Wasserstein Flow Networks: Forward-Pass Optimal Transport for
Cross-Domain Agricultural Anomaly Segmentation

Supplementary Material

Appendix A. Complete Mathematical Formu-
lation

A.1 Feature Measure Representation
Let the feature space be a compact subset

Z C R

with intrinsic dimension d. The agronomic embedding pro-
cess maps each superpixel descriptor to this feature space,
producing a finite set of support points

{Zi}?:h

Each support point is associated with a non-negative weight
«; such that

zi € Z.

The resulting empirical representation of an image is there-
fore a probability measure

= zn: a;0,,
i=1

where d., denotes the Dirac measure concentrated at loca-
tion z;.

This representation converts the spatial segmentation
problem into a measure alignment problem over a finite
set of agronomic feature embeddings. The number of sup-
port points n varies between images because the superpixel
decomposition adapts to image complexity. Consequently,
the empirical measure representation allows WEN to handle
images of varying structural complexity without imposing a
fixed feature resolution.

A.2 Prototype Measure Representation

To approximate the distribution of agronomic patterns ob-
served during training, WFN maintains a prototype measure

M
v=> Bibp,,
j=1

where
p; € Z

denote prototype embeddings and

1

6j:M

define uniform weights.
The prototype support points are obtained through clus-
tering over source-domain embeddings. Formally, let

Zs = {le}szl

be the set of embeddings obtained from the source dataset.
The prototypes are defined as

{p1,...,pm} = KMeans(Z,, M).

Thus the prototype measure acts as a compact approxima-
tion of the source feature distribution.

A.3 Transport Map Definition
The goal of WEN is to construct a mapping

T:Z=2Z2

that aligns the empirical image measure with the prototype
distribution.

Formally, the transported measure is defined by the push-
forward operator

Tyu(B) = p(T~(B))

for any measurable subset B C Z. The alignment objective
is therefore
T = arg m%n W(p,v),

where W (-,-) denotes the Wasserstein distance between
probability measures.

A.4 Discrete Optimal Transport Formulation

For discrete measures, optimal transport reduces to solving
a coupling problem. Let

v e Ran

denote the transport matrix satisfying

M n
E Yij = O, E 'Yij:ﬁj'
j=1 i=1

The optimal transport problem becomes

n M
ff{yinz Z vijc(2i, pj),

i=1 j=1



where c¢(-,-) denotes the transport cost. WFN uses the
squared Euclidean distance

2
(zi,p5) = ||z = pjllz-
The transported embedding for support point z; is
M
s Vij
Z; = 7]9]'.
: (67
Jj=1

Thus each embedding is mapped to a weighted barycenter
of prototypes.

A.5 Projection-Based Transport Approximation

Directly solving the discrete optimal transport problem has
computational complexity O(nM) per iteration and be-
comes expensive for large support sets. WFN therefore em-
ploys projection-based transport.
Let
e €St

denote a unit vector on the hypersphere. A projection oper-

ator is defined as

me(z) =€ 2.

Applying the projection transforms the high-dimensional
measures into one-dimensional measures

He = (We)#,“v Ve = (776)#1/'

The one-dimensional Wasserstein distance between pro-
jected measures is

1
Wi (1o, ve) = / PN ) — B dt,
0

where F~! denotes the quantile function.

A.6 Max-Sliced Wasserstein Alignment

Instead of averaging distances over random projections,
WEN identifies the projection direction maximizing distri-
bution discrepancy. Let

&= {ek}i{:l

be a set of projection directions. The Max-Sliced Wasser-
stein distance is defined as

MSW (p, v) = max Wi (pe, ve)-

The transport direction producing the maximal discrepancy
is used to guide alignment. The transported support point
becomes

Zi=zi + A€ (qu, (1i) = qu, (1)),

where e* is the maximizing direction, ¢(-) denotes the quan-
tile function, and r; denotes the rank of projection value.

A.7 Segmentation Prediction Operator
After transport alignment, the resulting embeddings
{zi}
are mapped to class predictions using a linear classifier
g(Z;) =Wz, + 0.
The classifier outputs class probabilities through the soft-
max operator
exp(gr(Zi))
>y exp(ai(Z))

Predictions are then propagated to all pixels belonging to
the corresponding superpixel.

A.8 End-to-End Objective
During training, WFN optimizes the following objective:
L= Eseg + )\isoﬁiso + )\regﬁreg

where L, denotes the segmentation loss, Liy, enforces
manifold-preserving embedding, and L., regularizes trans-
port stability.

Py =kl|z;) =

A.9 Complete Forward Pass

The complete WFN computation pipeline can therefore be
summarized as

r—{vi} = {zi} = p—T(p) = {2} — g(z) = 9.

This sequence formalizes the transformation from aerial im-
agery to anomaly segmentation through measure construc-
tion, optimal transport alignment, and feature decoding.

Appendix B. Theoretical Analysis of
Transport-Based Domain Alignment
B.1 Domain Generalization Framework

Consider two domains:
¢ Source domain:

Dy = {(xf7yf)}fv£1
* Target domain:
D, = {373};\’5

Let Ps(X,Y) and P,(X,Y’) denote their joint distribu-
tions. We assume the covariate shift condition

P, (Y[X) = R(Y]X)
while
The segmentation model is
fo: X =Y

where Y = {1,..., K}*W represents the set of pixel-
wise anomaly labels.



B.2 Target Error Decomposition

The target segmentation error is defined as

€t(fo) = B y)~p, [E(fo(2), y)]

where /(-) denotes the segmentation loss.
Following standard domain adaptation theory, the target
error can be bounded as

Et(fﬁ) S 65(]00) + dH(PSth) + A

where:

* ¢4(fp) is the source-domain error

* dy(Ps, P;) measures domain divergence
e \is the optimal joint risk

A= Jjgélﬁ (Es(f) + et(f))

This decomposition shows that cross-domain generalization
is primarily controlled by the divergence term.

B.3 Representation-Space Alignment

Instead of aligning raw pixel distributions, WFN performs
alignment in the embedding space of agronomic descrip-
tors. Let

z = gg(v)

denote the embedding produced by the AIMN network. The
induced feature distributions are

Hs = go (Ps (X))

pe = go(Pi(X))
Domain divergence therefore becomes

d?-l (Ms s Mt ) .

The key objective of WEN is to minimize this divergence
through optimal transport.
B.4 Wasserstein Distance as Domain Divergence

Let 1 and v denote two probability measures in the embed-
ding space. The Wasserstein-2 distance is

1/2
[l yugm,y))

where II(u, v) is the set of valid couplings.

The Wasserstein distance has two properties that are par-
ticularly important for domain alignment:

Property 1 — Metric structure:

Walpv) = (we%[lbft v)

W(p,v)=0 <= p=v

Property 2 — Sensitivity to distribution geome-
try: Unlike divergence measures such as KL-divergence,
Wasserstein distance remains well-defined even when the
two distributions have disjoint supports. This property is
critical in agricultural imagery because anomalies often oc-
cupy rare and spatially isolated regions, causing feature dis-
tributions to be highly multimodal.

B.5 Transport Map Alignment
Let
T:R%— R?
denote the optimal transport map satisfying
Typy = s

where T denotes the pushforward operator.
After applying the transport map, the aligned distribution
becomes

p = T pu.
Because
W (fit, ps) = 0,
the feature distributions become aligned.

B.6 Target Error After Transport

Let
z=T(x)

denote the transported representation. The segmentation
model is then applied as

fo().
The target error becomes
e’ = Eonp, [((fo(T(2)),))-

Substituting into the error bound gives

T < es(fo) + da(fie, ps) + A

Since
dﬂ(ﬂh H’S) ~ Oa
the bound simplifies to

6tOT Ses(fo) + A

Thus, optimal transport alignment effectively removes the
domain divergence term from the generalization bound.

B.7 Max-Sliced Wasserstein Approximation

Direct computation of high-dimensional optimal transport
is expensive. WFN therefore employs the Max-Sliced
Wasserstein approximation. Let

e e st

denote a projection direction. The projected distributions
are

(Proj. ) 4.
The sliced Wasserstein distance is

SW(,LL7 V) - EeNU(Sdfl)Wl((proje)#:uv (proje)#l/).
WEN instead uses

MSW (p,v) = max Wi((projc) . (projc) )

which selects the most discriminative projection direction.



B.8 Approximation Bound

Let M SWy denote the approximation using K projection
directions. Then

W, v) — MSWi(p,v)| < O(1/VE).

Therefore increasing the number of projections improves
the approximation accuracy. This bound explains why the
MSWT layer used in WEN provides an accurate approxi-
mation of full optimal transport while remaining computa-
tionally tractable.

B.9 Interpretation for Agricultural Vision

The theoretical results above imply three important conclu-

sions:

1. Transport reduces domain divergence: By aligning
empirical feature measures, optimal transport directly
minimizes the divergence term in the domain adaptation
bound.

2. Spectral feature manifolds improve transport stabil-
ity: Because agronomic spectral indices encode phys-
ically meaningful vegetation properties, the embedding
manifold is smoother and easier to align across domains.

3. Forward-pass transport is sufficient: Since the trans-
port map operates directly on feature representations, no
gradient updates are required at inference time, enabling
efficient deployment in real-time agricultural monitoring
systems.

Appendix C. Implementation Details
C.1 Model Architecture Configuration

The Wasserstein Flow Network consists of four computa-
tional stages executed sequentially during inference:

1. Agronomic-Informed Measure Network (AIMN)

2. Deep Isometric Embedding Network

3. Max-Sliced Wasserstein Transport Layer

4. Transported Feature Decoder

Each module is implemented as described below.

C.1.1 Agronomic-Informed Measure Network (AIMN)

The AIMN module performs spectral index computation,

adaptive superpixel segmentation, and descriptor extraction.
Spectral Index Computation

The following vegetation indices are computed for every

pixel in the input image:

NIR-R

NDVI = ———
NIR+ R+ €

ExG=2G—-R-B

NIR -G

GNDVI = ———
NIR+G+e

All channels are normalized to the range [0, 1] before in-
dex computation. The constant ¢ = 1076 is used to avoid
division instability.

Superpixel Generation
Superpixels are generated using the SLIC (Simple Linear
Iterative Clustering) algorithm.

Table 10. SLIC Implementation Parameters

Parameter Value

Superpixel compactness 10
Initial grid size adaptive
Maximum iterations 10
Distance metric

Euclidean in spectral index space

The algorithm operates on the stacked spectral index rep-
resentation:

Iingex = [NDVI, ExG, GNDVI]

instead of raw RGB channels.

Adaptive Superpixel Count
The number of superpixels n is determined using entropy of
the NDVI distribution:

n = 200 + 160 . HNDVI

where
256

Hypvi = — Y prlog pi
k=1

and pj, denotes the normalized NDVTI histogram. This adap-
tive allocation ensures that images with complex anomaly
structure receive finer spatial segmentation.

Superpixel Descriptor Extraction
For each superpixel S;, the feature descriptor v; € R® is
computed as

v, = [uNDVI, ONDVI, HExG> OExGy PGNDVI,OGNDV I, i, €z']

where:

Table 11. Superpixel Descriptor Features

Feature  Description
unpyvr  mean NDVI value
onpyvi  NDVI variance
UEzG mean ExG
OEeC ExG variance
UGNDVI mean GNDVI
ocanpvi GNDVI variance
a; normalized superpixel area
€; elongation ratio




Area normalization is defined as

0 = 15l
HW

Elongation ratio is computed from the eigenvalues of the
covariance matrix of pixel coordinates.

C.2 Deep Isometric Embedding Network

The embedding network gg maps superpixel descriptors to
the latent embedding space.
Network Structure

Table 12. Embedding Network Architecture

Layer Dimension Activation
FC1 8 — 64 ReLU
FC2 64 — 32 ReLU
FC3 32 =8 Linear

The output embedding dimension is therefore
d=238

which matches the intrinsic dimensionality estimate of the
superpixel feature manifold.

Embedding Normalization
Each embedding is L2-normalized:

[EAIP

This ensures all support points lie on the unit hypersphere
S9=1, stabilizing the transport computation.

Isometric Loss Implementation
The isometric loss described in the main paper is imple-
mented using sampled descriptor pairs within each mini-
batch. Let dg(v;, v;) denote graph geodesic distance. The
loss is computed as

1
7 > Iz = zilla = do(vi,v9))

(i,j)EP

Eiso =

where P denotes the set of sampled pairs. The loss weight
used in training is
Aiso = 0.1

C.3 Source Prototype Bank

The prototype bank stores representative embeddings of
source-domain superpixels.

Prototype Initialization
Initial prototypes are obtained via k-means clustering on
source-domain embeddings.

Table 13. Prototype Bank Initialization

Parameter Value

Clusters 512

Initialization = k-means++

Iterations 50
Prototype Update

Prototypes are updated using an exponential moving aver-
age:
Pk Bk + (1= B)Z

where py, is the prototype vector, zj is the batch centroid,
and = 0.99. The update is detached from gradient flow
to prevent instability.

C.4 Max-Sliced Wasserstein Transport Layer

The MSWT layer computes transport between target em-
beddings and the prototype distribution.

Projection Direction Learning
Projection directions e, € S¢~! are implemented as nor-
malized linear parameters.

Table 14. Projection Direction Configuration

Parameter Value
Number of projections 64

Optimization Adam
Learning rate 1073

Projection vectors are updated every five training itera-
tions.

Two-Stage Transport Implementation
Transport is computed using two stages.

Stage 1: Approximate Transport
For each projection direction ej: project embeddings, sort
projected values, and compute quantile mapping.
Complexity:

O(Knlogn)

where K is the number of projections.

Stage 2: Sparse Refinement
Support points with transport residuals exceeding threshold
7 are refined using local Sinkhorn iterations.

Table 15. Sparse Refinement Parameters

Parameter Value

Sinkhorn iterations 10
Regularization 1072




C.5 Transported Feature Decoder

The decoder maps transported embeddings to anomaly pre-
dictions.
Decoder Architecture where K denotes the number of

Table 16. Segmentation Decoder Architecture

Layer Dimension Activation
FC 8 — 64 ReLU
FC 64 - K —

anomaly classes.

Pixel-Level Reconstruction
Superpixel logits are propagated to pixels via the SLIC as-
signment map. Final segmentation maps are obtained using
bilinear upsampling.
C.6 Optimization Procedure

Training minimizes the combined objective
L= Lseg + AisoLiso

where Ly, is the cross-entropy segmentation loss and Lig,
is the manifold preservation loss.

Table 17. Optimization Settings

Parameter Value
Optimizer AdamW
Learning rate 3x 1074
Weight decay 107
Batch size 8
Training epochs 100
Gradient clipping 5

C.7 Training Schedule

The learning rate follows cosine annealing:

= 1 1+ cos W—t
77t—7702 T

with warmup during the first five epochs.
Transport regularization follows exponential annealing:

e(t) = 0.5e73/T
where 1" denotes total training steps.

C.8 Inference Configuration

During inference:
 Prototype bank is frozen.
* Projection directions are fixed.

* No parameter updates occur.

Total inference time per 512x512 image is approximately
47 ms, including spectral index computation, superpixel
segmentation, transport alignment, and decoding.

C.9 Software Environment

The implementation uses the following environment:

Table 18. Software Environment

Component  Version
Python 3.10
PyTorch 2.1
CUDA 12.1
scikit-image 0.21
NumPy 1.25




