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A. Detailed Derivations

A.1. Derivations for Eq. (1)

To perform Bayesian inference we start from the target pre-
dictive distribution p(y | xt,D) and introduce an integral
over causal graphs G. This yields two factors in the deriva-
tion: p(y | xt,G,D) and p(G | xt,D). Under i.i.d. as-
sumptions, the first term reduces to p(y | xt,G). The main
challenge is therefore to approximate p(G | xt,D).

In practice constructing p(G | xt,D) is generally infea-
sible. The target-domain conditional requires information
that is typically unavailable at test time, for example the
values of latent variables U and the label Y associated with
the input xt. Estimating a full posterior for every test in-
put would also be computationally prohibitive. For these
reasons we instead sample candidate causal graphs G from
the dataset-level posterior p(G | D) and use those samples
to approximate the original predictive distribution. The de-
tailed derivation and the assumptions used to justify this ap-
proximation are given in Eq. (9) below.
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A.2. Derivation for Eq. (2)
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A.3. Derivation of Eq. (5)

According to the entropy-based uncertainty quantification
approach in Osband et al. [47], epistemic uncertainty
Ue(xt|G) is intrinsically the mutual information between Y
and Zcmb given input X , i.e., I
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We first compute the total uncertainty term Ut(xt|G), as
shown in Eq. (12)
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Then we compute the aleatoric uncertainty Ua(xt|G), as
outlined in Eq. (13)
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Substituting Eq. (12) and Eq. (13) into Eq. (5), we have
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For regression task, we train a neural network that takes
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cmb and outputs the mean and variance of distribution
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variance matrix. Therefore, we only demonstrate the uncer-
tainty calculation for one-dimensional Gaussians to ensure
alignment with the experiments in Sec. 5.2. The extension
to a multi-variable Gaussian distribution is straightforward.
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Hence, we have,
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Substituting Eq. (15) and Eq. (17) into Eq. (14), we have
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For classification task, we assume p
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Hence we have,
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A.4. Derivation of Eq. (6)
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Substituting Eqs. (21) and (22) into Eq. (6), we have:
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Similarly, for regression task, if we assume
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the entropy of the mixture Gaussian model is
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For classification task, if we assume p(y|xt,Gl) fol-
lows categorical distribution. Let C be the total number
of classes. Let pl,c be the probability that the lth sample
assigns to class c:
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Then the uncertainty is:
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A.5. Derivation of Eq. (7)

We start with the joint distribution of observed variables
X, Y, U , i.e., p(X, Y, U).
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According to Eq. (28), �Eq(z|x)
⇥
log p(x|z) +

log p(z|y, u) � log q(z|x)
⇤
+ c is upper bound of the

negative log joint likelihood over observed variables
X, Y, U . We ignore the constant term in training since
there is no parameter to optimize. Its expected value
over data observations from the training distribution pD is
defined as ELBO loss LELBO in Eq. (7).

Training Details for Our iVAE: As described in Eq. (7),
the training objective comprises an ELBO loss LELBO and
a score matching loss LSM. The ELBO loss LELBO opti-
mizes over encoder and decoder parameters (✓, ), while
the score matching loss LSM minimizes over prior parame-
ters (T,�). The parameters (T ,�) are constants in LELBO,
and ✓, are constants in LSM. The score matching loss
LSM minimizes over prior parameters (T ,�). The parame-
ters T ,� are constants in LELBO, and ✓, are constants in
LSM.

LiVAE(✓, ,T ,�) := LELBO(✓, , T̂ , �̂)+LSM(✓̂,  ̂,T ,�)

B. Theoretical Analysis
B.1. General Form of SCM Assumptions
The general form of SCM we proposed in Figure 1 should
satisfy the assumptions in Assumption 1.

Assumption 1. (a) U is the root node and does not have
direct links with Y or X . (b) Zi is generated by either Y
or U for any i; (c) Zp, Zc, and Zs collectively form the
Causal Markov Blanket (CMB) set of target Y . The CMB
set of Y does not contain U . Y does not have a direct link
to X . (d) X is the child of Zi for any i. X is the leaf node
in the graph. (e) The causal graph over {X, Y,Z, U} is a
DAG.

B.2. Latent Variable Learning
We adopt the NF-iVAE framework [41] and tailor it to our
purpose. NF-iVAE trains the iVAE using a prior distribution
on Z that aligns with Assumption 1(b) and belongs to the
general exponential family, i.e.,

pT ,�(Z|Y, U) = Q(Z)
C(Y,U) exp[T (Z)T�(Y, U)]

where Q is the base measure. C is the normalizing constant.
� is the arbitrary function. T is the sufficient statistics.4

From the joint distribution p(x, y, u) /
R
z p(x | z)p(z |

y, u) dz, it is evident that the prior p(z | y, u) is consistent
with our SCM. Specifically, based on our SCM, p(z | y, u)
can be further decomposed into a product of conditional
probabilities, introducing additional sparsity in �. This

4Arbitrary function � and sufficient statistics T are modeled by neu-
ral networks with ReLU activation due to their universal approximation
ability.

distinction differentiates our learned model from existing
works that are based on alternative SCMs [27, 28, 41].

However, since the causal graph is generally unknown a
priori, we cannot predefine the sparsity of �. Consequently,
in our learning algorithm, we treat p(z | y, u) as a generic
prior consistent with Assumption 1(b). Without a fully
specified causal graph, we use this generic prior to guiding
the iVAE training, obtaining Z without prior knowledge of
their causal identities. The assumptions and identifiability
results are summarized in Theorem 1.

Theorem 1. Assume the data is sampled from a generative
model described by

p⇠=(✓,T ,�)(X,Z|Y, U) =p✓(X|Z)pT ,�(Z|Y, U)

p✓(X|Z) =p✏(X � g✓(Z))

Assume the following holds: (i) Denote the char-
acteristic function of p✏ as '✏, {X|'✏(X) = 0} has
measure zero. (ii) g has second-order cross deriva-
tives and is injective. (iii) The sufficient statistics
T (Z) = [T1(Z1)T , · · · , TN (ZN )]T have all second-order
own derivatives, and all the Ti(Zi) have dimension larger
or equal to 2. (iv) There exist k + 1 distinct points
(Y 0, U0), (Y 1, U1), · · · , (Y k, Uk) such that the matrix
L =

⇣
�(Y 1, U1)� �(Y 0, U0), · · · ,�(Y k, Uk)� �(Y 0, U0)

⌘

of size k ⇥ k is invertible, where k is the dimension of
T . Then, the following holds: ⇠ is identifiable up to a
permutation and component-wise transformation.

Theorem 1 is the same to Theorem 1 in NF-iVAE.
Please refer to [41] for detailed proof. Our contribu-
tion is not in introducing new assumptions to prove the
component-wise identifiability of the latent variables. In-
stead, we aim to demonstrate that the iVAE can be trained
using the same general prior distribution p(Z | Y, U), as it
adheres to the data generation process defined by our pro-
posed SCM.

As discussed in Section 4, we use a different encoder dis-
tribution, q(Z | X), rather than the q(Z | X, Y, U) used
in NF-iVAE. Consequently, we derive a distinct theorem for
obtaining the true parameters ⇠⇤ within our proposed learn-
ing framework.

Theorem 2. Assume the following assumptions hold:
(i) The family of distributions q (Z|X) contains
p⇠(Z|X, Y, U), and q (Z|X) > 0 everywhere. (ii)
The NF-iVAE learning framework, which minimizes
LiVAE( , ⇠) in Eq. (29) with respect to both ⇠ and  , can
learn the true parameters ⇠⇤ up to a permutation and
simple transformation of the latent variable Z in the limit
of infinite data.

Proof. We recall from the loss function in Phase I is as fol-
lows:

LiVAE(✓, ,T ,�) := LELBO(✓, , T̂ , �̂) + LSM(✓̂,  ̂,T ,�) (29)



LELBO :=� EpD
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If the family of q (Z|X) is flexible enough to contain
p⇠(Z|X, Y, U), then by optimizing the LiVAE over its pa-
rameter ⇠, the score matching term LSM is minimized and
eventually reach zero. If we assume that the model is not
degenerate and that q > 0 everywhere, then we have

LSM = 0 =) rz log q (z|x) = rz log pT ,�(z|y, u)
=) log q (z|x) = log pT ,�(z|y, u) + c

(32)

for some constant c. c is zero because both q (z|x) and
pT ,�(z|y, u) are pdf’s. Therefore, the LiVAE will be equal to
the log-likelihood. Under such circumstances, the estima-
tion in Eq. (29) inherits all the properties of maximum like-
lihood estimation (MLE). Since our identifiability is guar-
anteed up to a permutation and componentwise transforma-
tion, the consistency of MLE indicates that we converge to
the true parameters ⇠⇤ up to a permutation and component-
wise transformation in the limit of infinite data.

Automatically, we will have Theorem 3 that proves the
identifiability of learned Z⇤.

Theorem 3. Assume that Theorem 1 and Theorem 2 hold,
then in the limit of infinite data, the true latent variables
Z⇤ are identifiable up to a permutation and componentwise
transformation.

Proof. Theorem 1 and Theorem 2 guarantee that in the
limit of infinite data, iVAE can obtain the true parame-
ters ⇠⇤ := (✓⇤,T ⇤,�⇤) up to a permutation and compo-
nentwise transformation of the latent variables. We denote
the parameters obtained from NF-iVAE as ⇠̂ := (✓̂, T̂ , �̂),
i.e., (�̂, T̂ , �̂) and (�⇤,T ⇤,�⇤) are identifiable up to a
permutation and component-wise transformation. If there
were no noise, we have Ẑ = g�1

✓̂
(X) that are equal to

Z⇤ = g�1
✓⇤ (X) up to a permutation and componentwise

transformation. If with noise, we can obtain the posterior
distribution of the latent variables up to an analogous inde-
terminacy.

B.3. BCD Related Work
Bayesian Causal Discovery. Causal discovery is the task
of inferring causal structure from observational data, and
has traditionally been approached through several primary
lenses: constraint-based methods, which rely on conditional
independence tests, and score-based methods, which search

for a graph that maximizes a scoring functions. While ex-
isting constraint-based and score-based methods are effi-
cient, they typically yield a single estimated graph without
quantifying uncertainty. In contrast, Bayesian causal dis-
covery aims to infer a full posterior distribution over di-
rected acyclic graphs (DAGs), P (G|D), thereby capturing
the epistemic uncertainty inherent in finite data.

MCMC and order/partial-order samplers. Early
and influential Bayesian methods use Markov chain
Monte Carlo (MCMC) to explore graph space.
Structure-MCMC [43] directly proposes local edge
additions/deletions/reversals, but mixes poorly because
the space of DAGs is vast and discrete. To improve
mixing, methods that sample over node orderings (or
partial orders) [17] have been proposed; sampling orders
reduces the complexity of the search space and yields more
regular posterior landscapes. These order-based MCMC
approaches (and Metropolis-coupled variants such as MC³)
remain a practical baseline for posterior approximation and
model averaging.

Differentiable and Variational Methods. The advent of
continuous optimization for causal discovery, pioneered
by Zheng et al. [69], reformulated the discrete combina-
torial problem of DAG learning into a continuous opti-
mization task. This relaxation paved the way for differen-
tiable Bayesian methods that scale significantly better than
MCMC. DiBS [40] maps the discrete space of DAGs to a
continuous latent space and uses Stein variational gradi-
ent descent to approximate the posterior. Similarly, BCD
Nets [14] employ variational inference, parameterizing the
distribution over DAGs using a specialized factorization
of the adjacency matrix to enable efficient stochastic op-
timization. More recently, BayesDAG [7] has combined the
strengths of stochastic gradient MCMC with variational in-
ference to improve posterior approximation accuracy while
maintaining scalability, avoiding the restrictive DAG regu-
larization penalties used in prior works.

Generative Flow Networks (GFlowNets). A recent
paradigm shift involves the use of Generative Flow Net-
works (GFlowNets) for causal discovery. Unlike MCMC
methods that rely on local moves, GFlowNets learn a
stochastic policy to construct DAGs sequentially, treat-
ing graph generation as a flow-matching problem. DAG-
GFlowNet [15] demonstrates that this approach can sample
proportional to the posterior distribution more efficiently
than MCMC, particularly in identifying multimodal poste-
riors where traditional samplers might get stuck.



(a) Raw acquisition frame (960⇥ 1280). (b) Extracted region of interest (450⇥ 450). (c) Standardized model input (224⇥ 224).

Figure 4. Visualization of the data preprocessing pipeline for the Biaxial Loading Test (BLT) dataset. The raw high-resolution inputs
(Figure 4(a)) are processed to isolate the region of interest (Figure 4(b)) and standardized for model training (Figure 4(c)).

C. Additional Empirical Results
C.1. Implementation Details
For the CMNIST dataset, we adopt the architectural con-
figurations from one of our baselines, as described by
Lu et al. [41], utilizing multilayer perceptrons (MLP) as
both encoder and decoder components. For BLT, PACS,
VLCS, and OfficeHome datasets, we leverage a pre-trained
ResNet-50 on ImageNet as the encoder backbone, comple-
mented by a decoder of comparable complexity. For the
classifier, we use the same 2-layer MLP as [41, 45]. The
main results include mean and standard deviation over 5
runs with different initialization. All experiments are con-
ducted on a 5090 GPU. It is worth noting that our propose
framework is backbone-agnostic and extensible to high-
resolution architectures like transformers or diffusion mod-
els. We utilize the iVAE for its identifiability, providing
theoretical gaurantees for the reproducibility and transfer-
ability of learned causal features.

C.2. CMNIST Data Settings
We follow the data generation procedure in Arjovsky et al.
[8] and add noise to the preliminary label by flipping it with
25 percent probability to construct the final labels. The label
is set to 0 if the digit is between 0 � 4 and 1 if the digit
is between 5 � 9. We sample the color label by flipping
the final labels with probability pe, where pe = 0.2 in one
training domain and pe = 0.1 in another. We set pe = 0.9
in the test domain. We color the digit red if the color label
is 1 and green if it is 0.

C.3. Biaxial Loading Test Data
To further evaluate CGU-BAYES on challenging tasks,
we construct a dataset from real-world experiment
on biaxial loading test (BLT) (https://github.
com/fishmoon1234/Biaxial_Loading_Test_

VisionTask). Biaxial testing is a popular technique to

evaluate the mechanical response of materials. In this test,
a material specimen is subjected to increasing simultane-
ous stress along two perpendicular axes, and a camera will
record the corresponding deformation of this material. As
such, each loading stress would produce one image. To pro-
vide a thorough picture of the mechanical property and mi-
crostructure of complex materials, usually multiple proto-
cols (corresponding to different fixed biaxial stress ratios)
are needed. However, for delicate materials such as bio-
tissues, damage occurs in the microscale during the testing
procedure. Hence, it is of interest to reduce the number of
samples in the later protocols, so as to minimize the speci-
men damage and corresponding errors.

Table 4. Statistical breakdown of the processed dataset.

Domain Index Stress Ratio # of observations
1 1:1 3918
2 1:0.66 3798
3 1:0.33 3540
4 0.66:1 4014
5 0.33:1 4176
6 0.05:1 3540
7 1:0.1 3540

Total - 26526

In this dataset, we have conducted biaxial loading test
and collected image/stress data pairs from a representative
tricuspid valve anterior leaflet (TVAL) specimen from a
porcine heart. Seven biaxial stress ratio protocols (P11 :
P22 = 1 : 1, 1 : 0.66, 1 : 0.33, 0.66 : 1, 0.33 : 1, 0.05 :
1, 1 : 0.1) were performed, with 3539⇠4175 samples in
each protocol and 26,524 samples in total. The details are
provided in Table 4. Each protocol will be treated as a do-
main. The data between different domains is anticipated
to have distribution shift due to the change of loading ra-
tio. The goal is to predict the corresponding stress along
the x and y axis, using the recorded image. Beyond the

https://github.com/fishmoon1234/Biaxial_Loading_Test_VisionTask
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challenge from limited samples in each domain, this dataset
also possess challenge due to the graduate microscale dam-
age on the tissue. As a result, the tissue would be loosen
and deform permanently in later protocols, introducing non-
uniform variability and heteroskedastic noise across differ-
ent domains.

As illustrated in Figure 4, data preprocessing for the
BLT dataset involved a two-step transformation to stan-
dardize the visual inputs. We first cropped the original
960 ⇥ 1280 high-resolution images (Figure 4(a)) to a cen-
tral 450 ⇥ 450 region of interest (Figure 4(b)), effectively
eliminating background noise and focusing exclusively on
the essential tissue sections. These cropped segments were
subsequently resized to the standard resolution of 224⇥224
pixels (Figure 4(c)) to align with model input requirements.
The downstream task is formulated as a multi-target regres-
sion problem, where the model utilizes these processed im-
ages to predict the corresponding mechanical load compo-
nents, specifically corresponding stresses along the x and y
axis.

C.4. Detailed Empirical Results for PACS, VLCS,
and OfficeHome

We provided the detailed empirical results for each domain
of VLCS, PACS, and Officehome datasets in table 5 and 6.
For algorithms with read-to-use implementations, we run
the algorithms for 5 trials and report the mean and std in
the tables. For algorithms without implementations, such as
iCaRL and PTG, we use the reported results in the original
paper. We provide the baseline implementations as follows:
• IRM, F-IRM GAME, V-IRM GAME: We employ the

implementation from the original paper [3](https://
github.com/IBM/OoD).

• CTRANS: We employ the implementation from its orig-
inal paper [45](https://github.com/cvlab-
columbia/CT4Recognition).

• CAUSALREP: We employ the implementation from
its original paper [60](https://github.com/
yixinwang / representation - causal -

public).
• FACT: We employ the implementation from its original

paper [63] (https://github.com/MediaBrain-
SJTU/FACT).

• CIRL: We employ the implementation from its origi-
nal paper [42] (https://github.com/BIT-DA/
CIRL).

• CASN: We employ the implementation from its original
paper [65] (https://github.com/ymy4323460/
CaSN).

• BITEBAYES: We employ the implementation from
its original paper [62] (https://github.com/
zzzx1224/A-Bit-More-Bayesian).

• The other baselines are from the domainBed package

(https://github.com/facebookresearch/
DomainBed).

C.5. Identifiability of Representations

Figure 5. Average MCC on CMNIST

To reuse the learned encoder distribution for uncertainty
estimation and Bayesian inference, we replace q(z|x, y, u)
in the original NF-iVAE with q(z|x). We empirically as-
sess the identifiability of our estimated representations us-
ing q(z|x) on the CMNIST dataset, comparing it to the
unidentifiable VAE [38] and NF-iVAE [41]. Following the
standard protocol in Khemakhem et al. [27], we compute
the mean correlation coefficient (MCC) between represen-
tations learned by models with different random initializa-
tions, where higher MCC values indicate stronger identifi-
ability. Representation dimensionality is set to |Z| = 10.
The results in Figure 5 show that replacing the encoder
with a less expressive variant results in a slight reduction in
identifiability; however, our estimated representations still
achieve a high degree of identifiability, significantly outper-
forming the unidentifiable VAE.

C.6. Ablation Study on Hyperparameters
We conduct an extensive ablation study to investigate: (1)
the sensitivity of prediction performance to the number of
sampled causal graphs L; (2) alternative metrics for quan-
tifying the relationship between uncertainty Ue(xt|G) and
p(xt|G); (3) the impact of different Bayesian causal dis-
covery approaches; and (4) the sensitivity to the latent rep-
resentation dimensionality N = |Z|.

We also conduct a brief ablation study on ↵ in Eq. (3). In
practice, choosing ↵ only requires the estimated uncertain-
ties, not ground-truth labels. By scaling Ue(xt|G) with ↵,
we avoid two extremes in the weights: nearly uniform and
overly high-contrast. We test ↵ 2 {0.1, 0.5, 1, 2, 5} and
find that ↵ = 1 typically yields robust performance across
all classification tasks.

Sensitivity of the number of sampled causal graph L.
We perform the ablation study on the CMNIST dataset, em-
ploying NF-iVAE with N = |Z| = 10 in Phase 1 and DAG-
GFlowNet in Phase 2. In Phase 3, we varied the number
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Table 5. Empirical comparison on the VLCS and PACS benchmarks reporting OOD prediction accuracy (%). The optimal performance is
indicated in bold.

Algorithms VLCS PACS
C L S V Avg A C P S Avg

ERM 98.0±0.4 62.6±0.9 70.8 ±1.9 77.5 ±1.9 77.2 84.8±1.3 76.4±1.1 96.7±0.6 76.1±1.0 83.5
GROUPDRO 98.1± 0.3 66.4 ± 0.9 71.0 ± 0.3 76.1 ± 1.4 77.9 83.5±0.9 79.1±0.6 96.7±0.3 78.3±2.0 84.4
MLDG 98.5± 0.3 61.7± 1.2 73.6± 1.8 75.0± 0.8 77.2 85.5±1.4 80.1±1.7 97.4±0.3 76.6±1.1 84.9
CORAL 96.9± 0.9 65.7± 1.2 73.3± 0.7 78.7± 0.8 78.7 88.3±0.2 80.0±0.7 97.5±0.3 78.8±1.3 86.2
MMD 98.3± 0.1 65.6± 0.7 69.7± 1.0 75.7± 0.9 77.3 86.1±1.4 79.4±0.9 96.6±0.2 76.5±0.7 84.6
RSC 97.5± 0.6 63.1± 1.2 73.0± 1.3 76.2± 0.5 77.5 85.4±0.8 79.7±1.8 97.6±0.3 78.2±1.2 85.2
MIXUP 98.4± 0.3 63.4± 0.7 72.9± 0.8 76.1± 1.2 77.7 86.1±0.7 78.9±0.8 97.6±0.1 75.8±1.8 84.6
DANN 98.5± 1.3 64.9± 1.3 72.6± 1.4 78.7± 1.7 78.2 86.4±0.8 77.4±0.8 97.3±0.4 73.5±2.3 83.6
CDANN 97.6± 0.6 65.2± 0.8 73.4± 1.4 76.9± 0.5 78.3 84.6±1.8 75.5±0.9 96.8±0.3 73.5±0.6 82.6
MTL 97.6± 0.6 60.6± 1.3 71.0± 1.2 77.2± 0.7 76.6 87.5±0.8 77.1±0.7 96.4±0.8 77.3±1.8 84.6
ARM 97.2± 0.5 62.7± 1. 70.6± 0.6 75.8± 0.9 76.6 86.8±0.6 76.8±0.7 97.4±0.3 79.3±1.2 85.1
IRM 98.6±0.1 66.0 ±0.9 72.3 ±0.6 77.3 ±0.9 78.5 84.7±0.4 80.0±0.6 97.2±0.3 79.3±1.0 85.5
SAGNET 97.3± 0.4 61.6± 0.8 73.4± 1.9 77.6± 0.4 77.5 87.4±1.0 80.7±0.6 97.1±0.1 80.0±0.4 86.3
ICARL - - - - 81.8 - - - - 88.7
FACT 97.5± 0.5 65.7± 0.7 72.6± 0.8 77.4± 0.4 78.3 90.9 ±0.4 83.6 ±0.6 97.8 ±0.1 86.2 ±0.7 89.6
CIRL 98.5±0.4 66.3 ±1.2 72.6 ±0.7 77.2 ±0.8 78.5 90.7 ±0.2 84.3 ±0.7 97.8 ±0.5 87.7 ±0.8 90.1
CASN 98.1 ±0.3 67.5±0.8 72.9±0.7 78.3±0.9 79.1 88.5±0.6 83.2±1.0 97.2±0.3 80.4±0.5 87.3
CMBRL 98.7 ±0.3 71.2±0.4 77.1±0.7 82.1±0.5 82.3 89.2±0.7 85.3±1.5 97.7±0.5 84.1±0.5 89.1
BITEBAYES 97.3± 0.2 67.2± 0.1 73.0± 0.2 78.8± 0.1 79.1 83.9±0.7 81.6±81.6 96.0±0.2 80.3±0.9 85.5
PTG - - - - 76.1 - - - - 83.7
CGU-BAYES 98.6±0.1 69.6 ±0.7 79.5±0.4 82.3±0.4 82.5 89.2±0.7 85.6±1.2 97.6±0.5 83.6±0.6 89.0
CGU-BAYES++ 98.8±0.2 70.3 ±0.4 80.2±0.3 82.3±0.2 82.9 90.9±0.5 85.6±1.0 97.8±0.3 87.7±0.7 90.5

Table 6. Empirical results on OfficeHome datasets in terms of
OOD prediction accuracy (%). The optimal performance is indi-
cated in bold.

Algorithms Domains AvgA C P R
ERM 61.3 ± 0.7 52.4 ± 0.3 75.8 ± 0.1 76.6 ± 0.3 66.5
GROUPDRO 60.4 ± 0.7 52.7 ± 1.0 75.0 ± 0.7 76.0 ± 0.7 66.0
MLDG 61.5 ± 0.9 53.2 ± 0.6 75.0 ± 1.2 77.5 ± 0.4 66.8
CORAL 65.3 ± 0.4 54.4 ± 0.5 76.5 ± 0.1 78.4 ± 0.5 68.7
MMD 60.4 ± 0.2 53.3 ± 0.3 74.3 ± 0.1 77.4 ± 0.6 66.3
RSC 60.7 ± 1.4 51.4 ± 0.3 74.8 ± 1.1 75.1 ± 1.3 65.5
MIXUP 62.4 ± 0.8 54.8 ± 0.6 77.3 ± 0.3 79.2 ±0.2 68.4
DANN 59.9 ± 1.3 53.0 ± 0.3 73.6 ± 0.7 76.9 ± 0.5 65.9
CDANN 61.5 ± 1.4 50.4 ± 2.4 74.4 ± 0.9 76.6 ± 0.8 65.8
MTL 61.5 ± 0.7 52.4 ± 0.6 74.9 ± 0.4 76.8 ± 0.4 66.4
ARM 58.9 ± 0.8 51.0 ± 0.5 74.1 ± 0.1 75.2 ± 0.3 64.8
IRM 58.9 ± 2.3 52.2 ± 1.6 72.1 ± 2.9 74.0 ± 2.5 64.3
SAGNET 63.4±0.2 54.8± 0.4 75.8± 0.4 78.3± 0.3 68.1
CIRL 61.5± 0.2 55.3± 0.4 75.1± 0.7 76.6± 0.5 67.1
FACT 60.3± 0.4 54.9± 0.5 74.5± 0.9 76.5± 0.5 66.6
CASN 60.7± 1.0 53.5± 0.6 74.9± 0.4 76.5± 0.7 66.4
CMBRL 61.3± 0.8 54.9± 0.4 76.5± 0.4 75.3± 1.1 67.0
BITEBAYES 61.8 ±0.4 53.3±0.4 74.3±0.4 76.3±0.2 66.4
PTG - - - - 61.6
CGU-BAYES 63.1 ±0.1 56.9±0.2 78.8±0.2 79.1±0.1 69.5
CGU-BAYES++ 63.4 ±0.2 56.7±0.3 78.4±0.2 79.2±0.4 69.5

of sampled graphs used to construct the predictors, specifi-
cally setting L 2 {3, 5, 10, 15}. Table 7 summarizes the in-
distribution and OOD prediction performance. The results
indicate that in-distribution accuracy remains stable across
different values of L. We attribute this to the fact that the
graph posterior is conditioned on in-distribution data, yield-
ing sampled graphs that are structurally similar and equally
effective. Conversely, OOD performance improves with
larger L. Table 7 reveals that while in-distribution perfor-
mance is insensitive to L, OOD robustness benefits signif-
icantly from a higher sample count. This dichotomy arises
because the posterior is sharpened by in-distribution data;

thus, small samples suffice for internal consistency. How-
ever, for OOD generalization, a larger L increases the prob-
ability of recovering the invariant causal mechanism essen-
tial for accurate CMB representation. In practice, we set
L = 10 for all datasets.

Table 7. Ablation study of varying number of graph samples and
functions for quantifying p(xt|G) using Ue(x

t|G).

Methods L
In-distribution Accuracy OOD Accuracy

1
Ue(xt|G)

e�↵Ue(xt|G) 1
Ue(xt|G)

e�↵Ue(xt|G)

CGU-BAYES(W/O UQ) - 70.4 55.8

CGU-BAYES

3 72.7 72.5 63.8 63.3
5 72.1 72.5 65.1 67.7
10 72.5 72.8 66.5 70.5
15 72.4 72.5 66.5 69.5

Alternative approach for quantifying p(xt|G) using
Ue(xt|G). In addition to the exponential relationship be-
tween p(xt|G) and Ue(xt|G) defined in Eq. (3), we in-
vestigated an alternative inverse formulation, p(xt|G) /

1
Ue(xt|G) . The comparative results are presented in Table 7.
As shown, the exponential function yields superior predic-
tion accuracy. Empirically, this is because the exponential
form assigns significantly sharper weights than the inverse
function, allowing the model to more effectively prioritize
CMB features that fit the test data well.

Impact of different Bayesian causal discovery ap-
proaches. We conducted this ablation study on the CM-
NIST dataset, utilizing NF-iVAE with N = |Z| = 32
in Phase 1. We compared our chosen backbone, DAG-
GFLOWNETS (a sequential decision-based approach),
against several distinct baselines: MC3 (MCMC sampling),



DIBS and BCD-NETS (variational inference), and BAYES-
DAG (a mixture approach). For each method, we sam-
pled L = 10 graphs from the estimated posterior to con-
struct the corresponding OOD predictors. As shown in Ta-
ble 8, DAG-GFLOWNETS outperforms all baselines with
an OOD accuracy of 74.1%, justifying its adoption in our
framework. Notably, differentiable methods such as DIBS
and BCD-NETS learned significantly sparser graphs (select-
ing only 6 and 3 features, respectively) compared to DAG-
GFLOWNETS (10 features). This tendency toward over-
sparsity in differentiable baselines is consistent with results
reported by Deleu et al. [15] on real-world Sachs data.

Table 8. Comparison of OOD prediction accuracy and feature
sparsity across different Bayesian causal discovery methods.

Methods # Selected Features OOD Accuracy (%)
MC3 15/32 21.7
DIBS 6/32 69.5

BCD-NETS 3/32 58.5
BAYESDAG 11/32 60.8

DAG-GFLOWNETS 10/32 74.1

Figure 6. Sensitivity analysis of OOD prediction accuracy with
respect to the latent representation dimensionality N on the CM-
NIST dataset.

Sensitivity to the latent representation dimensional-
ity N . We conducted this ablation study on the CM-
NIST dataset, varying the latent dimension N 2
{5, 10, 16, 32, 64} within the NF-iVAE (Phase 1). Our re-
sults in Figure 6 indicate that higher dimensionality gen-
erally yields more robust OOD performance. We attribute
this to the increased capacity of a larger Z to capture in-
formation from X , which promotes better disentanglement
of distinct semantic concepts. This disentanglement is cru-
cial, as it facilitates the separation of invariant CMB fea-
tures from spurious ones in subsequent steps. However, we
observed diminishing returns; once |Z| is sufficiently large,
further increases do not guarantee improved identifiability
or information incorporation. As optimal selection is chal-
lenging and data-dependent, we empirically set N = 32

for CMNIST and N = 50 for the BLT, PACS, VLCS, and
OfficeHome datasets.

C.7. Efficiency Justification
We provide the wall-clock training times and inference
latencies for CGU-Bayes and the CMBRL baseline on the
CMNIST. For CGU-Bayes, the training time for NF-iVAE,
BCD, and the L classifiers training are approximately 21,
18, and 15 minutes, with an inference latency of 1.4e-2s
per sample. In comparison, CMBRL requires 21 minutes
for iVAE, 10 minutes for CMB feature selection, and 11
minutes for its single classifier, with an inference latency
of 1.1e-2s. Notably, although our approach utilizes L
classifiers, we optimize their execution in parallel rather
than sequentially. This ensures that the performance gap
remains marginal (15 vs. 11 minutes for training; 1.4e-2
vs. 1.1e-2 s for inference). While the BCD component
is more computationally intensive than the deterministic
selection in CMBRL, the Bayesian framework is essential
for sampling accurate CMB estimations, particularly
for challenging data. We contend that in challenging
cases where predictive accuracy is the primary goal,
this slight efficiency overhead is a well-justified trade-off.
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