrite the momentum update in terms of the increment:

Mpy1 — My = an + ug(tn) — My,
= —(1 = B)mn + ug(ty) (6)
= _(1 - ﬁ)mn + qu(en) + U€p.
For the parameter:
an—i-l - Hn = —QaMp41. @)

To model this as a continuous-time SDE, assume the learning rate « is sufficiently small, controlling the step size of the
discrete updates. Define ¢,, = n to index discrete iterations, each corresponding to a unit time step d¢t = 1. The learning rate «
controls the update magnitude but does not rescale time.

For the momentum, interpret the increment as the rate of change over one iteration:

Mpt1 — My, =~ [—(1 = B)my, +uV f(0,)] dt + ue,, dt =1. 8)
For small constant step sizes «, this yields the drift:
dm(t) = [-(1 = B)m(t) + uV f(0(t))] dt. )

For the stochastic part, assume €, = 0Z,, Z, ~ N (0, ), so that the stochastic increment ue,, has variance u?o? per
iteration, matching the Brownian term uo dW (t) under the step-time scaling dt = 1.
Therefore, in the SDE limit, the momentum dynamics can be written as:

dm(t) = [-(1 = B)m(t) + uV f(8(t))] dt + uo dW (1). (10)
For the parameter update:
Oni1 — O0n = —amy 11 = —am(t) - (time step), a1

where the time step is implicitly dt in the continuous limit, yielding:
do(t) = —am(t) dt. (12)

Combining both, when « is small, the discrete updates approximate:

{dm(t) = [—(1 = B)m(t) + uVFO(t)] dt +uo dW (t), 03

do(t) = —am(t) dt.

This SDE captures the dynamics of the momentum and parameter updates, with « as the learning rate driving the continuous
approximation. |

Remark A.5 (Step-time scaling). Our continuous-time formulation adopts the step-time scaling of Mandt et al. [32]. An
alternative is the slow-time scaling t = na, often used in stochastic modified equations [19]. In that regime, one typically sets
1 — 8 = O(«), and the diffusion term scales with \/a. We do not adopt this scaling here, since doing so would modify both
the drift and diffusion coefficients, as well as the form of df.

Lemma A.6. Under Lemma A.4, the solution to the stochastic differential equation (SDE), with initial conditions m(0) = 0
and 0(0) = 0y, is given by:

t t
m(t) = u/ e~ (I=AU=3)g £(0(s)) ds + ua/ e (1=A=3) gy (s),
0 0 (14)

0(t) =0 — a/o m(s) ds,

where W (t) is a standard Wiener process, and the integrals represent the stochastic evolution driven by the gradient V f(0(t))
and noise.



Proof. We solve the coupled stochastic differential equation (SDE) system step-by-step:

{dm(t) = [~ (1 = Bym(t) + uV £(0(¢))] dt + uo dW (1), as)

di(t) = —am(t)dt,

with initial conditions m(0) = 0 and 6(0) = 6.
The 6(t) dynamics have drift only (no explicit diffusion term), but 6(¢) is still random because m(t) is random. Integrate:

do(t) = —am(t) dt,

¢ (16)
0(t) —0(0) = -« ; m(s)ds.

Since §(0) = 6, we obtain:
¢
0(t) =6y — a/ m(s) ds. (17)
0

This expresses 0(t) as a functional of m(t), which we now determine.
Consider the linear SDE for m/(t) with a time-dependent forcing term:

dm(t) = [-(1 — B)m(t) + uV f(8(t))] dt + uo dW (t). (18)
Rewrite it in standard form:
dm(t) + (1 — B)m(t) dt = uV f(0(t)) dt + uo dW (). (19)
To solve this, apply the integrating factor e/o 1=#)ds — ¢(1=8)t Multiply through by e(1=5)t:
eIt dm(t) + (1 — B)e=Ptm(t) dt = ue =PV f(0(t)) dt + uoe =Pt dW (t). (20)
Recognize the left-hand side as the differential of a product:

dle@=Dm()] = =D dm(t) + (1 = B)e''m(t) dt

(21
= ue"NTF(0(1)) dt + uoe P AW (t).
Integrate both sides from 0 to ¢, with m(0) = 0, this simplifies to:
t t
=Bt (t) — =9 0m(0) = u/ IRV £(0(s)) ds + uo/ =B qw (s),
0 0
¢ ¢
eU=Ptm(t) = u/ 1PV £(0(s)) ds + ua/ =R qw (s), (22)
0 0
t t
m(t) = u/ e_(l_ﬂ)(t_s)Vf(H(s)) ds + ua/ e~ (1=B)(t=9) dW (s),
0 0
where the exponent is adjusted using e(1=#)s /e(1=A)t — o=(1=F)(t=5)
The expression for m(t) depends on 6(s) via V f(0(s)), where:
0(s) =6y — oz/( m(7) dr. (23)
0
Thus, the complete solution is:
t t
m(t) = u/ e~ I=A=9)T £(0(s)) ds + uo’/ e (1=AE=3) gy (s),
0 0 (24)

t
0(t) =0 —a | m(s)ds.
0

This integral form encapsulates the coupled dynamics, with V f(6(t)) linking the equations and the stochastic term
[ e=(=A)E=5) 41V (s) as an Itd integral. [ |



Theorem A.7. Consider the unified momentum estimator m(t) defined by the stochastic differential equation (SDE) from
Lemma A.4, with solution given in Lemma A.6. Let the bias be defined relative to the expected true gradient: Bias(m(t)) =
E[m(t)] — E[Vf(0(t))]. Assuming that the gradient V f(0(t)) is bounded and Lipschitz continuous, the asymptotic bounds
(as t — oo) for the bias and variance of m(t) as an estimator are given by:

2aLG 2aLo 2
IBias(m(t))||> < ((Qi f‘ﬁ)g + ﬁ?ﬁﬁ)m + (1 “5 - 1) G) , 25)

where L is the Lipschitz constant, G bounds the gradient norm |V f(0(t))
explicitly captures the parameter-shift bias induced by the stochastic noise o.

, and the second term inside the parenthesis

2 2 21,2
Var(m(t)) < va 2u’V (26)

< + )

1-p  (1-5)?
where o? is the total variance of the stochastic gradient noise, and V? conservatively bounds the variance of the true gradient
sequence, i.e., Var(V f(0(t))) < V2

Proof. We compute the bias and variance of m(¢) relative to E[V f(6(¢))].
1. Bias Calculation
Consider the unified momentum update rule:

my = Pmy—1 +uge, 0y =01 — amy, (27)
where § € [0, 1) represents the decay or momentum factor, u € [1 — 3, 1] is a scaling parameter controlling the gradient

contribution, o > 0 is the learning rate, and g; = V f(6;) + ¢; with ¢, ~ N(0, 021).
In continuous time, the expectation of m(t) is:

t
Efm(t)] = u / e~ =B=IE[ £(0(s))] ds, (28)
0
since the stochastic term has zero mean:

t
E[ua/ e~ =A0=9) g (s)| = 0. (29)
0

The squared bias is defined as:

(Bias(m(t)))* = (E[m(t)] - E[Vf(6(1))])"

o —)—s ’ (30)
= (u [ DB o as - EITFO0)])
0
We assume V f is Lipschitz continuous with constant I, > 0:
IVf(O) = V@) < Llo—dll, V0,0 €29)
Givenu > 1 — 3, s0 ﬁ > 1. From the continuous-time dynamics % = —am(t), integrating from s to ¢ (s < ¢) yields:
t
0(s) —0(t) = oz/ m(u) du. (32)

To bound E[||0(s) — 6(t)]|], we must first bound the magnitude of the momentum E[||m(u)||] considering both the gradient
drift and the noise diffusion:

m(u) = u/ e—(l—/”)(“‘v)Vf(e(v))dv+ua/ e == g (v). (33)
0 0



Taking the expectation of the norm and applying Jensen’s inequality to the stochastic term:

Effm(u)]] < U/Ou 6_(1_6’(“_“)E[||Vf(9(v))II]dv+E{ uo/ou e” (A=) aw (v)

|

e 1 —e200-Bu
2.2 34
_1_6+\/’u0 20 5) G4
uG

uo
= 1—ﬁ+\/2(1fﬂ) o

Thus, taking the expected norm for the parameter difference:

E[[6(s) - 6(5)]] < a / Elllm(u)]] du < aM(t - 5). (35)

Rewrite the bias by splitting the integral:

Bias(m(t)) = u / e~ (1=)E=) B[V £(0(s))] — E[VS(6(2))]) ds

t (36)
+E[VF(O(t))] (u/ e (1=At=5) gg 1).
0
Compute the second integral:
/t SA-B-) gy = L 37
u | e ds =u——m———.
0 1-p
Apply the triangle inequality and the bounded gradient assumption:
t 1 — e~ (1-8)t
[Bias(m(t))[| < U/ eI B[V f(6(s))] —E[VF(O(1)]) ds|| + uleiﬁ -G (38)
0 _
::Il
Bound I; using Lipschitz continuity and our bound M:
t
1Bl < [ e 0P IB6(s) - V)] ds
’ t 39
< uLaM/ e~ =AE=9) (4 — 5) ds.
0
Evaluate the integral:
t t
/ e_(l_B)(t_s)(t— s)ds :/ e~ A rdr
’ ’ 1 t 1 1 “0)
- _ ( + > e~ (1-8)t ,
(1=-p52 \1-8 (@1-5)? - (1-p7
thus || I1]] < (“1‘1“;4 Then:
, uaLM 1—e (=R
|Bias(m(t))]] < i —5)2 + |u 5 I‘G. 41)
Ast — oo, e~ (1=A)t 5 0, giving ‘u1—e;1ﬁ’5” 1‘ — 1. Substitute M = fGB + 21(ng*6) and square the bound:
LM 1 — (-5 2
Bias(m(t 2<<ua +(u1)G>
IBias(m()I* < ( 7552 —
2
ual uG U
< -1 42
_<(1—5 (1—6 \/ 1-8 >+< )G> “

- <(22fLﬁC);3 * ﬁ?lai?)% * <1 5" 1) G)z‘



2. Variance Calculation
The fluctuation m(t) — E[m(t)] is:

m(t) — Efm()] = u / e~ (=D)t=5) [V £(0(s)) — E[V £(8(s))]] ds +uo / e~(1=B)(1=5) g7 (s)

0 0

TGrad Dt Tioise Diff

Using the inequality ||a + b||? < 2[|a||* + 2||b]|?, the variance becomes:

Var(m(t)) = E|lm(t) ~ Elm(®)]|*|
< 2R Teraa pitel|*] + 2 E [[| Toise pie | *] -

(/Ot o—(1=B)(t=5) dW(S))Q]

t
:2u202/ e 20=0)=5) 45 (It6 isometry)
0

The noise variance term is derived using the It isometry:

2E [”lﬁ\loise Diff||2] = 2u2c’E

—2(1-B)t 242

2(1-5) S1op

(43)

(44)

(45)

For the gradient variance term, we apply the Cauchy-Schwarz inequality to properly bound the squared norm of the integral:

/t e~ (1=P)(t=5)/2  ,—(1=P)(t=s)/2 [V£(0(s)) —E[Vf(0(s))] ds

2E[|| Teraa pite]|?] = 20°E U
0

T

<2g[([ 0o as) ([ 0000 9 1000) - IO d5)] €O

lzz_ﬂﬁ /Ot6_<1—5><t—s>v3r(w(e(s>))ds-

By Assumption A.2, Var(V £(6(s))) < V2, yielding:

<

2u2v2 t o -
2E (|| Toraa pisel|?] < . o~ (1=B)(t=5) g
— B 0
< 2u?V? ( 1 ) B 2212
—1-p\1-p (1-p)2

Combining both bounds, the total variance is bounded by:

u?o? 2u?V?

=5 (a-pr

Var(m(t)) <

(47)

(48)



B. Method Derivation (Section 3 in main paper)

B.1. Optimal Linear Filter Derivation for Gradient Estimation (Main paper Section 3.1)

In the stochastic gradient descent (SGD) process, given the sequence of gradients {g; }!_,, our objective is to estimate gy,
which incorporates information from both historical gradients and the current gradient. The Optimal Linear Filter provides a
mechanism to minimize the mean squared error in this estimation. We start by constructing g; as a simple average and then
refine it using the properties of the Optimal Linear Filter.

t

1 1 t—1 1t71 1
9t = ;Zgi =3 (Zgi+gt> = ;Zgﬂr;gt
i=1 =1

33

i=1
1 1 & 1 (49)
—— -1 — gl +-
e )+ o
o1
Ty g1:t—1 tgt’

where g1.4—1 = ﬁ Zf: g; denoting the averaging of the gradient under different 6; to differentiate g; which in fixed
parameter 6.

To better capture historical information, we replace the arithmetic mean gi.; 1 with the momentum term ;. Here we
substitute the iteration m;_; with m; because of the absence of mg and the ease of implementation. Thus, we rewrite g, as
follows:

~ t—1 1
gt = TmtJr Egt
= (1_1>mt+lgt
¢ n (50)

=my — Kymy + Kigy
=mys + K¢(g¢ — M),

where K; = % serves as an initial estimation gain that balances the influence of 7 and g;.
To achieve an optimal balance, we define g; as a weighted combination of 7, and g;, aiming to minimize the variance of g;.
Assuming independence between m; and g;, we express the variance as:

Var(g;) = Var((1 — K¢)my + Kqgt)

2 ~ 2 (51)
= (1 — K;)*Var(m;) + K;'Var(g:).
To find the optimal K, we take the derivative of Var(g;) with respect to K; and set it to zero:
dVar(gt) ~
— = —2(1 - K;)Va + 2K Va =0,
dK,; ( +) Var(my) +Var(g:) (52)
(1 - Kt)Var(fﬁt) = KtVar(gt),
solving for K gives:
K, Var(my) (53)

~ Var(my) + Var(g)

The final expression for K indicates that the optimal interpolation coefficient is the ratio of the variance of the momentum
term to the total variance. This embodies the Optimal Linear Filter’s principle: optimally combining historical estimates with
new observations to minimize estimation error due to stochastic noise in the gradient signal.

B.2. Variance Correction (Correction factor in main paper Section 3.1)

The momentum term m; in stochastic gradient descent is defined as:

t
me=(1-p1)> B g, (54)
=1



which means that m; is a weighted sum of past gradients, where the weights decrease exponentially over time according to
the factor (3;.

To accurately estimate the variance of m, using the variance of g;, we derive a correction factor under the assumption that

the stochastic gradients g; are independent with bounded variance ag.

Each weighted gradient term ﬁf*i g; has a variance of ﬂf (tfi)ag, because the variance scaling factor becomes ﬁf =9 in
the variance computation due to the quadratic nature of the variance operator.

Given that m;, is a sum of these weighted terms and assuming independence among g;, the variance of m; is the sum of the
variances of all weighted gradients:

ar, = ( m22§:f“” (55)

The factor (1 — 31)? appears from the multiplication factor (1 — 3;) in the definition of m;, which also applies to the
variance calculation. ‘
The summation 3"/_, ﬁf(tﬂ) forms a geometric series:

a(t—i) _ 1= B3t
Z A g (56)

As t — oo and given that 5, < 1, we find that B%t — 0, so the series converges to:

2(t— z) 57
}:ﬂ 1_ﬂ1 (57)

Substituting back, we obtain the long-term variance of m; as:

o2 = (1—51) 1—ﬁ10
me lfﬂl 9 1+ﬂl g9

(1_&)-0—5?) (59)

14+ 5

(58)

Thus, the correction factor we derived is:

This correction factor (i;gi ) - (1 — B2!) allows us to adjust the variance of the EMA gradient to accurately estimate the

variance of the momentum gradient m; using the original variance 03. This adjustment reflects the effect of exponentially
decaying weights in m,, yielding a more stable gradient estimate with reduced noise over time.

B.3. Fusion of Gaussian Distributions (Main paper Section 3.2)

In this section, we address the fusion of two Gaussian distributions to produce a more reliable gradient estimate in the
stochastic gradient descent (SGD) process. This fusion combines information from both the historical momentum term m; and
the current gradient g, resulting in an estimate with reduced uncertainty. Here, “fusion” refers to finding an optimal combined
distribution that minimizes mean-square error by utilizing both sources of information.

Consider the following two Gaussian distributions:

e The momentum term 772, follows a normal distribution with mean p,,, and variance am, denoted as my ~ N (i, o o2 o)
* The current gradient g; follows a normal distribution with mean (4, and variance O'g, denoted as g, ~ N (1, g).

Linear estimator perspective. Before presenting the probability density product approach, we first derive the fused estimate
g from a weighted linear combination perspective. We define g, as:

g = (1 = Ky)my + Kygy, (60)

where K, is a variance-based weighting coefficient:

2 0_2

K= —2m thus 1—K; = 24— 1)
Om T 0y



Assuming independence between m; and g;, the expectation of g is:

Ug:um + U?nﬂg

Elg] = (1 — Ky)porn, + Kipig = 62
[9:] = ( t)im + Kipig 0%+ o (62)
The variance of g; becomes:
Var(g:) = (1 — Kt)Qofn + Kfag
2
o2 o2 2

_ g 2 m 2

- <a;n+ag Tm 072,1—#03) % (63)

_ U;lagn + Ufnag O',QRUS

(02, +02)2 oz, +o2 '

Probability density product derivation. We now show that the same fused Gaussian distribution arises from multiplying
the two individual Gaussian probability densities:

~ 1 (gt — ,Um)2 (gt — MK )2
N(7t; poms om) - N(gts gy 09) = mexp (— 952 - 202g : (64)
m m g

To derive the fused form, we simplify the exponent by completing the square:

A 2 N 2
Exponem:_(gt R )

202, 207
2 — i)+ 0% 61— 1g)?
202,02 (65)

(A . U§M7YL+U,2n/Ag)2 )

_ = o2, +03 N )
203,95 2(02, +02)
O’?nJrO'S

Ignoring constant terms, we identify the resulting fused distribution:

2 2 2 2
. Ug:u‘m + Umﬂg 2 CTmo-g
g, = S TmPI g2 - M9 (66)
gt 0-2 + 0-2 ’ gt 0-2 + 0-2 )
m g9 m g

Equivalence and insight. This demonstrates that the PDF product view yields the same fused mean and variance as the
minimum mean-square error (MMSE) linear estimator. The fused mean pi4, is closer to the distribution with smaller variance,
indicating greater trust in more certain estimates [10]. The fused variance U;t is always less than either original variance,
demonstrating the variance reduction benefit of fusion.

This equivalence between statistical estimation and probabilistic fusion confirms the theoretical soundness of the SGDF
method. It validates the fusion-based formulation from both a Bayesian and a signal processing perspective.

B.4. Modulating Observation Variance through Power Scaling
The preceding analysis yields the optimal linear fusion gain under the MMSE criterion

o2

K, = ——m™ 67
t 0_72n ¥+ 0'3 ’ ( )
which balances the historical momentum estimate and the instantaneous stochastic gradient according to their uncertainties.
In practice, the variance estimates (especially 03) can be noisy or biased due to mini-batch stochasticity and nonstationarity.
To improve robustness while remaining consistent with our convergence analysis, we adopt a power-scaled gain

Kt — K?a ’Y: %7 (68)



since K € [0, 1] element-wise, the scaled gain still satisfies ||K t|lo < 1, which is the sole requirement for our convergence

guarantees; therefore, the theoretical results remain unchanged.

2
With K; = -7, the choice 7 = 1 gives
m g

2

. o
K, = /K, = ,|—m 69
t K 0,%14—03 (69)

2

We show that K, can be written in the same variance-fusion form as I, by introducing an effective observation variance
such that
~ 0'2
K; = & (70)
2 1 52
Om T 05
. . . ~ 2 .
Equating the two expressions and solving for 7;:
2 2
Om _ Om
2 | 52 2 27
Om T 0y Om T 03
2 2 2 2 2
s, O'g: 0m+og: 14+ %
o2 o2 2
m m
~9 2
o o
Lt — =1+
Um Gm
~2 2
o o
2o 1+ % (71)
Jm Um

Therefore, according to Eq. (71), we have:

2
~2 2 i
O, = Op, ”1+7a%’n, 1

v K is equivalently a standard variance-based fusion gain with a reparameterized

Therefore, the scaled gain K’t =

(effective) observation variance:
2
P ~92 2 [od
Roe St g - a(ied o) &

This view shows that power-scaling preserves the fusion structure while introducing a controlled regularization against

overconfident (noisy) instantaneous gradient observations.



C. Convergence analysis in convex online learning case (Theorem 3.2 in main paper).

Assumption C.1. Variables are bounded: 3D, D, such that V¢, ||0; — 0*||2 < D, ||0: — 6*||oc < Doo. Gradients are bounded:
3G, G such that Vt, [|g¢]|2 < G, ||gt]|co < Goo- The interpolation parameter satisfies K ; € [0, 1]. Furthermore, we assume

the interpolation parameter sequence has sublinear total variation, i.e., ZZ:; Kt — K14 < O(VT).

Definition C.2. Let f;(6;) be the loss at time ¢ and f;(6*) be the loss of the best possible strategy at the same time. The
cumulative regret R(7") at time T is defined as:

> (fulb) = £u(67)) (73)

t=1

R(T)

Definition C.3. A function f : R? — R is convex if for all z, 3y € R? and for all A € [0, 1],

M@)+ (1 =N f(y) = f(Az + (1= A)y) (74)
Also, notice that a convex function can be lower bounded by a hyperplane at its tangent.

Lemma C4. If a function f : R® — R is convex, then for all z,y € R?,

f@) = fly) < Vi) (z—y) (75)

The above lemma can be used to upper bound the regret, and our proof for the main theorem is constructed by substituting
the hyperplane with SGDF update rules.
We define g; £ V f; (6;) and g; ; as the i element. Let j; be the effective update direction.

Lemma C.5. Let gradients be bounded by |g; ;| < Goo. For any T > 1, the sum of squared bounded elements discounted by
V't is strictly bounded by:

T 2
> i 9q2 T (76)
= Ve

Proof. Since gfyi < G?,, we can bound the summation using the integral test. Since 1/+/ is a monotonically decreasing

function for ¢t > 1:
T 2
Z 9t
=V

IA

IA

T 1
2 —_
Gm2;¢¥
| (77)
G2 1+/ —dt
(e )

G2 (1+42VT - 2) <262VT

Lemma C.6. Let the exponential moving average be my ; = 1my_1 ;+(1—[1)gs,, with bias-correction my ; = my ;/(1—[5%).
Under the update rule §;; = my,; + Ky ,(9t,; — M), the effective update direction is bounded by |§; ;| < Goo.

Proof. By mathematical induction, since m, ; is a convex combination of past bounded gradients, we have |m; ;| < (1 —
B{)GOC. Therefore, the bias-corrected momentum satisfies |7, ;| < G. The update direction is a convex combination
Ggri = Kiigri + (1 — Ky ;)my,;. Since both components are bounded by G, and K;; € [0,1], we rigorously have
‘gt,i| S Goo

[ |

Lemma C.7 (Bounded Total Variation). Assume the gradient sequence is bounded such that ||V fi||co < Goo for allt, and
the hyperparameters (31, B2 € [0,1) are constants. If the power scaling factor is scheduled as s = ~0/V/1, the effective
interpolation gain K; = K;* satisfies:

T—1

SO - K < O(VT) (78)

t=



Proof. Decomposition of the total variation using the triangle inequality.

T—1 T—1
SOIENY = K<Y (1K - K+ 1K) — K7
t=1 t=1
T—1 T—1
=Y K - K+ YK — K] (79)
t=1 t=1

Part (A) - Part (B)

Bound Part (A) representing the variation in the exponent ;. By the Mean Value Theorem for f(y) = ¥ where z € [4, 1]
and 6 = G%ﬁ (with € > 0 being a small constant), there exists & € [V¢+1, 7:] such that:

K — K| = | K In(Ky)| - [yeen —

1 1

Summing over ¢ yields a telescoping series:

T—1 T—1 1 1
K — Kt | < Cury < - )
;| I - KL so; NS

~ o (1- 7=) = o) 1)

Bound Part (B) representing the variation in the base K;. Assuming 7o < 1, and using the Lipschitz continuity of 27* on
[d, 1] with ~y, € (0, 1], we observe:

|KHy — K| < ( sup thw_l) | K — K
z€[d,1]

<" Ko - K (82)
Even if |[Ky+1 — K;| = O(1) due to constant 35 and lack of smoothness, the decay of -y, ensures:

T-1 T-1
D K7 — K" < Const- Y

t=1 t=1

-1
= Const - Yo Z —
=Vt
< 2. Const - 1VT = O(\/T) (83)
Combine the bounds to achieve the final sublinear variation.

T—1
SIKIG - K < 0(1) + O(VT)
t=1

= O(VT) (84)
|

Theorem C.8. Assume that Assumption C.] holds, and 3, € [0,1). Let the learning rate be oy = o/\/t. Forall T > 1,
SGDF achieves the following cumulative regret bound:

d d T-1

D? 1+ GooDoo

R(T) < E (2;0 +OZGZOl _gi) VT + E 611_7& <2+ E ‘Kt,i _Kt+1,i|> (85)
=1 =1 t=1

Under the assumption that the total variation of the interpolation parameter is sublinear, i.e., ZtT:_ll |Kii— Kiy14] < OWNT),
we have R(T) < O(\/T ). Consequently, the average regret converges to zero: limp_, % =0.



Proof. Using Lemma C.4, we lower bound the convex functions to establish the regret connection:

d
Fu(60) = £u(67) < (g0, 00— 0%) = > 91,461 — 6) (86)
i=1

From Algorithm 1, the update direction incorporates bias correction and interpolation:
9t = Keigri + (1= Kei)Mey = gei = Gei + (1 — Kei)(9es — M) 87

Recall the momentum definition my; = Simy—1,; + (1 — S1)g¢,i, giving g, ; — my; = %(m“ — my—1,). Also,

s

my,; = my /(1 — B1). Expanding the difference accurately yields:

~ meq
Gti — Mg = (Gei — mei) + | My — 7

1—
ﬁtl (88)
= b (mt,i - mt—l,i) - Ltmt,i
1-— 61 1- 51
Substituting this back, we decompose the inner product into three parts:

T T 3 T T 3t
th,i(et,i—ef) = th,i(et,i — 05+ —— Z(l = Kii)(mei —me—1) (0 — 9?)—2(1 — Ky i) =m0 — 67)
t=1 t=1 15 =1 =1 1-p1

(A) B) ©
(39)
For part (A), using the parameter update rule 6y 11 ; = 6;; — ;G ;, we have:
. (O — 05)% — (0110 — 07)% o
i(0r, —0F) = ~— : : ¢ 42 90
Gt, ( t, z) 20, + 2 Gt ( )
Summing over T and noting oy = ov/+/t, we get a telescoping sum:
T T T ~2
D? D? 1 1 « 9t
S el —07) < D 37 e (- ) ey
=1 2041 —a 2 Qg (77} 2 — \/E (91)
D2\T
< OS\F +aG% VT (Using Lemma C.5 and C.6)
o
For part (B), let Cy ; = 1 — K, ;. We apply Summation by Parts (Abel transformation):
T
Z Crilmy; —my—1,)(0; — 67)
t=1
T—1 ©2)
= Cromri(0r; —07) — Crimoi(01, — 07) — Z My [Cry1,i(0rs1,0 — 07) — Cri(0r5 — 07)]
t=1

Since mg ; = 0, the boundary term is bounded by G D,. We rigorously expand the difference inside the summation:
Cir1,i(Opr1,i — 07) — Cri(01i — 07)
=Ci41,i(0t11, — 01i) + (Crq1s — Cri) (0 — 07) (93)
= (1= Ki1)00gei + (Kpi — Kip14) (0, — 07)

Taking the absolute value and substituting back, we obtain:

T-1 T—1
B X .
B < 7 15 GooDoo+ Y Imul - [1 = Kignilaulgesl + Y Imil - [Kii — Kisaal - 01,0 — 07
— M1

t=1 t=1
5 T-1 1 T-1
1 2
< GooDoo + G2 — 4+ GoDoo Y |Kpi— Kip1i (94)
= 3 g+ G0 S i )

ﬁ T-1
< 16 <GOODOO +20G2 VT + GooDoo Y |Kyi — Kt+1,i|>

— M t=1



For part (C), the bias correction residual can be tightly bounded. Recall from Lemma C.6 that |m; ;| < (1 — 81)G .
Substituting this into the expression allows us to exactly cancel the denominator:

t
1= Kol 2y

O] < =

10, — 07

K2

M=

t=1

B ¢
(1= 51)Goc Do 95)

1-
1—

M=

~
Il

1

1
1—-p

GooDoo

T
GooDoo Y i <
t=1

Summing parts (A), (B), and (C) over all d dimensions and grouping the terms by v/7" and the interpolation total variation,
we obtain the highly condensed cumulative regret:

d T-1

D2 1 GooDoo

R(T) <> KQZ‘O +aG f %) VT + % <2 + 3 K - Kt+1,i|>1 (96)
i=1 t=1

Given Lemma C.7 that 3" |K; ; — K;11.4| < O(VT), the cumulative regret satisfies R(T) < O(V/T).
To prove convergence, we evaluate the average regret as 7' — co:
OWT)

. R(T) . . 1
S = = — ) =
Thm < Thm Thm O < f) 0 97



D. Convergence analysis for non-convex stochastic optimization (Theorem 3.3 in main paper).

We have relaxed the assumption on the objective function, allowing it to be non-convex, and adjusted the criterion for
convergence from the statistic R(T") to E(T"). Let’s briefly review the assumptions and the criterion for convergence after
relaxing the assumption:

Assumption D.1.

* Al Bounded variables (same as convex). ||§ — 6*||, < D, V§,6* or for any dimension ¢ of the variable,
D;, v0;,0F

* A2 The noisy gradient is unbiased. For V¢, the random variable (; is defined as (; = g: — V f (6;), (; satisfy E [(;] = 0,
E {HQH?} < 02, and when t; # t5, (;, and (;, are statistically independent, i.e., (;, L (.

* A3 Bounded gradient and noisy gradient. At step ¢, the algorithm can access a bounded noisy gradient, and the true gradient
is also bounded. i.e. ||V f(0)]| < G, ||g:]| < G, Vit > 1.

* A4 The property of function. The objective function f(6) is a global loss function, defined as f () =
limy—oo 7 23:1 f+(0). Although f (0) is no longer a convex function, it must still be a L-smooth function, i.e., it
satisfies (1) f is differentiable, V f exists everywhere in the domain; (2) there exists L > 0 such that for any 6, and 65 in the
domain, (first definition)

00, <

£(6) < f (00) + (VS (00), 02— 0) + 5 162~ ©8)

or (second definition)

IVf(01) =V f(02)ll, < L[|62 — b2l ©9)
This condition is also known as L - Lipschitz.

Definition D.2. The criterion for convergence is the statistic E (7'):

E(T)= min B [|V/ (6] (100)

t=1,2,...,

When T' — o0, if the amortized value of E (T"), E (T") /T — 0, we consider such an algorithm to be convergent, and
generally, the slower E (T") grows with T', the faster the algorithm converges.

Definition D.3. Define &; as

(= 0, t=1 aon
e Op+ 125 (00— 0,1) t>2

Lemma D.4. Let f be an L-smooth function. Then, for any points & and 0;, the following inequality holds:

(&) — f (&) < g 1€ — Oull2 + L |61 — Ecllz + (Vf (B) , €1 — &) (102)

Proof. Since f is an L-smooth function,

IVf (&) = Vf (0I5 < L2 |16 — 0,l5 (103)



Thus,

[ (&ev1) = f(&)
(&) &1 — &) + % €41 — &l

<(v
=<IJVNQ—Vﬂmx¢u@H—m>+WNM@Hl5» % s - &l
1
2

- va (&) —Vf (9t)||§ + L |[€e+1 —5t§) (V) &1 — &) + ||§t+1 ft”g

(104)
—2L IVF (&) = VF 0I5+ L11€er1 — &ll3 + (Vf (8e) , o1 — &)
SELQ € — 9tH§ + L[ &e1 — ft”; +(Vf(0), &1 — &)
:EHft — 0|5 + Ll &1 — &lls + (VF (0e) , & — &)
—_———
(1) (2) (3)
]

Theorem D.5. Consider a non-convex optimization problem. Suppose Assumption D.I are satisfied, and let oy = o/ \V/t. For
all T > 1, SGDF achieves the following guarantee:

2
E(T) < Cra*(logT + 1) + Cs

1
< /T (105)

where E(T) = miny—1o 7 E,—1 |||V f (6:) ||§} denotes the minimum of the squared-paradigm expectation of the gradient,

« is the learning rate at the 1-th step, C7 are constants independent of d and T', Cg is a constant independent of T', and the
expectation is taken w.r.t all randomness corresponding to g;.

Proof. According to Lemma D.4, we deal with the three terms (1), (2), and (3) separately.

Bounding Term (1): Whent =1, ||& — 9t||§ =0
When t > 2,
2

A
10

|m—mM—H 0, 0,1)

87
(1= p1)?
S Zd:((l Ki1) (M-1)” + Ki1,i97 )
= -1 — Ky —1, —1,i9t—1
(1 _51)2 i=1
(a)

g, i 2
< Q1 G;
(1*ﬂ1)2 i=1

2

N 2
O‘?—l Hgt71||2

(106)

Where (a) holds because for any ¢:

~ ¢ - t _
L[l < =57 Yamy (L= B1) By " |gsil < 1257 Xmy (1= B1) By "G = Gl
2. |lgell2 < G, Vt, or for any dimension of the variable i: ||g; ;||2 < G, Vt



Bounding Term (2): For the initial iteration ¢ = 1, we have:

&~ 6 =0+ T (62— 0) 0y
1
= 0y — 0
—p 2%
_ o A
- 1— 61 (gl)
o 1-K
=- 1_151 (1—611m1 +K1g1) (107)
(651 1-— Kl ( 0 ) aq
=— +(1-— — K
515 P+ (1= B1) ;1 =5 Ko
_ (6751 (]. — Kl)gl _ a1K1 o
1—p4 1—p
— @1
-1 —6191
Consequently, the squared £2-norm can be bounded as follows:
R |
— =|l-——¢
2 — &1y -4 1 ,
2
(0%
=mllglllé
a2 zd: , (108)
- gl,z
(1- 61)2 i=1

For subsequent iterations ¢ > 2, the difference between consecutive auxiliary variables expands as:

§e41 — & =011 + b (0141 — 0r) — 0 — o (0r — 0:-1)
1-p 1—-p1
1 5 (109)
= (Bpa1 — O) — —— (6 — 6,
=g O =0~ g (6= )
Recalling the parameter update rule, the difference 0,1 — 6, is given by:
Orr1 —0r = — Gy
- at(l — Kt)
=T TiCE my — a Kigy (110)
O[t(l Kt)

= _ % (Bimi—1 + (1 —B1) gt) — e Ky



Substituting this expression back into the expansion of &;1 — &; and rearranging the terms, we obtain:

Eip1 — &
1 o (1 — K,
T1-5 (_ ti — Bt ) (Bimy—y + (1= B1) g) — athgt>
A o1 (1 — Kyq)
- - o1 K190
1- 6 1_ i,l mi—1 — Q1 8¢_1Gt—1 a1l
_ b1 Moy ® (Oét(l — -i{t) (1 —tKltl))
1-5 1—p¢ 1- B
(at(l - Ki) | oK ) Brog_1 K1
- 7 ¢+ gi—1
1- 51 1- 51 1-— 51
Using the general inequality || A + B + C||3 < 3||A||2 + 3|| B3 + 3||C||3, we have:
o (1 — K ap_1(1— K 2
||€t+1 7&”5 < 3H 51 M1 ® < t( - t) e 1( t_lt 1)>
1-5 1- ﬂl 1-p 5
U-K) o\ [P, [ Bk : (12
el — By Qg 101K
+3|- + +3|———"g
H ( 17ﬂ{ 161)gt2 ‘ 17&1 gtlQ

To properly decouple the step size decay from the dynamic mask flipping, let n, = —Sgt . We can decompose the mask
1
difference algebraically by adding and subtracting 7,1 K;:

77t(1 - Kt) - ntfl(l - thl) =M — 77th —M—1 + ntfthfl

= —m—1) =M+ Ky — o1 Ky + 1 K (113)
= —me—1)(1 = K¢) + 1 (K1 — Ky)

Using the inequality || A + B||3 < 2||A||3 + 2||B||3, we bound the squared ¢, norm of this difference. Since K, ; € {0,1},
we have (1 — Kt,i)2 < 1 and (thl,i — Kt,i>2 = |Kt71,i — Kt,i|:

2 d
a(1-Ky)  opq(1— K q) 2
- - ) = Kp) 4 e (Kot — Ko
1_55 1— 1—1 , ;((Ut ne—1)( t,) N1 (K 1, t, )
d d
<2 (o1 —m) (1= Kea) +2) mi g (Koo — Kii)? (114)
i=1 i1
d d
<2 (mer =)+ 2001 ) 1K1 — Ko
i1 i=1

Since 7; is monotonically decreasing, 7; 1 —n; > 0, and thus (9,1 —n¢)? < n1(9e_1—n¢). Let Fy = Z?zl | K1 — K4
denote the total number of flipped mask bits at step ¢. To maintain a tight bound, we retain F;:

2

< 2dn (-1 — i) + 2071 Fy
2

2
op—1 Qi Q1
<2d - 2F, | ————
- m(l— . 1—Bi)+ t(l— H)

1

(1 -K)  oq1(1—Kioq)

1—p] 1=

(115)




Now, bounding the three terms of ||&;11 — §t||§ respectively. For the first term, since [m;_1 ;| < Gj:
2

B1 a(1-Ky)  a1(1 = Kyq)
3H1—51mt1®< 1- 4 - 1- gt >2
<3 Pt ) (24 A1 a oF, [ &=L i (116)
RRCEAE (mpxG1) ”1<1 “‘1—61)+ t(lﬁi‘l)

_ ﬁ27]1 2 Qg1 oy /82 9 Qo 2
=6 (max) (1—Bt‘1_ 61>+6Ft(1—151)2 (1max 1) (1_t1>

For the second term, notice that 1 — 31 < 1 — 3%, which implies 7 6 > ﬁ Since the dimensions masked by K; and
1

1 — K, are completely disjoint, we safely bound the disjoint coefficients using the globally larger denominator ﬁ:

Olt ]. — Kt thKt > <at Kt z athi>2 2
+ =3 ) g2
H< -8 Ti-a)” Z 1-5 —p) *

(117)
Qg 2
(i) Z
For the third term, we maintain the exact $; constant multiplier to prevent invalid bounding:
Prog—1Ki—1 : 510% 1 2
3||————g— G; 118
‘ -5 1—5122 (11s)
Therefore, bringing everything together, we obtain the corrected upper bound:
2 Bim ( )2 -1 o
— < di ; _
||€t+1 £t||2 —= 6 ( 51)2 m?“XG 11— t 1 I_B{
ﬁ% 2 -1 g
Hoh g5y (m?XGi) Tt (119)

2 51 apy 2
(1_ﬂ1) ZG +3; QZG
Bounding Term (3): When ¢ = 1, referring to the case of ¢ = 1 in the previous subsection, we expand the inner product:

(16,6 - &) = (V£ 1)~ flﬁ )

<w<ol>, )+ (V1 6). -1 2a) (120)

3 1—p
I+ (V500256 )

Note that we leave the inner product with the zero-mean noise (; exactly as it is, because it will vanish when taking the
conditional expectation later.
When t > 2,

VIO:),81 — &)
= <Vf (0),— 1 flﬁl me—1 © <at§1__/8?t) - i(i _tKlt 1)>>
+

<Vf (0),— (at(l — Ky) n a Ky ) vf (Ht)> + <Vf (6y),— (atil— ft(t) N a K, ) Ct> (121)
<

1—pt 1- 5 By 1—p

v (6,), Bemiki g, (9t_1>> T <Vf (6,). 510‘“}(“@_1>

1—51 1_/81



Let us deal with the terms after the equal sign separately.

Start by looking at the first term. We decouple the step size decay and dynamic mask flipping using the identity 7;(1 —
Kt) — ’I7t_1(1 — Kt—l) = (T]t — ’I’]t_l)(l — Kt) + nt—l(Kt—l — Kt) and Hijlder’s inequality (|<A, B>| S HAHOOHBHl)

B1 a(1-K;)  ap1(1—Ki—yq)
0,). — B _
<Vf(t), 1—ﬂ1mt 1© 1— g 1_ tl
B1 Oét(l - Kt) Qi 1(1 - K;_ 1)
Sl ||Vf (et)Hoo Hmtfllloo 1 —,8{ - 1_ t 1 1
d (122)
< 2l <maXG‘)2 Z( A1 e > +Z i 1 |K 1 — K
= C 3 —_1 t—1,7 t,2
L=pB \ s —\1-p7" 1-8
B1 < 2 Qg1 oy B1 2 oy
< G) - (max ) —2=L
=1_p, X g1 1) T1op e
where F; = Z?Zl |K;—1,; — Ky | represents the number of indices where the mask changes at step ¢.
For the second and third terms, notice that since 1 — 3 > 1— 31, we have atil:ﬁlft) + ‘1’“{8{’ > 2 ﬁt (1-Ki+K;) = 945
1 1 1
1-K K 1- K K
Vi), (S K) o Grg Ny (pey, - (0K L ek
1-p5 1-5 1-p1 1-75 (123)

V5 0013+ (160~ (T + 5 ) o)

Qi
-]
1—p1 1-p1 1—p

For the fourth term (the cross-gradient term), applying Holder’s inequality directly would yield an un-decaying O(ay—1)
penalty. Instead, we use the basic inequality 2(a,b) < ||a||3 + ||b||3. Since K;_1 ; € {0,1}, we have:

<Vf (6%), ﬂwf%lg?_lvf (0t—1)> — Blo‘t 1 ZKt LV 0V F(0-1)s
Jiou (124)
=21-8) ZKf 1i (V0 + V£(0:-1)7)
< o2 (194 @13+ 197 G-l

For the fifth term (the noise term involving (;_1), taking the absolute value would similarly result in an O(ay_1) error
bound. To properly bound it, we decompose the inner product to leverage the expectation later:

<Vf (et) 9 Wgtl> = flftél <Vf(9t,1), Kt,1 @ Ct71>
' 8 ' (125)
+ 115211 (VF(0:) =V f(0r-1), Kio1 © Ge-1)

Notice that when taking the expectation, the first part satisfies E;_o [(V f(0:-1), Kt—1 ® (;—1)] = 0 because both 6;_;
and K;_; are independent of the noise realization (;_;. For the second part, we apply the Cauchy-Schwarz inequality

and utilize the L-smoothness of the objective function. Given that ||0; — 0;_1|l2 < a—1]|gi—1]l2 < @r—14/ Zle G? and



ICe—1ll2 < 24/ Zle G2, we can bound this term strictly by O(a?_,):

ﬁffz (V1(0:) = Vf(Oi-1), Kio1 © Goon) < ﬂl de- 1 LIV F) = VI Gl 161
< flfgjL 160 = 011l 6ol
d d 126
S ﬂlat—lL o ZGZQ 9 ZG? ( )
1-5 i=1 i=1
- 2h T 1202
Finally, combining everything together:
(Vf(0),&+1— &)
prd 2 Qg1 Qg B 2 o
1- 5 (maxG) ( —g 1_@) + 5 (mzaxGi) = i_1Ft
oy Brog—1 Broy—1
— — Vfo ———— ||V f(0
(12 - 2L IVF @01 + 22 1970 .
t(l - Kt) o Ky
+<Vf(9t)’_< 5 1—51><t>
d
4 PO T O K © G} + o, Y G
i=1

Summarizing the results Since we have already rigorously bounded the cross-inner product terms and the noise components
in the previous subsection, we can proceed directly to summarizing the results.

First, taking the expectation E; over the random distribution of (7, (o, ..., (; on both sides of the inequality. Since the
value of 6, is independent of g;, they are statistically independent of ¢, and E; [(;] = 0. Therefore, all inner products with ¢;

perfectly vanish:
at(l — Kt) Oéth
B (100~ (5 + 25 ) o)

a (1 — Ky) o K 0 (128)
_/_ (L — 1y 4 -
(- (=R 28 vr 0 Bt 0
Combining the bounds from Term (1), Term (2), and the refined Term (3), for ¢ > 2, we have:
Ei [f (§41) — f (ft)]
Lﬂl 2 51771 Q1 Qi
§2(1_5)2 i 1;G +6dL(1—51) (maXG) <1_ t_l_l—ﬁ{)
6F, 1 Gi)2+3L> G2 Q-1 3L 'S G2
=g e Z ( B 1) i <1—/31> 2.¢
pid 32 Qp—1 823 B1 2 o1 (129)
Qy Brog—1 2 Brag—1
- (1 T 61)) E¢ [V f(00)l5 + TN )Et IV EO—)];

d
2LBy 9
+ oy G;
T



To maintain the inequality and simplify the notation, we define the following iteration-independent constants. Note that

L and we absorb the new noise bound into Cf:

Tm S 1— ﬁ s
1. Fora? 1 C; 2 2(1”51)2 Y Gt 2 T, G+ 2L G
2. Fora?: Cy & = ,31)2 ZZ G2

3. For the telescoping difference: C3 £ ?j“%f‘;‘; (max; G;)? + lﬁ 1; (max; G;)?
4

. For the dynamic mask flipping terms (both linear and squared): Cy £ = 5 L BB > (max; G;)? + (lf%zlyl (max; G;)?aq
Fort = 1:

Eq [f(&) = f(&)] <7 ZG2 5 E IV I( 01)l3 (130)

Summing up both sides of the inequality fort = 1,2,...,7T"
Left side of the inequality (LHS)

ZEt (1) = £ (&)] =B [f (€r42)] = Eo [f (€1)]

(131)
>f(07) = f (61)
Right side of the inequality (RHS)
T T 9 T 2 T Q1 Qi 1
ZEt[RHS] SZClat_l +202at +ZC3 t—1 Bt +ZC4
t=1 t=2 1=5
T T
2 g ||Vf(9t1)||3_z< A )E O
— 2(1-p) —~\1-p1 2(1-p1)
L d «
+—= a2 G- LR, |V
15 1; 5, IV,

We rigorously shift the index of the positive gradient expectation term to combine it with the negative counterpart. By
shifting k =t — 1:

T

T
> S IOl = 3 (725 5y ) B IV A0
t=
Pra
21—

T-1 /8 o
=5 gy B IV OIS+ 3 5 B IV
t=2
(133)
T—
Proe—1 2 aT prar—1 2
-3 (12 e Y s wsel - (1 - S ) B [V 601

pron a at Bi(o—1 + o) 2
gﬂT—gijvﬂ&Hb ;;(1ﬂ{— 20— B >E”Vﬂ&m2

where the inequality holds because we drop the strictly negative term — %ETHVJC (67)||% to upper-bound the expression.
Now, integrating the ¢ = 1 expectation term from the initialization, we observe that since 5; < 1, the combined coefficient
for t = 1 is strictly negative:

Bion ( 51) aq
1- ﬂ 2(1 - 1) 21— B) C2(1- )

For t > 2, we assume the effective learning rate is chosen to be small enough such that this coefficient bounds the descent

effectively: 1?}3{ - 61(2?{:1;1)0%) = Z(ﬁtﬂ{).

EL V005 + 57— B IVAO)5 = — a2 B [VF(01)l5 < Ei[Vf(01)]5 (134)

)



and the mask flipping bounded by Sy, we have:

T

(673 2
Stota — g T vl ass

aq

1—ﬁ1 1—-p

T
f(07) = f(01) < (C1 +Cy) Za + C3
=1

Rearranging the terms to isolate the gradient norm:

T T
g I O] <o S0 s 0o

Let Cy £ 2(C1y + C3) and let Cg absorb all the non-decaying initial constants, Cjg £

2 (f(Hl) — f(6) + Cgﬁ +C4%Stmal>. Note that since 1 — 3¢ < 1, we universally have IJB{ > 1. There-

fore, multiplying both sides by 2 yields:
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Extracting the minimum over the trajectory E(T") = min;—,_ 7 E;—1 {HVf (0:) ||§} :
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Since oy = a/+/t, we apply the standard integral bound for the squared step size summation:
T T 1 T 1
Zaf:cﬁzfgcﬁ 1+/ —dz | = a*(logT + 1) (139)
t=1 il 1t

For the linear step size summation, we can strictly lower bound it by replacing each term with the minimum term in the
T
=a— =T (140)

sequence:
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Substituting the upper bound of the numerator and the lower bound of the denominator yields the final finite-time
convergence bound:
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E. Detailed Experimental Supplement

We performed extensive comparisons with other optimizers, including SGD [25], Adam [14], RAdam [21] and AdamW [22],
and so on. The experiments include: (a) image classification on CIFAR dataset [15] with VGG [31], ResNet [11] and
DenseNet [13], and image recognition with VGG, ResNet, and DenseNet on ImageNet [6].

E.1. Image classification with CNNs on CIFAR

For all experiments, the model is trained for 200 epochs with a batch size of 128, and the learning rate is multiplied by 0.1
at epoch 150. We performed extensive hyperparameter search as described in the main paper. Here, we report both training
and test accuracy in Fig. | and Fig. 2. Detailed experimental parameters we place in Tab. 1. We summarize the mean best test
accuracies and their standard deviations for each algorithm in Tab. 2. The best results are highlighted in bold font. SGDF
not only achieves the highest test accuracy but also a smaller gap between training and test accuracy compared with other
optimizers. We ran each experiment three times with different seeds {0, 1, 2} to ensure the robustness of the results.

Table 1. Hyperparameters used for CIFAR-10 and CIFAR-100 datasets.

Optimizer  Learning Rate [} Ba Epochs Schedule Weight Decay Batch Size €
SGDF 0.5 09  0.999 200 StepLR 0.0005 128 le-8
SGD 0.1 0.9 - 200 StepLR 0.0005 128 -
Adam 0.001 0.9  0.999 200 StepLR 0.0005 128 le-8
RAdam 0.001 0.9  0.999 200 StepLR 0.0005 128 le-8
AdamW 0.001 0.9  0.999 200 StepLR 0.01 128 le-8
MSVAG 0.1 0.9  0.999 200 StepLR 0.0005 128 le-8
AdaBound 0.001 0.9  0.999 200 StepLR 0.0005 128 -
Sophia 0.0001 0.965 0.99 200 StepLR 0.1 128 -
Lion 0.00002 0.9 0.99 200 StepLR 0.1 128 -
AdaBound 0.001 0.9  0.999 200 StepLR 0.0005 128 le-8
Table 2. Test Accuracies for CIFAR-10 and CIFAR-100 across different models and algorithms.
CIFAR-10 CIFAR-100
Algorithm
| VGGI1  ResNet34 DenseNetl2l | VGGI1  ResNet34  DenseNetl2]
SGDF 91.61.021 95.3310.19 95.74 10,06 68.12.0.15 77.691064 80.1710.19
SGD 89.8310.05 94.62410.07 94.5210.03 63.4840.39 76.8810.12 78.77+0.27
Adam 88.12:|:0.10 94-30:t0.06 94.3710.17 56.27:|:0,32 72.81:‘:0.45 74.67;&0.45
AdamW 88.59i0.20 94-42i0.00 94-61i0.06 58~09i0.69 72-74i0.45 74.96i0410
RAdam 90471034 93414021 93.7510.04 60.2010.37 T74.0810.35 75.8240.08
MSVAG 90.084+0.13 94.79+0.08 95.0140.12 61.5540.23 795.79+0.06 76.8410.13
Lion 88.0410_06 93.97:‘:0,10 94.2610,02 55.5910_15 72.79:;:0,14 73.4110,10
SophiaG 88.53:|:0.04 94~15:t0.26 94.53;&().13 58.01:|:1,85 72.83:‘:0.18 75.81;&).23
AdaBound 90-41i0.12 94-93i0.12 95.06i0.13 64.51i0_15 76.37i0.29 77-43i0418
AdaBelief 91.24:|:0.04 95.18i0_01 95.44:|:0,04 67.5910,03 77.47:‘:0.34 7920:&0.16
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Figure 1. Training (top row) and test (bottom row) accuracy of CNNs on CIFAR-10 dataset. We report confidence interval ([u £ o]) of 3
independent runs.

E.2. Image Classification on ImageNet

We experimented with a VGG / ResNet / DenseNet on ImageNet classification task. For SGDF and SGD, we set the initial
learning rate of 0.5 same as CIFAR experiments. The weight decay is set as 10~ for both cases to match the settings in [21].
Here (31 serves to capture the gradient mean. The more closer f; is to 1, the longer the moving window is and the wider
the historical mean is captured. Since ImageNet dataset has more iterations than CIFAR dataset, we directly set 51 = 0.5 to
prevent K; from being overly influenced by the historical mean gradient. For sure, setting 31 to 0.9, consistent with CIFAR
experiments can also be superior to SGD, and adjusting 31 to 0.5 or 0.9 according to the size of the dataset and batch size can
bring better results. Detailed experimental parameters we place in Tab. 3. As shown in Fig. 3, SGDF outperformed SGD.

Table 3. Hyperparameters used for ImageNet.

Optimizer Learning Rate [ B Epochs Schedule Weight Decay Batch Size €
SGDF 0.5 0.5 0.999 100/90  Cosine 0.0001 256 le-8
SGD 0.1 0.9 - 100/90  Cosine 0.0001 256 -

E.3. Objective Detection on PASCAL VOC

We conducted object detection experiments on the PASCAL VOC dataset [9]. The model used in these experiments
was pre-trained on the COCO dataset [20], obtained from the official website. We trained this model on the VOC2007 and
VOC2012 trainval dataset (17K) and evaluated it on the VOC2007 test dataset (5K). The utilized model was Faster-RCNN [29]
with FPN, and the backbone was ResNet50 [11]. We train 4 epochs and adjust the learning rate decay by a factor of 0.1
at the last epoch. We show the results on PASCAL VOC [9]. Object detection with a Faster-RCNN model[29]. Detailed
experimental parameters we place in Fig. 4. The detection examples are shown in Fig. 4. These results also illustrate that our
method is still efficient in object detection tasks.
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Figure 2. Training (top row) and test (bottom row) accuracy of CNNs on CIFAR-100 dataset. We report confidence interval ([ & o]) of 3
independent runs.
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Figure 3. Training and test accuracy (top-1) of ResNet18 on ImageNet.

Table 4. Hyperparameters for object detection on PASCAL VOC using Faster-RCNN+FPN with different optimizers.

Optimizer Learning Rate [ B2 Epochs Schedule Weight Decay Batch Size €

SGDF 0.01 0.9 0.999 4 StepLR 0.0001 2 le-8
SGD 0.01 0.9 - 4 StepLR 0.0001 2 -

Adam 0.0001 0.9 0.999 4 StepLR 0.0001 2 le-8
AdamW 0.0001 0.9 0.999 4 StepLR 0.0001 2 le-8
RAdam 0.0001 0.9 0.999 4 StepLR 0.0001 2 le-8
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Figure 4. Detection examples using Faster-RCNN + FPN trained on PASCAL VOC.

E.4. Image Generation

The stability of optimizers is crucial, especially when training Generative Adversarial Networks (GANSs). If the generator
and discriminator have mismatched complexities, it can lead to imbalance during GAN training, causing the GAN to fail to
converge. This is known as model collapse. For instance, Vanilla SGD frequently causes model collapse, making adaptive
optimizers like Adam and RMSProp the preferred choice. Therefore, GAN training provides a good benchmark for assessing
optimizer stability. For reproducibility details, please refer to the parameter table in Tab. 6.

We evaluated the Wasserstein-GAN with gradient penalty (WGAN-GP) [30]. Using well-known optimizers [2, 37], the
model was trained for 100 epochs. We then calculated the Frechet Inception Distance (FID) [12] which is a metric that
measures the similarity between the real image and the generated image distribution and is used to assess the quality of
the generated model (lower FID indicates superior performance). Five random runs were conducted, and the outcomes are
presented in Tab. 5. Results for SGD and MSVAG were extracted from Zhuang et al. [39].

Table 5. FID score of WGAN-GP.

Method \ SGDF Adam RMSProp RAdam Fromage Yogi AdaBound SGD MSVAG
FID \ 88.7+49 786+48 109.2+145 934483 101.5+289 138.7+21.2 119.8+24.6 250.3£30.1 239.7+5.2

Experimental results demonstrate that SGDF significantly enhances WGAN-GP model training, achieving a FID score
higher than vanilla SGD and outperforming most adaptive optimization methods. The integration of an Optimal Linear Filter
in SGDF facilitates smooth gradient updates, mitigating training oscillations and effectively addressing the issue of pattern
collapse.

Table 6. Hyperparameters for Image Generation Tasks.

Optimizer  Learning Rate /33 Ba Epochs  Batch Size €

SGDF 0.01 0.5 0.999 100 64 le-8
SGD 0.01 0.5 - 100 64 -

Adam 0.0002 0.5 0.999 100 64 le-8
AdamW 0.0002 0.5 0.999 100 64 le-8
Fromage 0.01 0.5 0.999 100 64 le-8
RMSProp 0.0002 0.5 0.999 100 64 le-8
AdaBound 0.0002 0.5 0.999 100 64 le-8
Yogi 0.01 0.5 0.999 100 64 le-8

RAdam 0.0002 0.5 0.999 100 64 le-8




E.5. LSTM on Language Modeling

We experiment with LSTM [23] on the Penn-TreeBank dataset [24]. For SGDF, we apply gradient clipping with values
of 0.1 for the LSTM 1-layer, 0.15 for 2-layer, and 0.25 for 3-layer. The learning rate is decayed by multiplying it by 0.1 at
epochs [100, 145] using StepLR scheduling, as detailed in Tab. 7 alongside other hyperparameters. We report the mean and
standard deviation across 3 independent runs with random seeds {0, 1, 2} to ensure result robustness. As shown in Fig. 5,
which presents both training and test perplexity curves for 1-layer, 2-layer, and 3-layer LSTM architectures, SGDF consistently
outperforms other optimizers by achieving the lowest perplexity across all model configurations, highlighting its effectiveness
for sequence modeling tasks. Notably, Adabelief performs poorly under standard parameters, failing to match the performance

of other optimizers.
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Figure 5. Training (top row) and test (bottom row) perplexity on Penn-TreeBank dataset, lower is better.

Table 7. Hyperparameters used for LSTM.

Optimizer  Learning Rate [ Ba Epochs Schedule Weight Decay Batch Size €
SGDF 60 0.9 0.999 200 StepLR 1.2e-6 20 le-8
SGD 30 0.9 - 200 StepLR 1.2e-6 20 -
Adam 0.001 0.9 0.999 200 StepLR 1.2e-6 20 le-8
RAdam 0.001 0.9 0.999 200 StepLR 1.2e-6 20 le-8
AdamW 0.001 0.9 0.999 200 StepLR 1.2e-6 20 le-8
MSVAG 30 0.9 0.999 200 StepLR 1.2e-6 20 le-8
AdaBound 0.001 0.9 0.999 200 StepLR 1.2e-6 20 -
Yogi 0.01 0.9 0.999 200 StepLR 1.2e-6 20 le-3
Fromage 0.01 0.9 0.999 200 StepLR 1.2e-6 20 -
Adabelief 0.001 0.9 0.999 200 StepLR 1.2e-6 20 le-8




E.6. Post-training in ViT.

To evaluate SGDF’s performance, we used Vision Transformers (ViT) [7] on six benchmark datasets: CIFAR-10, CIFAR-
100, Oxford-IIT-Pets [27], Oxford Flowers-102 [26], Food101 [3], and ImageNet-1K. Two ViT variants, ViT-B/32 and
ViT-L/32, pretrained on ImageNet-21K, were selected. For fine-tuning, we replaced the original MLP classification head with
a new fully connected layer, tailored to the dataset categories. All Transformer backbone weights were retained, preserving the
rich representations learned from ImageNet-21K. We increased the image resolution (e.g., from 224 x 224 to 384 x 384) to
improve accuracy, while adjusting positional encoding through 2D interpolation to match the new resolution. For optimization,
SGDF was compared to SGD with momentum as a baseline (We research learning set { 0.001, 0.003, 0.01, 0.03} same as [7].
For ours method, we’re not tuning and just mirror the hyperparameter in the CIFAR experiments.), using cosine learning
rate decay and no weight decay. A batch size of 512 and global gradient clipping (norm of 1) were used to prevent gradient
explosion. All experiments were trained uniformly for 10 epochs and the random seed is set as the current year. We set the
random seed to {0, 1, 2}. We summarized the hyperparameter in Tab. 8.

Table 8. Hyperparameters used for fine-tuning ViT.

Optimizer Learning Rate (3, B Epochs Schedule Weight Decay Batch Size € Resolution

SGDF 0.5 0.9 0.999 10 Cosine 0 512 le-8 384
SGD 0.03 0.9 - 10 Cosine 0 512 - 384

E.7. Top Eigenvalues of Hessian and Hessian Trace

We computed the Hessian spectrum of ResNet-18 trained on the CIFAR-100 dataset for 200 epochs using more optimization
methods: SGDF, SGD, SGD-EMA, SGD-CM, Adabelief, Adam, AdamW, and RAdam. We employed power iteration [35] to
compute the top eigenvalues of Hessian and Hutchinson’s method [36] to compute the Hessian trace. Histograms illustrating
the distribution of the top 50 Hessian eigenvalues for each optimization method are presented in Fig. 6. SGDF brings lower
eigenvalue and trace of the hessian matrix, which explains the fact that SGDF demonstrates better performance than SGD as
the categorization category increases. Note that Fig. 6g shows that AdamW achieves very low hessian matrix eigenvalues and
traces, but the final test set accuracy is about 4% lower than the other methods, and that AdamW’s unique decouple weight
decay changes the nature of the converged solution (We apply decoupled weight decay to other algorithms and similar results
occur).
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Figure 6. Histogram of Top 50 Hessian Eigenvalues.



E.8. Visualization of Landscapes

We visualized the loss landscapes of models trained with SGD, SGDM, SGDF, and Adam using the ResNet-18 model on
CIFAR-100, following the method in [18]. All models are trained with the same hyperparameters for 200 epochs. As shown in
Fig. 7, SGDF finds flatter minima. Notably, the visualization reveals that Adam is more prone to converge to sharper minima.

(a) Adam (b) SGD (c) SGDM (d) SGDF

Figure 7. Visualization of loss landscape. Adam converges to sharp minima.

E.9. Computational Cost Analysis

Tab. 9 reports the per-parameter arithmetic cost of several optimizers. We count elementwise multiplications, addi-
tions/subtractions, divisions, and square roots as unit-cost operations. Red numbers indicate the additional overhead of coupled
weight decay, while green numbers indicate the smaller overhead of decoupled weight decay. Compared with plain stochastic
gradient methods, adaptive optimizers (e.g., Adam and SGDF) incur extra operations for moment estimation and normalization.
Their optimized variants (AdamW and optimized SGDF) reduce compute by removing redundant elementwise divisions and
using decoupled weight decay.

Optimizer Per-Parameter FLOPs Operation Breakdown

SGD ~ 2 ops/param (+2 ops) (+1 op) {1x, 1+}

SGDM ~ 4 ops/param (+2 ops) (+1 op) {2x, 2+}

Adam 16 ops/param — 14 ops/param (+2 ops) (+1 op)  {7x, 54, 3+, 1./} — {7x, 4+, 2+, 1./}

SGDF 22 ops/param — 20 ops/param (+2 ops) (+1 op) {10x, 6+, 2—, 2=, 1\/} — {10x, 6+, 1—, 1+, 1\/}

Table 9. Arithmetic cost and operation breakdown of optimizers. Red: Coupled Weight Decay, Green: Decoupled Weight Decay.

Both Adam and SGDF reduce per-parameter cost through algebraic simplification and bias-correction restructuring. For

Adam, the update follows m; = B1my_1 + (1 — B1)gt, ve = Bovi—1 + (1 — Ba2)g2, and 0,11 = 0; — 1 %

/1_ At
AdamW, redundant elementwise divisions are avoided by precomputing step_size = 7 117 ﬁfz and using decoupled weight
1

Tt . This reduces roughly two operations per parameter (16 — 14) while preserving the

Vouite®

decay: 0 < (1 — n\)0 — step_size
update.

Inspired by this design, SGDF refines adaptive updates via the residual-variance estimate. Let m; = m;/(1 — 3%) and
S = s¢/ca,, Where co y = % The gainis K; = W, and the filtered gradient is g; = M+ K} (g:—m),
yielding 6,41 = 6, — 1 g;. A direct elementwise implementation explicitly forms §; = s;/ca; (one elementwise division) and
evaluates (g — m;) twice (once in Ky, once in g;), resulting in about 22 operations per parameter.

Our optimized implementation avoids explicitly forming s; by substituting §; = s;/ca; into K and multiplying numerator
and denominator by c; ;, obtaining the equivalent form K; = - ((;timt)g rap This removes one elementwise division
(replacing it with a scalar multiplication). In addition, we reuse the residual r; = g; — 7 across the gain computation and the
final filtered update, eliminating one redundant elementwise subtraction. With decoupled weight decay, the per-parameter cost
is reduced from about 22 — 20 operations.

To complement the theoretical operation analysis, we further conducted an empirical runtime evaluation to quantify the

real-world computational efficiency of different optimizers. Each optimizer was benchmarked on FP16 mixed-precision




Model SGDM (h) Adam (h) SGDF (h)

VGG13 45.71 45.90 47.78 0,63
ResNet101 35.11 35.32 39.7711 59
DenseNet161 57.68 58.03 64.81 1 99

Table 10. Total training time (h) for 100 epochs with batch size 256 on FP16 AMP in 2242 Pixel ImageNet.
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Figure 8. SGDF with or without the correction factor. The curve shows the accuracy of the test.

training for 100 epochs with a batch size of 256 across representative CNN backbones (VGG13, ResNet101, DenseNet161) on
ImageNet. The measured wall-clock times are summarized in Tab. 10.

E.10. Ablation Study

We derived a correction factor (1 — 31)(1 — 83%)/(1 + /31) from the geometric progression to correct the variance of by the
correction factor. So we test the SGDF with or without correction in VGG, ResNet, DenseNet on CIFAR. We report both
test accuracy in Fig. 8. It can be seen that the SGDF with correction exceeds the uncorrected one. To better observe the
effect of static momentum coefficients on the gradient estimation, while comparing our time-varying SGDF. We use VGG [31]
because it is a very standard network with no modules that interfere with the gradient, allowing for a better representation of
the optimizer’s update mechanism. We trained it with different SGD-based methods: Vanilla SGD, SGD with EMA, SGD
with Filter, and SGD with CM. Then, we plot curve in Fig. 9 and use kernel density estimates of gradient values distribution
over the first 100 iterations in Fig. 10.

From Fig. 9, applying SGD with EMA and Filter, convergence is faster than vanilla SGD. EMA has less fluctuation in test
curves. WF demonstrates higher test accuracy with the same training set accuracy and reduced generalization gap. On the
other hand, CM is slow to converge and results fluctuate because of the larger bias and variance.

Fig. 10a shows high variance and uneven gradient values distribution in Vanilla SGD, resulting in training oscillations
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Figure 9. Train the VGG model on the
CIFAR-100 dataset using the same initial Figure 10. The gradient histogram of the VGG on the CIFAR-100 dataset. The x-axis is
learning rate of 0.1, and multiply it by a fac- the gradient value and the height is the frequency. SGD trains the VGG without BN, the
tor of 0.1 at the 150th epoch. variance of the gradient fluctuates dramatically and the update is unstable.

that hinder stable convergence. In contract, Fig. 10b and Fig. 10d shows concentrated gradient distribution and not distorted.
Especially, Fig. 10c shows that SGD-CM smooths values fluctuations but introduces gradient shift, causing bias and variance
over time. Previous research highlights that momentum struggle to adapt to variations in the curvature of the objective function,
potentially causing deviation in updates [8, 38].

E.11. Extensibility of Filter-Estimated Gradients

The study involves evaluating the vanilla Adam optimization algorithm and its enhancement with an Optimal Linear Filter
on the CIFAR-100 dataset. Fig. 11 contains detailed test accuracy curves for both methods across different models. The
results indicate that the adaptive learning rate algorithms exhibit improved performance when supplemented with the proposed
first-moment filter estimation. This suggests that integrating an Optimal Linear Filter with the Adam optimizer may improve
performance.
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Figure 11. Test accuracy of CNNs on CIFAR-100 dataset. We train vanilla Adam and Adam combined with Optimal Linear Filter.



E.12. Classical Momentum Discussion

In our framework, the EMA-Momentum is treated as a low-pass filter, in the nature of noise reduction. Cutkosky et al. [5]
also proves the property that EMA-Momentum cancels out noise, further supporting our analysis. We further discuss classical
momentum here.

Theoretically, we show that momentum converges faster than SGD in the setting of u-strong acceleration, but deep learning
optimization does not always conform to this. Leclerc et al. [17] tested the classical momentum at different learning rates,
taking the momentum factor {0, 0.5, 0.9}. It is empirically found that it is at small learning rates that the classical momentum
speeds up the convergence of training losses. That is, SGD-CM can be either better or worse than SGD. In addition, Kunstner et
al. [16] found that the classical momentum can only show an advantage over SGD when the batch size increases and approaches
the full gradient, at which point the noise introduced by random sampling is almost non-existent. In our proof, we mentioned
that SGD-CM introduces both bias and variance, but with a full gradient, SGD-CM does not introduce noise and only causes
the gradient to produce bias.

We have not analyzed the nature of bias and variance for convergent solutions, but a certain amount of bias may lead to
better results when the noise is reduced, and intuitively this may help the algorithm to discuss saddle points or local minima
and converge to flatter regions, in a similar nature to the implicitly flat regularity introduced by noise [34]. Because the
algorithm converges, the gradient at the position of convergence must be stable, and the classical momentum accumulation
gradient, with its large values, must go to a smooth plateau in order to avoid oscillations. Also, it is implied that the gradient
bias may not produce irretrievable results, since the bias decreases as the gradient converges, and the direction of the gradient
may be more important. Sign SGD [1] takes sign for the gradient, which also converges, and only needs to be applied to the
cosine learning rate decay.

Our overall opinion is that CM does not accelerate SGD, but brings better generalization. Early deep learning optimizations
focused on reducing the noise introduced by SGD, resulting in several variance reduction algorithms, where reducing variance
increases the speed of convergence [4]. The noise introduced by CM hinders convergence, but bias brings better generalization.
Thus, the above empirical observation that the momentum method can only be accelerated at small learning rates is due to the
reduced step size of SGD, which naturally slows down the convergence rate. Whereas the bias from CM offsets the effect of
the reduced step size, and the step size reduces the variance of the gradient sequence. This also implies why deep learning uses
warm-up to make the gradient more stable in the pre-training period[21].
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