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Abstract

Forecasting complex vehicle and pedestrian multi-modal
distributions requires powerful probabilistic approaches.
Normalizing flows (NF) have recently emerged as an attrac-
tive tool to model such distributions. However, a key draw-
back is that independent samples drawn from a flow model
often do not adequately capture all the modes in the under-
lying distribution. We propose Likelihood-Based Diverse
Sampling (LDS), a method for improving the quality and
the diversity of trajectory samples from a pre-trained flow
model. Rather than producing individual samples, LDS pro-
duces a set of trajectories in one shot. Given a pre-trained
forecasting flow model, we train LDS using gradients from
the model, to optimize an objective function that rewards
high likelihood for individual trajectories in the predicted
set, together with high spatial separation among trajecto-
ries. LDS outperforms state-of-art post-hoc neural diverse
forecasting methods for various pre-trained flow models as
well as conditional variational autoencoder (CVAE) mod-
els. Crucially, it can also be used for transductive trajectory
forecasting, where the diverse forecasts are trained on-the-
fly on unlabeled test examples. LDS is easy to implement,
and we show that it offers a simple plug-in improvement
over baselines on two challenging benchmarks. Code is at:
https://github.com/JasonMa2016/LDS

1. Introduction

A key challenge facing self-driving cars is accurately
forecasting the future trajectories of other vehicles. These
future trajectories are often diverse and multi-modal, requir-
ing a forecasting model to predict not a single ground truth
future but the full range of plausible futures [25].

With the increasing abundance of driving data [4, 0],
a promising approach is to learn a deep generative model
from data to predict the probability distribution over fu-
ture trajectories [24, 15, 18, 37, 33, 34, 36, 30]. However,
due to natural biases, sampling i.i.d. from a deep generative
model’s prior distribution may fail to cover all modes in the
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Figure 1: (a) At this intersection, 90% of cars turn right, and
10% drive straight in our training dataset. (b) A normaliz-
ing flow trajectory predictor trained on this data, sampled
100 times i.i.d., does not produce any straight trajectories.
(c) With our LDS sampler plugged in, the same predictor
generates both straight and right-turn trajectories with just
2 samples. Details are in Appendix B.

(c) 2 LDS Samples

trajectory distribution, especially given the uneven distribu-
tion of real-world traffic maneuvers. Consider the scenario
in Figure 1(a) and a normalizing flow (NF) [32] forecast-
ing model [35, 34]. The i.i.d. forecasts from the flow model
in Figure 1(b) successfully capture the major mode corre-
sponding to turning right; however, for driving safely at this
intersection, we must also anticipate the minor mode corre-
sponding to vehicles driving straight.

We propose a general, post-hoc approach, called
Likelihood-Based Diverse Sampling (LDS), for enhancing
the quality and the diversity of samples from a pre-trained
generative model. The key idea is that rather than drawing
1.i.d. samples from the generative model, LDS learns a sam-
pling distribution over an entire set of trajectories, which
jointly maximizes two objectives: (i) the likelihood of the
trajectories according to the model, and (ii) a robust goal-
based diversity objective that encourages high final spatial
separation among trajectories. Intuitively, these two objec-
tives together encourage a set of forecasts to cover modes in
the underlying trajectory distribution. The result of running
LDS on our toy example is shown in Figure 1(c); it correctly
discovers the minor mode of heading straight and distributes
samples over both modes. Figure 2 provides an overview of
the LDS objective and architecture. Because our technique
leverages trajectory likelihood under the learned underly-
ing generative model, it is naturally suited for NF-based
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Figure 2: Left: Fitted on data at this intersection where most vehicles turn right and a small fraction head straight, (1): LDS
predicts a set of paths that cover both modes and are realistic, (2): Optimizing for only model likelihood generates samples
that are realistic but miss the minor mode (small star) at the top, and (3): Optimizing for only diversity generates samples
that may cover both modes but are not realistic. Right: LDS architecture overview. LDS replaces standard i.i.d. sampling in
the flow model with a learned joint distribution over a set of samples in the latent space. These samples allow the pre-trained

flow model to output diverse and realistic trajectories.

models, which compute the exact likelihood of their gener-
ated samples. To the best of our knowledge, our method is
the first diverse sampling technique tailored for NF models.
We note, however, that our technique can also be applied to
other likelihood-based models—e.g., we can handle VAEs
by using the evidence lower-bound for the likelihood.

A key advantage of LDS is that it can be leveraged in the
setting of transductive learning [38]. In particular, since
LDS does not require paired trajectories (history and fu-
ture) for training, it can directly tailor the sampler to im-
prove predictions for a given novel test instance, even with-
out any prior training. By specializing to this test instance,
transductive learning can outperform supervised learning
which cannot perform test-time adaptation. To the best of
our knowledge, the tranductive setting has not been previ-
ously considered for trajectory forecasting, but we believe
it most closely mirrors the forecasting task autonomous ve-
hicles face in the real world.

LDS is simple to implement, requiring fewer than 30
lines of code. We evaluate LDS on nuScenes [4] and Fork-
ing Paths [25], two challenging single-future and multi-
future [25] benchmarks. Our experiments demonstrate that
LDS provides a reliable performance boost when plugged
into various existing NF/CVAE forecasting models and out-
performs competing approaches. These results further im-
prove when LDS is applied for transductive forecasting.

2. Related Work

Multi-Modal Forecasting. There are various approaches
to the multi-modal forecasting problem. One approach is
to pre-define trajectory primitives that serve as candidate
outputs and formulate the forecasting problem as a mix of
classification and regression [10, 5, 9, 31]. However, these
approaches require extra labeled information; furthermore,
they often only output a deterministic set of predictions for

a given input. We instead build on deep generative mod-
els [15, 24, 37, 18, 36, 35, 30] that directly model multi-
modal densities. In particular, normalizing flows [32, 29]
have become a popular choice due to their comparative ease
of optimization [33, 30, 35, 13], as well as their flexibil-
ity for downstream tasks such as goal-conditioned planning
[34]. Our method is designed as a plug-in improvement
for sampling better and more diverse predictions from any
model within this family. Our method is also compatible
with VAE [21]-based forecasting models [24, 40, 36, 27].
Our diversity loss is formulated using predicted trajecto-
ries’ endpoints. Similar ideas have been explored recently
[27,42,7], but our method is a post-hoc approach and infers
plausible endpoints in an unsupervised manner while previ-
ous works are end-to-end architectures and require ground
truth endpoints to guide model training.

Post-Hoc Neural Diversity Sampling. Several prior works
learn to sample from pre-trained generative models [3, 14,

, 27]. Our approach is most closely related to two recent
neural post-hoc diverse sampling methods for forecasting,
DSF [40] and DLow [41]. DSF uses a neural network to
parameterize a deterministic point process (DPP) [22] from
which samples are drawn. The DPP kernel chooses samples
using a threshold function based on the Euclidean distance
of the latent samples from its prior distribution mean. DSF
inherits the disadvantages of slow training and inference
from its DPP. Computational issues aside, DSF fails to scale
to high-dimensional latent spaces where Euclidean distance
is not an informative metric of closeness. In comparison,
DLow uses a modified ground truth trajectory reconstruc-
tion loss and KL divergence to shape the latent samples and
an exponential kernel function to induce sample diversity.
However, it restricts the architecture of its sampling net-
work to be a single-layer linear network with respect to the
latent samples to admit tractable KL-constraint computa-
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tion in its objective. This limits the expressiveness of the
learned sampling distribution. In addition, because its ob-
jective requires ground-truth trajectory futures for training,
it cannot be used in the transductive setup we introduce in
our experiments. Both DSF and DLow also introduce ad-
ditional kernel-related hyperparameters that are difficult to
optimize. Compared to DSF and DLow, LDS permits multi-
layered sampling architectures and high-dimensional latent
spaces, exploits trajectory likelihood under the generative
model to permit flexible application including transductive
forecasting, introduces few hyperparameters, and performs
consistently better across our experiments.

3. Problem Setup

Consider the problem of predicting the trajectory of an
agent whose 2D position at time ¢ is denoted as S; =
(2¢,y:). We denote the current time step as ¢ = 0, and
the future aggregated state as S := S1.7 € RT*2, At time
t = 0, the agent has access to observation o, which may
include contextual features such as Lidar scans, physical at-
tributes of the vehicle/pedestrian agent (e.g. velocity, yaw),
and the state histories of all agents in the scene. The goal
of trajectory forecasting is to predict S given o, p(S|o). We
denote the training dataset as D = {(0, S)}.

Our approach assumes as given, a flow model fy that has
been pre-trained to learn the distribution py(S|o; D). At a
high level, assuming a multivariate Gaussian base sampling
distribution Z ~ Pz = N(0,1), fo is a bijective mapping
between Z and S, captured by the following forward and
inverse computations of fy:

S = fo(Z;0) ~ pe(S | 0),

To draw one trajectory sample S, we sample Z ~ Pz and
compute S = fy(Z;0). Furthermore, the exact likelihood
of a trajectory S is given by the change of variables rule:

det dfe 1_1> ,
dZ 1z=f;"(s;0)

2

where the bijective property and standard architectural

choices for fy permit easy computation of the determinant.

We refer readers to Appendix A for a more detailed intro-
duction to flow-based trajectory forecasting.

Z=f;'(S;0) ~ Pz (1)

log ps(Slo) = log (p<Z> :

4. Diversity Sampling for Flow

In stochastic settings, it is often necessary to use K > 1
trajectory predictions rather than just one, to ensure that the
samples cover the full range of possible stochastic futures;
we assume the number of predictions K is a given hyper-
parameter. However, as Figure 1 shows, simply drawing
K ii.d. samples from the flow model fy may undersam-
ple from minor modes and fail to capture all potential out-
comes. We propose an alternative strategy, which we call

Likelihood-Based Diverse Sampling (LDS), that learns a
joint distribution over K samples {Z, ..., Z } in the latent
space of fy. In doing so, it aims to improve the diversity of
the trajectories fp(Z1), ..., fo(Z k) while maintaining their
plausibility according to the flow model'.

In particular, LDS trains a neural network 7, to trans-
form a Gaussian distribution ¢ ~ A(0,1) into a distribu-
tion over a set Z = {Z,....,Zg} = ry(e;0) of latent
vectors given an observation o. This set in turn induces
a distribution over trajectories S := {Sy,...,Sk}, where
St = fo(Zy;0) for each k. Since the distribution is de-
fined over multisets of samples, the individual samples Sy,
are no longer independent. Informally, they should be anti-
correlated to ensure they cover different modes. We train
7y to minimize the following loss function:

Lips(¢) == NLL(¢)) — AqLa(%), 3)

which combines the negative log likelihood (NLL) loss
from the flow model and a goal diversity loss Lyq. Figure
2 (Left) provides intuition for these two terms, and we ex-
plain them in detail below.

Likelihood Objective. The NLL term is defined as:

K

NLL(¢) == — > log po(Si|ox), )

k=1

where {S1,...,Sx} = fo(ry(e;0)) and log pg(Sklo) is
computed as in Equation (2). This NLL term incentivizes
LDS to output a set of forecasts that all have high likelihood
according to the flow model fy. This term incentivizes fy
to maximize the likelihood of the training trajectories D by
selecting trajectories that are plausible and likely to occur.
By itself, it does not incentivize diversity among forecasts;
they may easily concentrate around the major mode as in
the “most likely” trajectories in Figure 2 (Left).

Diversity Objective. To combat this tendency, we intro-
duce the minimum pairwise squared Lo distance between
the predicted trajectory endpoints:

La(¥) = igienK||f9(Zi)T — fo(Zj)rll3- (5)

The minimum formulation strongly incentivizes LDS to dis-
tribute its samples among different modes in the distribu-
tion, since any two predictions that end up too close to each
other would significantly decrease Ly. In our experiments,
we have observed mean-based diversity formulation suffers
from network “cheating” behavior, in which all but one pre-
diction collapse to a single trajectory and the left-out tra-
jectory is distant, resulting in comparatively high average

'Though our technical discussion focuses on NF models, we emphasize
that LDS can also be applied to CVAE models by replacing NLL with
ELBO; we provide details on LDS-CVAE in Appendix C.
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Algorithm 1 Batch LDS Training

Input: Flow fy, Observation Batch {o}

. Initialize LDS model 7,
: for o, € {o} do
Sample € ~ N(0,1)
Compute Z1, ..., Zx = T¢(6; Oi)
Generate predictions fy(Z1), .., fo(ZK)
Compute losses using Equations 4 & 5
end for
: Perform stochastic gradient descent on 1) to minimize
Lips (Equation 3)

Output: Trained LDS model 7,

A S o e

diversity. Our formulation is robust to this degeneracy as
only the pairwise minimum will be considered. While many
other notions of distances between trajectories are compati-
ble with our framework, we measure the distances at the last
time step alone, since spatial separation between trajectory
endpoints is a good measure of trajectory diversity in our
applications [27, 42, 7]. Finally, to train r,, LDS minimizes
L1 ps using stochastic gradient descent; see Algorithm 1.

Implementation Details. LDS r, is implemented as a 3-
layer feed-forward neural network with K heads, each of
which corresponds to the latent z;, for a single output in the
predicted set. We assume access to the input embedding
layers of the pre-trained flow model, which embeds high-
dimensional (visual) input o into lower dimensional feature
vectors. These feature vectors are taken as input to LDS.
Additionally, we fix the dimensions of the input Gaussian
noise € to be the same as the trajectory output S from fy
(i.e. T' x 2). Furthermore, to prevent the diversity loss from
diverging, we clip it to a positive value. Additional details
are in Appendix F.5 & G.3.

5. Transductive Trajectory Forecasting

Transductive learning refers to “test-time training” on
unlabeled test instances [38, 19]. For diversity sampling, it
amounts to the following: given a new observation o, com-
pute a set of diverse trajectories that best captures the pos-
sible stochastic futures. That is, whereas supervised learn-
ing focuses on average accuracy across all test trajectories,
transductive learning focuses on the vehicle’s current situ-
ation. This setting closely captures the forecasting prob-
lem autonomous vehicles face in practice; however, exist-
ing end-to-end forecasting models typically lack the capa-
bility for the transductive setting because their training pro-
cedures require data with ground truth labels.

In contrast, LDS’s objective function does not depend
on access to any ground truth future trajectories, and re-
lies only on the pre-trained generative model and unlabeled
inputs o. In this sense, the LDS sampler is trained with-

out supervision. It can therefore be used transductively and
adapt on-the-fly to a given new observation (e.g. a new traf-
fic scene the vehicle enters). Formally, given an unlabeled
input o, we can train a LDS model r,, tailored to o. We
call this variant LDS-TD-NN. Compared to vanilla “batch”
LDS, LDS-TD-NN does not need to be trained offline with
a large dataset, making it also suitable for settings where
little or no training data is available —e.g., the training set
for the pre-trained flow model is unavailable.

In the transductive setting, LDS could eschew the neu-
ral network and directly optimize the latent space samples
Zi,...,Lx. We call this particle variant LDS-TD-P. Note
that, unlike the neural variant, LDS-TD-P cannot take the
observation o as input. LDS-TD-NN and LDS-TD-P are
summarized in Algorithm 2 and 3 in Appendix D.

6. Experiments

Our experiments aim to address the following ques-
tions: (1) Does LDS boost performance across different
pre-trained flow models? (2) Can LDS be applied to pre-
trained VAE models as well?, (3) How does LDS compare
against (a) other learning-based diverse sampling methods
and (b) existing end-to-end multi-modal forecasting mod-
els?, (4) Is LDS effective in the transductive learning set-
ting? (5) Which components of LDS are most important for
performance? We address questions 1-4 via experiments on
two qualitatively different datasets, nuScenes [4] and Fork-
ing Paths [25] (Section 6.3 and 6.4). For each one, we use a
distinct pre-trained flow model with architecture and input
representation tailored to that dataset. We address question
5 via an ablation study in Section 6.5.

6.1. Datasets and Models

We begin by describing our datasets, models, and eval-
uation metrics; see Appendix F & G for details on model
architectures, hyperparameters, and training procedures.

NuScenes. NuScenes is a multi-purpose autonomous ve-
hicle dataset with a large trajectory forecasting dataset [4].
Following prior work [9, 31, 13], the predictor takes as in-
put the current observation (e.g., Lidar scan) and attributes
(e.g., velocity) of a vehicle, and forecasts this vehicle’s tra-
jectory over the next 6 seconds (i.e., 12 frames).

LDS Models. We train an autoregressive affine flow model
(AF) proposed by [35, 34] as our underlying flow model
for trajectory prediction. On top of AF, we train three
variants of LDS. The first is LDS-AF, the batch ver-
sion in Algorithm 1. The latter two are the transductive
neural and particle-based variants LDS-AF-TD-NN and
LDS-AF-TD-P discussed in Section 5. To further illustrate
the generality of LDS, we also consider LDS-CVAE, a LDS
applied to a CVAE model. Here, we replace the exact like-
lihood in Equation 4 with ELBO.
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Baselines. For neural diverse sampling approaches, we
consider DLow and DSF and apply them to both CVAE and
AF to form DLow-{AF, CVAE} and DSF-{AF, CVAE}.
In addition to neural diverse sampling baselines, we in-
clude three end-to-end multi-modal forecasting models:
CoverNet [31], MultiPath [5], and MTP [9]. For the first
two, we directly report results published in [31]; for MTP,
we re-train the model using nuScenes’ official implementa-
tion to provide an end-to-end model for evaluation metrics
not included in [31]. We choose these end-to-end models
for comparison since they use the same inputs as our AF
and CVAE backbones, and we aim to test whether post-
hoc sampling methods applied to simple backbone models
are competitive with specialized end-to-end models. In Ap-
pendix F.7, we compare to Trajectron++ [36], which uses an
experimental setup different from other prior approaches.

Forking Paths. One limitation of most trajectory forecast-
ing datasets such as nuScenes is that there is only a single
ground-truth future trajectory for each training sample. To
evaluate each forecasting model’s ability to predict diverse,
plausible future trajectories, it is critical to evaluate the
model against multiple ground-truth trajectories in a multi-
future dataset. This approach directly evaluates whether a
model captures the intrinsic stochasticity in future trajecto-
ries. Therefore, we additionally evaluate LDS on the re-
cent Forking Paths (FP) dataset [25]. FP recreates scenes
from real-world pedestrian trajectory datasets [28, 2] in the
CARLA simulator [ 1], and asks multiple human annota-
tors to annotate future trajectories in the simulator, thereby
creating multiple ground truth future pedestrian trajectories
for each scene. The flow model takes as input the trajectory
of a pedestrian over the past 3 seconds (i.e., 12 frames), and
its goal is to predict their trajectory over the next 5 seconds
(i.e., 20 frames).

LDS Models. For this dataset, we focus on flow mod-
els and use the recently introduced Cross-Agent Attention
Model Normalizing Flow (CAM-NF) [30] as our underly-
ing flow model for trajectory prediction; see Appendix G
for CAM-NF details. Compared to AF used for nuScenes
experiments, CAM-NF is an already performant generative
model, and an additional goal of this experiment is to inves-
tigate whether LDS can be useful for already performant
generative models. As before, we train LDS and LDS-TD-
NN on top of CAM-NF.

Baselines. We compare to DSF and DLow applied to
CAM-NF. All other baseline results are taken directly from
[25] (rows with * in Table 2 (Left)), including Social-
LSTM [1], Social-GAN [15], Next [26], and Multiverse
[25], as well as simple Linear and LSTM networks.

Training and Evaluation. We follow the procedure in
[25]. We first train CAM-NF using VIRAT/ActEV [28, 2],
the real-world datasets from which FP extracts simulated

pedestrian scenes. Then, we train {DLow, DSF, LDS} on
top of the pre-trained CAM-NF model using the training
dataset (VIRAT/ActEV). Finally, we evaluate all models on
the test set FP using K = 20 samples against the multiple
ground-truth futures. For LDS-TD-NN, we directly train
and evaluate 7, on FP using small minibatches as described
in Algorithm 2 in Appendix D.

An important challenge is that trajectories in FP have dif-
ferent (typically longer) lengths compared to trajectories in
VIRAT/ACctEYV, since the human annotators provided trajec-
tories of varying durations; this complicates the forecasting
problem on the FP test set.

6.2. Evaluation Metrics

We report minimum average displacement error
minADEy and final displacement error minFDEg of
K prediction samples Sk compared to the ground truth
trajectories Sq, ..., Sy [37, 5, 25]:

Sy minier ¥/ 1860 — Se?
TxJ ’
Z}]:l min;ek ||S;,r — Srl?
J

These metrics are widely used in stochastic prediction tasks
[37, 15] and tend to reward predicted sets of trajectories
that are both diverse and realistic. In multi-future datasets
(J > 1) such as Forking Paths, these metrics are standalone
sufficient to evaluate both the diversity and the plausibility
of model predictions, because a set of predictions that does
not adequately cover all futures will naturally incur high er-
rors. In single-future datasets (J = 1) such as nuScenes,
however, they do not explicitly penalize a predicted set
of trajectories that simply repeats trajectories close to the
single ground truth. To explicitly measure prediction di-
versity on nuScenes, we also report the minimum average
self-distance minASDk and minimum final self-distance
minFSDg between pairs of predictions samples:

minADE (S, S) =

minFDE (S, S) =

ASD = — Si¢—
min x(S) anlg}( ZH it gt”

minFSDk (S) = min HSZ»,T ~ S 7|
VIS

These metrics evaluate the lower bound diversity among a
predicted set of trajectories, and they tend to decrease as
K increases since the predictions become more “crowded”
around the modes already covered. Note that minFSD is
identical to the diversity term in the LDS objective (Equa-
tion (5)). Several prior works have reported the average
ASD (meanASD) and FSD (meanFSD) instead [40, 41];
however, we observe that minASD is a superior metric since
it is more robust to outliers among the predictions (see Ap-
pendix E.8 for an illustrative example). For completeness,
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we also report meanASD and meanFSD in Appendix F.7;
our findings are consistent with those presented here. Fi-
nally, since minFDEg, minASDg, and minFSDg were not
reported in previous work, we only report them for the mod-
els we implement.

All compared models, except vanilla CVAE and NF, take
the number K of modes/number of samples in the predic-
tion set as a hyperparameter. We report results for each
metric using the corresponding model configurations—e.g.,
when measuring minASDs, we use K = 5 for all models.

6.3. Quantitative Results

NuScenes. In Table | (Left), we compare the prediction
accuracy of LDS-AF, LDS-AF-TD-{NN, P}, and the base-
lines described above. The best method within each sub-
category is bolded. LDS-AF and LDS-AF-TD-NN achieve
the best overall performance.

Comparing AF and CVAE to prior multi-modal mod-
els, we see that although the two “vanilla” generative mod-
els achieve better one-sample prediction (i.e., minADE;),
they perform significantly worse when more predictions
are made. This confirms our hypothesis that i.i.d. samples
from a generative model do not adequately capture diverse
modes, causing it to fail to cover the ground truth with good
accuracy. Consequently, post-hoc diverse sampling signif-
icantly improves the performance of these models. Out of
all the post-hoc neural diverse sampling methods, LDS pro-
vides the most significant improvement for both AF and
CVAE. In particular, the most performant model LDS-AF
achieves the best results out of all models in the batch set-
ting, even outperforming the strongest multi-modal model
CoverNet. This suggests there is much to gain from a (sim-
ple) pre-trained model by applying appropriate post-hoc di-
verse sampling. We highlight that despite not being de-
signed for CVAE, LDS still outperforms DSF and DLow,
both of which are originally intended for CVAE, demon-
strating the general merit of our approach. Next, in the
transductive setting, LDS-AF-TD-NN is indeed able to tai-
lor its predictions towards each small batch of test instances
and achieves the overall best results among all models. Fi-
nally, LDS-AF-TD-NN also significantly outperforms the
particle variant LDS-AF-TD-P, likely due to the neural vari-
ant having the advantage of explicitly conditioning the sam-
ples on the observation input o.

Next, we compare the models in terms of their predic-
tion diversity in Table 1 (Right). LDS models consistently
outperform the baseline models by a large margin. In par-
ticular, they are the only models whose diversity does not
collapse when the number of modes increases from 5 to
10. This shows that LDS is more “efficient” with its sam-
ples, since it does not repeat any trajectories. In contrast,
all other methods produce pairs of very similar predictions
when K = 10. Given that LDS also produces accurate

predictions, these results provide strong evidence that LDS
is able to simultaneously optimize accuracy and diversity.
Furthermore, LDS also achieves the highest diversity under
the mean diversity metrics in Appendix F.7.

Forking Paths. The training set results on ActEV/VIRAT
for CAM-NF and various baseline models are included in
Appendix G.5. To summarize the training set results, we
find CAM-NF effective on this dataset, only outperformed
by the current state-of-art method Multiverse [25], thus sat-
isfying our goal of testing whether LDS can improve a
strong backbone model. Now, we show the FP test results
in Table 2 (Left). Note that the FP dataset comes with two
different categories “45-Degree” and “Top Down” depend-
ing on the camera angle view of the human annotators. We
report the average results between the two views for read-
ability, and leave the full results split over each sub-category
to Appendix G.6. We observe that CAM-NF already outper-
forms all prior methods on all metrics. With LDS, CAM-NF
improves even further, outperforming all prior methods by
a large margin. In comparison, DSF and DLow are not able
to achieve the same level of performance boost, and in the
case of DSF, the effect is even detrimental. The transduc-
tive variant LDS-TD-NN improves performance further on
FDE metrics, while performing on par with LDS on ADE
metrics; this results is promising as the transductive variant
never observes the training set, and this dataset consists of
a clear distributional shift between the training set and the
testing set. In Appendix G.7, we provide additional analysis
on Forking Paths results.

6.4. Qualitative Results

Next, we illustrate trajectories from LDS and baselines
in the two benchmarks to demonstrate that LDS indeed out-
puts more diverse and plausible trajectories.

NuScenes examples. In Figure 3, we show visualizations
of two separate frames of the same nuScenes instance, over-
laid with predictions from LDS-AF, AF, and MTP. Overall,
LDS produces the most diverse and plausible set of trajecto-
ries in both frames. In the first frame, AF exhibits a failure
mode as some of its predictions go far off the road. This
provides evidence that sampling i.i.d. from a vanilla flow
model may fail to identify realistic trajectories. But when
LDS is used to draw samples from the same flow model
(i.e., LDS-AF), the trajectories become both more diverse
and more realistic. In the second frame, MTP outputs a few
trajectories that violate road constraints, while AF trajecto-
ries are concentrated in one cluster. Again, LDS-AF is the
only model that predicts both diverse and plausible trajec-
tories. In Appendix F.9, we provide additional visualiza-
tions including LDS-AF-TD-NN trajectories (Figure 8), as
well as visualizations of different sets of trajectories LDS-
AF outputs by varying the € input to the model (Figure 9).
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Method Modes minADE; () minADEs5(}) minADE;o(}) minFDE5(]) minFDE;q({) ‘ minASD5 (1)  minFSDs (1) minASDyg (1) minFSDyq (1)

MultiPath* [5] 64 5.05 2.32 1.96 - - - - -

CoverNet* [31] 232 4.73 2.14 1.72 - - - - - -
MTP [Y] 5,10  468+1.04 2614017 1.84 £0.04 5804+£049  3.72+£0.07 1.74 £0.32 431 £1.60 0.97 £0.15 2434+ 0.34
CVAE N/A 420+£0.03 2.71+0.03 2.08 £0.02 6.20+0.05  4.58 +£0.05 1.28 £0.03 2.99 +0.07 0.57 £ 0.02 1.30 £ 0.04
DSF-CVAE [40] 5,10 - 2.54+0.21 2.02+0.11 5.77+0.51 444 +£0.27 138 £0.22 3.334+0.58 0.78 + 0.04 1.85+0.13
DLow-CVAE [41] 5,10 - 2.234+0.13 1.75 £ 0.03 5.00£0.29  3.71+0.08 2.64 +0.25 6.38 £ 0.65 1.18 £0.16 2.734+0.43
LDS-CVAE (Ours) 5,10 - 2.16 £ 0.03 1.75 4+ 0.05 482+006 3.71+0.14 3.02 +£0.23 7.46 £ 0.44 1.74 + 0.46 4.07 £1.10
AF N/A 401£005 286001 2.19 £0.03 6.26 £0.05 449 £0.07 1.58 £0.02 3.75+0.04 0.70 £ 0.01 1.63 £0.02
DSF-AF 5,10 - 2.61 +0.12 2.23+0.10 5914033  4.8040.23 0.87 £0.13 2.14 £ 041 0.44 £ 0.05 1.11 £0.10
DLow-AF 5,10 - 2.11 £0.01 1.78 £ 0.05 4.70 £ 0.03 3.774+0.13 2.56 +0.12 6.45+0.24 1.05 +£0.11 2.55+£0.28
LDS-AF (Ours) 5,10 - 2.06 +0.09 1.66 + 0.02 4.67 +0.25 3.58 +£0.05 3.13+£0.18 8.19 £ 0.26 2.11 £ 0.05 6.22 £ 0.09
LDS-AF-TD-P (Ours) 5,10 - 2.46 £0.09 1.91 £0.04 5214+0.15 3.71+0.11 2.39 4+ 0.08 7.07 +0.18 1.60 + 0.06 5.70 £0.10
LDS-AF-TD-NN (Ours) 5,10 - 2.06 +0.03 1.65 £ 0.02 4.62+£0.07  3.50£0.05 3.09 £0.07 8.15+0.17 1.98 £ 0.03 591 +£0.04

Table 1: NuScenes prediction error results (lower is better) and diversity results (higher is better), including previously
reported results (top), and results of LDS variants and newly implemented baselines (bottom). LDS-based models produce

the most plausible and diverse predictions throughout.

LDS (Ours)
) :‘.;\V>

Frame 1

Frame 2

Figure 3: Model trajectory forecasts at two separate frames in the same scene. K = 5 predicted trajectories are shown in
red, and the true recorded future trajectory from the dataset is shown in green. LDS predicts more diverse and plausible

trajectories than both baselines.

Forking Paths examples. Visualizations of LDS (on top of
CAM-NF), CAM-NF, and Multiverse predictions on the FP
test set are shown in Figure 4. Additional visualizations are
provided in Figure 11 in Appendix G. Again, LDS outper-
forms the other two methods and is the only approach that
comes close to covering the diverse ground-truth futures.

6.5. Ablation Study

We conduct an ablation study to understand the impact
of the various design choices in LDS—specifically, the im-
portance of the different parts of the LDS loss function to
its empirical performance. To this end, we train four abla-
tions of LDS-AF on nuScenes. The first two omit one of the
terms in the LDS objective—i.e., one without the diversity
loss (Ours w.o. Diversity), and one without the likelihood
loss (Ours w.o. Likelihood). The latter two modify the two
LDS loss terms: one replaces the NLL loss (Equation 4)
with DLow’s Reconstruction+KL losses (see Appendix F
for details) (Ours w. Rec), and the other replaces the mini-

mum in the diversity loss (Equation 5) with the mean (Ours
w. meanDiv). All four of these models are trained using the
same procedure as LDS. As shown in Table 2 (Right), the
first two ablations significantly deteriorate performance. As
expected, Ours w.o. Diversity records close to zero diver-
sity, and Ours w.o. Likelihood achieves high diversity but
at the cost of plausibility. Note that Ours w.o. Diversity
also performs poorly in terms of accuracy; this result shows
that diversity is necessary to achieve good accuracy due to
the stochastic nature of future trajectories. Thus, both terms
in the LDS objective are integral to its success, and taking
away either completely erases its benefits.

Next, we find that Ours w. Rec also reduces perfor-
mance. This result demonstrates that leveraging the gen-
erative model’s likelihood better captures the ground truth
trajectory future. Finally, Ours w. meanDiv significantly
reduces overall performance—the prediction error increases
two-fold while the diversity metrics collapse. This result
demonstrates the importance of using the more robust mini-
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LDS (Ours)

Multiverse

Figure 4: Visualization of predictions from various models on a single scene from the Forking Paths dataset. The red-yellow
heatmap corresponds to the visited state density from the 20 predicted trajectories from each model; yellow indicates higher
density. The green lines are the ground-truth human annotated futures. LDS produces diverse forecasts that cover the diverse
futures, while the other two methods appear to have collapsed to a single output.

Method minADEgq (/) | minFDEgq(]) Method/Metric mADEs(]) mFDEs(]) minASDs (1) minFSDs (1)
Linear* 205.0 £ 0.0 388.0 £ 0.0 Ours 2.06 4.62 3.09 8.15
LSTM* 1924 +22 368.3+34 Ours w.o. Diversity 5.95 14.63 0.16 0.37
Social-LSTM* [1] 189.0 = 1.7 363.7 + 3.0 Ours w.o. Likelihood 8.06 19.40 10.16 24.83
Social-GAN* [15] 179.9+ 4.3 334.44+9.0 Ours w. Rec 2.16 4.89 3.29 9.00
Next* [26] 176.8 + 2.4 343.4 + 6.1 Ours w. meanDiv 4.85 11.43 0.17 0.36

Multiverse* [25] 163.3+23 3252 +35 Method/Metric mADE;((}) mFDEjo(]) minASDio (1) minFSDyq (1)
CAM-NF [30] 148.0 = 2.3 293.6 4.7 Ours 1.65 3.50 1.98 591
DSF [40] 162.8 + 2.0 320.6 + 3.6 Ours w.o. Diversity 4.97 12.52 0.07 0.15
DLow [41] 137.8 £59 | 273.4+14.0 Ours w.o. Likelihood 5.61 13.20 4.55 11.02
LDS (Ours) 98.6 + 5.8 182.0 + 14.5 Ours w. Rec 1.78 3.85 2.92 5.73
LDS-TD-NN (Ours) 100.0 + 3.2 178.1 £ 7.6 Ours w. meanDiv 4.92 11.66 0.03 0.05

Table 2: Left: Forking Paths results. LDS-augmented CAM-NF significantly outperforms all other methods, including
Multiverse and DLow-augmented CAM-NF. Right: LDS ablation results on NuScenes. In row 2-3, one of the LDS losses
is removed, and performance significantly deteriorates. In row 4-5, one of the LDS losses is replaced by an alternative, and

performance again declines sharply.

mum diversity metric compared to the mean diversity in the
objective. In particular, the mean diversity does not penalize
the degenerate case where most of the forecasts collapse to
one trajectory, but one outlier forecast is very distant from
the others. Together, these ablations all validate the key de-
sign choices in LDS. We include additional ablation studies
assessing LDS’s sensitivity to the pre-trained model, depen-
dence on ¢, and its training stability in Appendix F.8.

Finally, we have set the number of modes K based on
predefined metrics for each dataset. However, this choice
may not always be easy to make in practice. In general, a
good strategy is to select a K large enough and then discard
samples based on ascending likelihood. Because LDS ex-
hibits mode-seeking behavior, a large K will likely ensure
that the modes are included in the samples. Then, we can
use likelihood as a reasonable proxy for the plausibility of
each sample to guide the discarding process. In Appendix
F.8, we illustrate an example of selecting a K larger than
the number of modes and discuss potential pitfalls.

7. Conclusion

We have proposed Diversity Sampling for Flow (LDS),
a post-hoc learning-based diverse sampling technique for

pre-trained generative trajectory forecasting models. LDS
leverages the likelihood under the pre-trained generative
model and a robust diversity loss to learn a sampling dis-
tribution that induces diverse and plausible trajectory pre-
dictions. Though intended for normalizing flow models,
LDS is also compatible with VAEs, and independent of this
choice, consistently achieves the best results compared to
other sampling techniques and multi-modal models on two
distinct forecasting benchmarks. Beyond its simple “plug-
in” improvement nature, through extensive ablation studies,
we validate our method’s design choices responsible for its
effectiveness. Finally we introduce the transductive learn-
ing problem for trajectory forecasting, and show that LDS
can be readily used to adapt to test instances on the fly and
present a competitive solution to this novel problem setting.
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