A. Extended Background
A.1. Conformal Factuality

Let X € X be a prompt and let 7 : X — A()) denote a fixed generator over completions. At inference time, we repeatedly
draw candidates Y ~ (- | X) and seek a prediction set that contains at least one correct answer with high probability:

P(y € CalXns1): AXni1,p) = 1) 21— 0, (A1)

where « is the target error level and A(X, y) € {0, 1} indicates whether candidate y is correct for prompt X . To achieve this
guarantee, each sampled candidate is evaluated with a verifier score V' : X x ) — [0, 1]. In this paper, smaller verifier scores
are better, so a calibrated acceptance rule amounts to choosing a threshold and retaining all candidates with score below it.

A.2. Inductive Conformal Prediction

Split conformal prediction transforms the outputs of a black-box model into valid prediction sets using a held-out calibration

set [17, 20]. Given calibration pairs {(Xl,YZ)} *; and a nonconformity score function s : X x Y — R, one computes
cahbratlon scores V; = s(X;,Y;), sorts them, and forms the empirical quantile
Q1o = Virivena—a))- (A.2)
The corresponding split-conformal prediction set is
Croa(Xn+1) == {y € Vi s(Xn41,9) < Qu-aly (A3)

which satisfies marginal coverage
P(Yvi1 € Croa(Xnsn)) 2 1-a (A4)

under exchangeability. In the conformal-factuality setting, this corresponds to using one global acceptance threshold for all
prompts.

A.3. Conditional Conformal Prediction

Marginal coverage holds only on average over the prompt distribution. For LLMs, this can hide severe heterogeneity: easy
prompts may be over-covered while hard prompts are under-covered. The ideal pointwise conditional guarantee

IP’(YN+1 € C(Xns1) | Xns1 = z) >1-a (A.5)

is impossible to achieve exactly in finite samples without strong assumptions [6, 19].
Following Gibbs et al. [7], one can rewrite exact conditional coverage as an infinite family of weighted marginal con-
straints:

P(YN+1 € C(Xn11) | XN+1> =l-a < E[f(XN+1)(]l{YN+1 € C(Xn1)}—(1— a))] =0 (A.6)
for all measurable f. Their relaxation replaces the class of all measurable functions with a chosen function class F:
]E[f(XN+1)(11{YN+1 e C(Xys1)} — (1— a))} —0, forall f € F. (A7)

Taking F = {1} recovers marginal conformal prediction, while F = {®(-)"8 : 8 € R} yields a finite-dimensional
feature-conditional target.
For this linear class, Gibbs et al. define an augmented quantile-regression estimator using the pinball loss

pr-a(u) =u((1—a)—1{u < 0}). (A.8)

Given calibration scores {(X;,S;)}}¥, and a fresh candidate score S, the augmented fit is

Zm oS5 = 9(X0) + ——p1_a(S — g(Xns1)). (A9)

Js = argmln N+l

The resulting prediction rule keeps labels whose score does not exceed the fitted value at the same score:

C(Xn41) = {v: S(Xn+1,9) < Fs(Xnrrp)(Xns1)}- (A.10)



Theorem A.1 (Gibbs et al. [7], Theorem 2). Let F = {®()T 3 : 8 € R?} be a linear class over the basis ® : X — R<.
Then for any non-negative f € F with E[f(X)] > 0, the prediction rule above satisfies

P, (YN+1 e é(XNH)) >1-a. (A.11)

Our method is a conformal-factuality instantiation of this framework, with the latent success score S(X) replacing the
standard label-wise nonconformity score and a fixed-point construction used to obtain the deployed threshold.

B. Proof of Results from the Main Paper
B.1. Proof of Theorem 4.1
Proof. Recall the success score
S(X) = inf{A € [0,1]: £x(X) =0} = inf{V(X,y):y € C(X), A(X,y) = 1},
so that for any threshold A(X) € [0, 1],
(FyeCa(X): AX,y) =1} <= {S(X)<AX)}. (B.1)

Thus, if we show that N
]P)f(S(XNJrl) S )\Q(XN+1)) Z 11—« (B2)

for every non-negative f € F with E[f(X)] > 0, the result follows immediately from (B.1).
Throughout, for any such f we define the f-reweighted probability of an event £ by

E[f(X)1{(X,S) € E}]

Br(E) = E(X)]

Let 7 := 1 — « and recall the pinball loss
pr(u) = u(r — 1{u < 0}).

Let Bg be the augmented quantile-regression minimizer from Eq. (B.5) for the realized calibration set and the fresh pair
(X, S), and define g(S) := ®(X) ' Bs. Then for any nonnegative f € F with E[f(X)] > 0,

E[f(X)1{S < g(S)}] = (1 -a)E[f(X)].
Fix v € R? with f(X) = ®(X) T~ > 0 for all X and consider

Un(e) oa(S — 20T (Bs + 7).

1 N
= T 2 o (S = (X)) (Bs +ev) +
=1

By convexity and optimality of s, ¥ (07) > 0. This gives

N
UN0%) = 5 | S0(0 - @) — 148, < ®(X) T8 ) F(X0) + (1= @) — 1S < 8(X) T Bs})S(X) | 2 0.
=1
Rearranging,
L N]15<<I>XT X L jis<ax)T X) > (1 LS X 1 L X
mz {8 < o(X;) Bs}Hf( i)‘i'm {S<o(X) Bs}f(X) > ( —a)N+1;f( i)+ ( —a)N+1f( )-

Now take expectation over all N+1 exchangeable draws. By exchangeability, each of the N+1 summands on each side has
the same distribution, so
E[f(X)1{S < @(X)"Bs}] > (1-a)E[f(X)].



Since g(S) = ®(X) T Bs, the claim follows.
Recall the CFC threshold

Xa(X) = sup{te[0,1]: t<g(t)},  g(t)=®(X) B
By definition of the supremum, for any realized S € [0, 1] we have
I{S < g(9)} < 1{S < Na(X)}. (B.3)
Multiplying (B.3) by f(X) > 0 and taking expectations,
E[f(X)1{S < Xa(X)}] 2 E[f(X)1{S < g(S5)}] = (1 - ) E[f(X)]
Dividing by E[f(X)] > 0 gives
Ps(S < Aa(X)) > 1—a.
By definition of the success score and the prediction set,

{S(X)<h(X)} = {FyelaX): AX,y)=1}.

Therefore,
Pf(ay € Oa(X): A(X,y) = 1) = P, (S(X) < XQ(X)) > 1-a,

as claimed. O

B.2. Proof of Theorem 4.2

Proof. Write the calibration set as
Dear = {(Xi, Si) L1, (XN+1,SN41) ~iid. as (X, .9;),

and recall the success indicator

Z(z,s) =1 nga(x)},

=

so that Z(X, S) = 1 iff there exists a correct candidate in Ca (X).
Define
Q(Deat) = B(Z(X,S) = 1| Dea) = E[Z(X, ) | Deal]-

By Theorem 4.1 applied with f = 1 and the law of total expectation,
P(Z(X,S8)=1) =Ep_, Q(Dea) > 1—cv.

Thus
Ep,., [@(Dea)] > 1—a. (B.4)

We now show that QQ(D..;) is Lipschitz in the calibration set, with sensitivity of order 1/N to replacing one calibration
pair.

Let D = {(X;,5)}Y, and D' = {(X], S})}Y, differ only in the k-th pair. For a fixed test prompt « and a candidate
success score s € [0, 1], consider the ridge-regularized augmented quantile regression objective

1
N+1

1 & A
B = Nr1 ;Pl—a (Si—®(X;)"8) + pi_a(s —@(z)" B) + §||[3H§ (B.5)

Let 85(D, x) and B5(D’, ) denote the unique minimizers of (B.5) with D and D’ respectively, and define

gp(z,s) = ®(x)" Bs(D, ), gp(z,5) == ®(x)" B,(D, ).



By Assumption (1), ||®(X;)||2 < R almost surely, and the pinball loss is 1-Lipschitz. Hence each sample loss is R-
Lipschitz in 8. By Assumption (2), adding the ridge term makes the objective (B.5) strongly convex. Standard stability
results for regularized ERM imply that replacing one data point perturbs the minimizer by at most

, Ci\R
|85(D, ) — Bs(D', 2)]|, < %N

for some universal constant C; > 0, uniformly over s € [0,1] and x.
Using Assumption (1) again,

C1 R?

|90(@, 5) = gpr (2, )| < [@()||2 [|8:(D, 2) = B,(D", w)|, < ==

Thus there is a constant Cy > 0 such that

sup sup |gp(z,s) — gp (2, )| < (B.6)

2
TEX s€(0,1] N

The CFC threshold at x is N
AP) (@) = sup{s € [0,1]: s < gp(z,s) },
and similarly for XSXD/) (x). Under the fixed-point construction in Eq. (4.3), this threshold is a Lipschitz functional of s

gp(x, ) in the uniform norm: there exists a constant C3 > 0 such that

sup|/)\\gp)(x)—j\\&p,)(x)‘ < N (B.7)
rzeX

For a fresh test pair (X, .5),
Q(D) = P(S < AP(X) | D) = E[Fopx AP(X)) | D],

where Fg|x—,(-) is the conditional CDF of S given X = x.
By Assumption (3), for each  the map ¢ — Fyg|x—,(t) is L-Lipschitz on [0, 1]. Combining this with (B.7) yields

Gy

QD) — QD] < L sup AP () — AP ()| <
TEX

where Cy := LC3. Thus Q(D.,)) satisfies bounded differences with constants ¢; = C4/N fori =1,..., N.
By McDiarmid’s inequality, for any € > 0,

P(Q(Dcal) S EDcal [Q(Dcal)] - 5) S exp <_2]C\;2€) .

e I log(1/4)
en(d) := mq/log5_0< N).

Then with probability at least 1 — § over De,,
Q(Dcal) Z ]E'Dcal [Q(Dcal)] - EN((S) (B8)

Given § € (0, 1), set

Combining (B.8) with (B.4) yields
Q(Dcal) 2 l1-—a- €N(5)

with probability at least 1 — 4, i.e.
P(Z(X,8) =1[Deca) > 1—a—en(9),

Finally, we have aeg = max{0,a — en ()} = o — en(0) (the slack is a small term) from algorithm 2, then,

IE”(S < N (X)) | Dcal) >1— e —en(d)=1—a,



B.3. Proof of Proposition 4.3
Proof. Let

ug i=1—aq, uz(t) == Fy(N).

Since P(S < ) =1 — o, we have .
E[usx(T)] =E[Fr(A)] =1 — a = uo.

By Assumption 2, the map ¢ — w3 () is nonincreasing.
Now,
E[Gx(X\*(X))] = E[Gr(4a(T))] = E[Cr(uo)],

because ¢, (t) = F; *(ug), and also
E[Gx(N)] = E[Gr(V)] = E[Cr(us(T))].

Set
Then a(t) is nonincreasing in ¢ and

By convexity of Cy(-), for each ¢,
Ci(ux(t)) = Ci(uo) + 0uCy(uo) (ux(t) — uo)-

Hence

Cilus(1) - Coluo) = m(t)a(t),  m(t) = 9,C(uo).

By Assumption 4, m(t) is nonincreasing in ¢. Since both m(¢) and a(t) are nonincreasing, Chebyshev’s rearrangement
inequality gives
Efm(T)a(T)] > Efm(T)] Ela(T)] = 0,

Taking expectations in the previous convexity bound yields
E[Cr(ux(T))] — E[Cr(uo)] > E[m(T)a(T)] > 0.

Therefore,
E[Gx(V)] = E[Cr(ux(T))] 2 E[Cr(u)] = E[Gx(\(X))].

For strictness, if P(go(X) # Ao) > 0, then by strict monotonicity of each F; we also have
P(Fr(Aa) #1—a) > 0.
If Cy(+) is strictly convex for almost every ¢, then the supporting-line inequality is strict on a set of positive probability, which

implies
E[Gx(/\*(X))] <E [Gx(j\a)] .

O
B.4. Proof of Theorem 4.4
Proof. LetT = 9(X) and set
ug :=1—q, /\*(X):qa(T):Ffl(uo).
By Proposition 4.3, -
E[Gx(X\*(X))] <E[Gx(Aa)], (B.9)

with strict inequality under the additional strictness assumptions stated there.
It remains to show that R
E[Gx(AQ’N(X))] — E[GX()\*(X))] .



Fix t. Since F; is continuous and strictly increasing on [0, 1], we have
F7YF,(\) =X forall A €[0,1].

By definition,
Ci(u) = G(F;H(u)),

so for every A € [0,1],
N Gi(A) = Ci(Fr(N).

Now u +— C¢(u) is convex and differentiable on (0, 1) by Proposition 4.3, hence continuous on (0, 1). Since
F,(X*(t)) = Fy(F; M (uo)) =uo =1—a € (0,1),
it follows that A — G()\) is continuous at A*(¢).
Now fix x € X. By the assumed uniform consistency,
Nav (2) = X (@)] < sup |Aan(2) — A*(2)] &0,
z€EX
SO R
Ao () L X ().
Since G, (+) is continuous at A\*(z), the continuous mapping theorem yields

o~

Gy (Pan (@) B G (N (2)).
For € > 0, define R
pre(@) = P, (|G (a v (@) = Ga (M (@) | > 2) -

Then py . (xz) — 0 for every fixed =, and 0 < py (x) < 1. Since the fresh test point X is independent of the calibration
sample,

IP(’GX (R (X)) — Gx (A*(X))‘ > 5) = Ex[pye(X)] — 0

by dominated convergence. Therefore,

o~

Gx (Aa,n (X)) B Gx (N (X)).

Moreover, N
0<Gx(Man(X)) <1, 0<Gx(M(X)) <1,

so the sequence is uniformly integrable. Hence convergence in probability upgrades to convergence in L', and therefore

lim E[Gx(Aan(X))] = E[Gx(\(X))].

N —oc0

Combining this with (B.9) proves
Jim E[Gx (Ao, (X))] < E[Gx(Aa)],

with strict inequality under the additional strictness assumptions from Proposition 4.3.
Finally, conditional on X and a threshold A, each of the M sampled candidates is accepted with probability G x (\), so

E[|Con(X)]| X, Xan (X)] = M Gx (Aan(X)).

Taking expectations gives
E[|Can(X)I] = ME[Gx(Aan(X))]-

Passing to the limit yields
Jim E[|Con(X)]] = ME[Gx (\(X))] < ME[Gx(Aa)].

with strict inequality under the same additional assumptions.
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Figure 5. Learned threshold XQ(X ) versus prompt difficulty in the updated synthetic run (o« = 0.10, 5 bins). Easy prompts receive
stricter thresholds, while harder prompts receive looser thresholds, explaining the improved group-wise coverage of CFC relative to global-
threshold baselines.

C. Additional experiments

C.1. Synthetic Data

Setup details. All synthetic appendix results use the same clean synthetic generator as the main text. Each prompt has a
scalar difficulty variable T' € [0,1], we draw M candidates, and define the prompt-level latent success score as S(X) =
min{V; : A; = 1}, with S(X) = 1 if no sampled candidate is correct. Unless varied explicitly in the ablations, we use
Necal = Niest = 10,000 and M = 50. Throughout the synthetic appendix, ECR and GSC use the ground-truth correctness
labels rather than the surrogate event S(X) < X(X ). The main synthetic comparisons use 10 equal-frequency bins for GSC,
the threshold-adaptation plot below uses 5 bins for readability, and CFC-PAC uses the same stability-mode adjustment with
0 = 0.90 as in the main synthetic experiments.

Threshold adaptation versus prompt difficulty. Figure 5 visualizes the learned threshold as a function of prompt difficulty
in the updated synthetic run at o« = 0.10 using 5 difficulty bins. As expected, CFC assigns stricter thresholds to easy prompts
and looser thresholds to hard prompts. This is exactly the adaptive behavior that a single global-threshold baseline cannot
express.

Full target-risk sweep. Table 7 reports the full synthetic sweep across target error rates. As above, ECR and GSC use
ground-truth correctness labels, and CFC-PAC uses the stability-mode adjustment with 6 = 0.90 throughout. We include
LEARNT CP in the full sweep to separate gains from learning a better threshold from gains due to exact conditional confor-
malization.

Sensitivity to calibration size and sampling budget. Table § reports a representative synthetic ablation of CFC and CFC-
PAC as we vary the number of calibration points N, and the sampling budget M, using the same 10-bin setting as the
main synthetic comparison. For consistency with the main synthetic experiments, CFC-PAC uses the same stability-mode
adjustment with § = 0.90, and all reported coverages are true label-based coverages. Figure 6 shows the corresponding
group-level miscoverage profile.



Table 7. Results at different target error rates .

Methods a =0.10 a =0.15

ECR GSCt APSS| ECR GSCt APSS|
TopK 90.6 £ 0.1 582+13 16.00 £0.00 850+16 449+23 10.80 4= 0.98
ICp 902+02 574+14 1671 £0.23 853+£06 465+14 12.11 £ 0.28
Learnt CP 902 +03 843+£05 1572 £0.15 852+06 774+06 12.44 £ 0.17
CFC (ours) 903 +£0.5 88.7+£07 1553 +0.12 852406 827408 12.42 £ 0.09
CFC-PAC (ours) 908 +£0.6 89.1 £0.5 1587 +£0.16 856+£06 834+1.1 12.66 4 0.07
Methods a =0.20 a =0.25

ECR GSCt APSS| ECR GSCt APSS|
TopK 79.7+£02 365+£09 8.00 £ 0.00 73.6+02 294+12 6.00 £ 0.00
ICP 803+07 379%16 9.32 £ 0.26 7544+08 316£14 743 +£0.21
Learnt CP 802+06 71.2+09 1031 +0.09 754+08 65.1+1.6 8.72 + 0.13
CFC (ours) 802+06 774+07 1039+ 007 7534+08 721412 8.80 + 0.10
CFC-PAC (ours) 80.6+0.6 78.1+0.6 1053 £0.07 757+£08 724+12 8.89 + 0.10
Methods a = 0.30 a =0.35

ECR GSCt APSS| ECR GSCT APSS|
TopK 73.6+£02 294+12 6.00 £ 0.00 642+03 21.7+14 4.00 £ 0.00
ICP 705+08 27.1+£15 6.00 £+ 0.19 65.6+07 231+1.0 491 +£0.16
Learnt CP 704 +£09 596+17 7.37 £0.12 655+10 547+16 6.32 £ 0.14
CFC (ours) 704 £09 665+ 14 7.53 £0.11 655+08 613+1.38 6.48 £ 0.10
CFC-PAC (ours) 70.7+£09 668+ 1.3 7.60 £ 0.11 658+09 615+19 6.55 £ 0.11
Methods a =0.40 a =0.45

ECR GSCt APSS| ECR GSC?t APSS|
TopK 642+03 21.7+£14 4.00 £ 0.00 642+03 217414 4.00 £ 0.00
ICP 60.8 £ 0.8 19.4 £ 0.7 4.06 £ 0.13 55.6 £ 1.0 16.5+ 09 332+£0.13
Learnt CP 604 +09 496+1.38 540 +£0.13 557+£10 455+16 4.66 £+ 0.10
CFC (ours) 60.5+0.7 564+1.7 5.58 £ 0.08 556+£08 519+15 4.83 +£0.10

CFC-PAC (ours) 609+0.7 566+ 1.6 5.62 +0.09 56.0+09 523415 4.88 £0.11

Table 8. Ablation of CFC vs. CFC-PAC on synthetic data, with 10 bins.

CFC CFC-PAC

Neal M True cov. Mean set True cov. Mean set

2000 50 0.799 £ 0.006  10.60 £ 0.35  0.808 &+ 0.005 10.92 £ 0.30
2000 100 0.809 £ 0.012 9.77 £ 0.31 0.819 £ 0.012 10.15 £ 0.29
2000 150 0.796 +£ 0.006 9.03 +0.43 0.807 £ 0.006 9.37 £ 043

5000 50 0.801 +0.004 1045 +£0.12  0.808 &£ 0.004 10.69 £ 0.16
5000 100 0.803 £ 0.008 9.52 +0.19 0.809 £ 0.007 9.74 £ 0.15
5000 150  0.802 £ 0.006 9.13 +0.26 0.808 4 0.007 9.35+0.27

10000 50 0.802 +0.006  10.39 £ 0.07  0.806 £ 0.006  10.53 £ 0.07
10000 100  0.803 &£ 0.005 9.54 £ 0.06 0.808 =+ 0.006 9.69 £ 0.09
10000 150 0.799 +£ 0.008 9.15 £ 0.15 0.803 £ 0.008 9.29 £ 0.15

C.2. Real-World Data
C.2.1. TriviaQA

Full target-risk sweep. For the chosen TriviaQA feature map, we compute the rank-normalized answer-distribution en-
tropy Tent (X ) and the rank-normalized maximum verifier loss Tjoss(X ) on the calibration split, then assign a prompt to the
hard group when max{Tent (X ), Tioss(X)} > go.925, Where qg 925 is the calibration 92.5th percentile of that combined score.
Table 9 reports the full TriviaQA sweep under this chosen feature map. The full table makes the main-paper tradeoff more
explicit: CFC is the most size-efficient of our methods, while CFC-PAC-FULL is the strongest at hitting the target coverage
with a higher subgroup floor.

C.2.2. GSMSK

Full target-risk sweep. Table 10 reports the full GSM8K target-risk sweep for the chosen setting from the main paper: we
keep the first 5 sampled candidates per prompt, define 7'(X) as the mean verifier loss across those candidates, and use the
quadratic basis ®(X) = [1,T(X),T(X)?]. The same qualitative pattern holds across the sweep: the conditional methods
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Figure 6. Group miscoverage for CFC and CFC-PAC, with 10 bins.

Table 9. Full TriviaQA sweep across target error rates « under the calibration-defined split max{Zent (X ), Tioss(X)} > go.925. APSS
below 1 indicates that the method abstains and returns the empty set on some prompts. ECR and GSC are reported in percent; for ECR,
values closest to the target coverage 1 — « are preferred.

Methods a=0.20 a=0.25 a = 0.30

ECR GSCt APSS| ECR GSCT APSS| ECR GSC?t APSS|
TopK 81.6+£03 69.7+15 175+0.00 73.4+03 559+1.6 1.00+0.00 734403 559+1.6 1.00=+0.00
ICP 80.0+£05 65115 1434+0.02 749+£03 567+19 1.08+0.01 69.5+0.8 493+27 0.90=+0.02
Learnt CP 796 £05 763+£1.6 1.69+004 7474+04 740£1.1 1.22+£0.03 695+07 68.7+13 097 +£0.02
CFC (ours) 762 +05 654+17 121+001 7274+04 652+18 1.03+£0.03 684407 62.8+2.0 0.88+£0.01
CFC-PAC (ours) 76.4+05 654+17 122+£001 73.1£05 653+18 1.05+0.04 688+0.7 629+21 0.89+£0.02
CFC-FULL (ours) 79.6 +£0.5 763+1.6 1.69+004 748+£03 741+1.1 1264+0.09 69.6+0.7 689+1.1 097 +£0.02
CFC-PAC-FULL (ours) 80.1£0.5 763+ 16 1724004 753+£04 746+10 1324+0.10 70.0+0.8 692+ 1.3 0.99 + 0.03
Methods a =0.35 a =0.40 a = 0.45

ECR GSCt APSS| ECR GSCt APSS| ECR GSCT APSS|
TopK 7344+03 559+1.6 1.00+000 734403 559+1.6 1.00£000 734403 559+1.6 1.00=£0.00
ICP 645+0.6 430+£2.1 0.78+0.01 599409 36.1£3.1 070+£0.01 548409 29.6+23 0.62+£0.01
Learnt CP 64.6+0.7 63.0+21 0.82+002 599+08 582424 0724+0.01 552+1.0 538+ 1.7 0.65+£0.01
CFC (ours) 6394+0.7 592+£23 078+001 5954+09 558+27 070+£001 549+10 523424 0.63+£0.01
CFC-PAC (ours) 643+0.7 595+24 078+001 599408 564+29 070+£001 554410 52.8+2.6 0.64+£0.01
CFC-FULL (ours) 647407 632+£20 0824002 599409 584+22 072+£001 552+1.0 53.8+1.7 0.65=£0.01

CFC-PAC-FULL (ours) 65.1 £0.8 63.7+22 0.834+0.02 604+08 59.0+22 073+001 557+£1.0 543+£19 0.65+0.01

remain much more efficient than ICP while sharply improving worst-group coverage.

Candidate-budget ablation. Table 11 compares the chosen N = 5 budget against /N = 20 at the representative target o« =
0.10, keeping the same mean-loss proxy and quadratic basis. The larger candidate budget barely changes target calibration,
but it inflates APSS substantially for every threshold-based method. This is why the main paper uses the smaller budget on
GSMSK: the extra samples add little new diversity but materially hurt efficiency.

C.2.3. Flickr8k

Full target-risk sweep. Table 12 reports the full Flickr8k sweep for the chosen clean setting from the main paper: we keep
up to two cached candidates per image, define 7'(X) as the mean verifier loss across those candidates, and use the quadratic
basis ®(X) = [1,7(X),T(X)?]. This benchmark is visibly easier than GSM8K or TriviaQA, so the most informative
comparison is closeness to the target coverage together with subgroup reliability. At o = 0.03 (target coverage 97%), CFC-
PAC-FULL is the closest full-set variant to target while improving GSC over every baseline, whereas CFC collapses to
almost one caption per image and is best viewed as the smallest-size extreme.



Table 10. Full GSM8K sweep across target error rates « using the first five sampled candidates per prompt, 7'(X) equal to mean verifier
loss, and the quadratic basis ®(X) = [1,T(X),T(X)?]. ECR and GSC are reported in percent; for ECR, values closest to the target
coverage 1 — « are preferred.

Methods a = 0.05 a=0.10 a=0.15

ECR GSCt APSS| ECR GSCt APSS| ECR GSCt APSS|
TopK 96.42 £ 0.39 86.52 & 1.11 1.00 & 0.00 96.42 £+ 0.39 86.52 £ 1.11 1.00 & 0.00 96.42 + 0.39 86.52 £ 1.11 1.00 £ 0.00
ICP 95.09 £ 1.42 79.85+6.53 4.73 £0.09 90.39 + 1.44 56.36 + 6.20 4.36 £ 0.08 83.91 +2.15 27.73 £8.14 3.97 £ 0.11
Learnt CP 9491 +£1.03 88.48 +3.05 4.01 0.98 90.09 + 1.38 86.06 & 0.77 2.22 +£0.07 84.70 + 1.11 79.09 £+ 1.56 1.92 + 0.06
CFC (ours) 94.82 £ 0.97 88.48 +2.32 2354043 90.18 £ 1.41 86.36 & 1.07 1.49 +£0.04 8497 + 1.12 79.55+ 1.52 1.34 £ 0.04
CFC-FULL (ours) 95.03 £ 0.97 88.94 +2.74 4.08+0.93 90.30 £+ 1.40 86.36 = 1.07 2.23 +0.08 85.09 + 1.03 79.55 £ 1.52 1.96 £ 0.06
CFC-PAC (ours) 95.03 £ 1.33 88.18 2247 2.59 +0.29 91.79 + 1.66 88.18 £ 1.41 1.554+0.06 86.64 +0.95 81.67 £ 1.11 1.38 0.03
CFC-PAC-FULL (ours) 9524 +1.40 88.79 £3.01 4.59+0.62 9191 + 1.68 8848 £ 1.62 234 +0.11 86.76 £0.88 81.67 + 1.11 2.05 £ 0.05
Methods a = 0.20 a =0.25 a =0.30

ECR GSC?t APSS| ECR GSCt APSS| ECR GSC?t APSS|
TopK 96.42 +£0.39 86.52+ 1.11 1.00 +0.00 96.42 + 0.39 86.52 & 1.11 1.00 £+ 0.00 96.42 +0.39 86.52 + 1.11 1.00 + 0.00
ICcp 79.55 £291 1848 492 3.69 +0.16 74.64 +2.53 13.48 £1.30 3.38+0.15 70.18 +2.51 10.15+£091 3.11 £0.13
Learnt CP 79.42 £ 1.87 7136 £3.63 1.74 £ 0.10 74.82 £2.51 66.97 £2.90 1.57 £0.07 69.36 & 2.48 60.91 £ 2.23 1.42 £ 0.08
CFC (ours) 79.94 +£1.80 72.124+3.85 1.224+0.04 7503 +£2.52 67.12£2.86 1.124+0.05 69.55+ 253 61.21 £2.11 1.01 £0.05
CFC-FULL (ours) 80.06 + 1.78 72.12 +3.85 1.76 £0.08 75.15+2.47 67.12£286 1.60+0.07 69.64 +2.48 61.21 +£2.11 1.44 +0.09
CFC-PAC (ours) 81.36 +£ 1.68 73.18 =427 1.25+0.04 7594 +247 68.03 £2.81 1.13+0.05 70.82 +2.58 62.58 +£2.01 1.04 +0.05

CFC-PAC-FULL (ours) 81.48 4+ 1.65 73.18 £4.27 1.82+0.08 76.06 +2.42 68.03 £2.81 1.63 +0.07 70.94 £2.52 62.58 +2.01 1.48 £ 0.08

Table 11. GSMS8K sample-budget ablation at o = 0.10 under the mean-loss quadratic rule. Each budget uses the same basis ®(X) =
[1,T(X), T(X)?], differing only in the number of retained sampled candidates per prompt.

Methods N =5 N =20
ECR GSCt APSS| ECR GSCt APSS]

TopK 9642 £0.39  86.52 £ 1.11 1.00 £ 0.00 96.70 + 036  88.48 + 1.11 1.00 & 0.00
ICP 90.39 £ 144 5636 £620 436+0.08 90.15+ 137 5576 +5.52 16.75 £ 0.35
Learnt CP 90.09 +1.38  86.06 £0.77 222+0.07 90.15+ 0.81 87.42 + 1.41 7.24 £0.33
CFC (ours) 90.18 £ 1.41 86.36 + 1.07 1.49 £0.04  90.30 £ 0.63 87.73 £+ 1.47 3.79 £ 0.12
CFC-FULL (ours) 90.30 £1.40 8636 £1.07 223+0.08 9045+0.70 87.73 + 1.47 7.50 £0.18
CFC-PAC (ours) 91.79 £ 1.66  88.18 £+ 1.41 1.554+0.06 9191 £046 88.64 230 3.99 £ 0.07

CFC-PAC-FULL (ours) 9191 £1.68 8848 £1.62 234+£0.11 9206+ 057 88.79 +2.46 7.97 £ 0.03

Table 12. Full Flickr8k sweep with QWEN2-VL-7B-INSTRUCT using up to two cached candidates per image, 7(X) equal to mean
verifier loss, and the quadratic basis ®(X) = [1,T(X), T(X)?]. ECR and GSC are reported in percent; for ECR, values closest to the
target coverage 1 — « are preferred.

Methods a=0.01 a=0.02 a=0.03
ECR GSCt APSS| ECR GSCt APSS| ECR GSCt APSS|
TopK 9775 £0.19 95.62 4 0.71 2.00 £0.00 97.75 £ 0.19 95.62 £0.71 2.00 & 0.00 96.37 & 0.17 93.23 & 0.47 1.00 == 0.00
ICP 9729 £ 029 93334 145 1.93+£0.01 9625+ 0.66 88.23 &£ 3.66 1.87 +0.02 95.58 &= 0.54 8521 +3.14 1.84 & 0.01
Learnt CP 97.39 4+ 0.33 95.52+0.85 1.7440.06 97.06 + 031 95.10£0.63 1.34£0.07 96.16£0.17 94.48 £ 026 1.2+ 0.07
CEC (ours) 96.37 £ 0.17 9323 4047 1.00 £0.00 9637 £0.17 9323 £0.47 1.004+0.00 95.81 £ 0.38 9323 + 047 0.99 == 0.00
CEC-FULL (ours) 97.66 £0.16 95.62 4+ 0.71 1.86 £0.04 9727 021 9521 £0.77 140+ 0.06 96.27 024 9458 + 026 1.25 == 0.08
CEC-PAC (ours) 96.37 £0.17 9323 & 047 1.00 £0.00 9637 £ 0.17 9323 £0.47 1.00 £ 0.00 96.37 & 0.17 93.23 & 047 1.00 == 0.00

CFC-PAC-FULL (ours) 97.75 +0.19 95.62 £0.71 2.00 +0.00 97.64 +£0.13 95.62 +0.71 1.86 +0.06 97.27 £0.21 9521+ 0.77 1.42 4+ 0.07

Table 13. Flickr8k setting ablation at o = 0.03 (target coverage 97%). Each cell reports ECR/APSS/GSC for the corresponding method.

Setting CFC CFC-PAC-FULL

N = 2, max-loss, poly2 96.02/1.00/93.02  97.62/1.89/95.93
Chosen: N = 2, mean-loss, poly2 ~ 95.81/0.99/93.23  97.27/1.42/95.21
N = 3, mean-loss, poly2 96.00/1.00/93.02  97.81/2.16/96.35

Setting ablation. Table 13 compares the chosen Flickr8k setting against two nearby alternatives from the clean search at
the representative target « = 0.03. The chosen N = 2 mean-loss quadratic rule is the best-balanced option we found: it
keeps the CFC variant essentially at single-caption size, while CFC-PAC-FULL remains close to target without the larger
APSS jump of the N = 3 alternative.
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