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1. Mathematical Derivations of RelativeFlow

This section provides the detailed mathematical deriva-
tions for the RelativeFlow framework. We prove the two
key properties of Consistent Transport (CoT): the com-
ponent property (Section 1.1) showing that relative flows
are components of the absolute flow, and the composition
property (Section 1.2) showing that relative flows progres-
sively compose into the absolute flow. We then derive the
Simulation-based Velocity Field (SVF) construction (Sec-
tion 1.3) that enables practical implementation using only
observable noisy reference pairs.

*Corresponding authors.

1.1. CoT Component Property

Theorem 1 (Component Property): Any distribution in a
relative flow between p;, and py; is also a component of the
absolute flow between py and P}oo-

Proof:

Consider arbitrary quality levels 0 < t; < t < t; <
+o00. Both endpoints lie on the absolute flow path:

pr,=¢ Ypo+(1—e " )pio (1)
Py =€ po+ (1—e " )pio 2)
According to the CoT probability path definition (Eq. (3)

in the main paper), any intermediate distribution p; for ¢ €
(t;,t;) is given by:
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Substituting the expressions for p;, and py,:
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Similarly, the coefficient of p_ o, equals:
AMl—e ")+ (1 -N1—-eb)=1—-e" (6)
Therefore:

pr=e""po+ (1 —e "pioo @)

This exactly matches the absolute flow formula, confirm-
ing that any distribution in a relative flow is a component of
the absolute flow. ]

Implication: This property ensures that training on di-
verse noisy references {z'}Y, at varying quality levels
{t:}| constructs local relative flows that all lie on the
same unified absolute flow path, preventing inconsistencies
between flows learned from different reference quality lev-
els.

1.2. CoT Composition Property

Theorem 2 (Composition Property): For any three qual-
ity levels 0 < t; < ta < t3, composing flows ¢y, .,
and 9, ¢, yields the direct flow 9y, s, 1.€., Pr, sty =
Yiy—sty © Yty —sty-

Proof: We prove this by showing that the probability
paths are consistent.

Step 1: Express p;, from flow v;, _,;,. For the relative
flow from ¢, to to, any distribution p, at time ¢ € [ty, ts]
follows:
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Rearranging to solve for py,:
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Step 2: Express p;, from flow v);,_,;,. For the relative
flow from ¢ to t3, we have:

et — e ts
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Rearranging to solve for p;,:
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" A23
= (1- St ) o
- e—t_e—t3
e t2_—e~t3
e—t2 _ o—t3 o—tr _ ot
= e—t e—ts bt — et — e—ts Pis- (11)

Step 3: Eliminate p;, to obtain the composed flow.
Equating Eq. (9) and Eq. (11):
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After algebraic simplification (omitted for brevity), we
obtain:
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This exactly matches the CoT probability path for the
direct flow from t; to t3 with A\13 = %, confirming
the composition property. ]

Implication: This property guarantees that sequences of
relative flows learned from heterogeneous noisy references
can be composed during inference to construct the complete
absolute flow, enabling the model to denoise from arbitrary
input quality levels to a unified high-quality target.

1.3. Simulation-based Velocity Field Construction

This subsection provides the detailed mathematical deriva-
tion showing how the velocity field can be constructed from
observable pairs (x;_a¢, x¢) without requiring access to
clean endpoints or absolute time labels. This is crucial for
practical implementation since we only have access to noisy
references at unknown quality levels.

1.3.1. Velocity Field from CoT Flow

Following the CoT-defined flow matching framework, let v,
denote the flow map that transports from the noise endpoint
at t = 0 to quality level ¢. For a sample xy drawn from the
noise distribution pg, the CoT path yields:

P (x0) = e trg + (1- e_t)xoo (15)

where . represents the clean endpoint as ¢ — +oo.

Note on notation: In the main text, we use x; to de-
note the clean target in the context of SimSGL methods for
consistency with existing literature. Here in the supplemen-
tary, we use x, to emphasize that the clean endpoint is the
limiting distribution as ¢ — 400 in our continuous-time
formulation.



The velocity field is defined as the time derivative of the
flow:

d
ug (e (wo) | o, Too) = 7 V(o)
=—e¢trg+e tra (16)
= e (oo — T0)- 17)

1.3.2. Expressing Velocity in Terms of Observable Pairs

In practice, we only observe a noisy reference x; at arbitrary
quality level ¢ and its degraded version x;_ Ay = Dag(x)
at an earlier quality level. Both samples lie on the same
absolute flow path, so they can be expressed using Eq. (15):

v =e twg+ (1 —e Hrg (18)

Tpng=e A g 4 (1 — e A0 (19)
Subtracting the second equation from the first:
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Substituting this into the velocity field expression from
Eq. (17):
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Note that by the CoT component property (Ap-
pendix 1.1), the relative flow between x;_a; and x4 follows
the same CoT form as the absolute flow. Therefore, the
above velocity u:(z) at the absolute quality level ¢ corre-
sponds to the velocity field in the relative flow with param-
eter At. For notational clarity in the training objective, we
rewrite this velocity as a function of the step size At and the
observable pair:

Tt — Tt—At

uat(Ti—atlre) = oAt 1 (23)

This expression matches the supervision target in the
training loss (Eq. (6) in the main paper), showing that the

velocity field can be computed directly from the observable
degradation pair (x;—a¢, x¢) without requiring knowledge
of the absolute endpoints (g, Z~,) or the absolute quality
level ¢.

2. Experimental Details

2.1. Evaluation Metrics

We evaluate denoising performance using four standard
metrics following the main text. Images are normalized to
[0, 1] range for computing PSNR, SSIM, and RMSE, and
to 3-channel [0, 255] format for LPIPS computation. For
clearer numerical comparison, SSIM, RMSE, and LPIPS
are reported as their raw scores multiplied by 100.

Peak Signal-to-Noise Ratio (PSNR):

1
PSNR = 10logyq 17 24)

where MSE = ; SN (¢ —y;)? is the mean squared error
between the denoised image x and ground truth y in [0, 1]
range, and [V is the total number of pixels.

Structural Similarity Index Measure (SSIM):

(2papty + 1)(20a2y + c2)

SSIM(z,y) =
@) = T2y 2 T ) (o2 + 02 1 o)

(25)

where 1., p1, are local means, Jg, o2 are local variances,

04y is local covariance, and ¢; = (0.01)2, c2 = (0.03)? are
stabilizing constants.
Normalized Root Mean Squared Error (RMSE):

N
1
RMSE = | = > (z; — ;)2 2
S Ni=1(x7/ yl) (6)

This is computed on [0, 1] normalized images. Lower values
indicate better performance.
Learned Perceptual Image Patch Similarity (LPIPS):

LPIPS(z,y) = Y w; - |du(x) — &i(w)l3  27)
l

where ¢; represents features from layer [ of a pretrained
VGG network, and w; are learned weights. Images are
converted to 3-channel [0,255] format before computing
LPIPS. Lower values indicate better perceptual similarity.

2.2. Baseline Methods

We compare RelativeFlow with 10 baseline methods from
three categories under the unified settings summarized in
Table 2.
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b) MR denoising evaluation

Figure 1. Visual comparison of training and testing data quality distributions for CT (left) and MR (right) datasets. Top row: Training
data exhibit heterogeneous quality levels with varying degrees of degradation across different acquisition protocols, exemplifying the noisy
reference problem. Bottom row: Testing data were manually selected to include only the highest-quality reference images for reliable

evaluation.

Table 1. RelativeFlow-specific configuration.

Parameter Value

Initial Atpin 0.2

Initial At,,.x 0.2

Decay factor o 0.9

Sampling steps {At;}  [0.2, 0.1, 0.05]
Architecture 2D Guided U-Net [4]

Loss function L2 loss (MSE)

Table 2. Unified training configuration for all baseline methods.

Category Parameter Setting
Loss function L2 loss
Optimizer Adam
Training Learning rate 1074
Optimizer betas B =0.9, B2 = 0.999

Training epochs 30
Inference steps (SimSGL) 3

Hardware GPUs 8 x NVIDIA V100 (32 GB)

SimSDL/SSL 2D U-Net [9]
SimSGL 2D Guided U-Net [4]

Architecture

2.3. RelativeFlow Configuration

RelativeFlow-specific hyperparameters:

For SimSDL methods, SwinlR [5] replaces standard
convolution with window-based self-attention and shifted
window mechanism for hierarchical feature learning. RED-
CNN [2] uses symmetric encoder-decoder architecture with
shortcut connections between corresponding layers. CNN-
DMRI [11] incorporates k-space consistency enforcement
to ensure MR reconstruction matches observed measure-
ments.

For SSL methods, Noise2Self [1] implements blind-spot
networks where each pixel is predicted from spatially dis-
joint context via donut masking. Noise2Sim [8] exploits
patch redundancy by identifying and averaging structurally

similar patches within single images. Deformed2Self [12]
enforces deformation consistency through spatial trans-
former networks.

For SimSGL methods, DDIM [10] uses non-Markovian
diffusion process for deterministic sampling with 7" = 1000
training steps. Flow Matching [7] directly regresses veloc-
ity fields via optimal transport paths. IPDM [6] applies par-
tial diffusion starting from noisy observations rather than
pure noise. R2D2+ [3] performs posterior sampling with
predictor-corrector strategy for inverse problems.

3. Dataset Details

3.1. Datasets for CT and MR Denoising

Table 3. Dataset statistics for training, testing, and validation splits
(patients / slices).

Split GBA-LDCT dataset  IXI dataset
Training 263 /138,440 497 /129,566
Testing 271/12,342 40/10,360
Validation 271/18,856 42 /11,064

Both datasets naturally exhibit the noisy reference prob-
lem with heterogeneous quality levels across acquisition
protocols, as illustrated in Figure 1. For the training data
(top row), the GBA-LDCT dataset used in CT denoising
evaluation contains images acquired from different manu-
facturers and anatomical regions with varying scanning pro-
tocols, including different tube voltages, tube currents, and
reconstruction kernels, resulting in substantial quality varia-
tions across samples. Similarly, the IXI dataset used in MR
denoising evaluation includes images collected from multi-
ple medical centers using different manufacturers’ scanners
with varying field strengths, pulse sequences, and acqui-
sition parameters, leading to heterogeneous image quality
levels. These quality variations naturally present in clini-
cal data exemplify the noisy reference problem addressed
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Figure 2. Denoising process visualization for multiple quality levels. Left: three CT examples. Right: three MR examples. Each row
shows the denoising trajectory with five images: noisy input, three intermediate steps, and the reference. Yellow boxes indicate ROI with
zoomed-in views. RelativeFlow achieves consistent high-quality outputs across different noise levels and modalities.

in our work.

In contrast, the testing data (bottom row) for both
datasets were manually selected to include only the highest-
quality reference images, ensuring reliable evaluation of de-
noising performance. The complete dataset statistics are
summarized in Table 3.

3.2. Degradation Operators and Simulation Param-
eters

3.2.1. CT Degradation Operator

For CT images, the degradation operator models quantum
noise and electronic noise following Poisson-Gaussian dis-
tribution. In the sinogram domain where x represents nor-
malized measurements, we define:

_ Poisson(a(At) - Iy - x) + €(At)

Davle) = (A1) - Io 28

where a(At) = exp(—AcrAt) models dose reduction, I

is the incident photon count, and €(At) ~ N(0,02(At))

represents electronic noise with 02(At) = BcrAt.
Parameters: Act = 5, Scr = 400, Iy = 10° photons.

3.2.2. MR Degradation Operator

For MR images, the degradation operator models thermal
noise and dielectric losses following Rician distribution in
the magnitude domain:

Darla) = \/(x + m(AN)2 +n3(A1)  (29)

where n1(At),na(At) ~ N(0,02(At)) are indepen-
dent Gaussian noise components with variance o%(At) =

TMRAL.
Parameters: yvr = 0.005.

4. Denoising Process Visualization

To further demonstrate the effectiveness of RelativeFlow,
we provide additional visualizations of the iterative de-
noising process on both CT and MR images with varying
noise levels. As shown in Figure 2, for inputs with differ-
ent noise levels, RelativeFlow progressively improves the
image quality through three intermediate denoising steps,
ultimately achieving consistently high-quality results that
closely match the reference images. Each row displays the
complete denoising trajectory: from the noisy input (left),
through three successive refinement steps, to the final high-
quality reference (right). The yellow-highlighted regions
of interest (ROI) and their zoomed-in views clearly illus-
trate the progressive noise reduction and detail preservation
across different modalities and quality levels.
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