Value bounds and Convergence Analysis for Averages of LRP attributions

Supplementary Material

9. Exemplary results on LRP Hyperparame-
ters and faithfulness

Fig. 2 shows that faithfulness degenerates for too high
choices of the 3 hyperparameter in LRP-3 and for too low
choices of the v hyperparameter in LRP-v.
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Figure 2. MOoRF faithfulness graphs for Res50, EffNetV2-S,
SwinV2-T (in that order) for varying /3 (top row) and unlifted ~
(bottom row). Results are averages over 1000 ImageNet test im-
ages. This compares suitable against too extreme choices. Lower
is better.

This can also be seen in examples of attribution maps as
in Fig. 3.

Figure 3. Exemplary Attribution maps for a too low choice, an
appropriate choice of the v hyperparameter, and for the autotuned
lifted-y, namely v = 10, v = 1000 and lifted-y = 10. The
network is SwinV2-Tiny, the predicted class is tricycle.

10. Analysis of Singular values

Before we bring our main theoretical result in section 4, we
would like to show the results which can be obtained when
we analysing LRP from the perspective of singular values
of the above attribution matrices M (g).

This provides an easy to obtain insight into the scales
of attribution map values across layers and may serve as
an initial comparison to the gradient. It will also reveal a
limitation of this SVD-based approach.

Theorem 6 (Singular value for the vector of ones)

For any relevance conserving rule of a neural network
layer which maps an S-dimensional input onto an R-
dimensional output, a singular value of its one-layer
transition is given by ‘/—\/g, attained for the singular vector
%15 = %(1, ...y )T, where R is the output dimension

S times
and S the input dimension for the layer in consideration.

Proof:

1 4 + 1 1 + R
\/EISMM \/ElsfislRf S 39)
The importance of this simple theorem is to show a depen-
dence of the singular values on the output dimensionality R
of a layer. This motivates the insight, that observing a term
V'R in the next theorem 7 is not an artefact of suboptimal
proof technique but rather a necessity.

Theorem 7 (Upper bound for singular values for LRP-3)
Let a neural network layer compute a mapping of an S-
dimensional input onto an R-dimensional output. For the
[3-rule we can derive an upper bound on the singular values

VR\/(1+ B)2 + 32, and as a better readable relaxation
VR(1 +v28)

The proof for it is in the Supplemental material in
Section 13.

Corollary 8 Upper bound for singular values for LRP-~y
in the limit case

Let a neural network layer compute a mapping of an S-
dimensional input onto an R-dimensional output. In the
limit of v — oo the upper bound of singular values for
LRP-v is VR

This follows from the combination of Known Result 1,
which establishes a convergence to LRP-3 with 5 = 0, the
fact that singular values of a real-valued matrix M are the
positive eigenvalues of a matrix

(s o) (40)

and a continuity result such as Weyl’s eigenvalue bound for
additive perturbations [53] which can be found in textbooks
like [24], and which ensures convergence when taking the
limit v — oo for the above result v/R(1 + /23) for the
case 5 = 0.



10.1. Comparison to the norm of the gradient attri-
bution map

Let us assume that we have Lipschitz continuity for the ac-
tivation functions o; with constant L. Then

IDg™ - Dot . g1 .. Do) . Dy ()
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_ Ln71||W(”)H2HW(TL71)H2 o ||W(1)(m)||2 (41)
This scales as a function of the norms of the weights of

a layer. For 5-LRP we see an upper bound which is insen-
sitive to weight norms:
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Discussion: There are two observations. Firstly, the in-

dependence of the singular values of the LRP-# transition
matrices of neural network weights 1¥ shows a robustness
property of LRP-8 and corresponds to an interpretation of
LRP-# attributions as an analogy of gradient clipping for
modified gradients.

Secondly, equation (42) contains a term [], v/R; which
depends on the output dimensions R; of each layer. This is
a typically large quantity. Therefore, this might be of lesser
value for deriving concentration inequalities. Therefore, we
devise an improved, tighter, bound in the next section, using
a different approach.

11. Proof of Theorem 3

Proof:
We considering the LRP-/ term

Att(g$), 2

_ (Wab2p) + .
={1+h) >y (Wabr 217+

for a layer  computing ¢(") (2)
notation, we define

(wabzb),
>y (Wabr 217) -
= Wz + c. To simplify

(43)

(wab2b)+

. I 44
Pab+ : Zb/ wab'zb’)+ ( )
(Wab2p)—
Pap— = =" (45)
’ >y (Wapr 26 ) —
Att(gl", 2" 7V) = L+ B)pavy — Bpar (46)
We note that p,p+ € [0,1], pap— € [0,1] . One can

observe that wgp2p is either non-negative or non-positive.
Therefore, one of the terms p,p and p,,— must always be
a zero term.

Induction start ¢ = 1: We initially the computation of
the attribution map at the network output across output
com (n) (") at the last 1 i

ponents g; ', ...,gp  atthe last layer n using a vector

g such that E 2 qu = 1, g, > 0, that is we compute
the attribution map for the weighted sum of outputs

S qugl.

The attribution map in the next upstream layer, for the
component z; of the feature map 2("=1_for which we have
to prove the bounds, will be

Zq Att(g

Applying LRP-£ to g<n) with the weights ¢, results in

Dy,
Z QuAtt(ggn)a Z]En_l) Z Qu

(n 1)) (47)

1+ B pub+ - Bpub )

(48)

Using the observation that one of py,, pus— 1S always zero,
we can write it as

= ;qu((l +B)puvt) + > qu(—Bpun-)  (49)

>0 w <0
Lets prove the upper bound for

> Zq Att(g

b3 ey quAtt (gl 2)>0 U1

2"y (50)



For this we observe: if b satisfies
D ouet quAtt (gl Zz(;n Y) > 0, there must exist
U : pup+ > 01in equation (49) due to ¢, > 0.

Lets define the following true/false logical functions:

Vi) =y quAtt(gd”, 2"y > 0

Y_(b) =Y, quAtt(g,([‘), A"y <0

Therefore, using Zb:n(b) to denote those b for which
the function evaluates to true:

Dy,
Z Z QuAtt(ggn)v Zb) =

(0 0y auAtE(g( 2) >0} =1

D,
Z Z QHAtt(gELn)v Zb)

b:Yy (b) u=1

Z ZQu 1+ﬁpub+ +ZQu ﬁpub

b:Yy(b) v

Z ZQu 1 +ﬂ)pub+) + 0

bYy(b) u

< qu“((l + B)Pubt
b U

:un(l +5) ZpubJr = ZQU(l +8) =
u b u

(1+5)
(51)

For the lower bound we use an analogous argument:

Dy,
Z Z quAtt(gf[‘), Zb) =

(6:3 1 auAtt(glM zp) <0} ¥=1

Dn
Yo D auAtt(el z)

b:Y_ (b) u=1
= > > al 1+Bpub+ +un Bpub
bY_(b) u
> Z 0+ZQu ﬁpub
b:Y_ (b)

b u

=" 0u(-8)D pu- =D qu(-B)=-B  (52)
u b u

Induction step ¢t — 1 — ¢:
scores v,, such that

= Z g Att(g™, 2

We are given now attribution

n—(t 1)) ) (53)

These are the attribution scores for the feature map
2(n=(=1)) of layer n — (t — 1) backpropagated from the

weighted output of the network >_ ¢, g,

(n—(t—1))

vy, 18 the score for the u-th component z, of vec-

tor z(n=(t=1))

‘We can assume that for these attribution scores v,, from
the layer 2(n=(t=1)) downstream we have Zu Uy = 1, how-
ever, we can have now both signs for values v,,.

Note that the set of scores {v,} satisfies the induction
assumption as stated above for layer n — (¢t — 1).

It should be noted here that due to equations (13) or (20)
we have

> g At )

=q"MT(g™)- MT(g"1)
MT (g ==y (") (54)

=(¢"MT(g") MT(g"")
M () ) T (g I ()

(55)
=2 (Z %Att(gﬁ"%z&"—“-”))> Att(glr =, 771
(56)
= v Att(g{r =) 2" Y) (57)
u
= v M7 (g" ) (") (58)

Therefore, as a consequence of equation (57), we need
to obtain bounds for

) > vuAtt(gl ), )

b:Zu U’u,Att(gl(Ln_(‘_l)),Zl()n—t))>0 w
(59)
> 3 v, Att(gg ), )

b3, vu Att(g T Ty <o v

(60)

Lets define the true/false-valued functions

Yi(b) =3, vl Att(gd ) Lm0y 5 o,

Y_(b) = 33, v Att (g 20y <0

We will shorten g<" =) o g, and 26714) to z; further
below.

Lets consider the upper bound first. For the upper bound



we can separate terms by their signs to obtain

Z ZvuAtt(gu, 2p) (61)

biYy (b) w

Z Z Uu + B Pub+ + Z Uu pubf (62)

biYy (b) u

Z Z V(1 + B)pubt + Z V(=) Pub—

b:Y,4 (b) utvy, >0 UiV, >0

(63)

+ Z Z Uu +Bpub++ Z pubf

b:Yy (b) wivy, <O w0, <0

(64)

> v+ Bpur+ Y, 0 (65)

b:Y, (b) UiV, >0 UiV, >0

+ > Y 04+ > vu(—Bpun- (66)

b:Yy (b) U, <0 wv, <0

S Y B+ Y vu(—B)pus

b:Y4 (b) uivy, >0 UV, <0
(67)

The above inequality comes from checking the signs of the
terms.

In the following _, f(b) denotes the sum over all b,
while >,y ;) f(b) is the sum over the subset of input in-
dices b for which Y, (b) evaluates to true.

All terms in the last statement are non-negative (note
Pubt € [0,1], pup— € [0, 1]).

Therefore we can upper bound

S vl Bpws + Y vul=Bpus-

b:Y4 (b) uivy >0 UiV, <0
(63)
SZ Z Uu(1+/3)pub+ + Z vu(_ﬁ)pub— (69)
b ww,>0 UiV, <0
= > w+p) Zpub++ 2 vul=BA) D pu-
UV, >0 UV, <0 b
(70)
= > w(l+8)+ Y vu(-B) (71)
UV, >0 UV, <0
Now Zvu>0 v, are the positive scores from the next

downstream layer n — (¢ — 1). They satisfy according to
the induction assumption

> v, <2214 8 (72)

Uy >0

Analogously, Z,Uu <o Vu are the negative scores from the
next downstream layer n — (¢ — 1). They satisfy according

to the induction assumption

Zvuz

0y, <0

& D (—va) <+2728(1+ B) 2 (73)

0, <0

_2t—25(1 + 6)t—2

Plugging these inequalities in, results in

Yow(l+8)+ D (—v)B

v, >0 0, <0
<H27PA+ /)T A48 + 21281+ B)
<+2072(1 4 B 42072 (1 4 B)? (74)
=211+ B)’ (75)

For the lower bound we can use an analogous reasoning:
We can look at the signs to obtain

Z Z VAt (gu, 2b) (76)

by_(b) u

= > >l 1+5pub++2vu Jpup— (77

b:Y_(b) u

Z Z vu(1 4 B)pubs+ + Z Vu(—B)Pub—

b:Y_ (b) Uiy, >0 Wiy, >0
(78)

+ 30 Y w4 Bpus + Y. vu(—B)pus-

b:Y_ (b) uiv, <0 Wiy, <0

(79

S 04 D> vu(-B)pu- (80)

b:Y_ (b) uivy, >0 UVy, >0

+ Y D> w4 B+ Y0 @1)

b:Y_ (b) UiV, <0 Ui, <0
Z Z /Uu(fﬁ)pub— + Z Uu(l + ﬁ)pub—}—
b:Y_ (b) uiv, >0 WiV, <0

(82)

All terms are non-positive (note pyp4 € [0,1], pup— €
[0, 1]).
Therefore we can lower bound

Z Z Vu(=B)Pus— + Z Vo (1 + B)Pubt

b:Y_ (b) vy, >0 w:v, <0
(83)
>3 > vu(=Bpun— + >, vu(l+ Bpunr (84)
b uv,>0 UiV, <0
= Z Zpubf‘i' Z vu (14 5) ZpubJr
UiVy, >0 UiV, <0
(35)
= > w(-B+ Y vu(l+8) (86)
UiVy, >0 UiV, <0



By induction assumption we have bounds as follows:

> vl <2214 8! (87)
0y >0
D v > —272B(1+ B) (88)
0, <0
Plugging them in yields:
Do vul=B)+ Y vu(1+5) (89)
Uy, >0 ,,<0
2272 (14 B)H(=B) = 221+ B) (1 + B) (90)
— 2t—25(1 + ﬁ)t_l _ Qt—Zﬁ(l + ,B)t_l (91)
= — 2B 4 B ©2)

This concludes the upper and the lower bound in the induc-
tion step.

12. Proof of Theorem 4

We considering the LRP-~y term

Att(ga, 2) = Wab2h + Y (Wab2b) + 93)

Yy Wab 2y + Y(Wapzy ) +

Let us omit layer indices again, and define as notation

Yab = WabRb (94)

Induction start ¢ = 1: We initially the computation of
the attribution map at the network output across output

components g§"), e ggi at the last layer n using a vector

q such that 2521 qu = 1, qu > 0, that is we compute
the attribution map for the weighted sum of outputs

D,
S gl

The attribution map in the next upstream layer, for which
we have to prove the bounds, will be

D,
> quAtt(g$V, z) 95)
u=1

Applying LRP-v to ¢\ with weights g, results in

Dy,
> quAtt(gy, ) (96)
u=1
< Yub + ¥ (Yub)
ub ub )+
u—=1 “ Zb/ Yub’ + V(yub’)Jr
D, 1
_ Z " Y leub + (Yub)+ 98)
u=1 Zb/ VT Yu + (yub’)+
_ q 771yub + (yub)Jr
Wiy >0 Zb’ ’Yilyub’ + (yub’)+
-1
Y Yub + (yub)+
+ q (99)
u:y§<0 qu’ fyilyUb’ =+ (yub')+
B P 7
WYy p >0 Zb’ ry_lyub’ + (yub’)+
-1

U Y <O Zb’ ’yilyUb’ + (yUb')Jr



If >, (yus)+ = 0 it means that all y,,;, < 0, then we get:

D,
Z Z quAtt(.%m Zb)

b:Y, (b) u=1
-1
i Yub
=0 E E _— 101
" S Wty + 0 oy

b:Yy (b) wiYup <0

- Z Z u Zbl Yub’

b:Y4 (b) uiyyus<0

=Y 3 Zyu; = (102)
b’ u

b:Y, (b) wiyub <O

IA

Z Z fues— Zb’ ” (103)
= Z u Z Zb’

= qu=1 (104)

Yub’

If >, (yus)+ > 0, then we require by the assumption of the
lemma (in the lemma we have set o« = v~ /2 as seen further
below, while here we execute it for a general a € (0,1) )

> v —a D> (yw)t (105)

by, <0 by, >0
& Y vyt Y, 7))+
by <0 b:yuy >0
>—a Y (w)s+ 10+ D (yw)s (106)
b:yup >0 b:yup>0
<~ Z’Y_lyub’ + (yub’)+
b/
> (1477 =) (Y )+ (107)

b’

The left hand side holds due to

ST+ Y )Y+

b:yup <0 b:yup>0
= Z Y Yub + (Yub)+ + Z Y Yub + (Yun) +
b:yup <0 b:yup>0
= ur + )+ (108)
b/

Then, an upper bound will be

D,

ST N quAtt(gu. ) (109)

biY (b) u=1

(1 Jf"Y_l)(yub)-&-
Qu 110
Z Z Zb/ o yub' + (yub’)Jr ( )

b:Yy (b) Wit >0

(1+ 7’1)(yub)+
< S ey, O

b:Yy (b) Uy >0

]-+'Y ! yub
Qu 112
T TTa 2 2 Gessoise (1)

b:Y, (b) uiyus >0

Next we use the trick, that we can drop the conditioning on
u @ Yup > 0 because the terms in the upper bound would be
simply zero if y,, < 0. After that we can sum over all input
dimensions b because all terms have the same positive sign
or are zero.

14471 (Yub)+
§1+7_1 Z Z Eb/uyubf

* i) w
1
S EEED N v UL
=== -la Sagiey
:lii;'y_lazqu (115)
- % (116)

This proves an upper bound in the induction step of
Iy !
14y 1—a"

For a lower bound we use

v —a > ()t (117

by <0 b:Yaub >0
~1 -1
S0< " a E Yub < E (Yub)+
b:yup <0 b:yup>0

= (yu)+ (118)
b/



so that
Dy,
b:Y_ (b) u=1
-1
Y T Yub
=0+ q (120)
u:gb:«) 3 Y Y+ (Yub )+
-1
Y Yub
= u - - (121)
b';(b)u'%;«) Zb’:' wpr <07 1(1—a Yyup
=( YNy e a2
b:Y_ (b) u:yub <0 P Wy <0 Yubd!
yub)
: 1 — o Z Z b=
by w0 2ty <0 (Y )=
(123)
=1-aH Y Y (Yub) - (12
b:Y_(b) u Zb/ Yub') -
yub
21 —a” (125)
ZZ Eb' yub'
=(=a” 12%_ (126)
We obtain

for the sum of positive attributions

D, 1+771
> D adttlo ") < e, (2)

by (b) u=1

for the sum of negative attributions as

D,
3 gt 2 Y) > Ll (128)
-

b:Y_ (b) u=1

To simplify, set o := /2

v (-

b:yub <O

, resulting in a requirement of
Dyus < D (Yun)+ (129)
b:yup>0

then we get for the sum of positive attributions

14+~71 1+~
= 130
— 1+’Y_1*’Y_1/2 1+’Y*’Y1/2 ( )
for the sum of negative attributions as
1
= (131)

Induction step t — 1 — ¢t: To start with, by our assump-
tion of the lemma, we have set -y such that for all activations
Yub = Wyp2p WE have

o> DT (w)y (132)

biyup <0 b:yup >0

We are given now attribution scores v,, such that

Vy = X:qﬂéhtt(gg.")7 z,&”_(t_l))) (133)

These are the attribution scores for the feature map
2(n=(=1) of layer n — (t — 1) backpropagated from the
weighted output of the network g g(n).

Note that the set of scores {v,,} satisfies the induction

assumption as stated above for layer n — (¢ — 1), that is

1
t—2 t—2
) § e b(~) (134)
_ 1+ -
> v <2 a39)
U0y, >0 + T

Take note that for v > 1: 1 —m <0

It should be noted here that due to equations (13) or (20)
we have

S g Att(g 2 = e
q"MT (g™ MT(gD) -
. ]WT(Q("*U*U))(ZIETFU) 138)
= (qTMT(g(n)) M (gn=D). 1)
Mg () (140)
.MT(g(n—(t—l)))(Zlgn_t)) )
:Z <Z qrAtt(gT(,"),zfl"—(t—l)))> Att(g&n_(t—l))7zl§"—t))
o (142)
=" v, Att(g{r D oY) 1)
=v- ]V[T(g("*(tfl)))(zl(]n*t)) (4

Therefore, as a consequence of equation (143), we need
to obtain bounds for

3 > vaAtt(gln =) )

b:y., vuAtt(gfi"*(tfl)),zl(,7"7t))>0 u
(145)

2 > vaAtt(gl ) )

b:>., vuAtt(gfln_(t_l)),Z£71_1))<0 w
(146)

Lets define the true/false-valued functions
Yi(b) = 3, vaAtt (g~ D) Sy S g,
Y_(b) = 3, vuAtt(gl ™ 1” A"y <0



We will shorten g(" =) o g and 25"7
below.
Let b(vy) := max(—l_v%m, ﬁ)

Applying LRP-v to g,, with weights v,, results in

u=1

o Z v Y yup + (yub)+
- u
=y Y Wy + (Yur )+

Z yub + (yub)+
Zb/ Y yur + (Yun )+

7_ Yub + (yub)-‘r
+ Vu
Z Dov Y e + (Yur )+

w:Yub <0
(1+ 771)(yub)+
Uy —
Zb/ Y Yur + (yub’)+
7_1yub

+ v
Z “ Zb/ 7_1y14b' + (yub')Jr

w4y <0

UYyup >0

Yub + Y yub)
Uy Att(gu, 2b)
2 (9 Z 3 Yub + Y (Yur )+

Y to zp further

(147)

(148)

(149)

(150)

Now we have to split this further according to signs of v,,:

v (1 +'771)(yub)+
> Y W + (Yur ) +

P>

Wiy >0,Yub >0

Y Yub
+ U,
Z qu/ 771yub’ + (yub’)+

Wiy >0,y <0
14+ ) (yu) +

>

UiV, <0,Yyup >0

’771yub

“ Sov Y e + (Yur )+

>

Uiy <0,Yup <0

Uy
Zb’ 'Yilyub’ + (yub’)+

(151)

(152)

(153)

(154)

For the upper bound we can derive from that:

Z Z Uy Att(gu, 2b)

brY (b) u=1

> >

b:Yy (b) uivy>0,yup>0

(L") (yun)+
“ Zb/ fyilyub' + (yub’)Jr

Y Yub
+ Uy
Z Zb/ 'Yilyub’ + (yub’)Jr

U0y, >0,y <0
(147" (Wub) +

* Z Z “ Zb' fyilyub’ + (yub’)+

b:Yy (b) wivy <0,yup>0

—1
Y Yub
+ E Vy — (155)
UV <0,y <0 Zb’ Y lyub’ + (yub')+

Z Z T+ (yub) +

u -1
bYs (b) v >0,y >0 Yoo Y Wb A (Yur )+

+0

(156)

Y Yub
+ 0+ Uy
Z Z Yo Y Wy + (Yurr )+

b:Y, (b) Uy <0,y <0
(157)

For the upper line eq. 156 we will use from our require-
ment

N g < D (s (158)
b:yub <0 b:yub >0
Dovw > Y (yw)r (159
b:yub <0 b:yup >0

and therefore:

<:>Z:’Y_lyub' + (Yub )+ = (160)
oy + W)+ D> Y+ (Yur)
b’y <O by, >0
(161)
Z ’Y yub’ + 0 + Z yub' + + (yub')
b1y, <O by, >0
(162)
Yoov T A+ YD () (163)
b’y <O by, >0
>N a) s+ (L) D ()
b:yup >0 by, >0
(164)
=+ =) > () (165)
by, >0
&3 Y+ @) > 1477 =) )+
b’ 4

(166)



For the lower line eq. 157, we employ

Do b + (W) + (167)
bl
= Z Y Yurr + (Yur )+ + Z Y Y+ (Yur )+
Yupr <O Yoypr >0
(168)
= > vy 404+ DY T+ D)+ (169)
Yupr <0 Yup' >0
Y v+ 7)Y (s (170)
Yyt <O Yupr >0
Sy g + (L )EDY Y
Yupy <0 Yupr <O
(171)
= =0+ Yy (172)
Yupr <0

Also note that all terms are non-negative, so that replac-
ing positive terms in the divisor by smaller positive ones
yields an upper bound. We obtain:

>N vuAtt(gu, ) (173)

b (b) u=1
z Z 1+ ) (Yur) +
u
Yoo Y Wt + (Y ) +

b:Yy (b) wivy,>0,yup >0

+0

(174)

> oo+

b:Yy (b)

Z v Y Yub
Zb/ ’771yub’ + (yub’)+

UV, <0,y p <0
(175)

Z Z Vuu- (176)

b:Y4 (b) uivy, >0,y4>0
-1
. (1+7) (Yub) +
T4+~ —4=12) > (Yur )+

+ Y > v (178)

b:Yy (b) uivy <0,yup <0

(177)

—1
7 Yub
. 179
(vt =1+~ *‘*»SU 0 Yub/ (179)
S S (L 4+ (Yup)+
= u -1 _ ~—1/2 ,
bty weoge >0 LTI 12) 3y (Yur )+
(180)

+ > S v (181)

b:Yy (b) uivy <0,yup <0
Y (Yun) -
T AL, o)

Next we use the trick that for y,;, < 0 we have y,;, =
(Yup)—, however terms (y,;)— can be summed over all b

(182)

because for those where y,;, > 0 it would be just zero:
(yub)— =0.

The same idea holds for y,,;, > 0 and (yyp)+-

Therefore we can replace » .. g Yup <0 by >
0 <0,yu
and Zu:vu>0,yub>0 by Zu:vu>0:

UV, <0

(L4977 Yub)+
_ (183)
b%;b)u,z AT =) 3 (Y )+

Y (Yub) -
> Z — (Y2 3 (Yu ) -

brYp (b) v

(184)

Now all terms are non-negative [note that v > 1, so 1 —
4~/2 > 0 and that

(v =y ) =T A= (T ?) <0
which multiplies with v,, < 0 to something non-negative]

so that we can upper bound by increasing the sum from

Dby (b) 10 2y

1 + 7_1)(yub)+
< 185
Z Z 1_,_7 _7—1/2) Zb/(yub')+ ( )

b uw,>0
DIPI L )
b wuiv,<0 u B 1+7 ) _1/2)Zbl(yub')f
(186)
1+’Y ! yub
=D i Z (187)
Wivy >0 L+~ t— 1/2 Zb' yub’
yub
+ Uy
u:vzu:<0 (771 ( 1/2 ZZb' yub’
(188)
_ 1+47!
- Z ”um (189)
-1
8
+ Z — (14~ ) ,1/2) (190)
_ L+~
- Z m (191)
1
Z (192)
1/2
UiV, <0 1+'Y )fy+ / )
<0



Now we can plug in the induction assumption

_ 147 _ 1+~
<2t 2 t—2 ]93
T 14y Al L4y —~A1/2 (153)
1 1
+2t=2 b(y)t2 194
T o e A B
_ 147 _ 1+~
— t—2 t—2 195
1+“/—71/2( 145y —71/2 (199
1 1
e p—Y 0 L 196
B L e (e e B
(197)
Finally note
-1
— (198)
(1= (14+y")712)
o ~A1/2 _ 4172
(V2= (1 +~71)) (Y2 = (1+7))
(199)
1/2 1
e (200)
1+y =912 = 14y —41/2

Therefore:

3D viAtt(gu, ) (201)

b:Yy (b) u=1
32“2% )Hﬁ (202)
+2t—2ﬁb(y)t—z — +*71_1)71/2) (203)
§2t’2ﬁb(v)t’%(v) (204)
+2t*2b<v)b(v)t”ﬁ (205)
- 2’5—1% )it (206)

which proves the induction claim for the positive upper
bound.

For the lower bound we can derive in similar spirit:

DD i Att(gu, ) (207)

b:Y_ (b) u=1

=2, X

b:Y_ (b) w0y, >0,y >0

—1

Y Yub

+ E Vy — (209)
SO0 Dop Y b+ (Yun )+

(1+ 771)(yub)+

Uy (208)
Zb/ Y Yub + (Yu )+

(210)

(T4 (Yub) +
Sov Y e + (Yur )+

LD

b:Y_ (b) w00 <0,yub >0

—1
Y Yub
+ v 212)
u:vu<oz7yub<0 h Zb' ’Yﬁlyub’ + (yub’)+

Z v Y Wb

Yoo Y W + (Yur )+

@211

b:Y_(b) Wiy >0,y <0
(213)
1 D (yu
I Z Z o ( ‘_Fl’Y ) (Yub) + 10
B:Y_ (b) w0y <0,y >0 Zb/ VY Yut + (yub/)+
(214)

We will use two inequalities derived in equations (166) and
(172).

For the upper line (213) we will use

S v + W) > (7 =0+ Y)Y
v Ya <0

(215)

which works because in (213) we have v, > 0 and
771yub <0.

For the lower line (214) we will use

Z’Y_lyub' + W)y > L+ =712 Z(yub')-‘r
b b
216)

which works because in (214) we have v,, < 0 and (1 +
Y ) (Yup)+ > 0.

Note that the terms in (213) and (214) are non-positive,
so that replacing positive terms in the divisor by smaller



positive ones yields a lower bound. Therefore:

Z ZUuAtt(gmzb) (217)
b:Y_ (b) u=1
—1

Z Z Vu = ?: yuj 3 (218)
" (b) wivy>0,y,<0 Yub' T (Yub
(1 + 771)(3/ub)+

LA 21
" Z Z ° > 'Ailvl/”/’ri(,[/u//’)f ( 9)

b:Y_ (b) wivn <0,yup>0 <0

Z Z V- (220)

b:Y_ (b) uivy >0,y4p<0

’Y_lyub

(Y =@+ )y 12) 30, o Yubr

+ Z S v (222)

—(b) w:vu<0,y4p>0

. (L4 (Yub)+
L4+t ==Y 5 (Yur )+
1

- (117 ~1/2) Z Z Yu:

(7 b Y_ (b) w0y >0,y <0

(221)

(223)

(224)

. Yub (225)
Zyub, <0 Yub’
1+ 7_1 (yub)+
o Vo=~
1+~1 _7—1/2 Z Z “Zb/(yub,)+

b:Y_ (b) u:vy <0,yub >0

(226)
1
v
- > 2w
(’)/ (1 +’Y bY (b) w0y >0,yup<0
(227)
(Yub)
L (yw) - 228
2y, <0(Yub) =

1+ ’Yil (yub)Jr
ey D DI DR o s v
-1 _ ~—1/2 :
L+ 7 brY_ (b) vy <0,y >0 2t (Yuv )+
(229)

Now we use the same trick as for the positive upper
bound which allows us to drop the conditioning in the

Euwu<07yub>0 and Zu:vu>0,yub<0 on the sign of y,, - be-
cause the for the additional terms (yup)+ = 0 and (yup)— =

0 respectively:

-1

_ Y yub
= (1+,y _1/2 Z Z Zb/ Uub’)

(’y b Y_ (b) UiVq,
(230)
1+ ’)/71 yub
T Y o3
1 _ ~—1/2 ,
1+fy v / b:Y_ (b) wiv, <0 Zb’ yUb)
yub
>
(232)
1 +’7 ! yub
7 (233)
L+ e zb:uuzm Zb’ yub’)
—1
i yub
— (234)
e aa I YR rmm
L+47! Zb Yub)+
s (235)
771
= vyt (236)
(V= A4y MZ;O
1 +7 1
—1/2 Z Vu 237)
1 + 7 / UiV, <0
1
= Uyt (238)
(1= (1 +y1y/?) WZ;O
14+~
239
Ty =2 uvz<ovu o

Here we can plug in again the induction assumption to
obtain

1 -2 1479

A=+ D7) Teq—77 b
(240)
1 +{Y+_11/2 T _21/2?)(7)“2 (241)
= (1 ,1,),1/2) " 1 +17+7’y71/2 b(7)' 7+ (242)
1 +1v+—771/2 2775 _171 5b()" (243)
:(1_%/2)2“%(7)”% (244)
Zﬁ?”b(v)t‘zb(v) (245)
:m?ilb(/y)til (246)



13. Proof of Theorem 7

Proof: We know that for a vector v such that |[v||2 = 1, to
be a singular vector for value ¢ > 0 implies that there exists
another unit norm vector ||u||2 = 1 such that:

Mo =cu=v" MM v=_c?|ul =c (247)
Now:

v MM Ty = Z(v M E)(M T [k, ] - v)
i

=> (v-M[:,k])*  (248)
k

We can maximize an inner product by choosing v =
% This yields here an upper bound because we have
k vectors M :, k] but only one vector v.

sup v MMy

vi||v]j2=1

= sup (v- M[:, k])?

villolla=1"F
< g M K- M)
k b
= > IM[: K]lI3 (249)
k

Next we consider the specific shape of M[:, k] under LRP-
B. M]|s, k] contains in every sum exclusively either a term

(1 + B)(wks : Zs)Jr/CkJr or a term _B(wks : Zs)*/clcf-
Both cannot be present at the same time.

We aim to compute ||M[:, k]||3. This norm is invariant
to reordering the components of the vector M:, k]. We can
assume without loss of generality after ordering the terms
according to the sign of wy; - z, that

M[:7 k] = ((1 + 6)p1,+7 DR} (1 + 6)pt,+,
—5Pt+1,—7-~-7—ﬁps,—)

5
where 25:1 piy=land ) 7, pi- =1

(250)

This is due to the fact that in LRP-f the positive en-

(Wabzp)+ : : (wapzp)—
DRI CIRVENA an.d the negative entries S (W 20
are separately normalized to sum up to 1 for both signs.
Now

tries

t S
ML K]S = ((L+B8)2D piy +8° D pie
=1

i=t+1

t s
< (1+ ) Zpi.,+ +5° Z Di,—
i=1

i=t+1
=(1+p6)2+p2 (251)

To obtain an upper bound on the largest singular value,
we have to consider

R
o v MM v < kZZI 1M KIS < R((L+ B)* + %)
(252)
Taking the square root results in

VR (1+p)2 + 32 (253)

A more interpretable form can be derived by

VRV IR = VY15 25+ 25

< \/E\/l +2V28+ (V28)? = VR(1+ v28) (254)




14. Convergence Statistics for the gradient
against LRP-5.

Differences between Averages
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Figure 1: Convergence statistics for EfficientNet-V2-S. Lower is
better. First row: no normalization, photometric augmentation.
Second row: no normalization, noise augmentation. Third row:
{2-normalization, photometric augmentation.
normalization, noise augmentation.

Fourth row: /#o-
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Figure 2: Convergence statistics for ResNet-50. Lower is bet-
ter. First row: no normalization, photometric augmentation.
Second row: no normalization, noise augmentation. third row:
{y-normalization, photometric augmentation. Fourth row: /-
normalization, noise augmentation.



Differences between Averages
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Figure 3: Convergence statistics for SwinTransformer-V2-Tiny.
Lower is better. First row: no normalization, photometric aug-
mentation. Second row: no normalization, noise augmentation.
third row: ¢2-normalization, photometric augmentation. Fourth
row: {2-normalization, noise augmentation.

15. Convergence Statistics for the gradient
times input against LRP-/5.

Differences between Averages
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Figure 4: Convergence statistics for EfficientNet-V2-S. Lower is
better. First row: no normalization, photometric augmentation.
Second row: no normalization, noise augmentation. Third row:
{2-normalization, photometric augmentation. Fourth row: /¢s-
normalization, noise augmentation.
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Figure 5: Convergence statistics for ResNet-50. Lower is bet-
ter. First row: no normalization, photometric augmentation.
Second row: no normalization, noise augmentation. third row:
f>-normalization, photometric augmentation. Fourth row: /¢s-
normalization, noise augmentation.
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Figure 6: Convergence statistics for SwinTransformer-V2-Tiny.
Lower is better. First row: no normalization, photometric aug-
mentation. Second row: no normalization, noise augmentation.
third row: ¢s-normalization, photometric augmentation. Fourth
row: ¢>-normalization, noise augmentation.



16. Convergence Statistics for the gradient
against LRP-~y

Differences between Averages
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Figure 7: Convergence statistics for EfficientNet-V2-S. Lower is
better. First row: no normalization, photometric augmentation.
Second row: no normalization, noise augmentation. Third row:
{2-normalization, photometric augmentation. Fourth row: /»-
normalization, noise augmentation.
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Figure 8: Convergence statistics for ResNet-50. Lower is bet-
ter. First row: no normalization, photometric augmentation. Sec-
ond row: no normalization, noise augmentation. Third row:
{y-normalization, photometric augmentation. Fourth row: /-
normalization, noise augmentation.



Differences between Averages

. n=25 n=50 35 n=100
o 35 o o
35 H 30 8 30
30 °
g 25 @ 25 o
2 H [} o
20 20 o
20
15 15
15
10 10
10 °
5 5 5
o - - o - - ) - -
Grad y=102 y=10° Grad y=102 y=10° Grad y=10? y=10%
Differences between Averages
n=25 n=50 n=100
175 S 10 5
8 2 H
12 °
150 8 8 °
08
125 10
1.00 08 06
075 06
04
050 04
02
025 o o 02
o ° 8
0.00 i H 0.0 i 8 00 i R
Grad y=107 y=10° Grad  y=10 y=10° Grad  y=10> y=10°
Differences between Averages
n=25 n=50 n=100
175 ° 175 175 °
1.50 150 150
125 125 125
1.00 1.00
1.00 o
0.75 8 075 075
050 050 ° 050 H
025 ° 025 3 025 J;]
0.00 0.00
Grad y=102 y=10° Grad  y=102 y=10° Grad  y=107 y=10°
Differences between Averages
n=25 n=50 n=100
16
14 14
14
12 12
12
10
10 10
08
08 08
°
06
06 06 ®
0 8
° 04
0.4 04
02 02 02
Grad  y=102 y=10° Grad  y=10? y=10° Grad  y=10? y=10°

Figure 9: Convergence statistics for SwinTransformer-V2-Tiny.
Lower is better. First row: no normalization, photometric aug-
mentation. Second row: no normalization, noise augmentation.
third row: ¢2-normalization, photometric augmentation. Fourth
row: {2-normalization, noise augmentation.

17. Convergence Statistics for the gradient
times input against LRP-~.

Differences between Averages
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Figure 10: Convergence statistics for EfficientNet-V2-S. Lower
is better. First row: no normalization, photometric augmenta-
tion. Second row: no normalization, noise augmentation. Third
row: {2-normalization, photometric augmentation. Fourth row:
{2-normalization, noise augmentation.
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Figure 11: Convergence statistics for ResNet-50. Lower is bet-
ter. First row: no normalization, photometric augmentation. Sec-
ond row: no normalization, noise augmentation. Third row:
f>-normalization, photometric augmentation. Fourth row: /-
normalization, noise augmentation.
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Figure 12: Convergence statistics for SwinTransformer-V2-Tiny.
Lower is better. First row: no normalization, photometric augmen-
tation. Second row: no normalization, noise augmentation. third
row: f>-normalization, photometric augmentation. Fourth row:
{y-normalization, noise augmentation.



o 4o .
18. Convergence Statistics for the gradient
. .
against LRP-v-lifted.
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Figure 14: Convergence statistics for ResNet-50. Lower is bet-
ter. First row: no normalization, photometric augmentation. Sec-
Third row:
Fourth row: /o-

ond row:

no normalization, noise augmentation.

{3-normalization, photometric augmentation.
normalization, noise augmentation.

Figure 13: Convergence statistics for EfficientNet-V2-S. Lower
is better. First row: no normalization, photometric augmenta-
tion. Second row: no normalization, noise augmentation. Third
row: fo-normalization, photometric augmentation. Fourth row:
{2>-normalization, noise augmentation.
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Figure 15: Convergence statistics for SwinTransformer-V2-Tiny.
Lower is better. First row: no normalization, photometric augmen-
tation. Second row: no normalization, noise augmentation. third
row: {o-normalization, photometric augmentation. Fourth row:
{>-normalization, noise augmentation.

19. Convergence Statistics for the gradient
times input against LRP-~-lifted.
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Figure 16: Convergence statistics for EfficientNet-V2-S. Lower
is better. First row: no normalization, photometric augmenta-
tion. Second row: no normalization, noise augmentation. Third
row: {2-normalization, photometric augmentation. Fourth row:
{2-normalization, noise augmentation.
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Figure 17: Convergence statistics for ResNet-50. Lower is bet-
ter. First row: no normalization, photometric augmentation. Sec-
ond row: no normalization, noise augmentation. Third row:
f>-normalization, photometric augmentation. Fourth row: /-
normalization, noise augmentation.

Figure 18: Convergence statistics for SwinTransformer-V2-Tiny.
Lower is better. First row: no normalization, photometric augmen-
tation. Second row: no normalization, noise augmentation. third
row: f>-normalization, photometric augmentation. Fourth row:
{y-normalization, noise augmentation.



20. Ratio of Medians of statistics between Table 5. SwinTransformer-V2-Tiny no normalization: Gradient
a Gradient-variant and an LRP-variant,  ribution compared to LRP-5.
Unnormalized case, covered by the theo-

. Augmentation ~ Sample size p-value ratio
retical results
Grad vs LRP-5 =0
Gaussian m =25 2FE —165 107574

Table 3. EffNet-V2-S no normalization: Gradient attribution com-

pared to LRP-S3. m = 50 2F —165 11410.3

m = 100 2F — 165  12004.2

A i Sample si | i photometric m =25 2F — 165 215298.1
ugmentation ample size p-value ratio m — 50 9F — 165 239405.3
Grad vs LRP-5 =0 m = 100 2F — 165 249866.1
Gaussian m =25 2FE — 165 15494 Grad vs LRP-5 =1
m= 15000 ;g - }gg }ggg‘g Gaussian m=25 2E—165 1469.6
- B : = 2E — 1 1565.
photometric m=25 2E—165 15616.3 . 15000 . 122 1222 (7)
o o o o photometric ~ m =25  2E—165  23303.2
m= - : m=50 2E-—165 24862.0
Grad vs LRP-5 =1 m = 100 2F — 165  26216.2
Gaussian m = 25 2F — 165 473.1
m = 50 2F — 165 510.5 Table 6. EffNet-V2-S no normalization: Gradient X Input attribu-
m = 100 2F — 165 512.9 tion compared to LRP-£.
photometric m =25 2F — 165  8053.8
m = 50 2F — 165  8178.5 Augmentation ~ Sample size p-value ratio

m = 100 2F — 165  8104.3

Grad vs LRP-3 =0

Gaussian m = 25 2F — 165 1486.9
m = 50 2F — 165 1481.6
m = 100 2F — 165 1463.6

Table 4. ResNet-50 no normalization: Gradient attribution com-
pared to LRP-£3.

photometric m =25 2E — 165 5391.5
m=50 2E—165 55524
Augmentation  Sample size p-value ratio m = 100 9F — 165 5268.6
Grad vs LRP-5 — 0 Grad vs LRP-4 = 1
Gaussian m= §3 gg - }gg ﬁg-? Gaussian m=2  2E—165 454.0
m = — .
m=50 2E—165 454.1
m =100 2k = 16588 £62.7 m=100 2E—165 448.7
photometric ——m = " o o photometric ~ m =25  2E—165 2780.6
m = — .
m=50 2E—165 28455
m=100 2E—165 3760.5 =100 2 — 165 27195
Grad vs LRP-g =1
Gaussian m =25 1E — 162 68.1

m = 50 6F — 163 70.9
m =100 2E — 163 73.9
photometric m =25 2FE —165 3143
m = 50 2FE —165 318.3
m = 100 2FE — 165  321.7




Table 7. ResNet-50 no normalization: Gradient X Input attribution

compared to LRP-£.

Table 9. EffNet-V2-S no normalization: Gradient attribution com-

pared to LRP-+.

Augmentation  Sample size p-value ratio Augmentation  Sample size  p-value ratio
Grad vs LRP-5 =0 Grad vs LRP-y = 10°
Gaussian m =25 2E — 165  530.0 Gaussian m =25 1E+00 0.9
m = 50 2E — 165  527.7 m = 50 1E+00 0.6
m = 100 2F — 165  529.6 m = 100 1IE+00 04
photometric m =25 2FE — 165 1375.7 photometric m =25 SE-73 4.7
m =50 2F — 165 1385.1 m = 50 2E-48 3.4
m = 100 2F — 165 1387.7 m = 100 1E-22 2.2
Grad vs LRP-3 = 1 Grad vs LRP-y = 10?
Gaussian m =25 5E — 164 83.2 Gaussian m =25 1E+00 0.2
m =50 8FE — 164 83.8 m = 50 1E+00 0.1
m = 100 5FE — 164 84.6 m = 100 1E+00 0.1
photometric m =25 3E —163 120.2 photometric m =25 1E+00 1.3
m =50 3FE —163 118.1 m = 50 1E+00 0.7
m = 100 5F —164  118.7 m = 100 1E+00 0.4

Table 10. ResNet-50 no normalization: Gradient attribution com-
pared to LRP-+.

Table 8. SwinTransformer-V2-Tiny no normalization: Gradient X
Input attribution compared to LRP-/.

Augmentation  Sample size p-value ratio Augmentation ~ Sample size  p-value  ratio
Grad vs LRP-5 =0 Grad vs LRP-y = 10°
Gaussian m =25 2FE — 165 115144 Gaussian m =25 7E-163  405.2
m = 50 2E — 165 11561.4 m = 50 3E-162 4134
m = 100 2F — 165 11487.3 m = 100 SE-162  407.1
photometric m =25 2E — 165 57204.5 photometric m =25 4E-164  388.8
m = 50 2FE — 165  58607.9 m = 50 7TE-163  294.7
m = 100 2FE — 165 57993.5 m = 100 8E-158 196.6
Grad vs LRP-3 = 1 Grad vs LRP-y = 10?
Gaussian m =25 2FE — 165  1573.0 Gaussian m =25 8E-149 334.1
m =50 2FE — 165  1586.4 m = 50 SE-139  308.1
m = 100 2FE — 165  1575.1 m = 100 1E-131  255.1
photometric m =25 2FE — 165 6191.6 photometric m =25 1E-154 239.3
m =50 2FE — 165  6086.4 m = 50 6E-149  148.7
m = 100 2FE — 165  6084.7 m = 100 7E-143  100.2




Table 11. SwinTransformer-V2-Tiny no normalization: Gradient Table 13. Resnet50 no normalization: Gradient attribution com-

attribution compared to LRP-~. pared to LRP-~y-lifted.
Augmentation  Sample size  p-value ratio Augmentation  Sample size  p-value ratio
Grad vs LRP-y = 10° Grad vs LRP-y = 10°
Gaussian m =25 2E-165 925.6 Gaussian m =25 2E-165 4335
m = 50 2E-165 805.8 m = 50 2E-165  446.7
m = 100 2E-165 731.2 m = 100 2E-165  462.8
photometric m =25 2E-165 14504.4 photometric m =25 2E-165 3562.0
m = 50 2E-165 13453.4 m = 50 2E-165 3610.7
m = 100 2E-165 112724 m = 100 3E-164 3727.5
Grad vs LRP-y = 102 Grad vs LRP-y = 10?
Gaussian m =25 2E-165 641.7 Gaussian m =25 2E-165  433.6
m = 50 2E-165 547.4 m = 50 2E-165  446.5
m = 100 2E-165 470.3 m = 100 2E-165  463.0
photometric m =25 2E-165  9385.9 photometric m =25 2E-165 3541.5
m = 50 2E-165  8099.6 m = 50 2E-165 3581.0
m = 100 7E-165  6977.9 m = 100 3E-164 3667.5
Table 12. EffNet-V2-S no normalization: Gradient attribution Table 14. SwinTransformer-V2-Tiny no normalization: Gradient
compared to LRP-v-lifted. attribution compared to LRP-~-lifted.
Augmentation ~ Sample size  p-value ratio Augmentation  Sample size  p-value ratio
Grad vs LRP-y = 10° Grad vs LRP-y = 10°
Gaussian m =25 2E-165 1296.8 Gaussian m =25 2E-165  20507.5
m = 50 2E-165 1210.6 m = 50 2E-165 217224
m = 100 2E-165  878.0 m = 100 2E-165  22806.0
photometric m =25 2E-165 9144.9 photometric m =25 2E-165 340111.4
m = 50 2E-165 7073.2 m = 50 2E-165  368805.0
m = 100 2E-165 4832.1 m = 100 2E-165  391209.2
Grad vs LRP-y = 102 Grad vs LRP-y = 10?
Gaussian m =25 1E-164 1141.2 Gaussian m =25 2E-165  20412.8
m = 50 SE-165  801.5 m = 50 2E-165  21541.6
m = 100 3E-165  470.2 m = 100 2E-165  22493.0
photometric m =25 3E-165 6881.6 photometric m =25 2E-165  274937.7
m = 50 2E-165 4072.2 m = 50 2E-165 278034.6

m = 100 2E-165 2385.1 m = 100 3E-165 257857.2




Table 15. EfficientNet-V2-S no normalization: Gradient X Input

attribution compared to LRP-.

Augmentation ~ Sample size  p-value ratio
Grad vs LRP-y = 10°
Gaussian m = 25 1E+00 0.8
m = 50 1E+00 0.6
m = 100 1E+00 0.4
photometric m =25 5SE-06 1.6
m = 50 1E+00 1.2
m = 100 1E+00 0.7
Grad vs LRP-y = 10°
Gaussian m =25 1E+00 0.2
m = 50 1E+00 0.1
m = 100 1E+00 0.1
photometric m =25 1E+00 0.4
m = 50 1E+00 0.2
m = 100 1E+00 0.1

Table 16. ResNet-50 no normalization: Gradient X Input attribu-

tion compared to LRP-v.

Augmentation  Sample size  p-value  ratio
Grad vs LRP-y = 10°
Gaussian m = 25 6E-163 495.4
m = 50 8E-163 488.4
m = 100 3E-162  465.9
photometric m =25 2E-157 148.7
m = 50 1E-159 109.4
m = 100 1E-150 72.5
Grad vs LRP-y = 10°
Gaussian m =25 1E-149  408.5
m = 50 4E-141 363.9
m = 100 1E-133  292.0
photometric m =25 SE-142 915
m = 50 1E-132  55.2
m = 100 2E-120  37.0

Table 17. SwinTransformer-V2-Tiny no normalization: Gradient

X Input attribution compared to LRP-~.

Augmentation  Sample size  p-value ratio
Grad vs LRP-y = 10°
Gaussian m = 25 2E-165  990.7
m = 50 2E-165 816.5
m = 100 2E-165  699.7
photometric m =25 2E-165 3853.8
m = 50 2E-165 3293.5
m = 100 2E-165 2616.3
Grad vs LRP-y = 10?
Gaussian m =25 2E-165  686.9
m = 50 2E-165  554.6
m = 100 2E-165  450.0
photometric m =25 2E-165 2493.8
m = 50 2E-165 1982.8
m = 100 3E-164 1619.6

Table 18. EfficientNet-V2-S no normalization: Gradient X Input

attribution compared to LRP-~-lifted.

Augmentation  Sample size  p-value ratio
Grad vs LRP-y = 10°
Gaussian m =25 2E-165 1244.5
m = 50 2E-165 1077.0
m = 100 2E-165  768.2
photometric m =25 2E-165 3157.3
m = 50 2E-165 2461.0
m = 100 2E-165 1617.3
Grad vs LRP-y = 10?
Gaussian m =25 1E-164 1095.2
m = 50 7E-165  713.0
m = 100 4E-165 4114
photometric m =25 1E-164  2375.9
m = 50 7E-165 1416.8
m = 100 4E-165  798.3




Table 19. ResNet-50 no normalization: Gradient X Input attribu-
tion compared to LRP-~-lifted.

Augmentation  Sample size  p-value ratio
Grad vs LRP-y = 10°

Gaussian m = 25 2E-165 530.1
m = 50 2E-165  527.7
m = 100 2E-165  529.7
photometric m =25 2E-165 1362.3
m = 50 2E-165  1340.1
m = 100 3E-164 1375.6

Grad vs LRP-y = 10°

Gaussian m =25 2E-165  530.1
m = 50 2E-165  527.5
m = 100 2E-165  529.9
photometric m =25 2E-165 13544
m = 50 2E-165 1329.0
m = 100 3E-164 1353.4

Table 20. SwinTransformer-V2-Tiny no normalization: Gradient
X Input attribution compared to LRP-v-lifted.

Augmentation  Sample size  p-value ratio
Grad vs LRP-y = 10°
Gaussian m =25 2E-165 21950.6

m = 50 2E-165 22010.1
m = 100 2E-165 21824.0
photometric m =25 2E-165 90367.3
m = 50 2E-165 90285.7
m = 100 2E-165 90799.1

Grad vs LRP-y = 10°

Gaussian m =25 2E-165 21849.3
m = 50 2E-165 21826.9
m = 100 2E-165 21524.5
photometric m =25 2E-165 73050.7
m = 50 2E-165 68064.5
m = 100 3E-164 59848.2




21. Ratio of Medians of statistics between a Table 23. SwinTransformer-V2-Tiny with ¢2-normalization: Gra-
Gradient-variant and an LRP-variant, (,-  dientatribution compared to LRP-5.
normalized case, not covered by the theo-
retical results

Augmentation ~ Sample size p-value ratio
Grad vs LRP-5 =0

Gaussian m =25 3E — 147 1.7
m = 50 5FE — 143 1.8
m = 100 2F — 138 1.8

Table 21. EfficientNet-V2-S with /s-normalization: Gradient at-
tribution compared to LRP-43.

- ) ; photometric m =25 2FE —115 3.8
Augmentation ~ Sample size p-value ratio m = 50 1E—110 4.0
Grad vs LRP-5 =0 m = 100 8F — 105 4.2
Gaussian m =25 2FE —160 1.8 Grad vs LRP-5 =1
m =50 2E—161 2.0 Gaussian m =25 1E+00 0.7
m = 100 3E —157 20 m = 50 1E + 00 0.8
photometric m =25 5F —146 3.1 m = 100 1E + 00 0.8
m = 50 TE—145 3.1 . -
photometric m =25 3E — 84 1.6
m = 100 5E —146 3.0 m = 50 2F — 84 17
Grad vs LRP-5 =1 m = 100 6F — 84 1.8
Gaussian m =25 1E 400 0.7
m = 50 1E + 00 0.8 Table 24. EfficientNet-V2-S with ¢>-normalization: Gradient X
m = 100 1E + 00 0.8 Input attribution compared to LRP-/3.
photometric m =25 1E—-144 2.5
m = 50 4FE — 142 25 Augmentation ~ Sample size ~ p-value  ratio

m = 100 1E—-142 24 Grad vs LRP-3 =0

Gaussian m = 25 2F —165 6.5
m = 50 2F — 165 7.8
m = 100 2FE — 165 7.7

Table 22. ResNet-50 with /2-normalization: Gradient attribution
compared to LRP-£.

photometric m =25 2E — 154 5.2
m =50 6E —151 5.3
Augmentation  Sample size p-value ratio m = 100 AE — 151 5.2
Grad vs LRP-3 =0 Grad vs LRP-5 =1
Gaussian m=25  95-30 L1 Gaussian m=25 2E—165 25
m :15000 gg - ig }; m=50 2E-165 3.0
m = — .
. m =100 2E-165 3.0
photometric m =25 2E —101 2.0 photometric m =25 0F — 152 4.9
m=50 " 9F-98 21 m=50 SE—149 43
m = 100 2FE — 97 2.1 m = 100 1E — 149 4.1
Grad vs LRP-g =1
Gaussian m =25 1E 400 0.5

m = 50 1E 400 0.5
m = 100 1E 400 0.5
photometric m =25 5E — 83 1.5
m = 50 4E - 179 1.5
m = 100 3E—-T7 1.5




Table 25. ResNet-50 with £2-normalization: Gradient x Input at- Table 27. EfficientNet-V2-S with />-normalization: Gradient at-

tribution compared to LRP-/3. tribution compared to LRP-.
Augmentation  Sample size p-value ratio Augmentation  Sample size  p-value ratio
Grad vs LRP-5 =0 Grad vs LRP-y = 10°
Gaussian m =25 2EF —164 5.5 Gaussian m =25 1E+00 0.2
m = 50 2E —-163 6.9 m = 50 1E+00 0.2
m = 100 4F — 160 8.2 m = 100 1E+00 0.2
photometric m =25 2F —142 5.1 photometric m =25 1E+00 0.2
m = 50 5F —133 5.5 m = 50 1E+00 0.1
m = 100 2F —121 5.7 m = 100 1E+00 0.1
Grad vs LRP-3 = 1 Grad vs LRP-y = 10?
Gaussian m =25 3E—-163 24 Gaussian m =25 1E+00 0.2
m =50 2F —161 3.0 m = 50 1E+00 0.2
m = 100 1E—-156 3.5 m = 100 1E+00 0.2
photometric m =25 TE—137 3.9 photometric m =25 1E+00 0.2
m =50 TE—-123 3.9 m = 50 1E+00 0.1
m = 100 6F — 117 4.2 m = 100 1E+00 0.1
Table 26. SwinTransformer-V2-Tiny with ¢2-normalization: Gra- Table 28. ResNet-50 with />-normalization: Gradient attribution
dient x Input attribution compared to LRP-£. compared to LRP-v.
Augmentation  Sample size p-value ratio Augmentation ~ Sample size  p-value ratio
Grad vs LRP-5 =0 Grad vs LRP-y = 10°
Gaussian m =25 2E — 165 6.5 Gaussian m =25 4E-02 1.1
m = 50 TE—-162 74 m = 50 7TE-02 1.1
m = 100 8F —161 8.0 m = 100 1E+00 1.1
photometric m =25 8E —136 6.4 photometric m =25 1E+00 0.3
m =50 1E—-123 6.8 m = 50 1E+00 0.2
m = 100 2F —115 6.8 m = 100 1E+00 0.2
Grad vs LRP-3 = 1 Grad vs LRP-y = 10?
Gaussian m =25 2E —165 2.9 Gaussian m =25 1E+00 0.9
m =50 3FE —158 3.2 m = 50 1E+00 0.8
m = 100 TE—157 3.5 m = 100 1E+00 0.7
photometric m =25 2E —121 2.7 photometric m =25 1E+00 0.2
m =50 2F — 112 28 m = 50 1E+00 0.2

m = 100 3E—-105 29 m = 100 1E+00 0.1




Table 29. SwinTransformer-V2-Tiny with ¢2-normalization: Gra- Table 31. ResNet-50 with />-normalization: Gradient attribution

dient attribution compared to LRP-~. compared to LRP-v-lifted.
Augmentation ~ Sample size  p-value ratio Augmentation  Sample size  p-value ratio
Grad vs LRP-y = 10° Grad vs LRP-y = 10°
Gaussian m = 25 1E+00 0.2 Gaussian m =25 9E-30 1.1
m = 50 1E+00 0.2 m = 50 9E-39 1.1
m = 100 1E+00 0.1 m = 100 3E-42 1.2
photometric m =25 1E+00 0.2 photometric m =25 6E-99 2.0
m = 50 1E+00 0.2 m = 50 4E-95 2.0
m = 100 1E+00 0.2 m = 100 7E-92 2.0
Grad vs LRP-y = 10° Grad vs LRP-y = 10?
Gaussian m =25 1E+00 0.2 Gaussian m =25 9E-30 1.1
m = 50 1E+00 0.1 m = 50 9E-39 1.1
m = 100 1E+00 0.1 m = 100 3E-42 1.2
photometric m =25 1E+00 0.2 photometric m =25 7E-99 2.0
m = 50 1E+00 0.2 m = 50 SE-94 2.0
m = 100 1E+00 0.1 m = 100 8E-91 2.0
Table 30. EfficientNet-V2-S with ¢>-normalization: Gradient at- Table 32. SwinTransformer-V2-Tiny with /3-normalization: Gra-
tribution compared to LRP-v-lifted. dient attribution compared to LRP-v-lifted.
Augmentation  Sample size  p-value ratio Augmentation ~ Sample size  p-value ratio
Grad vs LRP-y = 10° Grad vs LRP-y = 10°
Gaussian m = 25 3E-24 1.6 Gaussian m =25 3E-148 2.1
m = 50 2E-04 1.5 m = 50 SE-143 2.2
m = 100 1E+00 1.0 m = 100 1E-139 2.3
photometric m =25 9E-20 1.7 photometric m =25 3E-118 3.5
m = 50 1E-01 1.4 m = 50 4E-110 3.6
m = 100 1E+00 0.9 m = 100 7E-105 3.9
Grad vs LRP-y = 102 Grad vs LRP-y = 10?
Gaussian m =25 3E-01 1.4 Gaussian m =25 3E-148 2.1
m = 50 1E+00 1.0 m = 50 SE-143 2.2
m = 100 1E+00 0.6 m = 100 1E-139 2.3
photometric m =25 9E-01 1.4 photometric m =25 1E-115 2.8
m = 50 1E+00 0.8 m = 50 1E-106 2.7

m = 100 1IE+00 0.5 m = 100 1E-98 2.5




Table 35. Swin-V2-Tiny with ¢>-normalization: Gradient x Input
attribution compared to LRP-~.

Table 33. EfficientNet-V2-S with ¢>-normalization: Gradient X
Input attribution compared to LRP-~.

Augmentation ~ Sample size  p-value ratio Augmentation  Sample size  p-value ratio
Grad vs LRP-y = 10° Grad vs LRP-y = 10°
Gaussian m = 25 1E+00 0.8 Gaussian m = 25 1E+00 0.8
m = 50 1E+00 0.7 m = 50 1E+00 0.7
m = 100 1E+00 0.7 m = 100 1E+00 0.6
photometric m =25 1E+00 0.3 photometric m =25 1E+00 0.4
m = 50 1E+00 0.2 m = 50 1E+00 0.3
m = 100 1E+00 0.2 m = 100 1E+00 0.2
Grad vs LRP-y = 102 Grad vs LRP-y = 10?
Gaussian m =25 1E+00 0.8 Gaussian m = 25 1E+00 0.8
m = 50 1E+00 0.7 m = 50 1E+00 0.6
m = 100 1E+00 0.7 m = 100 1E+00 0.5
photometric m =25 1E+00 0.3 photometric m =25 1E+00 0.4
m = 50 1E+00 0.2 m = 50 1E+00 0.3
m = 100 1E+00 0.2 m = 100 1E+00 0.2

Table 36. EfficientNet-V2-S with ¢>-normalization: Gradient X
Input attribution compared to LRP-v-lifted.

Table 34. ResNet-50 with £2-normalization: Gradient x Input at-
tribution compared to LRP-~.

Augmentation  Sample size  p-value ratio Augmentation ~ Sample size  p-value ratio
Grad vs LRP-y = 10° Grad vs LRP-y = 10°
Gaussian m = 25 SE-163 5.3 Gaussian m =25 9E-162 5.7
m = 50 7E-161 6.5 m = 50 2E-156 5.8
m = 100 1E-152 7.4 m = 100 2E-160 4.0
photometric m =25 1E+00 0.8 photometric m =25 1E-62 3.0
m = 50 1E+00 0.6 m = 50 7E-28 2.3
m = 100 1E+00 0.4 m = 100 1E-07 1.6

Grad vs LRP-y = 10°

Gaussian m =25
m = 50
m = 100
photometric m =25
m = 50

m = 100

SE-159
2E-149
8E-117

1E+00
1E+00
1E+00

4.5
4.9
4.6
0.6
0.4
0.3

Grad vs LRP-y = 10?

Gaussian m = 25
m = 50
m = 100
photometric m =25
m = 50
m = 100

1E-154
2E-135
2E-140
2E-19
8E-01
1E+00

4.9
3.8
2.4
2.3
1.3
0.8




Table 37. ResNet-50 with £2-normalization: Gradient x Input at-
tribution compared to LRP-v-lifted.

Augmentation ~ Sample size  p-value ratio
Grad vs LRP-y = 10°

Gaussian m = 25 2E-164 5.5
m = 50 2E-163 6.9
m = 100 4E-160 8.2
photometric m =25 9E-140 5.2
m = 50 4E-131 5.4
m = 100 8E-116 5.6

Grad vs LRP-y = 10°

Gaussian m =25 2E-164 5.5
m = 50 2E-163 6.9
m = 100 4E-160 8.2
photometric m =25 1E-139 5.2
m = 50 SE-131 5.3
m = 100 9E-116 5.5

Table 38. Swin-V2-Tiny with £>-normalization: Gradient x Input
attribution compared to LRP-~-lifted.

Augmentation  Sample size  p-value ratio
Grad vs LRP-y = 10°

Gaussian m = 25 2E-165 8.1
m = 50 3E-162 9.3
m = 100 2E-161 10.1
photometric m =25 3E-136 5.8
m = 50 1E-124 6.1
m = 100 3E-121 6.3

Grad vs LRP-y = 10°

Gaussian m =25 2E-165 8.1
m = 50 3E-162 9.2
m = 100 2E-161 9.9
photometric m =25 SE-135 4.8
m = 50 1E-123 4.6
m = 100 7E-117 4.1




22. Code changes for Lifted LRP-~

class gammaconv_lifted(torch.nn.Module) :

def __init_ (self, conv, ignorebias, gamma) :
super () .__init__ ()
self.gamma = gamma
# computes convolution with only pos contributions
#ow_{+}x_{+} + w_{-}x_{-}
self.pnconv=posnegconv (conv, ignorebias)
self.conv=clone_module (conv)

if ignorebias==True:
self.conv.bias=None
else:
if conv.bias is not None:
self.conv.bias=
nn.Parameter ( conv.bias.data.clone() )

def forward(self,x):
vp= self.pnconv (x)
u= self.conv(x)

# the new changes to compute gamma_{lift}

epsthresh = le-10

vpstab = torch.where (vp>epsthresh, vp, epsthresh )
mingamma = (1.0- u/vpstab)x*2

return vp + u/torch.maximum(self.gamma, mingamma)

# return vp + u/self.gamma

23. Additional Faithfulness measurements

In order to complement the results in Fig. 1, we also mea-
sured faithfulness according to the definition laid out in the
research of [12]. We performed it for the case of Efficient-
Net and SwinV2-Tiny in order to compare LRP-y versus
LRP using the autotuned lifted-vy. See Tab. 39 for results.
The faithfulness is always higher for the lifted-y variant.
All t-test p-values are below p = 3 - 107°. It should be
noted that this particular measure of faithfulness puts more
weight on regions with low attribution scores, simply be-
cause it samples regions uniformly, while the set of regions
with top-p-percentiles of attribution scores is typically small
for p > 50% for images from ImageNet, in which discrim-
inative cues are sparse.

v = 100 5 lifted-5 | 100 5 lifted-5
faithfulness | 6e-3  3e-3 le-2 3e-2 <0 4e-2

Table 39. Faithfulness according to [12] (where higher is bet-
ter differing from MoRF measures) for v = 102, 5, lifted-5 for
EffNet-V2-S (left) and SwinV2-Tiny (right). All t-test p-values
are below 3 - 1075,



