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Supplementary Material

7. Appendix

7.1. A. Experimental Details
7.1.1. A.1 Dataset and Task Descriptions

We evaluate VarGrad across three supervised MTL
scenarios—Ilarge-scale classification, regression, and dense
prediction—each presenting unique optimization chal-
lenges.

Image-Level Multi-Task Classification. CelebA [23] is
a large-scale face attribute dataset containing over 200K
celebrity images, each annotated with 40 binary attributes
(e.g., Smiling, Wavy Hair, Mustache). This benchmark is
framed as a 40-task binary classification problem and is
commonly used to evaluate the scalability of MTL meth-
ods.

Multi-Task Regression. QM9 [29] consists of 134K or-
ganic molecules represented as graphs. Each molecule
is annotated with 11 real-valued regression targets corre-
sponding to quantum chemical properties with different nu-
merical scales. This task is used to test the ability of MTL
methods to handle regression with varying magnitudes and
distributions.

Dense Prediction. NYU-v2 [32] includes 1,449 indoor
RGB-D images with three pixel-wise tasks: 13-class se-
mantic segmentation, depth estimation, and surface nor-
mal prediction. Cityscapes [6] contains 5,000 urban street
scenes with two pixel-wise tasks: 7-class segmentation and
depth estimation. These datasets evaluate the robustness of
MTL methods on dense prediction with heterogeneous task
types and output structures.

7.1.2. A.2 Training Details

We closely follow experimental settings from prior work

[22, 28], with minor adjustments for consistency.

e CelebA: A 9-layer CNN is used as the shared backbone,
with a separate linear classification head for each at-
tribute. Models are trained using Adam optimizer with
an initial learning rate of 3 x 10~%, batch size 256, and
for 15 epochs.

* QM9: We adopt the official PyTorch Geometric imple-
mentation [11], using the standard 110K/10K/10K split
for training, validation, and testing. Models are trained
for 300 epochs with batch size 120. The initial learning
rate is set to 1 x 1073, and a scheduler reduces the learn-
ing rate upon validation stagnation.

* NYU-v2: We use the MTAN architecture [26] based on
SegNet [1], with task-specific attention modules. Models
are trained for 200 epochs with a batch size of 2. The
learning rate is 1 x 10~* for the first 100 epochs and
halved afterward.

* Cityscapes: We use the same architecture and training
schedule as for NYU-v2, except with a batch size of 8 due
to higher image resolution. The total training duration is
also 200 epochs.

All experiments are conducted using PyTorch 2.7.1 and
CUDA 12.4 on NVIDIA A40 GPUs (48GB). For each
method and dataset, we report results averaged over three
runs with different random seeds. This setting ensures sta-
tistical robustness and reduces the impact of randomness
on performance metrics. We apply the same random seeds
across all methods—including our method and all baseline
approaches such as MGDA-R, FairGrad-R, to ensure a fair
comparison under identical training conditions.

7.1.3. A.3 Hyperparameter Selection

Our method involves two primary hyperparameters: the
variance control coefficient 3 and the selective update
threshold 7. We perform empirical tuning for both based
on validation performance.

Variance Coefficient 5. The hyperparameter S € (0,1)
controls the strength of variance reduction in the proposed
correction term. We perform grid search over the range
[0.75,0.95] with an interval of 0.025, and observe consis-
tent stability and convergence benefits within this interval.
A value of § = 0.85 is used across all experiments for
simplicity and generalization. We find that 5 values below
0.75 tend to under-compensate for variance, while values
above 0.95 may overly smooth gradient dynamics, leading
to slower convergence in some tasks.

Imbalance Threshold 7. The threshold 7 > 1 governs
when to activate multi-task gradient coordination. Specifi-
cally, we compute the inter-task imbalance ratio

maxy We
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where w; measures per-task weights. When r > 7, we in-
voke a multi-task optimizer (e.g., FairGrad); otherwise, we
fall back to unweighted loss summation to reduce unnec-
essary coordination overhead. We fix 7 = 1.5 in all ex-
periments. This value offers a good trade-off between re-
sponsiveness and stability: it ensures that coordination is



triggered only under meaningful imbalance, avoiding fluc-
tuations from noisy updates.

7.2. B. Theoretical Analysis

We analyze the convergence of VarGrad. Let the weighted
objective be defined as:

T
x) = 3w Fy(x) as)
t=1

where each F; is a task-specific loss function and w; > 0
are fixed weights such that 37 w; = 1.

To proceed, we introduce a set of assumptions charac-
terizing the structure of each task loss and the behavior of
the stabilized gradient estimators. These assumptions en-
sure the landscape is smooth and that the gradient bias and
variance diminish in a controlled manner over time.

Assumption 1 (Smoothness) Each task loss function Fy is
differentiable and L-smooth, i.e., for all x,y € RY,
Fi(y) < Fy(x) +

L
(VE(x),y =x) + Slly =x[*. (19)

This standard smoothness condition ensures that the loss
landscape behaves regularly, enabling us to quantify the de-
scent progress made by gradient-based updates. Next, we
turn our attention to the properties of the stabilized gradi-
ent estimators used by VarGrad. Since these estimators are
noisy and potentially biased due to task-specific stabiliza-
tion, we impose the following lemmas on the expected bias.

Lemma 1 (Controlled Bias) Let m}  denote  the
momentum-based gradient estimator for task t at iter-
ation k. Then there exists a bias term 6F such that:

E[mf] = E[VFi(xy)] +0F, with |0F|| < C1k'3.
(20)

Proof of Lemma 1.
Definitions and Assumptions.
Momentum Estimator:

mb = (1 By) (mi=" + Vfiu(wr, &) — Vii(re-1,&))

+ BV fi(@k, &) 21
where V fi(z, £) is a stochastic gradient such that
Ee[Vfi(z,8)] = VFi(z). (22)
Bias Definition:
0; = E[m] — E[VFi(wy)] (23)

Lipschitz Gradient: The true gradient V F; is L-Lipschitz:
IVE(x) = VE@)| < Lilz —yl, Vz,y. 24
Bounded Step: There exists a constant G such that:

Ellzy — zx-1]]] < me—1G. (25)

Recursive Inequality for Bias Norm. Taking expecta-
tion on both sides of the update rule:

E[mf] = (1 - Bx) (E[m{™"] + E[VFi(zx)] — E[VFy(25-1)])
+ BkE[V Fi(24)] (26)
Then,
of = E[my] — E[VF,(ay)]
= (1= Bx) (Blm;™ "] = E[VF(zx-1)]) = (1= Br)d; "
(27

To account for the error introduced by x, # xj_1 following
the approach of [8], we use a tighter inequality:

155 < (1= B) 155 + BRIV Fy(ok) — V Fu(wer)]|
< (1= B | + BEIIV Fiar) — VE; ()]
< (1= BINSE ] + BeLE ey — w1

<(1-

Be)OF | + BeLGmi—1 (28)

Solving the Recurrence Use parameter schedules:

1 1 LG
Nk = 077]*'72/37 Br = 0[3]972/37 let C :=

(29)
CnCs

Then the recurrence becomes:

- 1 C
k 1
341 < (1= e )18+ gm0
We prove by induction that:

Gy
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Base case: Choose C large enough to cover ||67]| < Ci.
Induction step: Assume ||6 || < (,C_CW then

] 1 c c
k 1
15| < (1 - cﬂm/?)) TR

We want:

1 Gy C Ch
(1 B 05k2/3> (k—1)1/3 k4/3 = L1/3" (33)

Using the mean value theorem:

1 1 < 1 34
(k—1)1/3 k13 = 3k4/3° G4
Then:
Cl 1 1 < Cl C'1 C’1
(k=113 " csk?/3) = K13 \ cahl/3+2/3 T 3pas )
(35)



So the total is:

Ch Gy Ch C
k13 <3k:4/3 T Cﬂk5/3> + L4/3° (36)

For large enough C1, this holds. Hence,

671l <

68|l = O(k—/3). (37)

Lemma 2 (Controlled Gradient Error) The variance of
the stabilized gradient estimator m¥ is bounded as follows:

<12 C.
E[lmf - VE@o) -] < o7 69
Proof of Lemma 2.
From Lemma 1, we know that:
E[my] = VFi(xx) + 6f. (39)

Hence, the expression on the left-hand side can be rewrit-
ten as:

E [[[mk — Emi]|"] (40)

This is precisely the definition of the variance of the ran-
dom vector mf, which we denote as:

Vi := Var(m?). 41)

Thus, the main goal is to prove that Var(mf) =
O(k=2/%).

Assumptions and Notations: We adopt the same as-
sumptions and notations as in Lemma 1, with the additional
standard assumption:

Bounded Stochastic Gradient Variance: There exists a con-
stant o2 such that for any x and ¢,

E|IVfile€) - VR@I| <% @)

Recursive Relation of Variance. Our goal is to derive a
recursive relationship between Vj, = Var(m¥) and V},_; =
Var(mF=1).

Starting from the recursive definition of m}, we analyze
the deviation:

mf —E[mf] = (1 - B)(my™" + Ay) + Bro

— (1= Bp)(E[m{ "] + E[Ak]) — BeElga]-
43)

Define the following notations for simplicity:

* gk = Vfi(zr, &)
* Ay =gk — Vii(r-1,8)
Reorganizing, we get:

my —E[mf] = (1= i) (mi™" —Elmi™])

+ [(1 = Br) (A — E[Ag]) + Br(gr — E[gr])] -
(44)

Let:
« A= (1-B)(mE~t —Elmb1)
« B:=(1-B)(Ar —E[AL]) + Be(gx — Elgx])

Since A depends only on past randomness (up to step k — 1)
and B only on current sample £, we have E[(A, B)] = 0.

Using the identity:

E[||A + B|’] = E[||A|*] +E[|| B|*] + 2E[(4, B)]. (45)
we obtain a tighter bound:
Vie = E[| A[P] + E[I|BII*) = (1 — Br)*Vi—1 + E[|| BIJ*]-
(46)
Using the inequality || X +Y||2 < 2(|| X |2+ ||Y]|?), we
bound:
E[||BII”) < 2(1 — 81)°E[l Ax — E[AL]]1?)
+26E[l g — Elgx]|1°] @7

Bounding the first term:

E[| A — E[A]||*]) = Var(Ar) < E[|Ax|]

< E[||V filzr, &) — V filzr-1, &) |1°]
< L?E||lzg — zpa|P] < L2GP0j3.
(48)

Bounding the second term:

Elllgr — Elgx]||I”] = Var(gx) < o®. (49)

Plugging into the recursive relation:

Vi < (1= B)* Vi1 + 2L°GPnp + 2830°. (50)

Since (1 — fBx)? < 1, we approximate:

(1= Br)?~1—28, (51)

yielding the final recurrence:

Vi < (1= 2B0)Vie1 + 2L2G202 + 28202, (52)



Solving the Recursive Inequality. Assume the following
parameter schedules:

* Bk c[3k2/3

* Nk = n k2/‘3

Then:
Vi < (1 —

where C’ is a constant that aggregates the two noise terms.
We aim to prove via induction that:

) Vi1 + < (53)

Vi < 22 (54)

for some constant Cy > 0.
Base Case: For £ = 1, choose C5 large enough so that the
inequality holds.

Inductive Step: Assume Vj,_1 < (}ijﬁ Then:
1 Cs c’

Vi s (1 - c/ij/?’) "k —1)2/3 + Ve (55)
Using the mean value theorem on f(x) = x~2/3, we get:
(k—1)72/3 — =2/ > 2

— 3k5/3
2
—2/3 _ (1 _ 1\=-2/3 < _
=k (k—1) < TEIER
(56)
Thus

CQ CQ C, o 02 0/702/66
Vi < e T k43 T k2/3 ( 14/3 :
(57

For sufficiently large k, the additional term becomes negli-
gible, and the inequality holds if:

Coy > cpC". (58)
Hence, by induction:
Vi = O(k™2/3). (59)

Theorem 1 Under Lemmas | and 2, let the step size be
e = nok~ Y3 for some constant ng > 0. Then there ex-
ists a constant C > 0 such that:

min E|VF(xz)|* <
1<k<K

(60)

C
= K1/3°

Proof of Theorem 1.

From the L-smoothness of F', we have:

E[F(zk41)] <

L
B () + (VP o =00 + lon -l

_ _ Ly o
=E | F(xr) — me(VEF(xy), di) + 2 ldil|*] . (61)

Rewriting Assumption | gives:

MmE(VF(zk), dr)] < E[F(zk)] — E[F(zk41)]
+ LT”’%E[IIdkHQ}. (62)
We expand the inner product:
E[(VF (1), di)] = E[|VF (2x)[|*]

+ E[(VF(xk), dk - VF(xk)H (63)
By Young’s inequality:

E[(VE(zy), dy — VF(2x))] = —%]E[HVF(%)IIQ}

— e - VE@I

(64)
Thus,
1
E(VEF(xk), di)] > 3 E[[|[VF (2)]1%]
1
SEllds = V@) (©65)
Now decompose the squared error term:
E[l|dy, — VF(z)[|?] = Var(dy) + |E[dk] — VF(zy)|?
2
o G _ s (66)

S k2/3 k2/3 k2/3
Assume E[||dx||?] < GZ. Plugging (65) and (66) into (62):

Ui
SR VE(2k)]|?] < E[F(21)] — E[F (2441)]
nCs | LniG?
+ 25:2/3 5 67)
Using i, = nok~1/3, we get:
7
5773 EUIVE @) 7] < EIF (1)) — E[F (zi41)]
L 22
n 10Cs oGy 68)

2k 2k2/3 "
Summing from k = 1 to K:
K

Z BV E @) < Flay) - F*

C Ln2G?
+Zn0 . Z 27]102/;'

) (69)




Segmentation 1 Depth | ‘ Am% i‘ Cost

mloU Pix. Acc. Abs. Err. Rel. Err.| |
FairGrad 75.72 93.68 0.0134 3225 ‘ 5.18 ‘ 100%

Method

VarGrad

(SMO) 7475 9345  0.0145 30.37 ‘ 5.90 ‘44.84%

Table 5. MTL update efficiency on Cityscapes (2 tasks) dataset.

Note:
. 5—1 % = O(log K)
* Tici @ = O(K/?
¢ Zf:l k11/3 = O(K2/3)
Hence:

K
(i ENVFG@)IP) -3 55 < OGK), a0

which implies:

min B[ VE()|F] <

7.3. C. Additional Results

7.3.1. Efficiency Analysis.

This experiment evaluates the efficiency of multi-task up-
dates using VarGrad on the Cityscapes dataset with two
tasks: semantic segmentation and depth estimation. As
shown in Table 4, VarGrad achieves competitive task
performance compared to the baseline FairGrad—slightly
lower mloU (74.75 vs. 75.72) and comparable depth er-
ror—with only minor differences across metrics. Crucially,
VarGrad performs multi-task coordination (i.e., MTL-
specific updates) in only 44.84% of the training steps,
whereas FairGrad applies it at every step (100%). This
reflects the effectiveness of our selective update strategy
(SMO): by adaptively skipping coordination when task
progress is balanced, VarGrad reduces computational
overhead without sacrificing performance.

Overall, these results demonstrate that VarGrad en-
ables more efficient training by focusing coordination ef-
forts where they are most needed, offering a practical ad-
vantage in real-world multi-task learning scenarios.

7.3.2. Hyper-parameter Sensitivity Analysis.

These results present an ablation study on the sensitivity
of VarGrad to the hyperparameter /3, which controls the
strength of variance reduction. As shown in the table, per-
formance varies with different 5 values. When S is set too
low (e.g., 0.75), the effect of variance reduction is weaker,
leading to less consistent improvements across tasks (Am%
= 4.70). Conversely, setting S too high (e.g., 0.95) re-
sults in over-suppression of gradient signals, which harms

Segmentation 1 Depth | ‘ Am% |
mloU Pix. Acc. Abs. Err. Rel. Err. |

Beta=0.75 74.68 93.39 0.0134 31.38 ‘ 4.70

Beta

Beta=0.8  75.20 93.38 0.0146 29.92 ‘ 5.72
Beta=0.85 75.22 93.52 0.0124 31.05 ‘ 233
Beta=0.9  74.50 93.39 0.0138 32.33 ‘ 6.40
Beta=0.95 75.48 93.48 0.0135 38.18 ‘ 10.87

Table 6. Impact of Hyper-parameter 8 on Cityscapes (2 tasks)
dataset.

depth performance and significantly increases task imbal-
ance (Am% = 10.87).

The best overall performance is achieved with 8 = 0.85,
yielding the lowest Am% (2.33) and strong task metrics,
indicating a good balance between smoothing and preserv-
ing informative gradients. This validates the importance of
tuning [ to strike an effective trade-off.

7.4. Limitations

While our method shows consistent improvements across
diverse MTL benchmarks, it is not without limitations:

7.4.1. Task- and Method-Dependent Gains.

The effectiveness of our approach can vary across differ-
ent datasets and MTL baselines. For instance, when gradi-
ent variance is already low (e.g., due to large batch sizes or
highly correlated tasks), the benefits of variance reduction
become less pronounced. Similarly, the degree of improve-
ment may depend on how well the underlying MTL opti-
mizer (e.g., MGDA, FairGrad) interacts with our variance
correction.

7.4.2. Manual Hyperparameter Selection.

Our method introduces task-agnostic hyperparameters such
as the variance smoothing coefficient 8 and the coordination
threshold 7, which we select via grid search. However, their
optimal values can vary across datasets or task types. This
limits adaptivity and may require manual tuning for new
applications. A more principled or dynamic hyperparameter
selection mechanism could improve usability.
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