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Abstract

Diffusion models achieve remarkable generation
quality, yet face a fundamental challenge known
as memorization, where generated samples can
replicate training samples exactly. We develop a
theoretical framework to explain this phenomenon
by showing that the empirical score function (the
score function corresponding to the empirical dis-
tribution) is a weighted sum of the score functions
of Gaussian distributions, in which the weights
are sharp softmax functions. This structure causes
individual training samples to dominate the score
function, resulting in sampling collapse. In prac-
tice, approximating the empirical score function
with a neural network can partially alleviate this
issue and improve generalization. Our theoretical
framework explains why: In training, the neural
network learns a smoother approximation of the
weighted sum, allowing the sampling process to
be influenced by local manifolds rather than sin-
gle points. Leveraging this insight, we propose
two novel methods to further enhance general-
ization: (1) Noise Unconditioning enables each
training sample to adaptively determine its score
function weight to increase the effect of more
training samples, thereby preventing single-point
dominance and mitigating collapse. (2) Tempera-
ture Smoothing introduces an explicit parameter
to control the smoothness. By increasing the tem-
perature in the softmax weights, we naturally re-
duce the dominance of any single training sample
and mitigate memorization. Experiments across
multiple datasets validate our theoretical analysis
and demonstrate the effectiveness of the proposed
methods in improving generalization while main-
taining high generation quality. Code and models
are publicly available at Github.
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1. Introduction

Diffusion models (Ho et al., 2020; Song et al., 2021) have
emerged as a leading framework in generative modeling,
achieving state-of-the-art results across various applications,
from text-to-image generation (Rombach et al., 2022; Esser
et al., 2024) to the discovery of protein structures (Watson
et al., 2023; Wu et al., 2024) and solving optimization prob-
lems (Krishnamoorthy et al., 2023; Zhang et al., 2025). The
core mechanism of diffusion models involves gradually per-
turbing data with Gaussian noise and learning to reverse
this process through score-based denoising. But in high
dimensions, the data distribution generally occupies a lim-
ited region under the Manifold Hypothesis (Fefferman et al.,
2016), which means that the score matching (Vincent, 2011)
will be ineffective due to inaccurate gradient estimation in
low-density regions (Song & Ermon, 2019). Consequently,
diffusion modeling has been proposed to estimate a series
of marginal distributions (with wider support) via neural
network approximations, ensuring that the score function
can be accurately learned along the entire sampling path,
and enabling reliable generation through iterative denoising.

However, a growing body of research (Carlini et al., 2023;
Somepalli et al., 2023; Wen et al., 2024; Ren et al., 2024)
reveals that although diffusion models can generate high-
quality samples, some of these samples are identical to
training examples. This issue is called memorization. Mem-
orization can be explained theoretically from the distribu-
tion evolution perspective (Li et al., 2024), as follows. The
Fokker-Planck equation for a diffusion process indicates
that if we use the empirical score function to solve the re-
versed process, each sampled marginal distribution will be
the same as its corresponding forward one. Thus, we will
eventually go back to the training distribution and cannot
produce any new samples once the neural network learns
the empirical score function perfectly. Although this the-
ory suggests that perfect learning of the objective function
would limit the approach to replicating, novel samples are
obtained in practice. This inconsistency motivates us to
explore a fundamental question:

How can neural networks partially resolve the
memorization issue?

This question is crucial since it is directly related to how
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Figure 1. Illustration of sampling behaviors with different score
functions. (a) Standard diffusion empirical score function leads
to memorization, where trajectories collapse directly to training
points. (b) The neural network-learned score function enables
generalization. (Interpolation experiment) (c) The noise uncon-
ditioning allows smoother score function weights and delayed
collapse. (d) The temperature-based score function promotes mani-
fold exploration and prevents premature collapse to training points.

we can further improve the generalization properties of the
diffusion approach.

The first thing to note is that the score function sy(x, o)
learned by a neural network will be slightly different from
the empirical score function s*(x,0). So, a study of the
difference could be key to answering this question. To
be more precise let paaa(x) be the ground-truth distribu-
tion, and {1} 1 | be a set of i.i.d samples drawn from it.
The empirical dlstrlbutlon can be represented as a delta
distribution p*(z) £ 2 Zjle d(z — p5), where we have
Paaa(x) =~ p*(z) if M is sufficiently large. The noise-
perturbed distribution then will be a series of Gaussian mix-
ture distributions

p;(x) MZN»CHJaUI) i€ [N],

where {o; } Y, is the noise schedule. For this setting we can
explicitly calculate the empirical score functions

Zwa )

’L

V. log p; (@ i € [N],

N(I;N’j 701'21)
3Ly N(@ip,o7T)
weight, which also represents the probability that x is gen-
erated by the Gaussian component centered at ;.

where w;;(x) = is the score function

We obtain further insights by combining algebraic and ge-
ometric methods. In high dimensions (z € R¢ for large
d), most of the probability mass of a Gaussian distribution
concentrates in a thin shell. Given an empirical marginal

distribution p (z) = &5 Zjvil N (z; pj,0?T), we can inter-
pret it geometrically as a collection of M ring shells. Each
shell is centered at a training point y; with radius approxi-
mately ai\/a and thickness 3v/20; (Section A.3). Since the
sampling point x can be regarded as drawn from one of the
marginal distributions p;, it should be contained in at least
one shell with the noise level o;. Moreover, at late stages of
sampling, the value of o; is small enough that x is unlikely
to be in the overlap of different shells, so the score function
weight will be dominated by a single Gaussian component
(Section 3.1). Thus, V,, log pf (z) = — m;ﬁ" for a particular

value of j, so that subsequent denoisinglsteps collapse to
the corresponding center 11; — the memorization issue.

We also find that even a small perturbation to x can signifi-
cantly alter the empirical score function, as its weight con-
centration may transfer from one center p; to another. This
function is extremely sharp in regions where the shells over-
lap (Section 3.2), as illustrated in Figure 1 (a). However, due
to capacity and regularizations (Yoon et al., 2023; Bonnaire
et al., 2025), the neural network tends to learn a smoother
function than the spiky empirical score function. This claim
is also supported by the interpolation experiments in diffu-
sion models (Ho et al., 2020; Song et al., 2021), illustrated in
Figure 1 (b). Specifically, two training points po and pq are
first corrupted with noise to obtain perturbed versions '
and p';. The interpolated sampling points are then created
by taking linear combinations x1 = Ajpo + (1 — Ap)p/y
and x5 = )\g,u’o + (1 — )\Q)Mll, where A\, Ay € (0, 1)
are coefficients sufficiently away from the endpoints. After
denoising sampling, the interpolated points will converge to
the manifold between pg and pq rather than collapsing to
either of them. Based on these observations, we believe that
we can resolve the question posed earlier as follows:

The neural network can resolve the memorization
since it smooths the score function weights in the
empirical score function. Thus, at late sampling
stages, the score function is determined by a local
manifold approximated by several nearby training
samples, rather than by a single training point.

We justify this claim in the remainder of the paper.

Nevertheless, as the model capacity increases, the neural
network is more able to capture the “spikiness” of the empir-
ical score function. Therefore, if a collapse point is isolated
or replicated in the dataset, memorization may still occur.
These are several explanations as to why memorization
consistently happens in large models and why memorized
samples are typically either far from other training points or
repeated in the dataset (Yoon et al., 2023; Gu et al., 2023).
It follows that by relaxing the objective constraints and
smoothing the objective score function weights w;;, we
may be able to improve generalization (and decrease mem-
orization). Based on the formula of the empirical score
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function, we propose two approaches for smoothing.

Noise Unconditioning. In most diffusion models, the noise
levels are designed as continuous, which means the shells
pack the space. Therefore, we know from Section 3.1 that
for the fixed center y and position zx, there is an “opti-
mal shell” corresponding to some noise level o, that will
dominate the score function weight over all noise levels.
However, in standard diffusion models, the noise level is
fixed at each sampling stage, which means the sampling
point may not lie on the optimal shells around most training
points, leading to sub-optimal score function weights (much
smaller) for these points. So, our first smoothing method
is to remove conditioning on noise, allowing each training
point to adaptively find its optimal shell at the given position
x. This ensures that other training points can contribute to
the score function, preventing a single point from dominat-
ing, and thus mitigating memorization. In addition, this
noise unconditioning enables us to regard the sampling as
a gradient ascent process, where the optimal solutions are
the training points. In this case, even though the sampling
may still collapse to the centers, the “collapse time” to a
particular center y; will be delayed, since other centers still
make significant contributions during the sampling. For
illustration, compare Figure 1 (c) to Figure 1 (a).

Temperature Smoothing. Given that the score function
weights w;; () are defined as softmax functions, another
smoothing approach becomes apparent: Modity the defini-
tion of these weights by introducing a temperature parameter
to smooth them. The effect of smoothing is to delay the
collapse of the denoising process; see Figure 1 (d). By using
higher temperatures at smaller noise levels, the sampling
will have chances to continuously explore the local mani-
fold rather than collapsing to a single point. This enables
the neural network to sample from combinations over local
manifold containing nearby samples, making it more likely
to generalize rather than memorize. If the temperature is
not sufficiently high, collapse may still occur eventually, but
early stopping may prevent full collapse while maintaining
the exploration benefits (see the red regions in Figure 1 (d)).
However, we must also avoid excessively high temperatures
as this would introduce influence from training points in an
excessively large neighborhood, causing the generated point
to deviate significantly from the image manifold.

Overall, we make the following contributions.

* We theoretically prove that memorization stems from the
sharpness of empirical score functions, and experimen-
tally verify that neural networks achieve generalization by
implicitly smoothing the score-function weights across
different centers, i.e., increasing the influence of samples
other than the nearest one.

* We propose two novel methods to mitigate memorization:
(1) Noise Unconditioning, a framework that unifies dis-

tributions across noise levels and is equivalent to explicit
score matching on a unified Gaussian mixture, so that
sampling can be interpreted as gradient ascent on this
fixed objective, enabling optimization-based strategies
for generation. (2) Temperature Smoothing, a plug-and-
play modification of the training objective that explicitly
controls the smoothness of score weights and improves
generalization with only modest extra cost.

* Our explanation framework bridges the gap between dif-
fusion theory and practice, providing theoretical founda-
tions for many previously confusing experimental phe-
nomena. This theoretical grounding may facilitate further
advances in generative modeling.

2. Preliminaries
2.1. Forward SDEs and Backward ODEs

Stochastic differential equations (SDEs) provide a powerful
framework for describing diffusion processes (Song et al.,
2021). A general forward SDE in R? can be written as:

dzy = p(wy, t) dt + o (t) dwy, )

where z; € R is the state of the system at time ¢ € [0, T,
u(-,-) and o(-) are the drift and diffusion coefficients re-
spectively, and w; represents the standard Brownian mo-
tion. This forward SDE describes how data is progressively
perturbed into a noise-like distribution as ¢ increases. A
remarkable property of this SDE is the existence of an or-
dinary differential equation (ODE), dubbed the Probability
Flow ODE (Song et al., 2021), whose solution trajectories
sampled at ¢ are distributed according to:

1
dzy = |p(es,t) = 50(t)* Ve logpu(z) | dt, ()

where V log p:(z) is the score function of the perturbed
distribution at time ¢, namely the learning target of a neu-
ral network sg(z,t) via score matching (Vincent, 2011;
Hyvirinen & Dayan, 2005; Song & Ermon, 2019).

2.2. Noise Unconditioning: ODE as Gradient Flow

Note that we let p(z,t) = 0 and o(t) = /2t following
the variance exploding SDE (Song et al., 2021; Karras
et al., 2022). This choice ensures that we have p;(z) =
p*(x) @N(0,t21),i.e., pi(x) = p*(x) @ N (0, 02T), where
® denotes the convolution operation. When we remove
the noise conditioning, i.e., sp(x,t) — s¢(x), all marginal
distributions will be unified into one space. This unified
distribution can be approximated by an M x N Gaussian
mixture (Section A.1):

1 M N
pMN(l') = ZMNZZ)‘(UZ)N(LU7/~LJ7UZQI>7 (3)
j=1i=1
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where Z is the normalization constant and A(o;) represents
the weighting function for different noise levels. Following
standard practice in diffusion models (Song & Ermon, 2019;
Song et al., 2021), we choose A(c;) = o2 during training.

For the unified distribution py, the regions close to train-
ing points (Gaussian centers) naturally exhibit the highest
probability density in high dimensions. So sampling these
centers can be regarded as maximizing log pyn (z), thereby
the sampling process can be reformulated as gradient ascent
flow of this fixed objective function log pyn:

dz

ar _ 1
Eri 2Va: log pmn (), 4

where dt now parameterizes the optimization trajectory
(rather than reversed diffusion time, since log pyn(z) is
time-independent) and 1 > 0 is the step size. This ODE rep-
resents continuous gradient flow on log pyvn () to maximize
the likelihood.

3. From Memorization to Generalization

We now analyze why memorization occurs and how it is
related to the sharpness of the score functions. Furthermore,
we explain how the neural networks and our methods can
generalize through comparing the expansiveness of the gra-
dient ascent operators associated with their score functions.

3.1. Why Memorize?

For a Gaussian mixture distribution pyy as in Equation (3),
we can explicitly calculate its score function:

V. log pun (2

where

o 02N (z; pj, o?1)
) = SN
=1 24k=1% s, O

and this score function weight can be written as a function

fl, s 00) 2 —(d—2)Ino; — 12 “JH with softmax:

exp(f(x, pj,04))
IV=[1 Zszl exp(f(x, M, Uk))
= Softmax; ;(f(z, 1j, 0:)).

wij(z) =

‘We have the following conclusion for this score function:

Proposition 2. In high dimensions d, given a position x
that is not far from any Gaussian centers, the score function
V. log pun(x) is predominantly determined by the Gaus-
sian component A/ (X5 b ofI), where p, and o, are defined

as follows:
u*:argmln”‘riuj“?v .7:17"'3Ma
Hj
2
. Uopt
O, =arg min 5 — 1

| o lz=p]l

where o4y i= Fo=" & 71

The proposition can be proved according to two properties
of the score function weights:

Property 1. o domination: Given a certain position x
and any fixed center p;, there exists an optimal noise level
o such that its corresponding Gaussian component domi-
nates the score function weight over all other noise levels.
Mathematically, o} is the global maximum of the function

flo)=—(d—2)Ino— HIZA with f (o) demonstrating
pronounced sensitivity to deviations from o7.

Under the noise scheduling that the boundaries of Gaussian
shells touch (Section A.3), namely a kind of log-uniform dis-
tribution as in (Song & Ermon, 2020), the ratio of the max-
imum to second-maximum score function weights across
noise levels is (derivation in Section A.4.1):

wij (m) o

o18(1-20)
b
wiy1,5()

Vo = for some « € [0,0.5).

We give an example to build intuition about how large the
ratio can be even for modest values of . For the case of
% (that is, o, is only slightly closer to o; than to
oir1), we have v, ~ €5 ~ 403, so w;;(x) dominates its
closest neighbor. Its dominance over all other weights will
be even greater. Based on this property, we can then simplify
the score function, representing the weight of a center 1 by
only using its optimal noise level o7

a =

o2 N (x5 pj, 0321
w0 = I
> i1 07N (@, 07%1)

Property 2. 1 domination: Given a position x, the score
function weight of a center decreases exponentially as the
distance between the center and x increases. We have the
following conclusion for the case that two training points
pj and gy are a similar distance from z, namely o7 = oj
but [l — | > [l — py]|:

wj Oy — pl?

J

7
§ = w# — % > 0 represents the rel-
J

ative distance advantage of ji; over y; with respect to x
(see derivation in Section A.4.2) and vy, captures the ratio

where
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of the weights corresponding to the two centers p; and ;.
Typically, § < O(ﬁ) maintains the condition o} = o}.
However, during the sampling, the progressive reduction of
o causes 7y, to grow. When o7 is sufficiently small, the
single center y; will dominate the score function weight,
resulting in collapse and subsequent memorization.

3.2. Generalization Evaluation

From Property 2 in Section 3.1, we know that memorization
occurs when o is small because the closest training point
dominates the score function weight, even when it is not
much closer than other points. However, in practice, we gen-
erate samples using neural networks to approximate the em-
pirical score function, and this often results in novel samples.
These observations suggest that the score function learned
by the neural network must differ from the empirical score
function. A natural explanation is that the neural network
fits the score function quite well, but implicitly smooths its
weights at small noise levels, preventing the dominance of
individual training points and avoiding sampling collapse.
Following this insight, we analyze the generalization ability
of neural networks, standard diffusion, noise unconditioning,
and temperature smoothing by comparing the expansiveness
of their sampling process at points where the shells from
different training points overlap. We simplify the analysis
by considering only the two training points closest to z,
which is sufficient for our purposes because Proposition 2
indicates that the closest training samples have the greatest
(dominant) influence on the flow.

Denoting the two closest training points by 1 and 1, as-
sume that the sampling point z is similarly close to both of
them, with the same shell radius o*v/d for both. We assume
|z — pol| = Cljz — p1 || = Co*/d, where C' > 1. We then
slightly perturb x along the direction (o — 1) to obtain
position y, such that ||y — pu1|| = C|ly — wol| = Co*Vad.
After one sampling step for both = and y, we arrive at x’
and y’ respectively. We then evaluate the expansion factor

_ |y =Xl

VYex ‘= .
ly — =]

This ratio serves as an indicator of generalization because
1) memorization can induce an arbitrarily large ratio (for-
mally unbounded in the limit); 2) a bounded ratio (i.e., a
locally non-expansive sampling map, in the same sense as
non-expansive updates in optimization) preserves the local
connectivity of the sampled distribution, and thus serves as
a quantitative proxy for generalization.

Empirical vs. Neural Network: Under the above assump-
tion, for the empirical score function of standard diffusion,
we have:

N (o —
76:6 ~
ly — |l

], 2
e

where 7 is the sampling stepsize and a > 1 represents the
ratio of the dominant to subdominant score function weight
(see derivation in Section A.5). This result still holds for
ly — || — 0if d — oo, which means that a — oo and
the ratio could be unbounded, showing poor generalization.
However, the results of interpolation experiments in diffu-
sion models (Song et al., 2021; Ho et al., 2020) show that
ly — 2’| = 0if ||y — || — 0. Our experiments (5.1.2)
also show that the learned score function has a much smaller
ratio than the empirical one.

Conditioning vs. Unconditioning. Under our assumption,
the unconditioning modeling has the same ratio formula as
in Equation (7) but with a different coefficient a. From the
property of o-domination, we know that the unconditioning
case has a smoother score function weight, leading to a
smaller ratio 7., and therefore better generalization.

Temperature. We modify the weight calculations by intro-
ducing a temperature vector T' € R™ whose i-th component
T; contains the temperature for shell i. We define 77" to
be the value of T; for which o; = 0. Generalizing Equa-
tion (5), the temperature-based score function weight is
defined as:

exp (f(w,;}ﬁ;))

M fl@pof)\
D=1 exp( T;* ' )

wi(xv;T) =

(We recover Equation (5) by setting 7; = 1, ¢ =
1,2,...,N.) As the T; increase to oo, the temperature
smoothing reduces the dominance ratio a, resulting in
smaller 7., and better generalization.

4. Learning the Smoothed Score Function

We next describe our methods for training the neural net-
work score functions sy, parametrized by weight vector 6.
Our noise scheduling follows the variance exploding SDE in
(Song et al., 2021), where the noise scale o is sampled from
a discrete set of N points that approximate a log-uniform
distribution over the range [omin, 0max]- The probability of
selecting each o; is equally % We denote sampling from
this noise schedule as o; ~ p,.

4.1. Unconditioning Score Matching

The loss function in standard noise conditioning score-based
neural networks (NCSN) (Song & Ermon, 2019) is

2
i

2

so(x,04) + —
a;

x—p
L= Eoinpoe Bpmp Brn nr(1,021) [ ‘

®
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We have a similar objective function for the unconditioning
modeling:

. .
Ly = EGiNPaEuNP* ]E:nNN(;L,O'fI) ? Se (’JJ) + 2

)

©))
The only difference is that we remove the noise as an in-
put to the neural networks. Following the denoising score
matching (Vincent, 2011), we show in Section A.6 that opti-
mizing this loss function is equivalent to performing explicit
score matching for the distribution pyy.

4.2. Temperature-based Score Matching

From Equation (6) and the analysis in Section 3, we know
that when the noise level is small, training samples close to =
will dominate the score function weights. Therefore, we set
a threshold o¢oliapse to determine when we should introduce
temperature scaling. When o; < 0coltapse, fOr a noisy point
x drawn from N (u, 021) where p1 ~ p*, u should be the
closest training sample to . We can then approximate the
score function using the top- K nearest training samples to
, denoted by p5y, j =1,2,..., K, as follows:

I
V. log pun(@; T) Zw(j) 2, T) ( *2(”> (10)
()

where
Flx,my,0;
eXp< ( 0! m))
)

K flwwy,of)\
P exp( T = )

(O]

w?j)(x;T) =

We thus define the score matching loss to be:

1
Lt = EwNpMN |:2 ||SG(37) -V 10gpMN<x;T)§:| :

where practically we use Equation (10) to approximate
Va log pun(z; T).

To sum up, the complete temperature-based training loss
adaptively combines both approaches based on the noise
level of each sample:

L—F Ly, ifo; > Ocollapse (11)
- T;~Po .

P Lr, ifo; < Ocollapse
Experimentally, we set T; = max(m, 1). Note that

temperature-based score matching is not rlgorously learning
the score function of py, but its smoothed proxy version.
5. Experiments

Experimental Setup. To evaluate the effectiveness of our
smoothing methods, we adopt VE-SDE (Song et al., 2021)

|

as the baseline, which is known as the first time-reverse
SDE framework of diffusion models. For fair comparison,
we reproduce the VE-SDE setup and apply our smoothing
methods with the same implementations. For example, our
unconditioning approach uses the same NN architecture
as the baseline, with only the time embedding layers re-
moved. (see Section B.1 for other details) In addition to the
four commonly used datasets, CIFAR-10 (Krizhevsky et al.,
2009), CelebA 64x64 (Liu et al., 2015), ImageNet 64 x 64
(Deng et al., 2009) and CelebA-HQ 256 x256 (Karras et al.,
2018), we also collect a small 64 x64 dataset for ablation
studies, consisting of 1,000 pet cats and 200 images of cara-
cals. Caracals differ from pet cats in having long ears and
ferocious faces (see Figure 2), so that we can clearly see any
possible generalizations.

Figure 2. Tllustration for the dataset of cat (left) and caracal (right).
Note that there are no yellow or long-eared pet cats in the dataset.

KNN Spaces. The curvature of the image manifold in pixel
space is large, so when K is large, or the temperature is high,
the learned score function may guide samples deviating from
the manifold. Therefore, we also apply KNN in the feature
space (with significantly smaller curvature). Specifically, we
use a pre-trained ResNet-18 first to map all samples to a 512-
dimensional latent space, then calculate the KNN and return
their indexes for later explicit score function calculation, still
in the pixel space. We find that under the same temperature
and K, the feature space-based KNN will lead to obviously
better generation quality than the pixel space-based one.
This phenomenon further verifies our former explanation
that neural networks achieve generalization via learning a
smoother score function determined by a local manifold.
Note that in this section, all illustrated samples are obtained
by pixel space-based KNN to support our claim. We show
more results and comparison in the Section B.4.2.

Quality Metric. Besides calculating the Fréchet Inception
Distance (FID) (Heusel et al., 2017) between generated sam-
ples G and training samples 7, we also calculate the FID
between generated samples and test samples 7. Smaller
% could be roughly regarded as better general-
ization. Spéciﬁcally, we randomly select the same number
of samples per class from the training set as in the test set to
calculate FID. For CelebA, we randomly select 10k images
from both the training set and test set.

ratio

Sampling for Unconditioning. We first try the existing
samplers (Song et al., 2021) by replacing the condition-
ing score function sy (x,t) with our unconditional version
sg(x). We find that SDE samplers can still succeed while
ODE samplers may fail catastrophically. Under our frame-
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work, this occurs because at late sampling stages, the un-
conditional score function adapts to the true noise level
Opsx i= % where x,, is current sample and . is its
closest training point. However, the sampling schedule still
uses the predetermined noise level o,,. In ODE samplers,
we empirically observe that 0, > 0. as z,, approaches
training data, creating a critical mismatch. We prove in Sec-
tion A.7.1 that this mismatch causes ODE samplers to take
excessively large steps o< 02 /02, leading to catastrophic
overshoot. In contrast, SDE samplers remain stable because
their stochastic noise term creates a self-correcting mecha-
nism that keeps o, reasonably close to o,, (Section A.7.2).
To address this mismatch, one way is to fix the implicit noise
level after every ODE step like the Predictor-Corrector (PC)
sampling in (Song et al., 2021). Another way is to directly

replacing the predetermined o,, by o,:
2
Tp41 = T + a0, So(Ty)

where « controls the step size. Although computing o,
requires finding the nearest training point which may be
expensive for large-scale datasets, our unconditional score
function enables bigger step sizes than standard diffusion
models, resulting in significantly fewer function evaluations
(NFE) that often compensate for this overhead. This is
because the unconditioning score function is well-defined
across the entire support of pyn, and so avoids the error ac-
cumulation of large time steps in standard diffusion models.

5.1. Ablation Studies on Cat Caracal Dataset

5.1.1. QUALITATIVE EXPERIMENTS

Figure 3. Qualitative comparison with different methods. (a, b, c)
illustrates the generated images (left of red line) and their top-3
nearest neighbors of training samples in pixel space. (d) shows the
generated images (2, 3, 4) and their corresponding closest training
sample (1). (closest in both pixel and feature spaces)

Since the cat-caracal dataset uses only 1,200 images for
training, there are relatively few regions where the empirical
score function is sharp, i.e., where different training points
compete. Therefore, a neural network with sufficient capac-
ity can capture this sharpness, leading to pure memorization,

~@— Conditioning
1000 =M= T=1( it

A T=10
T=100

<%= T=1000
e NN (C
~~ NN (Unconditioning)

100

Sampling Expansiveness (Vexpan)

1.0 05 02 0.1 005
Noise Level (0 ")

Figure 4. Sampling expansiveness ratio vex at different noise levels.
Empirical conditioning scores are highly expansive at low noise
levels, while unconditioning, temperature smoothing, and NN
approximation all yield much smaller ~yex.

as we see in Figure 3 (a). However, either unconditioning
modeling or temperature smoothing (here 7; = 7/0; for
1=1,2,..., N and K=10) can generalize well, illustrated
by Figure 3 (b) and (c) respectively. We can see obvious
generalization in (c), e.g., the first generated cat, which has
a caracal face but short ears and gray color. Meanwhile, in
Figure 3 (d), we compare the generated images with their
same collapse training sample (1). Conditioning modeling
(2) can only replicate the source image. In contrast, the
unconditioning modeling (3) will not fully memorize, and
temperature smoothing (4) shows significant generalization.

5.1.2. QUANTITATIVE EXPERIMENTS

To empirically support our argument in Section 3.2, we
calculate 7., under different noise levels using the learned
score functions (NN Conditioning and Unconditioning), the
empirical conditioning score function, the unconditioning
(T=1), and the temperature-based ones (T=10,100,1000).
Specifically, we randomly choose 10k data pairs in the cat-
caracal dataset, and obtain z,y, =,y as the assumption in
Section 3.2, where we let ||z — y|| = 0.20" and = 0.1.

We can see the results in Figure 4. They are consistent
with our predictions of the behavior of ~., for the various
score functions and their NN approximations. We observe
that larger temperature values yield smaller expansion ratios
Yeq for the empirical score function variants, and that the
NN behavior is similar to that of the temperature-smoothed
empirical score function. Additionally, as the noise level
decreases (toward the right of the chart), 7., tends to in-
crease, as the points x and y collapse more rapidly toward
their respective (different) training points. We note too the
large difference in behavior between the unconditioned em-
pirical score function and its NN approximation; the latter
has much smaller values of v., and therefore better general-
ization properties.
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5.2. Sample Quality

Sz
CINEY 51T

(a) Unconditioning (b) Ti=5/0i, K=30

(c) Ti=5/ai, K=100

Figure 5. Generated images (top to bottom) for variants of SDE
1K NFE on datasets CIFAR-10 and CelebA. (pixel space KNN)

To further verify the effectiveness of our methods, we also
implement experiments on some commonly used datasets.
We first present ablation studies evaluated by FID on the
CIFAR-10 and CelebA datasets. As shown in Table 1, al-
though the FID score slightly deteriorates at some settings,
this is accompanied by observable and meaningful general-
ization. As illustrated in Figure 5 (b) and (c), for example,
the generated images on CelebA exhibit clear generalization:
the red face in (b) and a similar countenance in (c), both
of which indicate that the NN has captured the common
characteristics of training samples in the local manifold.
In practice, we can simply choose an appropriate temper-
ature to achieve strong generalization while maintaining
comparable quality.

Moreover, the results in Table 1 show that the feature space-
based KNN consistently outperforms the pixel space-based
KNN across all settings. Operating in feature space enables
more aggressive smoothing (larger temperatures and K)
while maintaining strong performance. For instance, on
CIFAR-10 with T; = 7/0; and K = 100, pixel-space KNN
collapses (FID increases to 50.81), whereas feature-space
KNN still attains an FID of 7.96. This observation also
supports our hypothesis that the neural network generalizes
by smoothing the local manifolds, as lower local curva-
ture (feature space) allows for stronger score smoothing
without driving samples off the manifold. The consistent
improvements suggest that feature space provides a more
appropriate geometric structure for our smoothing methods.
These results motivate us to extend our approach to latent
diffusion models, which may further enhance generalization
while preserving computational efficiency.

In the Appendix, we present complementary results on other
high-resolution datasets, including ImageNet 64 x64 and
CelebA-HQ 256x256. We also provide detailed proofs,
training cost analysis, and extensive experiments to validate
our theoretical approximations and claims.

Table 1. Ablation studies of our smoothing methods on the CIFAR-
10 and CelebA datasets. “—” indicates the performance change
from pixel space-based KNN to feature space-based KNN.

Method FID(G,T;)  FID(G, Teest)
CIFAR-10 32x32

SDE (PC) 1K NFE

Conditioning 6.49 6.56
Unconditioning 7.33 7.34

T, =1/0;, K=30 832 —+8.08 825—8.02
T, =1/0;, K=100 8.67—-1797 8.61 —17.89
T, =5/0;, K=30 8.56 —+8.12  8.60 — 8.15
T; = 5/0;, K=100 13.25 - 8.35 13.41 — 8.30
T, = 7/0;, K=30 21.28 — 826 21.34 —8.22
T, = 7/0;, K=100 50.81 —7.96 51.08 — 7.98
ODE (PC) 1K NFE

Conditioning 8.48 8.50
Unconditioning 8.84 8.88

T, = 1/0;, K=30 875845 8.67— 843
CelebA 64 <64

SDE (PC) 1K NFE

Conditioning 7.25 7.81
Unconditioning 7.07 7.34

T, = 5/0;, K=30 9.58 —8.78 9.32—8.54
T; = 5/0;, K=100 36.63 —9.47 35.01 —9.10
T; = 10/0;, K=30 9.88 — 8.64  9.48 — 8.56
T, =10/0;, K=100  61.97 —8.40 6091 — 8.19
ODE (PC) 1K NFE

Conditioning 7.65 7.87
Unconditioning 7.71 7.88

T, =5/0;, K=30 9.36 — 8.67  9.50 — 8.80

6. Conclusion

This work establishes a theoretical framework for under-
standing memorization in diffusion models through the
analysis of several variants of the empirical score function
and its NN approximations. It reveals that memorization
arises from the dominance of individual training samples
in softmax-weighted score functions, while generalization
emerges through smoothed weight distributions that enable
local manifold exploration. By exploring the fundamental
properties of the score function, we identify the cause of
memorization and propose two smoothing methods — Noise
Unconditioning and Temperature Smoothing — which ele-
gantly control the concentration of the score function weight
and effectively reduce memorization while maintaining high
generation quality.

We developed mathematical analysis to explain a theory-
practice inconsistency, and made experimental validations,
revealing how neural networks achieve remarkable gener-
alization. Our framework rationalizes previously observed
memorization phenomena and unifies prior unconditioning
approaches from an optimization perspective.
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7. Broader Impact

Generalization Perspective. Memorization in diffusion
models poses significant concerns across multiple domains.
In healthcare applications, patient data leakage through gen-
erated medical images could violate privacy regulations and
compromise sensitive health information. In creative in-
dustries, models that memorize copyrighted content risk
intellectual property infringement when used for commer-
cial image generation. Our methods address these risks
by reducing the likelihood of exact training data replica-
tion while preserving the quality and diversity of generated
samples, enabling safer deployment of diffusion models in
privacy-sensitive and legally regulated contexts.

Gradient Ascent Perspective. Our noise unconditioning
reformulates sampling as gradient ascent on a unified distri-
bution, enabling constraints to be integrated via projected
gradient methods. This feature is particularly valuable for
applications requiring adherence to physical laws, such as
video generation, which struggles to learn complex physical
dynamics from data alone.

Intuitive Understanding. By visualizing the sampling
process as moving from large shells (high noise) to small
shells (low noise), we offer a natural geometric interpreta-
tion that bridges the gap between complex mathematical
formulations and intuitive understanding. Further, our un-
conditioning modeling transfers the time-reverse SDE into
a familiar optimization process, making diffusion models
more accessible to the broader generative community. This
geometric intuition may also facilitate practical debugging,
hyperparameter tuning, and model design decisions.
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Preface

We give some background on the development of our framework and the potential it holds for better understanding of
diffusion models.

Besides being inspired by the theory—practice inconsistency discussed in the main paper, our framework is also motivated by
the empirical difficulty of explicit score matching in practice. In high-dimensional spaces, the data distribution generally
occupies a limited region under the Manifold Hypothesis (Fefferman et al., 2016), which means that standard score matching
(Vincent, 2011) tends to be ineffective due to unstable or highly inaccurate gradient estimation in low-density regions.
Unlike the solution proposed in NCSN (Song & Ermon, 2019) — commonly known as diffusion models (VE-SDE (Song
et al., 2021)) — which ensures that each marginal score function is learned by samples within its corresponding shell (a
high-density region at a given noise level), our unconditioning modeling unifies all noise-perturbed distributions into a
single Gaussian mixture and effectively spreads the support of the training objective across all possible sampling regions.
However, this noise-perturbed Gaussian mixture distribution is not our final target; rather, the distribution of its centers is.
Regions closer to the centers exhibit higher probability density (same probability mass but much smaller volume), so the
score function of this perturbed distribution will eventually guide samples toward the centers — a gradient ascent process.

Our unconditioning framework is essentially a parallel solution to the conditioning diffusion models, both of which emerge
from addressing the limitations of high-dimensional score matching. Based on the inherent properties of the score function
of a Gaussian mixture, we show that unconditioning modeling tends to exhibit smoother score-function weights across
different centers and, in this sense, better generalization capabilities in comparison to conditioning modeling. Meanwhile,
we identify the softmax weighting in the empirical score function as providing a natural mechanism (temperature) to further
control this smoothness and enhance generalization.

Our framework rephrases much of the diffusion theory in terms of basic optimization and high-dimensional geometry,
largely avoiding complex conditional probability or partial differential equation derivations. This perspective relies only
on elementary optimization concepts and mathematical derivations, making the core ideas accessible to a broad range of
practitioners and easier to reason about, which in turn lowers the barrier for developing new intuitions and extensions.

A Metaphor. We can imagine the generative process as a mountaineering expedition: A hiker (a sample point ), starting
on a flat, empty plain (of pure noise), must climb to any peak (a valid data sample).

In the traditional diffusion models, the guide (a time-conditional network sg(z, t)) uses altitude-specific guidebooks, each
only valid for a certain elevation (the time step ¢). This creates a narrow view (score function weight dominance) that leads
the hiker more or less directly to a nearby peak, missing other possible destinations.

Our unconditioning modeling trains a guide (a time-independent network sy (x)) with a single, complete map of the entire
mountain range. This guide can see the complex network of valleys, ridges, and passes connecting all peaks, understanding
diverse pathways to multiple destinations (via a smoother score-function weight in which several nearby peaks contribute).

We enhance exploration with temperature smoothing, which works like terrain engineering that builds bridges between
isolated peaks. Appropriately higher temperatures create denser bridge networks, which enables the hiker to move smoothly
between and around peaks, discovering new highlands that were not on the original map: generalization!

13
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Literature Review

Memorization and Generalization. Recent work has revealed memorization behaviors in diffusion models, where generated
samples can closely replicate training data (Carlini et al., 2023; Somepalli et al., 2023; Wen et al., 2024). (Carlini et al., 2023)
demonstrated systematic extraction of training images from large-scale models like Stable Diffusion (Rombach et al., 2022),
raising privacy and copyright concerns. (Somepalli et al., 2023) analyzed the connection between data duplication and
memorization, proposing mitigation strategies through caption diversification. To investigate the causes of memorization,
studies like (Gu et al., 2023) provided empirical evidence showing that the optimal solution of denoising score matching can
only generate training data copies; (Yoon et al., 2023) proposed the memorization—generalization dichotomy, arguing that
generalization occurs when models fail to memorize, contrasting with overfitting in supervised learning (Zhang et al., 2017).
Recent work (Bonnaire et al., 2025) further elaborates on how neural networks learn the empirical score function: the model
first fits an approximation to the population score and later converges to the highly irregular empirical score that leads to
exact memorization.

On the one hand, these works, from the model-learning perspective, show that memorization is highly related to model
capacity, dataset size, and training time. On the other hand, our framework approaches the problem from a complementary
angle by explicitly characterizing the properties of the empirical score function itself: we show that its complexity grows
with the number and arrangement of training samples, because the overlap regions of Gaussian shells increase, which
not only offers a more complete understanding of memorization in diffusion models but also naturally suggests concrete
score-smoothing interventions to improve generalization.

Noise Conditioning and Unconditioning. Noise conditioning has been a core component of modern generative models
since early denoising-based methods (Sohl-Dickstein et al., 2015), then popularized in DDPMs (Ho et al., 2020) and Noise
Conditional Score Networks (NCSNs) (Song & Ermon, 2019). It has become standard practice, adopted by flow matching
(Papamakarios et al., 2021; Lipman et al., 2022; Liu et al., 2022; Albergo et al., 2025), consistency models (Song et al.,
2023), and distillation techniques (Song & Dhariwal, 2024; Lu & Song, 2025). A few recent works have also explored
noise unconditioning—removing the explicit noise-level input. (Song & Ermon, 2020) first showed that a score network
with a preconditioned objective can be trained without conditioning and still generate reasonable samples using Annealing
Langevin Dynamics. (Sun et al., 2025) further demonstrated that such unconditioning works across DDPMs and flow
models. These works, however, mainly establish that unconditioning can work in practice, without clarifying its theory.

Our paper goes beyond demonstrating that noise unconditioning can work by providing a theoretical framework for
understanding what it essentially learns and how it should be correctly used. Specifically, we prove that the standard
unconditioning loss Equation (9) corresponds to explicit score matching on a unified Gaussian mixture pyN (Section A.6),
and use this perspective to characterize how unconditioning smooths score weights and improves generalization. At the
same time, this framework explains why diffusion ODE and SDE samplers behave very differently after removing the noise
condition (Section A.7).

This unified-view also clarifies an important point compared to (Sun et al., 2025): the claim that “given the same input
z, the outputs of the NN trained by noise conditioning and unconditioning are almost the same” does not generally
hold, since in unconditioning the score field couples all noise levels rather than a fixed one, and the prescribed noise
level is not always aligned with the optimal noise scale determined by the closest training point to x. Consistently with
our theory, all our ablations that directly compare conditioning vs. unconditioning modelings (e.g., qualitative samples
in Figure 3, expansiveness measurements in Figure 15, and memorization statistics in Section B.3.2) show clear and
systematic differences between the two, especially at low noise levels. This conclusion also reveals why the diffusion ODE
sampler cannot work with direct replacement of the unconditioned model, which is also observed in (Sun et al., 2025) but
unexplainable there.
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Notation Table

We summarize here the main symbols used throughout the paper.

Symbol Meaning
xz € R? Data / sample in the ambient (pixel) space.
Wi € R4 The j-th training sample (Gaussian center), j = 1,..., M.
M Number of training samples used to form the empirical distribution.
N Number of noise levels.
te0,T) Diffusion time.
Ty State at time ¢ in the forward / backward process.
T, Sample at discrete step n of the sampler.
Pdata(T) True data distribution.
p(z) Empirical data distribution: p(z) = & Y77, 6(z — p;).
pi(x) Empirical marginal at level o;: p;(z) = 55 =1 N (@i, o?I) (i.e., po, ()).
Po () The distribution of the noise levels.
N(x;p,02I) Isotropic Gaussian with mean i, covariance o21.
0 € [Omin, Omax) Noise scale (standard deviation) in VE-SDE.
{o:i}, Discrete noise schedule, typically log-uniform.
pvn () Unified Gaussian mixture: ﬁ ij\i1 Zf\; Noi)N(z; pj, 021).
ZMN Normalization constant of pyn ().
Aos) Noise level weight; in our experiments, A(c;) = o2.
sg(z,0) NN score in the noise conditioning modeling, approx. V log p, ().
sg(x) NN score in the unconditioning modeling (no noise input).
V. logp(z) Score function of distribution p(x).
w;;(x) Weight of component (15, 0;) at « (posterior responsibility).

12
[z, i, 04) Pre-softmax log-weight: —(d — 2)Ino; — %
w* Nearest training point to z: u* = argmin; ||z — ;%
Oopt “Optimal” noise for (2, 11*); Topt = || — p*||/V/d.

2
o} Discrete optimal shell for y15: 0 = arg min,, U(‘;? — 1|.
wi () Dominant weight for center 11; under its optimal shell o7.
T>0 Temperature for smoothing softmax weights (scalar or per-shell).
T; Temperature on shell 4 in the temperature vector T € R,
Tj* Temperature at the optimal shell of center 1 (Tj?* =T; witho; = a;).
w]*-(x; T) Temperature-smoothed dominant weight for center yi; at x.
u(x,t) Drift of the forward SDE (zero for VE-SDE).

a(t)

Diffusion scale in VE-SDE.

dxy = p(xe, t) dt + o(t) dw, Forward SDE.

dey = (u(zy,t) — 20(t)*V, logpy(zy)) dt  Probability flow ODE.

n Step size in gradient flow / ODE sampling.

On Pre-scheduled noise at step n.

o “Actual” noise at step n: (07)? := min; ||z, — p;||*/d.

L. Noise-conditioned denoising score matching loss.

L, Unconditioning score matching loss (explicit score matching on py).
Lt Temperature-based score matching loss using a KNN-based approximation.
Ocollapse Noise threshold below which temperature smoothing is applied.

Yex (T, Y) Local sampling expansiveness: ||y’ — 2’||/||y — z|| after one update.
H(x;T) Hessian of the log distribution: H (x;T) := V2, log pun(z, T).
Amax (3 T') Largest eigenvalue of H (z;T) (controls worst-case local expansion).

FID(G7 Ttrain)
FID(G, Ttest)

Fréchet Inception Distance between generated and training samples.
Fréchet Inception Distance between generated and test samples.
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A. Proofs

In this section, we provide details of proofs of the results in the paper.

A.1. Unified Distribution as a Gaussian Mixture
STEP 1: DEFINING THE TARGET DISTRIBUTION

We define a unified distribution p(Z) by perturbing the data distribution with multiple noise levels o, weighted by a function
Ao):

min

where:

* \(0) is a weighting function (e.g., A(0) := o?);

f::‘:" A(o)p(o)do is the normalization constant;
e p(% | x,0) = N(%;z,0I) is the perturbed Gaussian component;
* Ddaa() is the data distribution;

e p(o) = m for o € [Omin, Omax] is the log-uniform prior.

STEP 2: DISCRETIZING THE DATA DISTRIBUTION

We approximate the data distribution using M discrete training samples {1, }Jj\il

pdata M Z 6 T — ,Uj
The inner integral over x becomes:
- 1 .
/zp(l | xva)pdata(x) dr ~ M ZN(I'”LLJ, 0'2]:).

Thus,
5 Omax )\
p(Z) ~ ZN (@ pj,0 p(o) do.

min

STEP 3: DISCRETIZING THE NOISE LEVELS

Using our approximation to the uniform distribution on [oyyin, Omax] based on the log-uniformly distributed points o,

i=1,2,..., N, we can write
O max )\
/U ‘ %p(d) )do ~ —

‘min

where f is a general function and % reflects the uniform weighting of the N sampled noise levels. By applying this to our
distribution, we obtain

) ~. 52
pun(Z) = p(Z) =~ ZMN;;A o) N (Z; pj, o71).

Therefore, the unified distribution py is a weighted Gaussian mixture with M X N components, where each component
A(ai)
ZMN>

has weight mean 4, and covariance o2 1.

16
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A.2. Score Function Calculation

First take the logarithm:

M N
log pmn(z) = —log(ZMN) + log ZZ)\(UZ‘)N(:L‘;/L]‘7O'§I) ,

j=1:i=1

then the gradient:

M N
Valogpun () = Vi log [ > > " Ao N (w; 1y, o7T)

j=1i=1
Then using the chain rule for the gradient of log(-):
M N M <N 2
Vg Z i— Zi: A(Ui)N(xJ Hi,0; I)
Valog [ DD MoN(wipy,0fD) | = —=5=n— e (12)
j=11i=1 Zj:l > izt M) N (x5 5, 07T)

The multivariate (d dimensional) Gaussian PDF is

e o2T) = AL 1 B
N (z;py,07T) = (2ro2)ir2 exp( ,
whose gradient with respect to x is

T — b
VN (23, 071) = N (5 15, 071) - (_023) :

Substituting the gradient of the Gaussian into the numerator of (12), we have:
M N M P
D3 DPCANEING D D) IV I I C= B
j=11i=1 j=1i=1
We can thus rewrite the score function (12) as follows:
S S AN (s g, 071) - (54
M N :
Zj:l > iz Mo N (@5, 01‘21)

Define the normalized weight for each Gaussian component as follows:

V. log pyn(z) =

A(Uz)N(xa /u'ja 0121)
S SN Mow)N (@, o2T)

This represents the posterior probability p(s;, 05 | x), i.e., the probability that the sample = was generated by the j-th center
p; and the i-th variance level 2. Using w;;(z), the score function can be written more simply as follows:

wij(z) :=

M N .
Vo logpun(@) = = 3. wy(z)” /”LJ

j=11i=1

This form highlights that the score function of a Gaussian mixture is a weighted average of the score functions of its
components, with weights given by the posterior probabilities w;; ().

17
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A.3. Proposition 1 (Gaussian Shell Distribution)

Proposition 1. Let X ~ A(0,02I) and R = || X|]5. When d — oo, we have R 2> ov/d and R % N(0v/d, 02/2).
Namely in high dimensions, most of the sampling points of a Gaussian will concentrate on a thin shell with radius

approximately ov/d and thickness 3v/20, namely R € |ov/d — %, ovVd + 3—\/"5] .
We examine the distribution of the squared radius R? = || X||2. When X ~ N(0, ¢*1I) in d dimensions, the squared radius
follows a scaled chi-squared distribution:

R = || X|* ~ o*x3

where x? denotes a chi-squared distribution with d degrees of freedom. The chi-squared distribution x? has mean d and
variance 2d. Therefore, R? has mean pp: = do? and variance Var(R?) = 2do?.

Applying Chebyshev’s inequality to the normalized squared radius, we obtain

(‘RQ_dUz > )\> < 1
o2v2d | P
For any e > 0, let A = e\/g. Then we have
R2
Pll-——-1>¢| < —.
( do? ’ - 6) ~ €2d

This bound approaches zero as d — oo, which means that for large d:

L
do?

)

P . - S
where — denotes convergence in probability. This implies:

R?~do? = R~oVd.

Distribution of R. We can derive a more precise result showing that not only does the norm R concentrate around ov/d,
but its deviation also follows a specific distribution.

For a chi-squared distribution with d degrees of freedom, we have the following asymptotic normality result when d is large:
2

X;;,dd 4 A0, 1),

This implies
R?/o? —d 4
———— S N(0,1),
V2d ©.1)
or equivalently
R? — do?
T2 4 N, 1).

a2v/2d

To obtain the distribution of R, we use the Delta method. Consider the function g(x) = /x at the point 7o = do? with
first-order Taylor expansion:

g(z) = g(xo) + ¢ (w0)(x — 0).
That is,

1
R=vVR2~oVd+ R? — do?).
7 20\/&( )
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This gives us
2 d 2
R—oVd~ u.
20v/d
By combining with our previous result, we obtain

o2V2d _ - 2
m./\/’(o’l) = —-N(0,1) = N(0,0°/2).

R—oVd 4,
V2
Therefore, we obtain the more precise result

R—U\/giw\/((),az/Z) as d — oo.

Through the “three sigma rule of thumb”, more than 99.7% of the samples drawn from the Gaussian perturbation concentrate
in the “shell” centered at its mean with

3o 3o
R e U\/&*E, Uﬁ+ﬁ .

In particular, if we choose the noise levels {o;} Y| so that the outer 3o-boundary of shell i coincides with the inner
3o-boundary of shell ¢ + 1,

30; 30i+1
ai\/g +—==0; Vd - )
V2 i V2

we obtain a natural “shell-touch” schedule that packs the space, which is used in Section A.4 and Section B.4.1 and is
numerically verified in Section B.2.1.

A.4. Proposition 2 (Score Function Weight Domination)

Proposition 2. In high dimensions d, given a position x that is not far away from any Gaussian centers, the score function
V. log pyn () is predominantly determined by the Gaussian component A (z; ji«, 02I), where p, and o, are defined as
follows:

pe =arg  min [z — g2,
“w 74

52i=1,2,...,M
2
: Uopt
O, = arg min 5 — 1|.
0i,1=1,2,...,N o;

where 0, 1= 7”9“%*2,“ ~ 7”””;%“”.

We divide the proof into two sub-propositions, one concerning o domination, and the other, ;+ domination.
A.4.1. PROPOSITION 2.1 (6 DOMINATION)

Proposition 2.1. Given a certain position z and any fixed center p;, there exists an optimal noise level o such that the
corresponding Gaussian component dominates the score function weight over all other noise levels.

Substituting the A(c) = o2, each weight w; () is a constant multiple of the “effective weight” w’ defined by

I B G N
A O_;l72 20-12 .

Maximizing w; () is equivalent to minimizing — In w?, so we identify o, by solving the following discrete minimization
problem:

>

2
min —Inw? <= min(d—2)Ineo; + Hin'l;*H
i gi g;
That is, . is well defined, independently of ¢;. Defining'
_ 2
f(o):= (d—Z)h’IU—‘rM, (13)

202

!Note that the f here is the negative of the function used inside the softmax score function weight in the main paper Section 3.1; this
choice is only for convenience.
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. 2 ..
we have f'(0) = 1(d —2) — % We have f/(oq,) = 0 as former definition. Moreover, we have (o) =
—L(d—2) + Z|lz — % so that f" (o) = 2((‘13;2), so indeed, ooy = H%H ~ H“”}Z*H minimizes f on the interval

o € (0,00).

Case of continuous 0. For the continuous case, we can exactly choose 0, = 0y, S0 We can just analyze the behavior of

llz—

f (o) around the minimizer o, = \/d%” . Using the Taylor expansion around o, for o = o, + ¢ with small |§|, we have
1
Flon+8) = f(o) + F(02)5+ 5 f"(0.)8% + O(5%).

Since f’(o,) = 0 by definition and f"(0.) = % > 0 for d > 2, we have:

flow+6) - f0.) = 28 1 06°)

*

As d is large, the coefficient da_f grows linearly with d, making the function f (o) increasingly peaked around o. Therefore,

any perturbation away from o, results in a significantly larger function value, confirming that o, dominates the score
function weight over all noise levels.

Case of discrete 0.  Since o, must take on one of the values 0;,7 = 1,2,..., N, it will generally not be equal to oop. We
examine next how the coefficient wg dominates the other coefficients, when o, = o; for some ¢ and ., = p; for some j.
For these purposes, we consider the following change of variables:

2 2

2 Topt O opt
= = = -1 14
UZ 1 + ’YZ ’YZ 012 bl ( )

sothaty; > vp > -+ > yn, wWith 41 > 0 when oo > Omin and vy € (—1,0) when oop < Tmax. We define v, in the
corresponding way, that is

2 2
o o
Uf =P Yo = Ogt —1.
14 7.« o;
2
Note from o, = argming, o,,...on Z;" — 1‘ that -, is the quantity y; for which |~;| is minimized overi = 1,2,..., N.

We now have

floi) = flox)
= (f(9i) = floop)) = (f(0) = [(Top))

Topt o; Topt o2
d—2 -2
=—3 (In(1 +74) —1n(1+%))+T(%—7*),
so that 5 ) )
75 (f(oe) = flou)) =In(1 + ) —In(1 +%) + (73 — 1) = SRR (15)

so that f(o;) > f(o.) unless o; = o,. Note that when oy is near the midpoint between o; and 011, we have
74| & vi & =41 and f(03) = f(0i11).
We use (15) to examine what happens as oo, moves away from the near-midpoint of the interval [o;, 0;.1], or more precisely,

when the index ¢ for which ; > 0 and ;41 < 0 deviates away from ; ~ —7;1. Note first that for any ¢, we have from
(boundaries of these shells touch, as illustrated in Section A.3)

30; 30;
aﬂ*%:aiﬂ— itt (16)

V2 V2o
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that ) \[
i 6v2
SRl
g; Vd

Meanwhile, from (14), we have

ol 14y

ol 1+7yin

~ L4 = Vit
so that
Yi Yi+1 \/;13 .
Consider now the case in which v, = ~; > 0, that is, ~; is slightly smaller than |v;1|. Because of (17), we can write
6v2 a )6\@
i =a——, Yit1 = -l —-a)—,
Yi \/a Yi+1 \/Zl
By subsituting into (15), we obtain
2 36 36
m(f(o'i-‘rl)_f(a*)) ~ E((l—a)Q—Oﬁ) d —(

so that f(ci4+1) &~ f(04) + 18(1 — 2). Returning to the definition of f, w’, and w;;(z), we have for j such that f1; = pu.
that

7)

for some « € [0, .5).

1—-2a),

70
wi;(x) ~ 18(1—20)
wiy1,5(x)
For the case of o = 3 (that is, oopt is only slightly closer to o; than to o;1), we have
dominates its closest neighbor. Its dominance over all other weights will be even greater.

i3 ()

A el eb ~ 403, so w;;(z)

A.4.2. PROPOSITION 2.2 (4 DOMINATION)

Proposition 2.2. Given a position x, the score function weight of a center decreases exponentially as the distance between
the center and x increases.

‘We recall the definition of the score function:
M N

V., log pun (2 Zzww & __/JJ’

j=11i=1

where the weights w;;(x) are
Ao (; pj, o7T)

S Sy Mo N (@, o71)

We have proved that for a given center /i, the term involving o will have the dominant weight. The dominant weight
corresponding to y1; will thus be (approximately)

wij(z) =

. )\(U;)./\/(as; i, 0';21)

wi(z) = —37 . oo

=1 Mo )N (x5 pu, 072T)

We can compare the contributions of different centers f; by comparing these quantities w;. For example, the relative

contributions of centers 1; and y; are captured by the ratio
wi NN (@5, 032)

In— =1In d—2)In —|—
wy Mo )N (@5, 072T) = )

llz = wll®  [lz = pyl?

*2 *2
O'j 20, 20j

terml term2

We assume i is the closest center to x, so its corresponding 0; is also the smallest, which means that term1> 0. Moreover,
we know x should be in both shell (1, o'7) and shell (44, 07°), so obviously in the case of continuous o, term2 will be equal

to 0. We thus have In % = (d —2)In 2. Similar to the analysis in o domination, this function can be regarded as a delta
l J
function when d is large, so the closest center u; = . will dominate.
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Case of discrete 0. term2 can be bounded when z is exactly on the boundary of the shells. Therefore, if we want to
minimize the ratio to see how much the contribution of x; would be bigger that the 1; at least, we could only consider the
case that o = o or o/ is the neighbor of the 7.

We can assume Z—’ = (%)k, which means o7 is the k-th bigger noise level of ¢}, and then we have the ratio

w* * _ 2 — .12
" — g gym el o= wl
w; o; 20, 20].
_Md=2)y 0 VR el e )P
2 Vd 2072 20%?

Since we know the x is in the shells of component (115, 07) and (1, o7 ), the last two term should be bounded in the interval
[L(/d— %)2, L(Vd+ %)2] Therefore, we can lower-bound the ratio as follows:

k(d—2) N 6v/2

2 —wll® |z = pyl?

In—L = In(1 +
7 2 ( Vd ) 202‘2 20;‘2
-2 2
> k(d ) In(1+ 6\f) —3vad

2
~ (k—1)3v2d

Vd

Obviously, the ratio increases significantly as the k increases. And for this case (worst case for the sub of the squre terms),
k =1 also means ||z — u;|| = ||z — tu]|, because

llz = nyl* _ 1 3 \2 o —mll* _ 1 3 \2
—_— = — d R— d —_—m d—i .
20;2 2(\f+ \/§) an 2072 2(\f ﬂ)

After introducing

2 V2 . .
=(1+ 3%)2, we can easily get the conclusion that ||z — ;|| = ||z — |-

of
Jj’fz
Now we consider the case in which ||z — ;]| is only slightly smaller than ||z — z||. To analyze it more specifically, we can
Just assume o} = o7, and we get

wi Nl =l =l — pyll?

* *2
w; 2Jj

In

Considering the triangle Az in Figure 6,

[l = ul
2
I

M ! Mi

1
(5 +0) | — pull

1
1
|
1
1
1
1
1
1
1
1
1
1
1
1
1
1
:
1
L
)
1
1
1
1
|

Figure 6. Nlustration for our computation of the score function weight ratio between p; and ;.
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we can get the following equations through the cosine theorem:

cos Zapups, = 18 =1l 4l = 1 |1? = Nl = s |2
! 20| = gl = ]

So

[k I

|z =l * = |z = l1* = 2l = sl = pull cos Lepp; — [l — pyl*.
Since ||z — ;| < ||z — ], we can let ||z — 1| cos Zzpp; = (5 4 0)||1j — |, where § > 0 and indicates how much
the ||z — | is bigger than the ||z — 11;|. Besides, to ensures o = o}, obviously from the shell’s radius (R = o(Vd=+ %))
and the properties of similar triangles, we should have

Ollpsy = pull Vs !
O Z L < V2 5 < O(—2)
sl —mll ~vVd ~ "~
After substituting the above equations into the weight ratio, we get
I T e 1 el 221 Rl B 1
wy 20;2 0;2 '

Therefore,

<

w* k) - 2
:exp< Iz *Q#lH )
w o;

When o* — 0, this ratio grows exponentially, explaining why memorization occurs when the noise level is small.

%

Finally, we emphasize that the “shell-touch” noise schedule is used only as a convenient discretization device. Our core
dominance results for both o and p follow from the continuous analysis of f(o), and therefore do not depend on any
particular discrete noise schedule. In other words, o- and p-domination already hold in the continuous-o setting for general
noise schedules; the shell-touch construction simply picks one specific discretization so that (i) every sampling position z
lies in at least one shell and (ii) adjacent shells have analytically tractable spacing. The only part that truly exploits this
particular schedule is the specific closed-form expression for the discrete weight ratio in Proposition 2.1, which is used to
quantify and illustrate how strong the domination can be.

A.5. Sampling Expansiveness Ratio .,

Under the geometric setup in Section 3.2 of the main paper, the two closest training points are denoted by 1o and 1, and
we choose = and y such that

[ = poll = Cllz —pall, Ny —mll =Clly —poll,  C=1,

with the same shell radius o*+/d for both centers, and y is obtained from x by a small perturbation along the direction
(o — p1). Under this symmetric configuration, we can draw a figure as the following:

Mo M1

Figure 7. lllustration for our computation of the sampling expansiveness ratio ye.
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where both of the zyuop; and zyy'x’ are isosceles trapezoids. Since x and y are symmetric in this sense, the score function
weight ratios (dominant to subdominant score function weight) are the same for positions = and y, which is denoted by a.
Therefore, the conditional score function at = and y can be represented as:

o1 x*%) a (w*uﬁ o a (yfm> 1 (y*M)
S(z’a)ia—i—l( o*2 Jra—|—1 o*2 )’ S(y’g)ia—i—l o*2 +a+1 o*2 )’

After one-step ODE sampling, we have:

¥ = wtnos(z,0t),  y =y+nois(y,ot),

SO

Iy =/l = ly =+ 00" (503 0") = st o) | = [ = 21 =)+ 0 oo — )

where the last equality follows from a direct algebraic expansion under the above symmetry assumptions. Therefore, the
expansion factor ., can be represented as:

v =) =)+ nsh o — )|

Yex =
ly — |l

Since z is close to y, which means ||y — z|| < ||to — p1]|, and (y — ) is a small perturbation along (o — 1), the term
proportional to (o — 1) dominates. Thus this ratio can be further approximated as

—1
NHnmdmrwmn_nmw—unul 2‘
exr - - .
ly =l ly =<l a+t1

Note that if the noise levels are sparse (that is, for a fixed center, x and y have the same optimal noise level), the conditioning
and unconditioning modeling will have the same expansion ratio. If the noise level is more continuous, we have:

s(z) = 1 (_x—uo)+ a (_x—ul) s(y) = a (_y—uo)+ 1 (_y—,ul)
a+1 C20*2 a+1 o*2 )’ a+1 o*2 a+1 C20%2 )’

I,:$+770*25(33)a y :y+n0*28(y)7

where C' = H;:Z‘;“ = Hz:Z; H > 1 encodes that the farther center uses a proportionally larger optimal noise level (smaller

precision) under the optimal-shell approximation. The ratio is

a

a1t (o =)l In(uo — i

I - Wb_ 2
ly — x| ly — || a+1

Yex =

i

which is because, as shown in Appendix A.4.2, a ~ C(d=2) > (. We know the unconditioning case has a smaller a,
leading to smaller ~.,.. For temperature-based smoothing, increasing 7" similarly reduces the effective weight contrast a
between centers, and thus also decreases 7., in the same way.

General View of the Expansiveness: Hessian Analysis of the Unified Log-Density

We now move from the symmetric two-center configuration of Appendix A.5 to the general case. Our goal is to characterize
the one-step sampling expansiveness ratio ., via the Hessian of the unified, temperature-smoothed log-density under the
optimal-shell approximation, and to understand how the spectrum of this Hessian depends on the temperature 7" and on
conditioning versus unconditioning. The construction in Appendix A.5 can then be recovered as a special case of this
Hessian-based analysis in a particular two-center configuration.

Recall from Section 2.2 that under noise unconditioning the sampling dynamics can be viewed as gradient ascent on a fixed
objective:
de 7n
Y — 3 vml )
a2 og pmn ()
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and in the temperature-smoothed setting we work with the temperature-modified log-density log pyn (z, T'), whose gradient
is the temperature-smoothed score s(x; 7). By definition,

s(x;T) = Vylogpun(z, T).
Therefore, the Jacobian of the score coincides with the Hessian of the unified log-density:
J(@:T) = Ves(w:T) = V2, logpun(e, T) = H(x:T).

In what follows we denote this matrix by J(z;T) (to be consistent with the rest of the paper), but we interpret it throughout
as the Hessian of log pmn(z, T').

Hessian decomposition. Under the optimal-shell approximation, the empirical score of pyy with a uniform temperature
T can be written as

M
* L= j *
S@T) ~ Y wi@D)aya),  ay@) = =42 = V,logN(ai iy, 032D,
j=1 J

The Hessian of the unified log-density is
H(x;T) = V2 logpun(x,T) = Vas(z;T) € R

We derive a closed form for H(x;T") when

ol =l
fi(z) = —(d—2) Ino; — T;QJ

is the Gaussian log-likelihood and all optimal temperatures are equal, T = T'. By definition,

Velia) =~ = aie),  Vife) = — ol

*2
g j

The temperature-smoothed weights are

w(2:T) = exp(fj(x)/T) 0,1), w(z;T) = 1.
7@ T) zﬁilexpm(x)/ﬂe( ) Z( )

Differentiating w7 (z; T) with respect to x gives the standard softmax gradient:
M
* 1 * *
Vowi (v T) = T (z;7T) (Vl.fj(x) - Z wi(a;T) wak(x))
k=1

1 M
= 7w} (@i T) (a;(w) - > wi(riT) ax(@)).

Using s(2;T) = >, wj(z;T)a;(x) and the product rule,

H(x;T) = V2  logpun(z,T) = Vus(a; T)

M
= Z {wa;(a:; T)aj(z)" + wj(2;T) Vea;(z)|.

Since a;(x) is affine in z,
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Substituting V,w} and Va; yields

xTz% ( ZwkxTak )) i(x) T —wji(z;T)

J=1

Define the (temperature-smoothed) mean component score

= Zw (z;T) ar(x),

so that 3, wj (2; T)a;(x) = a(z; T). The first term in H (z;T") can be rewritten as
Zw (;T) aj(z Zu) (2;T) aj(z)a(z; T)"

M
> wi (@i T)aj(@)aj(@)" —ale; T)a(z; T)T
j=1

1
= T COVw*(a:;T) (a’J ("I:)) ’

where the weighted covariance is

M
Cov = (zy1)(ay) = Z w;k(x, T) (aj(a:) —a(x; T)) (aj (z) — a(z; T))T.

Writing
M
wi(x; T)
CT(x) = Z 2 ’
X g
Jj=1 J
we obtain the compact form
H(x;T) = —Cov @) (a;(x)) — er(z)L

T) (aj(gc)aj —a;(z {Zwk x;T) ag(x )} ) - iw;gwl

(18)

Since covariance matrices are symmetric and positive semidefinite, H (x; T') is symmetric: its anisotropic part is given by

the covariance term and its isotropic part by the scalar —er ().

Let the eigenvalues of Cov - (z;7y(a;j) be 0 < A (2;T) < --- < Ag(x; T'). Then the eigenvalues of the Hessian H (z;T)

are 1
/J’k(va) = TAk(va) - CT(-’L‘), k= 17"'ad7

and in particular

1
tmax (2; T) = mgxuk(ac;T) = ?Amax(x;T) — cor(x),
1
pin (@3 T) = minpge(2;T) = 7 Amin(23T) — er(z) 2 —er(z),

because Apin(2; 1) > 0 and cp(x) > 0. In the regime of interest, fimin(z; 1) is negative. Consequently,
|Mmin(m;T)‘ = _Mmin(x;T> S CT(*T)~
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From Hessian eigenvalues to 7.,. Consider one-step ODE sampling with step size 7:
¥ =x+ns(x;T) = z+nV,logpun(z,T).
For two nearby points z, y, a first-order Taylor expansion gives
y —2 = (I—i—nH(m;T)) (y — ).
Therefore the one-step expansiveness ratio
_ |y =2
Yea (T, y) = w

admits the linearized bound

Yea(,y) S ‘ﬁllgH(HnH(x;T))vH = max| 1+ n g (2;T)|.

The symmetric two-center example in Appendix A.5 can be viewed as an explicit computation of ., in the 2D subspace
spanned by the center difference (19 — p11) and the displacement (y — ). There, the factor

2
-

a+1
(where a is the dominant-to-subdominant weight ratio) plays the role of an effective Hessian eigenvalue in that subspace: a

larger a leads to a larger expansion factor ., and reducing a (via unconditioning or temperature smoothing) reduces this
effective eigenvalue and hence +.,, exactly as shown in the trapezoid calculation.

Effect of unconditioning. The Hessian decomposition
1
H(l‘, T) = ? COVw*(a;;T) (aj) - CT(x) I

also clarifies the effect of unconditioning. Removing conditioning changes how the optimal noise levels {a}‘} and weights
{wj(@;T)} are assigned across centers. In particular, it reduces extreme dominance of a single center (smaller weight
ratio a in the toy example), spreads the weights over more nearby centers, and thereby reduces the largest covariance
eigenvalue \yax(2; T') along directions corresponding to large center separations (j; — j;+). Under the score function
weight domination, if the fixed noise level of conditioning is equal to the smallest optimal noise level of unconditioning, we
can reasonably assume the ¢z () will not change a lot. Then through (19), a smaller Ayax(z; T') again leads to a smaller
tmax (x; T') and thus a smaller local expansion factor e, (z, y).

Monotonicity of cr(x) in 7. We now show that the upper bound in (21),
increases, in the sense that ¢y (x) is non-increasing in 7.

tmin(2; T)| < er(x), becomes tighter as T

Differentiating the softmax weights yields

ow* (x; T w*(z; T
i = D (B 0] - 510).

and hence

Ocp(x) i 1 owi(z;T)

= *2
oT par oT

= % (Ew*(w;T) [f()] Ew*(m;T) [1/0*2] - Ew*(w;T) [f() 1/0*2])

1 *
=~ Covur i) (f5(2), 1/077).
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By Proposition 2, components with larger log-likelihood f;(z) tend to have smaller o’ and hence larger precision 1 / 0;2.
Thus, under the posterior weights w’ (x; T), f;(x) and 1/ are positively correlated, implying

COVw* (z;T) (f] (I)a 1/0';2) >0
in this regime. Combining with the derivative above gives

der(x)
oT

1 *
— —ﬁCOVw*(x;T)(fj(m)’l/an) < 0,

with strict inequality whenever the covariance is strictly positive. Intuitively, starting from small 7" where the weight
concentrates on the closest, smallest-noise component, increasing 7" redistributes mass toward components with larger o,
thereby decreasing the weighted average >, wj(2; 1)/ 0;‘2. The limit as T — oo is as follows:

1
Coo(T) = MZ
j=1

%27
9

which is strictly positive in general.

Therefore, the simple bound
|tmin (z; T)| < er(z)

is itself a non-increasing function of T": the magnitude of the most negative eigenvalue of H (x;T") cannot grow faster than
cr(z) and typically shrinks as 7" increases.

An upper bound on i, (x; T) that decreases with 7. To obtain an explicit dependence on T for the positive side of
the spectrum, we use the simple bound

Amax(@;T) < Az) = max la; ()],
because Covy,« (5.7 (a;) is a convex combination of outer products a;(x)a;(z) . Hence

pmax (23 T) < —5= — er(z). (22)
The right-hand side is now explicit in 7. Differentiating it and using drcr(x) < 0 yields

aiT(A(as) cT(x)) _ Alz)  der(x)  Az)

T

1 *
) oT T2 +ﬁCOVU’*(Q?;T)(fJ(x)’l/UJ'Q)'

In our study, we focus on the top-k centers (used for temperature smoothing), for which the optimal noise levels do not
differ by orders of magnitude. Hence the covariance satisfies

—_

1 1 1 d max; o
CoVar uiry (£5(2),1/03%) < 7 (maxc (@) — min f(2)) <max*gmin*2> <3 ot
J J J (o2 7 O

tn . %2 3
4 3 ; min; o; min; o

where the first inequality is Griiss’s inequality and the second inequality follows from Appendix A.4.2. This upper bound is

max; o

ff < 1), so the derivative of the upper bound in (22) is negative in

_d___ (g 1
*2 (Slnce 4 In min; o}

II]ll'lj U]

typically smaller than A(x) ~
the regime of interest:

%(Ag) —CT(x)> < 0.

Thus, fimax(z;7T) is controlled by a quantity that shrinks as 7" increases.
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Effect of temperature on the Hessian spectrum and expansiveness. Combining the bounds on both sides of the
spectrum, we have

ma | (2 7)) < max{ [imax (3 7], Jpmin(@: 7|} < max{ 2 — er(a), er(a)

where the final bound uses the fact that A(z) > 0. As T increases, the upper bound on piy,ax (2; T') decreases to zero (by (22)
and its derivative), and ¢ () is non-increasing in 7', with a positive lower bound ¢, (x). Therefore all eigenvalues of the
Hessian H(x; T) approach —cs(x) as T — oo.

In summary, the Hessian perspective provides an explicit spectral characterization of the sampling expansiveness ratio: in
the small-step limit 7 — 0, the worst-case local 7., is governed by the p(x; T) := maxg=12, .q|1 + nur(x; T)|,

H(x;T) = Vfw log pmn (2, T), pr(z;T) = %)\k(x;T) —cr(x).
As T — oo, we have p(z;T) — (1 — ncso(x)) provided that 7 < coo(z) ™. Note that for pmax(z;T) > 0, then
p(x; T) > 1. Therefore, to avoid the memorization while maintaining the sampling quality, we hope the p(xz; T) is bigger
than 1 by some modest amount, that is, p(z;T) = maxg=1,2, 4|1 + nuk(z;T)| = 1 + 7, where 7 > 0. We need T to
be small enough that piy,ax (2;T) > 0; then the latter requirement reduces to 1gimax(; ') = 7. This formula is helpful in
designing the sampling stepsize and temperature 7" for a given 7.

Both unconditioning and temperature smoothing act primarily by reducing the dominant covariance eigenvalue \p,ax(z; T')
and by reallocating weight away from the closest component/center, while cr(z) is non-increasing in 7. As a result,
the p(x;T) shrinks with temperature, the log-density landscape becomes locally less curved and more Lipschitz-smooth,
and the induced sampling dynamics are less expansive and thus generalize better. We numerically verify our analysis in
Appendix B.2.4.

A.6. Equivalent Optimization between Score Matchings

(Here we let A(0;) = 1 to simplify writing, which can be easily extended to other cases.)
|

1
EESA/I(G) == EPMN(I) |:2||39(.’L‘)||2:| — T(Q) + Cla

The explicit score matching loss is

1

1 3 0log pmn ()
2

ox

Lpsm(0) = Epyn () [ so(x)

which we can develop as:

where C1 = Ep (2 {é Haloggiw

2
] is a constant that does not depend on 6, and

T(0) = Epyn(a) [<89(3«")7 WH

_ LPMN(x) <50($)’ %gé?;m(x)> o

Now, note that the Gaussian mixture is:
2
pwn (@) = > wilN (w; i, 07 1),
i=1

which can be written as:
P @) = B, By [N (a5 1,071)]
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where p*(u) and p,(o;) are the discrete distributions over the M centers and N noise levels respectively. By using the
linearity of expectation and the log-derivative trick, we have

70) = [ (s0(0), 3-Borms. By W(ai 1071 o

) 2

= / <S€(x)7EUiNPaEHNp* [W]>dm
. 2

B, E... / <89(x)7 W(»”MMI)> iz

ox
dlog N (z; p, 021)
= ]EaiNPaEMNP* EZENN(/,L,O'?I) |:<30 (LL'), Oz : .

Therefore,

1 dlog N (z; p, 0?1
Lrsu(®) = Epyy (o) [2”89“”'2}—EUW%EMP*EMWD K”(‘”)’ )] e

Ox

The denoising score matching loss is defined as

1
Lpsm(0) = anpa]Ewp*EwN(uﬁ?I) l

5 sg(x)

_ Olog N(z; u, o?1) 2
ox

By expanding we obtain
1
£051(6) = By By Ervnarty |3 Isa(@) P

dlog N (z; p, 0?1
- EG’iNPoEHNP* ]EwNN(M,UfI) |:<89 ({L‘), ((933 ) + Cy,

is a constant. Note that:

2
_ 1 || 8log N (@;p,02T)
where Cp = ]EG'iNPUEHNP*ErNN(,u,U?I) |:2 H - d9x

1 1
Epyin (@) {250(53)2} :Eai~paEu~p*Ew~N(u,U?I) {2|59(1’)|2} .

Thus, Lgsa(0) = Lpsam (0) + C1 — Ca, proving the optimization equivalence.

A.7. Analysis of Noise Level Mismatch

Consider sampling from a single data point . € R? with a fixed noise schedule. At sampling step n, we define the following.
1. Scheduled noise (c,,): The noise level prescribed by the sampling schedule.

2. Actual noise (07): The true noise level that is defined as 02 := ||z, — p|*/d.

The score function for this setting is V. log p(z,,) = —(x,, — p) /02 In practice, samples often arrive near the target faster
than expected, leading to 0 < o,,. However, solvers compute step sizes based on the schedule o,,, not the actual state o;.

A.7.1. CATASTROPHIC FAILURE OF ODE SAMPLERS

The ODE update rule for the residual r,, = x,, — p is:

2 2
_ 1 On — On41
ol =Tn \ 177555 |-
n

When o} < o,, the step coefficient becomes huge:

2 2
)\n - On — 0Ont1

20*2 > 1.
n
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When \,, > 2, the coefficient (1 — ), ) becomes negative with large magnitude, causing catastrophic overshoot:

o2 —0,21_‘_1 N 1
leneall = P = Ll & Anllrall = =55 - onvd oc —.
n

As o, — 0, the overshoot grows without bound, causing sampling to break down completely.

A.7.2. SELF-CORRECTION OF SDE SAMPLERS

The SDE adds a stochastic term to the update:

'ntl1 =Tp (1 - ﬂn) + \/ O—% - O—%Jrleny

where 3, := (62 — 02,,)/0}? and €, ~ N(0,1).
Self-Correcting Mechanism: The expected squared distance after the update is:
El|lrns1]?] = [eall®(1 = 8a)* + d(oy, — 07 41)
= O’sz(l - 5n)2 + dﬂna':?
=02d(1 — B, + B2).

The new actual noise level becomes 072 | = 0%%(1 — 3, + (32).

n

The Correction Condition: The sample maintains appropriate distance when:

o2 >0 & 1-B,+B82>1 & B,>1
The Feedback Loop and Why It Prevents Large Deviations:

1. When early arrival occurs (07, < 0,), we get 3, = (02 — 02 yq)/052 > 1.

2. The condition 3,, > 1 triggers the correction mechanism: the stochastic term dominates the deterministic drift, and the
noise injection effectively controls the distance. Specifically:

(07 = oni1)’?

*2
Onp

2 2 2 202
O';kz—&-l :U:L (1_/87L+ﬁn)%0-:7, Bn:

O'2 —0

2
: : : ~ n n+1
Since 3, > 1, this gives o, , | ~ S > oy.

3. Why this prevents large deviations: The noise injection creates a lower bound for how small ¢, can become. Even if
o tries to collapse to zero, the stochastic term ensures that:

Thi1 = \JOR —0n
This lower bound is determined by the schedule difference \/0%—70%“ , which is typically on the same order as the
scheduled noise levels.

4. Automatic regulation: If o), becomes much smaller than o,,, the correction pushes it back up. If ¢, is already close
to oy, then 3, ~ 1 and the system evolves smoothly without dramatic corrections. This creates a self-correction
mechanism that keeps ¢, within a reasonable range of o,,.
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B. Experiments

In this section, we provide training details and additional experimental results.

B.1. Implementation Details

Model Architecture. As we mentioned in the main paper, we use the NCSN++ architecture and VE-SDE (our baseline)
(Song et al., 2021) on all datasets. The only difference is that, for the unconditioning modeling, we remove the noise
embedding blocks. All models are unconditional (i.e., without class labels) across different datasets and trained on 4 x
NVIDIA-L40S GPUs (45G) and 2x NVIDIA-H200 GPUs (140G).

Training Setup. We train all models with the AdamW (Loshchilov & Hutter, 2019) optimizer using learning rate 0.0002.
Using a batch size of 128, we train 1M iterations on CIFAR-10; Using a batch size of 64, we train 40,000 iterations on
Cat-Caracal, 700,000 iterations on CelebA 64 x 64, and 700,000 iterations on ImageNet 64 x 64; Using a batch size of 36, we
train 500,000 iterations on CelebA-hq 256x256. Although the reported FIDs are based on the best checkpoints of each
setting, for fair comparison, we do not modify other hyperparameters in the baseline paper, e.g., we use EMA decay rate of
0.9999, and all experiments are trained with the PyTorch random seed 42.

Training Cost and Scalability. For the standard setting with a single temperature level (I'" = 1), conditioning vs.
unconditioning only differs in whether the noise is fed into the network. Consequently, noise unconditioning introduces no
additional asymptotic cost; in fact, removing the noise embedding slightly reduces both GPU memory and wall-clock time
per batch. When enabling temperature-based score matching, the only extra component is the KNN-based approximation
of the explicit score, which naively scales with both dataset size and data dimension and can be prohibitive on very large,
high-resolution datasets. However, this additional cost is avoidable. We provide two simple but effective strategies:

1. Class-restricted neighborhoods for labeled data. For datasets with class labels (e.g., ImageNet), we can restrict
KNN search to samples within the same class. In practice, this means we only search over about 1,300 images per
query on ImageNet, so the nearest-neighbor step adds almost no overhead.

2. KNN in the feature space. We perform KNN in a low-dimensional feature space produced by a fixed encoder rather
than in pixel space. This converts a high-dimensional search (e.g., 64 x 64 x 3) into a low-dimensional one (hundreds
of dimensions), and is compatible with approximate nearest neighbor libraries that scale to tens or hundreds of millions
of points. As a result, the additional cost of temperature smoothing is dominated by the encoder forward pass and
becomes essentially independent of image resolution.

With these design choices, the extra computation from temperature-based KNN becomes a small, bounded overhead rather
than a bottleneck, even as the dataset and resolution grow. Table 2 reports the empirical per-batch runtime and peak GPU
memory under different variants, averaged over the first 1000 iterations on two NVIDIA L40S GPUs.

From Table 2, we observe:

1. Unconditioning is essentially free. Removing the noise embedding consistently reduces runtime and memory relative
to the conditioning baseline. This empirically confirms that noise-unconditioned models do not introduce any extra
training overhead and remain compatible with existing large-scale training budgets.

2. Feature-space KNN scales like standard diffusion. When KNN is computed in feature space, the per-batch runtime
and memory are virtually identical to the conditioning baseline (e.g., CIFAR-10: 0.3551 s vs. 0.3540s and 16.22 GB vs.
16.86 GB; CelebA: 0.4115s vs. 0.4168 s and 45.02 GB vs. 45.02 GB). This indicates that temperature smoothing with
feature-space KNN behaves, in practice, as a constant-factor modification to standard diffusion training, and does not
change the overall scaling with model size or data size.

3. Naive pixel-space KNN is the only non-scalable variant—and is unnecessary. Direct KNN in pixel space leads
to noticeable overhead on higher resolutions (CelebA: 0.4115s — 0.5066s and 45.02 GB — 52.50 GB), which is
expected because the cost grows with the ambient dimension. Since class-restricted and feature-space KNN both avoid
this issue and empirically perform better, there is no need to rely on the pixel-space variant in large-scale settings.
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Table 2. Per-batch training cost (time and peak GPU memory) under different model variants. Runtimes are measured on two NVIDIA
L40S GPUs and averaged over the first 1000 batches. “KNN-pixel” and “KNN-feature” denote temperature-based score matching with
KNN computed in pixel space and feature space, respectively (all with T; = 5/0;, K = 30).

Dataset & Resolution Method Time / batch (s) Mem (GB) Batch size
Conditioning 0.3551 16.22 128
Unconditioning 0.3371 16.13 128
CIFAR-10 32 > 32 KNN-pixel 0.3466 16.40 128
KNN-feature 0.3540 16.86 128
Conditioning 0.4075 24.74 64
Unconditioning 0.3957 24.72 64
Cat-Caracal 64 64~y \\pixel 0.3976 24.92 64
KNN-feature 0.4031 24.98 64
Conditioning 0.4115 45.02 64
Unconditioning 0.3946 45.01 64
CelebA 64 > 64 KNN-pixel 0.5066 52.50 64
KNN-feature 0.4168 45.02 64

Overall, Noise Unconditioning and Temperature Smoothing can be trained with virtually the same computational budget as
standard diffusion models. The only non-negligible overhead arises from a deliberately naive KNN implementation in pixel
space, which is avoidable in practice. By restricting neighborhoods (for labeled datasets) and operating in a compact feature
space, our method maintains the same asymptotic scaling as conventional diffusion training and can be plugged into existing
large diffusion pipelines without increasing the number of GPUs or the total training time.
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B.2. Numerical Verifications

In this section, we provide numerical verifications for our key claims and check that the asymptotic, high-dimensional
arguments used in the analysis are already accurate at the finite dimensions relevant for modern diffusion models. We design
experiments that mirror our theoretical setup as closely as possible (same shell-touch noise schedules, same effective weights,
same temperature smoothing) and then compare empirical measurements with the corresponding closed-form predictions.
The first experiment validates the Gaussian shell phenomenon and quantifies how tightly Gaussian mass concentrates around
its typical radius in moderate to high dimensions. The second experiment tests Proposition 2.1 (Section A.4.1) by directly
measuring the weight ratios between adjacent noise levels under the shell-touch schedule, demonstrating that a single
“optimal” noise level overwhelmingly dominates its neighbors even at realistic image resolutions. The third experiment
probes the relationship between the learned score and the empirical mixture score on CIFAR-10 and Cat—Caracal via cosine
similarity, providing concrete evidence for our claim that the neural network learns a smooth score field aligned with local
data manifolds rather than reproducing the highly irregular empirical score. Finally, we compute Jacobians of the empirical
score near overlap regions to validate the expansiveness-based analysis in Section A.5, confirming that unconditioning and
temperature smoothing substantially reduce local expansion and thereby enable generalization.

B.2.1. GAUSSIAN SHELL

In this section, we numerically verify Proposition 1 about the “Gaussian shell” phenomenon and check how accurate the
asymptotic approximation is in finite dimensions.

Recall Proposition 1: Let X ~ N(0,02I) and R = || X||. As d — oo,
2
ROovi mAN(aVET).
so that about 99.7% of the probability mass concentrates in a thin spherical shell of radius o+/d and thickness 3v/2 o:

3 3
Pr(o d— 7 <R< oVd+ ﬂa> ~ 99.73%.

Experimental setup. We perform Monte Carlo experiments for several dimensions d € {50, 100, 500, 1000}. For each d:

1. We choose N = 10 noise scales {o;}12, that follow the “shell-touch” schedule from Section A.3:

oiVd + \%Uz‘ = 0i+1\/3— %Uiﬂ,

so that the outer 30 boundary of shell ¢ coincides with the inner 30 boundary of shell ¢ + 1, packing the radius axis
without gaps.

2. For each pair (d, 0;), we draw 10 i.i.d. samples
X ~N(0,071),  R=|X],
and compute the empirical probability

ﬁd,i = PI‘(O’z\/E—SO'L/\/i <R< 0'7;\/g+30'i/\/§),
emp

i.e., the fraction of samples whose radius falls inside the theoretical shell.
3. For each dimension d, we also keep the per-shell statistics {pd,,;}}gl, and compute pg = % Zi\; Dad,; together with

the standard deviation over i.

Results. Figure 8 shows the empirical shell mass py; for all shells ¢ = 1,...,10 and all dimensions d &
{50, 100,500, 1000}. Across all settings, each individual shell contains very close to 99.73% of the mass: the bars
cluster tightly around the theoretical value with deviations of order 10~%.

Aggregating over shells, the raw logs and Figure 9 show that, for all tested dimensions, the empirical shell masses remain
extremely close to the theoretical 99.73%:
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* For d = 50 and d = 100, most g ; values lie in the range [0.99740, 0.99755].
* For d = 500 and d = 1000, the averages p, are even closer to 0.9973, with deviations on the order of 10~4.

« The standard deviation across shells is also about 104, matching the theoretical standard deviation of a Bernoulli

(p &~ 0.9973) mean with 10° samples, confirming that the remaining fluctuations are due to finite-sample noise rather
than systematic bias.

=== Theoretical ~99.73%
s Empirical mass ) d =100 d =500 d = 1000
1.000

0.998

0.996

o
=)
©
B

2 0.992

£ 0.990 1
8

Probability inside shell

0.988

0.986

12 3 4 5 6 7 8 9 10 12 3 4 5 6 7 8 9 10 1 2 3 4 5 6 7 8 9 10 1 2 3 4 5 6 7 8 9 10
Shell index Shell index Shell index Shell index

Figure 8. Empirical probability mass inside the theoretical Gaussian shell [ai\/a —30:/V/2, oiVd + 304 / \/5] for each of the N = 10

shells (x-axis) and for d € {50, 100, 500, 1000}. The dashed red line marks the theoretical value 99.73%. For all dimensions and all
shells, the empirical mass is tightly concentrated around this value, supporting the Gaussian shell approximation in finite dimensions.

Shell concentration vs. dimension

: ——=- Theoretical ~99.73%
0.99745 4| R —&— Empirical (mean = std over shells)

0.99740 -

0.99735 A

0.99730 A

Average mass inside shell

0.99725 A

Dimension d (log scale)

Figure 9. Average empirical probability mass inside the theoretical Gaussian shells as a function of dimension d. For each d, we average
over N = 10 noise levels {o; } chosen by the shell-touch schedule and show mean p4 with error bars (standard deviation over shells). The
values concentrate tightly around the theoretical 99.73% for all d and move slightly closer as d increases, confirming that the Gaussian
shell approximation remains accurate in moderate to high dimensions.

Figure 10 visualizes the empirical distribution of R for d = 1000 and o = 1 together with the one-dimensional Gaussian
approximation from Proposition 1, namely

R~ N(oVd, 0%/2) = N(V1000, 1/2).
The fitted normal curve almost perfectly matches the histogram, and the interval
[oVd — 30/V2, oVd + 30/v/2] = [V1000 — 3/v2, V1000 + 3/v2]

(corresponding to the theoretical “3¢ shell”) covers the overwhelming majority of the mass. This confirms that, even in

relatively high but finite dimension, the one-dimensional normal approximation of R and the associated shell description
remain highly accurate.
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Distribution of R for d=1000, sigma=1.0
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Figure 10. Empirical distribution of the radius R = || X|| for X ~ A(0, I1000) (histogram) together with the Gaussian approximation
N(+/1000, 0.5) from Proposition 1 (red curve). The fitted normal density closely matches the empirical histogram, and the interval

[\/ 1000—3/ V2 , v/1000+3/ \/ﬂ (vertical dashed lines) captures almost all of the mass, consistent with the 3o rule used in the Gaussian
shell approximation.

Overall, this experiment numerically validates the geometric picture used throughout our analysis: in high dimensions, each
Gaussian component of the empirical mixture can be regarded as a thin shell centered at a training sample.

B.2.2. NOISE LEVEL DOMINATION

In Proposition 2.1, we show that the empirical score weights across different noise levels are extremely sharp: For a fixed
training point p, and sampling position x, the weight associated with the “optimal” noise level o; dominates that of its
neighboring noise level 0,11 by an exponential factor. In the notation of Section A.4.1, this domination is captured by the
closed-form approximation
wij ()
wit1,(7)

~ e

18(1—2a)
)

where a € [0,0.5) quantifies how much the optimal noise scale o,y is closer to shell ¢ than to shell ¢ 4 1. Crucially, this
ratio does not depend on the dimension d, and is expected to be extremely large whenever « is noticeably smaller than 1/2,
thus justifying the “o-domination” step in our analysis.

Experimental setup. We numerically validate this domination effect in dimensions corresponding to common image
resolutions, as well as in a very high-dimensional setting. For each spatial resolution H x W € {32 x 32,64 x 64,128 x
128,256 x 256}, we set d = 3HW and construct a pair of adjacent noise scales (0;,0;41) that satisfy the shell-touch
condition from Section A.3:

3 3
O'i\/C_l‘F—O'i = 0; \/E——O'i .
\/§ +1 \/5 +1

We additionally consider a d = 10'2 experiment to validate the infinite-dimensional limit predicted by our theory.

We fix the center at . = 0 (by translation invariance). For a given o € (0, 1/2), we place the sampling point ., on the line
segment connecting the typical radii of shells ¢ and ¢ + 1 by setting

Ta = |lzal = (1—a)oiVd + aoiVd.
For such z,, we compute the empirical ratio between the two noise-level weights for the same center 1, using the effective
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weight w® from Section A.4:

logwZ(z) = —(d —2)Ino; — M M = exp(log wE(z4) — logwk (a:a))
K 202 wf | (Ta) Y i+l

We then compare this empirical ratio with the theoretical prediction e'8(!=2%) for three values of o
101 1
o€ {TO’ G g}
Results. Table 3 summarizes the empirical and theoretical ratios for different dimensions and « values.

wiEj (za)
E

Table 3. Empirical vs. theoretical dominance ratios — o)
it1,5\Fa

for different image resolutions and interpolation parameters o € {%, é, %}

We report the theoretical prediction el81—22) (top block) and the empirical ratios computed from the effective weights w? under the
shell-touch schedule (bottom block).

Resolution/d | o= 15 a=1 a=1
Theoretical ratio ¢'8(*~2)

32 x 32 1.794 x 106  1.628 x 10°  4.034 x 10?
64 x 64 1.794 x 10°  1.628 x 10°  4.034 x 10?
128 x 128 1.794 x 108 1.628 x 10°  4.034 x 102
256 x 256 1.794 x 106  1.628 x 10°  4.034 x 10?
d =102 1.794 x 105 1.628 x 10°  4.034 x 102
E‘<Ia)

o . . w
Empirical ratio —2——
wit1,;(a)

32 x 32 7.240 x 10°  6.977 x 10*  1.907 x 102
64 x 64 1.129 x 105  1.057 x 10°  2.763 x 102
128 x 128 1.419 x 108 1.309 x 10° 3.335 x 102
256 x 256 1.595 x 106 1.459 x 10°  3.667 x 102
d =102 1.794 x 10%  1.628 x 10°  4.034 x 102

We observe that:

* For o = 1/10, the theoretical ratio is e'3(!=2%) ~ 1.794 x 10°. The empirical ratios across 32 x 32, 64 x 64, 128 x 128
and 256 x 256 image dimensions lie in the range [7.2 x 10°, 1.6 x 10°], and move steadily closer to the theoretical
value as d increases. At d = 1012, the empirical ratio is indeed identical to the theoretical prediction.

* For o = 1/6, the theoretical ratio is €'3(1~2%) ~ 1.628 x 10°. The empirical ratios lie between 7.0 x 10* and 1.5 x 10°
across all tested resolutions, again approaching the theoretical prediction as d grows, and finally coinciding with it.

* For a = 1/3, the theoretical ratio is €® ~ 4.034 x 10%. The empirical ratios range from about 1.9 x 102 at 32 x 32 to
3.7 x 102 at 256 x 256, and reach 4.034 x 102 at d = 10'2, matching the theoretical value.

These numerical results confirm the o-domination effect in Proposition 2.1 under the same shell-touch schedule used in our
main analysis. Even when the “optimal” noise level o, is only slightly closer to shell 7 than to shell 7+ 1, the corresponding
weight ratio wg (z)/wf, ;(x) is already on the order of 10%-10° in realistic image dimensions, and converges cleanly to
the dimension-free theoretical limit as d — oo (as illustrated by the d = 10'? experiment). This numerically justifies the
approximation of keeping only the dominating noise level when analyzing the empirical score function, as done throughout
Appendix A 4.

B.2.3. THE DIFFERENCE BETWEEN THE LEARNED SCORE FUNCTION AND EMPIRICAL SCORE FUNCTION

Generalization case on the CIFAR-10 dataset. Concretely, we randomly select 10000 images {; } from the CIFAR-10
training set and add Gaussian perturbations with noise levels o € {0.01, 0.05,0.1}:

x = p; + oe, e~ N(0,1).
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For each perturbed sample x, the empirical score function of the training Gaussian mixture at noise level o still points
toward its corresponding clean image u;:
Vg log pg™P () o< pj —

We then compute the cosine similarity between the network-predicted score sy(x, o) (from our trained VE-SDE model) and
this empirical score:

cos_sim(z;0) = <89 (%,0), Vo 1ng§mp(x)>
’ Iso(2,0)ll2 - |V log po ™ ()]
and report the average over the 10000 perturbed samples.

The resulting average cosine similarities are
E[cos_sim(z;0.01)] ~ 0.7383, E[cos_sim(z;0.05)] = 0.9038, E[cos_sim(x;0.10)] ~ 0.9266,
corresponding to angular deviations of approximately 43°, 25°, and 22°, respectively.

These angles are clearly non-zero, indicating that the learned score does not exactly match the empirical score function
around each training point. At the same time, the deviations are only moderately large (22°-43°), so the network outputs
still remain aligned with the empirical directions.

Memorization case on the Cat-Caracal dataset. We additionally perform the same analysis on the Cat—Caracal dataset,
where we empirically observe strong memorization. Concretely, we randomly select 1000 training images {x; } and add
Gaussian perturbations with noise level o = 0.01:

z=p; +0.01¢, e~ N(0,I).

For each perturbed sample z, the empirical score of the training Gaussian mixture at noise level o still points toward its

corresponding clean image ;-
emp

Valog pgor(#) o< pj — .

Using the conditioning model on Cat—Caracal, we compute the cosine similarity between the network-predicted score
s¢(x,0.01) and this empirical score,

<se(:(;,0.01), Va logpgl_gﬁ’(x»
[[s6(x,0.01)|2 - V2 log pgoy ()2

and report the average over the 1000 perturbed samples. On Cat—Caracal we obtain

cos_sim(z;0.01) =

E[cos_sim(z;0.01)] ~ 0.9942,

corresponding to an average angular deviation of only about 6°. Compared to the CIFAR-10 case at the same noise level
o = 0.01, where the average similarity is about 0.7383 (~ 43°), the noise conditioning NN on Cat-Caracal learns a score
field that is much closer to the empirical score function around each training point.

Taken together with the CIFAR-10 results, these findings support our main claim about how diffusion models balance
memorization and generalization through the smoothness of the learned score field. On the small Cat-Caracal dataset, the
empirical score function is relatively simple: there are fewer training points and thus fewer regions where Gaussian shells
from different centers overlap, so the empirical score field has limited complexity. In this regime, the conditioning network
can effectively fit the empirical score: sg(x, o) is almost collinear with 11, — x at low noise, as reflected by the cosine
similarity ~ 0.9942 (about 6°). In contrast, on CIFAR-10 the much larger number of training samples leads to substantial
overlap between shells associated with different centers, making the empirical score field highly irregular and complex in
these overlap regions. Correspondingly, the learned score exhibits noticeably lower cosine similarities (angles of 22°-43°
across o € {0.01,0.05,0.1}), indicating that the model does nor match the empirical score function exactly, but instead
learns a smoothed approximation that remains well aligned while deviating by a nontrivial angle. This smoothed score field
is still sufficiently accurate to guide the dynamics toward meaningful images, and is better interpreted as being governed by
local data manifolds formed by multiple nearby training samples rather than by pointwise contributions of single examples.
The contrast between Cat-Caracal (where the network can closely track the relatively simple empirical score) and CIFAR-10
(where it learns a smoother approximation to a highly complex empirical score) thus provides direct empirical evidence for
our explanation framework.
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B.2.4. EMPIRICAL VALIDATION OF THE HESSIAN-SPECTRUM ANALYSIS

We empirically validate the Hessian-based theory in the general multi-center setting under the optimal-shell approximation:

1
H(z;T) = Vi logpun(z,T) = = Covw*(m;T)(aj(x)) —cr(2)1,

T
with
o w;k ({I?, T) /\max (.13, T) Amin (.13, T)
er(@) = 5= (@i T) = T —ep(@), pmin(a3T) = S~ op (@),
j=1 75

Setup. We sample M = 200 CIFAR-10 training images as centers {;}32, C [0,1]%, d = 3072, and evaluate K = 1000
points near pairwise perpendicular-bisector regions:

g Ha T

S te e~ N(0,(5 x 107%)21),

followed by clamping to [0, 1]¢. This probes overlap regions where inter-center competition is strongest.

Temperatures are
T € {1, 5,10, 50, 100, 200, 300, 400, 500, 600, 700, 800, 900, 1000, 2000, 5000, 10*, 10°, 10°}

For each (z,T'), we compute Amax, Amin, and cp, then derive imax, fmin. Since d > M, Cov,,«(a;) is rank-deficient with
rank at most M — 1, so Ay, = 0 numerically.

Two radii used in this section. To avoid notation ambiguity, we distinguish:
pu (23 T) := max |y (2; T)|
(Hessian/score-Jacobian spectral radius), while keeping the expansiveness factor definition unchanged:
p(z;T) = max |1+ nug(x; 7).

In this section, = 103, and the reported “p(z; T')” corresponds to the one-step linearized expansiveness factor above.

Table 4. Mean statistics over K = 1000 overlap-region points across temperatures, for n = 1073,

T | EPmax]  EPmax/T] EAmin/T]  Eler]  Elp(z; T)]

1 26816.0223  26816.0223 0.0000 50.4309  27.7656

5 67954.6794  13590.9359 0.0000 50.4159 14.5405

10 76676.0359  7667.6036 0.0000 50.4043 8.6172
50 84104.2276  1682.0846 0.0000 50.2042 2.6319
100 85205.1677 852.0517 0.0000 49.5066 1.8025
200 77766.2678  388.8313 0.0000 46.2252 1.3426
300 62384.5206  207.9484 0.0000 40.9646 1.1670
400 46225.8263 115.5646 0.0000 35.4227 1.0801
500 33595.9590 67.1919 0.0000 30.8225 1.0364
600 25034.3448 41.7239 0.0000 27.4226 1.0143
700 19515.5761 27.8794 0.0000 25.0035 1.0029
800 15952.2970 19.9404 0.0000 23.2722 0.9967
900 13593.5033 15.1039 0.0000 22.0027 0.9931
1000 11979.0346 11.9790 0.0000 21.0442 0.9909
2000 7470.2625 3.7351 0.0000 17.3934 0.9863
5000 6466.0326 1.2932 0.0000 15.6673 0.9856
10000 | 6289.8363 0.6290 0.0000 15.1546 0.9855
100000 | 6162.6676 0.0616 0.0000 14.7166 0.9853
1000000 | 6151.1046 0.0062 0.0000 14.6739 0.9853
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Competition: Expansion vs Contraction
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Figure 11. Competition between expansion and contraction across temperature: E[Amax /7], E[Amin/T], E[cr], and raw E[Amax]-

Expansiveness Bound vs Temperature
27.766

- Elp(x; )]

3

8,617

Expansiveness Bound p(x; T)

1803

1.167

200,003 0.986 0.985 0.985
10°

10 10 10 10° 10° 10 10
Temperature T

Figure 12. Expansiveness bound E[p(z; T')] versus temperature T' (n = 10™°).

Results and consistency with theory. As summarized in Table 4 and Figs. 11-14, the empirical trends strongly match the
theoretical predictions:

1. The expansive term decays rapidly with temperature. E[\,,../T] decreases from 2.6816 x 10* (T = 1) to
6.2 x 1073 (T' = 10°); see Fig. 11. Although raw E[\,.] is not strictly monotone at low 7', the normalized expansive
component shrinks sharply.

2. The contractive baseline is non-increasing and remains positive. E[cr] decreases from 50.4309 to 14.6739,
consistent with Orcp(z) < 0, and remains bounded away from zero; see Table 4 and Fig. 11.

3. Sign flip of the dominant mode. The crossover Ay.x/7 =~ cr occurs around T' € [700,800]: at 7' = 700,
Amax/T > e, while at T' = 800, Apnax/T < cr; see Fig. 11. Hence fimax changes sign from positive to negative.

4. Spectral contraction across the full distribution. Both E[pg (x;T)] and its upper tail drop substantially with T,
indicating reduced curvature heterogeneity in overlap regions; see Figs. 13 and 14.
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Spectral Radius vs Temperature
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Figure 13. Hessian spectral radius trend E[pq (z; T')] versus temperature 7.
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Figure 14. Distribution of py (x; T') across sampled overlap points at different temperatures.

5. Local expansiveness converges to 1 — 1c... E[p(x; T))] decreases from 27.7656 (T = 1) to 0.9853 (T > 10°); see

Fig. 12. This matches
1 —ncee = 1—1072 x 14.6739 = 0.9853.

Conclusion. Increasing 7' suppresses the anisotropic expansive covariance term %Cov, while the isotropic nega-
tive baseline —crI remains effective. Consequently, local dynamics move from strongly expansive at low 7' to near-
nonexpansive/contractive at high 7', supporting improved stability and reduced memorization tendency.
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B.3. Extra Results on Cat-Caracal Dataset
B.3.1. UNCURATED GENERATED SAMPLES

We provide additional uncurated samples on the Cat-Caracal dataset and their top-10 closest training samples in both
pixel space and feature space (from a pre-trained Inception V3 network), measured by the ¢, distance. We can see serious
memorization in the Figure 15 and certain generalization in Figures 16 and 17.

2
l & hihh Wil
o e IR e TN

Figure 15. Uncurated samples of conditioning modeling and their closest training samples in pixel space (left) and feature space (right).

Figure 16. Uncurated samples of unconditioning modeling and their closest training samples in pixel space (left) and feature space (right).
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Figure 17. Uncurated samples of temperature-based (T; = 7/0;, K=10) modeling (feature space-based KNN) and their closest training
samples in pixel space (left) and feature space (right).

B.3.2. QUANTITATIVE MEMORIZATION FRACTION OF DIFFERENT MODELINGS

To quantify how much different model variants memorize the Cat-Caracal training set, we perform a nearest-neighbor
analysis in pixel space over synthesized samples.

Experimental setup. For each model variant, we generate 1000 images. Let = be a generated sample and {y; } be all
training images. We resize all images to 64 x 64, convert them to RGB tensors in [0, 1], and flatten them into vectors in
R3:64-64_Tn this pixel space, we use the Euclidean distance

dist(z,9:) = [z = will2
to find the nearest training image (1) and the second nearest y(2y. Similarly to (Yoon et al., 2023), for each generated

sample we then define a memorization ratio

dist(a:, y(l))

r(x) = FETF—

If a generated image is essentially a copy of one training example and clearly farther from all others, the nearest distance
will be much smaller than the second nearest, so r(x) will be small. We mark a sample as a memorization case if

r(z) <3,

i.e., its nearest neighbor in pixel space is at least 1.5x closer than the second nearest one.

We conduct the experiments for conditioning, unconditioning, (T;=1/0;, K=30), (T;=1/0;, K=100), and
(T=7/0;, K=10). For each configuration we report: (i) the number of samples flagged as memorization (#Mem); (ii) the
mean ratio E[r(x)]; (ili) the minimum ratio min, r(z), indicating the strongest single-copy case observed.
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Modeling #Mem (out of 1000) Mean r(z) Minr(x)
Conditioning 128 0.8468 0.2276
Unonditioning 92 0.8932 0.3569
T;=1/0;, K=30 11 0.9424 0.5501
T;=1/0;, K=100 4 0.9376 0.5342
T,=7/0;, K=10 4 0.9465 0.6257

The standard conditioning diffusion shows clear memorization: 128 out of 1000 samples (12.8%) have a nearest training
image that is much closer than the second nearest one, with ratios as low as 0.23. In contrast, our proposed methods
substantially reduce the memorization rate. The unconditioning already lowers the memorization count to 92 and increases
both the mean and minimum ratios. All three temperature-based methods have fewer than 15 flagged samples out of 1000
and much larger minimum ratios (above 0.53), with mean ratios around 0.94, close to 1. This indicates that generated
samples usually lie between multiple training images, rather than collapsing onto a single training example in pixel space.
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B.4. Extra Experiments on CIFAR-10
B.4.1. COLLAPSE TIME OF DIFFERENT EMPIRICAL SCORE FUNCTIONS

As we mentioned in the introduction section, the collapse time means the sampling step at which a single center will
dominate the whole score function weight, leading to sampling collapse and memorization. So in this section, we will
provide the experimental results, sampling with different empirical score functions to verify our claim that conditioning will
collapse before unconditioning, and increasing the temperature can further delay the collapse time.

ﬂﬂlﬂll NS e

(a) Conditioning

. IIII" hn

(b) Unconditioning (T=1)

Weight.ba

c) T= 500

IIIII i P

(d) T= 1000

Figure 18. Illustration of sampling with different empirical score functions. The left part of (a, b, c) is the intermediate sample and
their top-5 score function weight training samples at the “collapse time” (the first time that the biggest score function weight is bigger
than 0.95); The right part is the last sampling step. In (d), since the temperature is very high, there is no collapse time, so we select a
meaningful intermediate sample and the generated sample at the last sampling step.

We conduct experiments using 10k images in the training set and calculate their explicit score function. Then, we use the
ODE sampling, and the “shell-touch” noise scheduling (116 noise levels of the log-uniform distribution between 0.01 and
50) from Section A.3:

30; 30i+1
Ui\/a-i- — = 0; \/_ — .
Ve o T V2

Note that the ODE sampling here is based on the actual noise level so that it will not lead to sampling overshoot even in late
sampling stages.

As shown in Figure 18, conditioning modeling exhibits collapse at the 35th iteration when the sampling point remains
highly noisy, while unconditioning and T=500 significantly delay this collapse. Notably, at T=500, the generated sample
approaches the image manifold even before the score function weight becomes dominant. More surprisingly, when we
further increase the temperature to T=1000 in Figure 18(d), the score function weight never dominates during the sampling
process. Instead, the sampling trajectory continues exploring the image manifold, producing diverse samples such as the
frog at the 102nd iteration, without eventual collapse. However, this exploration exhibits inherent instability: the stopping
criterion becomes unpredictable, and many intermediate or final samples may lack semantic meaning. This instability
fundamentally motivates our choice of neural network-based score function learning, which provides stable and reliable
score estimation throughout the sampling process. Beyond the settings reported here, we have also experimented with a
wide range of temperature schedules (e.g., gradually increasing 7" over time) and different numbers of training samples for
constructing the empirical score. As the resulting behaviors are highly consistent yet overly numerous and redundant, we do
not present them all here. Overall, we observe that increasing the temperature drives the sampling trajectory first into (and
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within) the convex hull of a small neighborhood of training samples, and then along directions approximately tangent to the
data manifold, until it either collapses to a single example or converges to a stationary point, as illustrated in Figure 1.

B.4.2. QUALITATIVE COMPARISON FOR DIFFERENT TYPES OF KNN

We also provide the visualization pairs between pixel space-based KNN and feature space-based KNN as the following:

Wi ; ] -
" SN RS IR NS
i ~ § e 3 -
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(c) T=7/ci, K=100

Figure 19. Comparison of generated samples using pixel space-based (left) and feature space-based (right) KNN across increasing
temperatures. Higher temperatures lead to severe quality degradation in pixel space while feature space maintains high quality.

As illustrated in Figure 19, the visual comparison clearly demonstrates the superiority of feature space-based KNN over
pixel space-based approaches under varying temperature settings. When the temperature increases from 7; = 1/0; to
T; = 7/0;, pixel space-based KNN modeling exhibits severe quality degradation with blurred, distorted, and semantically
inconsistent samples due to over-smoothing that deviates from the image manifold. But feature space-based modeling
maintains consistently high generation quality while demonstrating remarkable feature fusion and generalization capabilities,

CLINNT3

e.g., illustrated by the “frog car”, “cat dog”, “blue horse”, and so on, which will not appear in the conditioning modeling:

-

Figure 20. Examples from temperature-based modeling, showing creative feature fusion and generalization capabilities.
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B.4.3. ODE SAMPLING WITH THE TRUE NOISE LEVEL 0,4

NFE=10 NFE=50 NFE=100

Figure 21. Under the same initial noise, the results from different sampling steps via ODE sampling with true noise level o, .

To support our claim that our unconditioning modeling enables larger sampling steps, we provide the generated samples via
NCSNvV2 (Song & Ermon, 2020) as Figure 21 with the same initial noise for 10, 50, 100 NFE, respectively. The sampling
iteration is:

Tpi1 = Tp + o, se(xy)
where the a is 0.6, 0.16, and 0.09, respectively. We can see the generated images are basically consistent, showing the
potential to be learned by an ODE solver, namely training a Consistency Model (Song et al., 2023). As for reducing the

cost of calculating the closest distance to determine the o,,., we can just calculate the o, at late sampling stages. At early
sampling stages, we can still use the prefixed noise schedule o,,.

Note that for both the NN learned and empirical unconditioning score functions, we can fix a small step size and keep doing
sampling as follows:

Tp41 = Ty, + asg(zy).
We find that stopping when the o, is small can also lead to high quality samples — a standard gradient ascent process.

B.4.4. OTHER CHOICES OF TEMPERATURE

Besides the temperature in the reported experiments, we also tried other temperature values and other types.

Other temperature values. We also tried 7; = 1/0; to T; = 8/0;, where we cannot see difference between T; = (1,5)/0;
and T; = (2,3, 4,6)/0; based on pixel space KNN. However, starting from the T; = 7/0;, we can see obvious smoothing
in generated images. Especially, when we further increase the temperature or the K, the generation quality will significantly
decrease shown as the Figure 23

Ti=7/ai, K=30 Ti=8/ci, K=30 Ti=7/oi, K=100

Figure 22. Illustration of keeping increasing temperature or K (pixel space).
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Other temperature types. Except setting T' oc 1/0;, we also tried other types like T oc 1/02 and T = Vd (inspired by the

conclusion in the analysis of the ;» domination that In %& o v/d, which means that setting 7' = v/d can cancel the influence
l
of dimensionality). However, both of them will produce over-smoothed samples:

B

-

Ti=1/o2, K=30 T=d'2, K=30 (pixel space) T=d'2, K=30 (feature space)

Figure 23. Other types of temperature.

Other KNN types. Except for setting a hard K for the empirical score function approximation, we also tried a natural
approximation based on the neighbor region. Specifically, we first calculate the distance to the second nearest neighbor
dsc in the training set as a reference, with a threshold R = rd., then using all samples in this neighbor region for score
function approximation, where r is the coefficient to control the size of the neighbor region. This algorithm is easy to
implement by first choosing a hard K and doing a mask depending on the threshold R for later empirical score function
approximation. Although we cannot see an obvious difference between this choice and the hard K approximation, it is better
from the theoretical perspective since this setting is related to its local manifold curvature and should be more robust.

B.4.5. UNCURATED GENERATED SAMPLES AND MEMORIZATION PAIRS

We also provide more uncurated samples:

Ti=1/0i, K=30 Ti=5/0i, K=30

Figure 24. Uncurated results of different modeling on CIFAR-10.
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Extracting memorization pairs on CIFAR-10. We first applied the ratio defined in Section B.3.2, but the values for
different modelings were indistinguishable. Then we tried other quantitative metrics such as top-K entropy, which similarly
failed to separate the methods, though we can clearly see better generalization with temperature-based methods. Therefore,
to systematically study training data memorization on CIFAR-10, we therefore adopt a two-stage “generate-and-filter”
pipeline following (Carlini et al., 2023), but with a smaller sampling budget and modified scoring rules. Concretely, we first
generate 100k images using each modeling method, and then search for training images that are abnormally close to these
samples in both pixel space and feature space.

Stage 1: pixel-space nearest neighbors. Let {z;} ; denote the N = 50,000 training images, and let {g,, }X/_, denote the
M = 10° generated images. We flatten each image to a vector in R? with d = 3072, and define the normalized ¢, distance

_ Ju=vl2

dpix(u,v) = 7

For every generated sample g,,,, we compute its distances {dpix(gm., x;)}Y, to all training images and retrieve the top-k
nearest neighbors (we use £ = 50). Denote the corresponding distances by d; < dy < -+ < dg. To detect whether the
closest training image is “relatively too close” compared to other candidates, we define the relative neighbor ratio

dq
—_—
kil Zj:2 d;

Intuitively, r,, is small when the nearest training image is much closer than the remaining £ — 1 neighbors, suggesting a
potentially memorized match rather than a generic sample from a dense region (e.g., many similar skies or grass textures).
We compute r,, for all generated samples and select as Stage I candidates those with r,,, below a small left-tail percentile
of the {r,, }M_, distribution. E.g., the 1% percentile, which will include more potential memorization samples compared
with the 0.5% in (Carlini et al., 2023).

Tm =

Stage 2: feature-space consistency check. Pixel-level similarity alone is insufficient to reliably identify memorization
on CIFAR-10: many non-memorized samples can also have small pixel distances to multiple training images. To obtain
a stronger notion of “abnormally close”, we enforce an additional constraint in a semantic feature space. We use the
InceptionV3 (with 2048-dimensional pool3 features) as a feature extractor f(-). First, we extract features f(z;) € R2%48 for
all training images and, for each z;, compute its nearest-neighbor distance among the other training points:

dfn(i) = min|F(2:) — £ (2]

This quantity characterizes how isolated z; is on the real data manifold. For each Stage 1 candidate g,,, we take its
pixel-space nearest training neighbor x,,(,,) (the image achieving d; above) and compute the feature-space distance

df(gmaxnn(nb)) = ||f(gm) - f(xnn(nL))Hz'

We then retain (g, Znn(m)) as an automatic memorization candidate only if

df(gm: Tan(m)) < B df*" (nn(m)),

with a fixed margin parameter 3 (we use 8 = 2.0).

Manual verification. The above two-stage procedure yields a set of high-scoring generated—training pairs, but some
of them are only semantically similar rather than true memorization (e.g., different instances of the same class under
similar backgrounds). We therefore add a final manual screening step: for each candidate, we show a side-by-side grid of
(9m> Ton(m))» and a human annotator checks whether the two images are nearly identical in fine details. We apply this to
four models: conditioning, unconditioning, (7; = 1/0;, K = 10), and (T; = 1/0;, K = 30), obtaining 514, 447, 530, and
426 memorization pairs, respectively. As illustrated in the following figures, three types of images appear repeatedly:

o e M
uﬂ—‘c..
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As expected, we found that they also appeared repeatedly in the training set, especially in the first two images, which
appeared more than 50 times. This means that our method may naturally fail since our methods are based on local manifold
smoothing. We also count the number of memorization pairs without these three images, which are 324, 264, 238, and
172, respectively, demonstrating the significant ability of our method to alleviate memorization. However, memorizing the
repeated training samples is an inevitable drawback in diffusion modeling theory, so we strongly recommend that both
standard diffusion models and our unconditioning modeling be deduplicated in pixel space before training. In the following,
we show all the memorization pairs with these four modeling methods as mentioned above.
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Figure 25. The memorization pairs of the conditioning modeling. (before/after removing 3 cars: 512/324)
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Figure 26. The memorization pairs of the unconditioning modeling. (before/after removing 3 cars: 447/264)
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Figure 27. The memorization pairs of the unconditioning modeling with 7; = 1/0;, K = 10. (before/after removing 3 cars: 530/238)
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Figure 28. The memorization pairs of the unconditioning modeling with 7; = 1 /0, K = 30. (before/after removing 3 cars: 426/172)
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B.5. Extra Experiments on CelebA
B.5.1. ABLATION STUDIES OF DIFFERENT TEMPERATURE AND K

We also conduct ablations on the CelebA 64 x 64 with ODE sampling. We conduct the experiments for conditioning,
unconditioning, (T; = 5/0;, K = 30), (T; = 5/0;, K = 100),(T; = 10/0;, K = 30), (T; = 10/0;, K = 100).

Table 5. Performance of different temperature and K setting.

(ODE ?gzt)h(l)% NFE) FID(Ga 7;rain) FID(G, 7;esl)
Conditioning 7.65 7.87
Unconditioning 7.71 7.88
T, =5/0;, K=30 9.36 — 8.67 9.50 — 8.80
T, = 5/0; K=100 36.81 — 10.26 | 36.25 — 10.41
T, = 10/0; K=30 12.07 — 10.62 | 11.21 — 10.05
T; =10/0; K=100 63.11 — 10.96 | 62.56 — 10.83

The CelebA results demonstrate different parameter sensitivity compared to CIFAR-10. While CIFAR-10 shows severe
degradation at high temperatures, CelebA exhibits better temperature robustness with more gradual performance decline.
However, it is more sensitive to the K parameter (in the pixel space): increasing K from 30 to 100 causes significant FID
deterioration (e.g., from 12.07 to 63.11 at T; = 10/0;). This suggests that excessive K values cause the model to learn
an “average face” by incorporating too many diverse neighbors, leading to blurred and generic facial features that degrade
generation quality. As expected, we find that implementing the feature space-based KNN can also effectively reduce the
oversmoothing in the CelebA as well as in the CIFAR-10.

B.5.2. UNCURATED GENERATED SAMPLES AND THEIR CLOSEST TRAINING SAMPLES

We also provide more uncurated samples on CelebA:

Conditioning Unconditioning

Figure 29. Uncurated results of conditioning and unconditioning modeling on CelebA.

Figure 30 shows that when we let K=100, the NN indeed tends to learn a smoothed “average face”, which aligns with our
prediction. But when we use the feature space based KNN like on cifar10, we can get more reasonable results under the
same K and T settings Figure 31. Meanwhile, we provide the top-10 nearest training samples for unconditioning modeling
in both pixel space and feature space in Figure 32.
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Figure 30. Uncurated results of different temperature and K (pixel space) on CelebA.

Ti=5/ai, K=100

Ti=10/oi, K=100
Figure 31. Uncurated results via feature space based KNN on CelebA.
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Figure 32. Uncurated samples of unconditioning modeling and their closest training samples in pixel space (left) and feature space (right).
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B.6. Supplementary Experiments on ImageNet and CelebA-HQ

We further conduct supplementary experiments on ImageNet 64 x 64 and CelebA-HQ 256 x 256 to demonstrate that our
methods can be extended to large-scale and/or high-resolution datasets.

We do not report quantitative FID scores in this section. Since both our model and the baseline of Song et al. (2021) are
class-unconditional, FID on a highly diverse dataset such as ImageNet is known to be dominated by the presence or absence
of class-conditioning (Dhariwal & Nichol, 2021), making a direct FID comparison uninformative. We therefore focus on a
direct visual comparison between conditioning and unconditioning models.

While these qualitative results are consistent with our theoretical findings, we view incorporating class-conditioning and
scaling to even higher resolutions (e.g., ImageNet 512 x 512) as important directions for future work.

B.6.1. UNCURATED GENERATED SAMPLES ON IMAGENET 64 x 64

As shown in Figure 33, samples from the unconditioned model appear smoother and better capture the global structure of
objects compared to those from the conditioning model. The samples from unconditioned model exhibit fewer fine-grained
details but preserve the core structural features, which may reduce the likelihood of memorizing training examples. This
observation aligns with our theoretical framework, which suggests that unconditioning encourages the model to learn more
generalizable representations.

Conditioning Unconditioning

Figure 33. Uncurated samples comparing conditioning (left) and unconditioning (right) modelings on ImageNet 64 x 64.
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B.6.2. UNCURATED GENERATED SAMPLES ON CELEBA-HQ 256 x 256

We also provide uncurated samples from our unconditioned model and from the temperature-based model (T; = 5/0;, K =
30) in Figures 34 and 35, respectively. In both figures, we observe interesting samples that appear to mix characteristics
typically associated with different genders, such as predominantly male faces with more feminized hairstyles.

Figure 34. Uncurated samples from the unconditioning modeling on CelebA-HQ 256 x 256.
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Figure 35. Uncurated samples from the temperature-based model (7; = 5/0;, K = 30) on CelebA-HQ 256 x 256.
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C. Discussion

In this section, we summarize the main insights of our framework, relate them to existing diffusion practice, and outline
promising directions for future work. A recurring theme is that our analysis recasts diffusion behavior in terms of simple
optimization and high-dimensional geometry, avoiding heavy PDE machinery or complex probabilistic inference and thus
lowering the conceptual barrier for understanding diffusion models.

Neural networks as implicit temperature-smoothed scores. Our analysis suggests that the score field learned by neural
networks is not simply a noisy estimator of the empirical score, but behaves like an implicitly temperature-smoothed version
of the empirical softmax weights. The expansiveness analysis in Section 3.2 and the Jacobian spectrum measurements
(Sections A.5 and B.2.4) make this precise: in overlap regions of multiple Gaussian shells, the empirical score is extremely
sharp and highly expansive (large positive Jacobian eigenvalues), whereas the learned score has much smaller expansiveness,
comparable to explicitly applying a large temperature 1" (or a larger K in KNN approximations) to the empirical weights.

Our memorization studies connect this picture to concrete behavior on different datasets. On the small Cat—Caracal dataset,
where shell overlaps are relatively sparse and simple, the network can almost perfectly track the empirical score field: the
cosine similarity to the empirical mixture score at low noise is ~ 0.99 (Section B.2.3), and a pixel-space nearest-neighbor
ratio clearly flags a substantial fraction of generated samples as copies (Section B.3.2). In this regime, the network can fit
the “spiky” empirical score, so implicit smoothing plays a limited role and memorization is easy to detect.

On CIFAR-10, the much larger number of training points induces dense overlaps and a highly irregular empirical score. Here
the cosine similarities are noticeably lower (angles of about 20°-40° even at small noise; Section B.2.3), indicating that the
network no longer reproduces empirical scores pointwise, but instead learns a smoother field aligned with local manifolds
formed by multiple nearby samples. In this regime, our nearest-neighbor memorization ratio—highly discriminative on
Cat—Caracal—Ilargely fails to separate different modelings on CIFAR-10, precisely because generated samples lie within
dense local manifolds where “nearest vs. second-nearest” distances are no longer a reliable proxy for memorization.

Overall, these results support the view that neural networks act as implicit temperature smoothers of the empirical score: on
small or low-complexity datasets they can closely fit the empirical objective and thus memorize, while on larger or more
complex datasets their inductive bias forces them to smooth the score weights, suppressing extreme local expansiveness
and reducing exact replication. Our explicit Temperature Smoothing and Noise Unconditioning mechanisms make this
effect controllable and observable: they reduce memorization fractions on Cat—Caracal and lower sampling expansiveness
(Sections B.3.2 and 5.1.2), while still enabling meaningful generalization on CIFAR-10 and beyond. Conceptually, this
“implicit temperature” view pinpoints what is being smoothed: not an abstract learned function, but the empirical softmax
weights over overlapping Gaussian shells. This yields a concrete geometric picture that ties the same smoothing mechanism
to both memorization on small datasets and generalization on large ones.

At the same time, our findings raise an open methodological question: how should one quantitatively characterize the
memorization—generalization trade-off at realistic scale? The nearest-neighbor ratio is informative on Cat—Caracal but
quickly loses discriminative power on CIFAR-10, exactly when samples move from single-point collapse to residing in
dense local manifolds. Developing metrics that remain sensitive in this regime—for example by combining pixel and feature
spaces or explicitly modeling local density—is an important direction for future work.

Optimization-based sampling via noise unconditioning. A key contribution of this work is the optimization-based
reformulation of sampling enabled by noise unconditioning. By removing the explicit noise input and optimizing the unified
loss in Equation (11), the model learns the score of a fixed Gaussian mixture pyn, independent of diffusion time. Sampling
can then be interpreted as continuous-time gradient ascent on log pyn(«), rather than as a purely time-dependent reverse
SDE or ODE.

This perspective offers both conceptual and practical benefits. Conceptually, it demystifies the sampling process: once
noise is unconditioned and the model learns the score of a fixed Gaussian mixture py, our sampler can be viewed as a
continuous-time gradient flow on the static objective log pyn () whose modes coincide with training samples. This gradient-
flow picture relies only on elementary optimization and high-dimensional Gaussian geometry, offering a lower-barrier and
more visual alternative to traditional SDE/PDE-based explanations of diffusion behavior. Practically, this viewpoint suggests
treating sampling as an optimization problem, motivating the use of adaptive step sizes, principled stopping rules, and
constrained gradient flows (e.g., via projection) to better exploit the geometry of the learned score field. More broadly,
it invites future work to systematically import tools from modern optimization—such as line-search, trust-region, and
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variational methods—into the design and analysis of diffusion samplers.

However, this optimization view also highlights a deeper question. Our analysis characterizes what the learned, smoothed
score field looks like, but not fully why standard neural networks trained with simple MSE losses should converge to this
particular smoothed solution among all possibilities. In particular, it remains unclear why the network prefers to organize
data in a semantic feature space rather than in raw pixel space, and how architectural choices and optimization dynamics
jointly induce this preference. The gradient-flow interpretation offers a useful lens on these questions by framing learning
and sampling as motion in a fixed energy landscape, but a complete understanding of the resulting implicit bias is still an
open problem.

Extensions to latent diffusion and consistency models. Because our framework is formulated at the level of score
fields, it is largely agnostic to architecture and suggests several extensions. First, applying Noise Unconditioning and
Temperature Smoothing to latent diffusion models is especially natural. Latent spaces typically have lower curvature and
better-structured manifolds than pixel space, so our smoothing mechanisms could operate more stably—allowing larger T'
or broader neighborhoods—without drifting off-manifold, as suggested by our feature-space KNN experiments. In this
sense, our geometric view of “local shells” and manifolds carries over almost verbatim from pixel space to learned latent
spaces, potentially making the theory even simpler there. Second, consistency models and ODE-based distillation methods
could directly exploit the optimization viewpoint: if sampling is seen as gradient ascent on log pyn;, a consistency network
could be trained to map coarse noise directly to near-stationary points of this objective, potentially yielding fast samplers
with improved generalization. Our preliminary results in Section B.4.3 already indicate that our model can be trained as a
consistency model like the standard diffusion models.

Toward adaptive smoothing and temperature design. Our hand-crafted temperature schedules (e.g., T; o 1/0;) already
yield substantial memorization reduction with modest FID degradation, but the Jacobian analysis in Appendix A.5 shows that
temperature interacts in a nontrivial way with both the covariance and isotropic contraction terms of the score Jacobian. This
points to the need for more principled, adaptive schemes. Future work could explore temperature schedules T'(x, o) that
depend on local geometric statistics—such as estimated manifold curvature, local density, or semantic features—and learn
these jointly with the score network. Regularizing such schedules by local expansiveness constraints or memorization-aware
objectives (e.g., penalizing low nearest-neighbor ratios on held-out training batches) is a natural next step toward controllable
generalization.

Finally, we hope that the optimization- and geometry-based perspective developed here, together with our quantitative
memorization analysis across small and large datasets, provides a simple and unified foundation for studying diffusion
models, and helps further bridge the gap between intuitive geometric understanding and the observed memorization behavior
of large-scale generative models.
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