PoM: A Linear-Time Replacement for Attention with the Polynomial Mixer

Supplementary Material

In this appendix, we report additional ablations (Sec.
and analysis (Sec. [B)), and a proof of our main theoretical
results (Sec. [C). We also propose an extended related work
in depth (Sec. [D) and additional illustrations for the image
generation experiment (Sec. [E] )

A. Additional Ablations.

Higher Orders k. We study the effect of increasing the
polynomial degree k in Tab. [I| Higher-order polynomials
provide a modest improvement, at the cost of a slight speed
reduction. The limited impact is expected, as the sequences
evaluated in classic benchmarks are relatively short and do
not fully stress the model’s representational capacity. As
suggested by our theoretical analysis, higher-order interac-
tions could become more critical for distinguishing longer
sequences.

Additional Baselines. We evaluate competing linear at-

tention models and report their performance in Tab. [T}

* Performer. We attempted to train a GPT2-
S model using Performer; however, both
pytorch-performer and the Performer imple-
mentation from torch_geometric systematically
diverged, producing NaN losses after a few iterations. At
present, we are not aware of a well-maintained Performer
implementation suitable for large-scale language model
training, which prevented a fair comparison.

* Mamba. We trained a Mamba model of comparable size
(124M parameters) on the NLP task; results are reported
in Tab.[I] As expected, Mamba achieves excellent speed
due to its O(1) complexity and dedicated CUDA kernel.
PoM shares the same O(1) theoretical complexity, and
we therefore expect that a dedicated CUDA implementa-
tion would yield comparable speedups. In terms of accu-
racy, however, Mamba performs below MHA and PoM
on the evaluated benchmarks. We used the same clas-
sic training recipe inherited from attention-based mod-
els for all methods, which suggests that Mamba may re-
quire more tuning adaptation than PoM. We also observed
that Mamba consumed approximately 4 x more mem-
ory during training, forcing smaller batch sizes and gradi-
ent accumulation, whereas PoM and MHA have a similar
memory footprint.

B. Additional Analysis.

Comparison to FlashAttention. FlashAttention is a
highly engineered implementation of attention, relying on

Table 1. Additional ablations and baselines. MHA throughput
uses Flash-Attention, Performer uses torch_geometric.

ARC-easy HellaSwag Winogrande Throughput

Acc.NormT Acc.Norm? Acc.? 4096 tok., tok/sT
PoM-hyb k=2 29.0 33.8 51.9 163
PoM-hyb k=3 29.5 334 49.6 161
PoM-hyb k=5 28.6 339 49.5 153
MHA 29.4 333 494 42
Performer training failed 59
Mamba 29.3 30.8 48.0 384

custom CUDA kernels and carefully optimized memory
management. In contrast, PoM is currently implemented
entirely in high-level PyTorch, and yet already achieves
consistent 2-4x speedups across tasks, and in some set-
tings (notably NLP, see Tab. |1} and image generation), PoM
is faster than Flash-Attention. We therefore view these re-
sults as a conservative estimate of PoM’s speed, and expect
further gains with dedicated low-level optimization.

Generalization Under Train-Test Length Mismatch.
Since H (z) is obtained by pooling over tokens, its dimen-
sionality is independent of the sequence length. In our NLP
experiments, PoM is trained with a fixed sequence length of
2048 tokens (with padding), while evaluation on HellaSwag
involves sequences ranging from 48 to 742 tokens, with no
observable impact on performance.

C. Proof of Lemma 3

We first need to show that set with different entries are
mapped to different vectors. We first separate PoM into its
two components:

5(X) = o(W,X) (1

k

H(X) = [Z a, ® h(WhX)p] 1 2
p=1

PoM(X) = W, [c(W:X) ®© H(X)] 3)

Assuming ker(W,) = 0, and noting that H(X) is the
same for every column, we just have to show that s(X)
has different columns. This is easily achieved by having
ker(W,) = 0 since o is injective and the composition of
injective functions is itself injective.

Second, we have to show that sets that differ by at least
one element are mapped to all different entries. To simplify
notations, we will consider the special case where all matri-
ces are the identity or an identity block positioned such as
to perform submatrix selection. All the matrices can thus
be removed from the formula. A similar argument can be



made for matrices that are full rank as they preserve injec-
tivity. We will also consider linear activations everywhere,
which can be made as close as one wish by partitioning the
image of the activation function and performing piecewise
linear approximation.

With this simplified version of PoM, we have to show
that for 2 sets X, X’ differing by at least one element (i.e.,
dr’ € X',Vx € X, x # 1), then there exist k such that
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Consider the functions P(¢) and P’(t) defined as fol-
lows:

P(t)y= > a} )
Plt)= Y «f (©6)

Since X and X' differ by at least one element, there ex-
ists at least one ; € X such that z; # z},Vz; € X’. This
implies that the functions P(¢t) and P’(t) are not identical
since are sums of exponentials with different bases.

Since P(t) and P’(t) are different functions, there must
exist some k for which P(k) # P’(k). In other words, there
exists a k such that:

Yoab# Y aff @
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For this k, let us denote S = Y., _y 2}. We need to
show that Sy, # 2’S), forall z € X and 2’ € X’. Assume
for the sake of contradiction that there exist + € X and
x’ € X' such that x5), = 2’S},. This implies:

T Z xk =2 Z xlk ®)

T, €X zieX’!

Rearranging, we get:

€))

Since Sy # S;, the right-hand side is not equal to 1.
However, for this equality to hold for all z € X and 2’ €
X', the ratio z/x’ would need to be constant for all pairs
(z, "), which is not possible given that X and X' differ by
at least one element.

Therefore, there exists a & such that xSy, # 'S, for all
z€ Xandz2' € X'.

D. Related work on Diffusion

Diffusion Diffusion models [13), 24, 29]] learn a neural
operator that produces natural images from noise using a

forward-reverse set of processes. The forward process con-
sists in pushing the distribution of natural images forward
to a known distribution, typically Gaussian, which can be
done by adding increasing level of noise to the image. The
reverse process does not have an explicit solution, but can
be approximated by a neural network by regressing the local
inverse of the forward process, i.e., solving

HgﬂEt~u(o,1) [lles — folae, 1)[7] (10)
s.t. xp = auxo + i€ty €0 ~ N(0,1). an

Here, oy and v, are chosen such that x( corresponds to
a natural image whereas x; corresponds to pure Gaussian
noise. A great amount of research has been put into finding
better noise schedules (a; and ~y;) [2 [11} [18], or improv-
ing the quantity that is regressed [20, 21} [27], keeping the
general idea of learning to invert step by step the stochastic
differential equation that transforms an image into noise.
For image and generation, most efforts have been poured
into designing efficient architectures at the task. While
the original DDPM papers [13| [24] sample images in
pixel space, making it unsuitable for large resolution, the
most groundbreaking improvement was introduced by Sta-
ble Diffusion [26] with the addition of a variational auto-
encoder (VAE) that allows the diffusion process to be per-
formed in a lower dimensional latent space. Stable Diffu-
sion uses a U-Net architecture complemented by attention
layers [26, 28]. To benefit more from the scaling prop-
erties of transformers [16, 32]], simpler approaches based
solely on transformer layers has been proposed in DiT [25]
and the subsequent flow-matching version SiT [23]. Most
modern text-to-image generation models are now based on
Transformer layers rather than the U-Net [3| [7 8 [12].
[I5, [10], train efficient pixel space transformers models by
leveraging multiscale training and SwinAttention. Simi-
larly, RIN [4] [14] also proposes an approach using atten-
tion only, albeit in a Perceiver-10 [[L5] inspired architecture
that uses cross-attention to perform most of the computa-
tion in a smaller latent space, and has been successfully
extended to text-to-image [6]]. In addition to architectures
and sampling [1} 33} 34], the importance of training is also
highlighted in recent works, from resampling the training
data [9,122] to RL [19}130,31]] and model averaging [17].

E. Uncurated Image Samples

To show @PoM versatility, with train a DiPoM-XL/2 with
the diffusion loss instead of the flow-matching loss and
show generated samples with CFG w = 6 in the following

pages.
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Figure 1. Uncurated 2562 images for the class loggerhead, loggerhead turtle, Caretta caretta (33).



Figure 2. Uncurated 2562 images for the class macaw (88).



Figure 3. Uncurated 2562 images for the class otter (360).
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Figure 4. Uncurated 2562 images for the class volcano (980).
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