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Abstract
The goal of the alignment problem is to align a (given)
point cloud 𝑃 = {𝑝1 , · · · , 𝑝𝑛 } to another (observed) point
cloud 𝑄 = {𝑞1 , · · · , 𝑞𝑛 }. That is, to compute a rotation
matrix 𝑅 ∈ R3×3 and a translation vector 𝑡 ∈ R3 that
minimize the sum of paired distances between every transformed point 𝑅𝑝𝑖 − 𝑡, to its corresponding point 𝑞𝑖 , over
every 𝑖 ∈ {1, · · · , 𝑛}. A harder version is the registration problem, where the correspondence is unknown, and
the minimum is also over all possible correspondence functions from 𝑃 to 𝑄. Algorithms such as the Iterative Closest
Point (ICP) and its variants were suggested for these problems, but none yield a provable non-trivial approximation
for the global optimum.
We prove that there always exists a “witness” set of 3
pairs in 𝑃 × 𝑄 that, via novel alignment algorithm, defines
a constant factor approximation (in the worst case) to this
global optimum. We then provide algorithms that recover
this witness set and yield the first provable constant factor approximation for the: (i) alignment problem in 𝑂(𝑛)
expected time, and (ii) registration problem in polynomial
time. Such small witness sets exist for many variants including points in 𝑑-dimensional space, outlier-resistant cost
functions, and different correspondence types.
Extensive experimental results on real and synthetic
datasets show that, in practice, our approximation constants are close to 1 and our error is up to x10 times smaller
than state-of-the-art algorithms.

1. Introduction
Consider the set 𝑃 of known 3D landmarks mounted on a
car, and the set 𝑄 of the same 3D landmarks as currently observed via an external 3D camera, say, a few seconds later.
Suppose that we wish to compute the new car’s position and
orientation, relative to its starting point. These can be deduced by recovering the rigid transformation (rotation and
translation) that align 𝑃 to 𝑄. In this alignment problem,
we assume that the correspondence (matching) between ev-

Figure 1: Registration visualization using the Armadillo
model with 𝑛 = 1000 points and 𝑘 = 20% outliers.
(Left) ICP(𝑃, 𝑄), (middle) P-ICP(𝑃, 𝑄, cost, 𝛾), (right)
P-ICP-Refined(𝑃, 𝑄, 𝛾, cost). cost is the SSD with a
threshold M-estimator and 𝛾 = 3000; see Section 3.2.
ery point in 𝑃 to 𝑄 is known. When this matching is unknown, and needs to be computed, the problem is known
as the registration problem. It is a fundamental problem in
computer vision [33, 28, 40, 47] with many applications in
robotics [27, 37, 13] and autonomous driving [51].
Alignment. In the alignment problem the input consists of
two ordered sets 𝑃 = {𝑝1 , · · · , 𝑝𝑛 } and 𝑄 = {𝑞1 , · · · , 𝑞𝑛 }
in R𝑑 , where 𝑑 = 3 in the previous application, and the goal
is to minimize
𝑛
∑︁
𝐷(𝑅𝑝𝑖 − 𝑡, 𝑞𝑖 ),
(1)
𝑖=1

over every alignment (rigid transformation) (𝑅, 𝑡) consisting of a rotation matrix 𝑅 ∈ R𝑑×𝑑 (an orthogonal matrix
whose determinant is 1), and a translation vector 𝑡 ∈ R𝑑 ,
and where 𝐷(𝑝, 𝑞) = ‖𝑝 − 𝑞‖ is the Euclidean (ℓ2 ) distance
between a pair of points 𝑝, 𝑞 ∈ R𝑑 . Here, the sum is over
the distance between every point 𝑝𝑖 ∈ 𝑃 to its corresponding point 𝑞𝑖 ∈ 𝑄. This correspondence may be obtained
using some auxiliary information, like point-wise descriptors e.g., SIFT [25], visual tracking of points [36, 44], or
the use of predefined shapes and features [32, 39].
To our knowledge, the only provable approximation to
the optimal global minimum of (1) is for its variant where
2
𝐷(𝑝, 𝑞) is replaced by ℓ(𝐷(𝑝, 𝑞)) = ‖𝑝 − 𝑞‖ , i.e., squared
Euclidean distance. In this special case, the optimal solution
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Table 1: Example contributions. Variants of the problems (1)–(3) that we approximate in this paper, either using: (i) Theorem 3 (known correspondence), or (ii) Theorem 5 (unknown correspondence). Let 𝑃 = {𝑝1 , · · · , 𝑝𝑛 } and 𝑄 = {𝑞1 , · · · , 𝑞𝑛 }
1
1
be two sets of points in R𝑑 , let 𝑧, 𝑟, 𝑇 > 0, and let 𝑤 = 𝑑| 𝑧 − 2 | . Formally, we wish to minimize cost(𝑃, 𝑄, (𝑅, 𝑡)) =
𝑓 (ℓ (𝐷 (𝑅𝑝1 − 𝑡, 𝑞1 )) , · · · , ℓ (𝐷 (𝑅𝑝𝑛 − 𝑡, 𝑞𝑛 ))) for functions 𝐷 : R𝑑 × R𝑑 → [0, ∞), ℓ : [0, ∞) → [0, ∞) and
𝑓 : R𝑛 → [0, ∞) as in Definition 2. Rows marked with a ⋆ can also be approximated in linear time with high probability and bigger approximation factors, using Theorem 4.
Use case

𝑓 (𝑣)

ℓ(𝑥)

𝐷(𝑝, 𝑞)

Sum of distances ⋆
Sum of squared distances ⋆
Sum of distances with
noisy data using M-estimators
Sum of ℓ𝑧 distances to the
power of 𝑟 ⋆
Sum of ℓ𝑧 distances to the
power of 𝑟 with 𝑘 ≥ 1 outliers

‖𝑣‖1
‖𝑣‖1

𝑥
𝑥2

‖𝑝 − 𝑞‖2
‖𝑝 − 𝑞‖2

‖𝑣‖1

min {𝑥, 𝑇 }

‖𝑝 − 𝑞‖2

‖𝑣‖1
Sum of the 𝑛 − 𝑘
smallest entries of 𝑣

𝑥𝑟
𝑥𝑟

𝑖=1

⃦𝑟
⃦
⃦
⃦
𝑖=1 𝑅𝑝𝑖 − 𝑡 − 𝑞𝑚(𝑖) 𝑧
∑︁
⃦
⃦
⃦𝑅𝑝𝑖 − 𝑡 − 𝑞𝑚(𝑖) ⃦𝑟
𝑧

∑︀𝑛

‖𝑝 − 𝑞‖𝑧
‖𝑝 − 𝑞‖𝑧

is unique and easy to compute: 𝑡 is simply the vector connecting the two centers of mass of 𝑃 and 𝑄, and 𝑅 ∈ R𝑑×𝑑
can be computed using Singular Value Decomposition [14]
as described in [22]. There has been a long line of work
to handle this problem also in the presence of outliers; see
e.g., [6, 52, 49]. Many of those works are RANSAC-type
algorithms [12]. This paper gives the first provable nontrivial approximation algorithm for (1), while also handling
an even wider range of functions.
Registration. The registration problem does not assume
the correspondence between 𝑃 and 𝑄 is given, that is, we do
not know which point in 𝑄 matches 𝑝𝑖 ∈ 𝑃 . Therefore, besides the rigid motion, the correspondence needs also to be
extracted based solely on the two given point clouds, resulting in a much more complex problem with a large number
of local minima; see Fig. 1. Formally, it aims to minimize
𝑛
∑︁
(︀
)︀
ℓ 𝐷(𝑅𝑝𝑖 − 𝑡, 𝑞𝑚(𝑖) ) ,

Optimization Problem
cost(𝑃, 𝑄, (𝑅, 𝑡))
⃦
∑︀𝑛 ⃦
⃦𝑅𝑝𝑖 − 𝑡 − 𝑞𝑚(𝑖) ⃦
⃦
∑︀𝑛𝑖=1⃦
⃦𝑅𝑝𝑖 − 𝑡 − 𝑞𝑚(𝑖) ⃦2
𝑖=1
⃦ }︀
{︀⃦
∑︀𝑛
min ⃦𝑅𝑝𝑖 − 𝑡 − 𝑞𝑚(𝑖) ⃦ , 𝑇

Approximation
Factor
√
(1 + 2)𝑑
√ 2𝑑
(1 + 2)
√
(1 + 2)𝑑
𝑤𝑟 (1 +
𝑤𝑟 (1 +

√
√

Matching 𝑚
Necessary as
input?
No
No
No

2)𝑑𝑟

No

2)𝑑𝑟

Yes

𝑖∈𝑆⊂{1,··· ,𝑛},|𝑆|=𝑛−𝑘

corrupted input. A natural more general cost function would
be to pick e.g., ℓ(𝑥) = 𝑥𝑟 for 𝑟 > 0, which is more robust to
noise when 𝑟 ∈ (0, 1]. Alternatively, for handling outliers,
a more suitable function would be ℓ(𝑥) = min {𝑥, 𝑇 } for
some threshold 𝑇 > 0, or the common Tuckey or Huber
losses, or any other robust statistics function [17].
To completely ignore these (unknown) faulty subsets of
some paired data we may consider solving
∑︁
(︀
)︀
min
ℓ 𝐷(𝑅𝑝𝑖 − 𝑡, 𝑞𝑚(𝑖) ) , (3)
(𝑅,𝑡)

𝑖∈𝑆⊂{1,··· ,𝑛},|𝑆|=𝑛−𝑘

where 𝑘 ≤ 𝑛 is the number of outliers to ignore.
In this paper we suggest a general framework for provably approximating the global minimum of the alignment
and registration problems, including formulations (1)–(3).

1.1. Related Work
(2)

𝑖=1

over every alignment (𝑅, 𝑡) and correspondence function
𝑚 : {1, . . . , 𝑛} → {1, . . . , 𝑛}; see recent survey [41].
Here, a natural selection for ℓ is ℓ(𝑥) = 𝑥2 . The set 𝑄
here is assumed to be of size 𝑛 for simplicity only, but can
be of any different size.
Unlike (1), we do not know a provable approximation
to (2), even for ℓ(𝑥) = 𝑥2 . The most commonly used solution for this problem, both in academy and industry, is the
Iterative Closest Point (ICP) heuristic [4]. Our main contribution is a provable alternative to the ICP which approximates the global optimum of this harder problem.
More complex cost functions. When dealing with realworld data, noise and outliers are inevitable. One may thus
consider alternative cost functions, rather than the sum of
squared distances (SSD) above, due to its sensitivity to such

The most common method for solving the registration
problem in (2), for ℓ(𝑥) = 𝑥2 , is the ICP algorithm [7, 4].
The ICP is a local optimization technique, which alternates, until convergence, between solving the correspondence problem and the rigid alignment problem. Over the
years, many variants of the ICP algorithm have been suggested; see survey in [38] and references therein. However,
these methods usually converge to local and not global minimum if not initialized properly.
Estimation maximization approaches. To overcome
the ICP limitations, probabilistic methods have been suggested, making use of GMMs, treating one point set as the
GMM centroids, and the other as data points [18, 46, 8, 26,
29, 16, 5]. This category also includes the widely used Coherent Point Drift (CPD) method [31].
Learning-based approaches. Learning dedicated features for this task was shown to enhance the output alignment [45]. In [3], a deep learning model was combined
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with a modified version of the known Lukas & Kanade algorithm. Recently, an unsupervised deep learning based approach was proposed in [15].
Geometric and alternative approaches. Some works,
e.g., [1, 34, 2], utilize techniques from computational geometry to devise a solution. [1, 34] also provide provable
guarantees. Other results use a Branch and Bound scheme
to compute the global minimum [35, 10, 50]. The work [30]
tackles the problem using a smart indexing data organization. Some results use the Fourier domain [28], and use correlation of kernel density estimates (KDE) [42]. However,
the above methods scale poorly as the input size increases.
Common limitations. The previously mentioned methods share similar properties and either (i) support only the
simple sum of squared distances function or 𝑑 = 3, (ii)
they converge to a local minima due to bad initialization,
(iii) give optimality guarantees, if any, only on a sub-task of
the registration pipeline, and lack such guarantees relative
to the global optimum of the registration problem, (iv) their
convergence time is impractical or depends on the data itself, or (v) require a lot of training data. To our knowledge,
no provable approximation algorithms have been suggested
for tackling (2), even for ℓ(𝑥) = 𝑥.
Coresets. Some works suggest compressing the input
point clouds into a small subset with a provable bound on
the compression error. Existing and inefficient algorithms
can thus run much faster. An error-less compression was
suggested in [32] for the alignment problem; see more examples in [20]. While our method draw inspiration from the
approximation techniques used in developing coresets, our
paper suggests a “witness set”, and not a coreset.

1.2. Our Contribution
(i) A novel alignment algorithm that given a specific set of 𝑑
points from 𝑃 and corresponding 𝑑 points from 𝑄, which
we call a witness set, yields a provable constant factor approximation. We also prove that every input pair of point
clouds in R𝑑 admits such a witness set for all the versions
of the alignment and registration problem, including problems (1)–(3); see Theorem 1.
(ii) RANSAC-style algorithms for recovering such witness sets
for both the alignment and registration problems and their
variants e.g., (1)–(3). Extensive experimental results on
synthetic and real-world datasets demonstrate the effectiveness and accuracy of our suggested algorithms, as compared
to state of the art methods; see Section 3. The results show
that the approximation factor obtained in practice is much
smaller than the theoretically predicted factor. We provide
full open-source code for our algorithms [21].
(iii) A formal proof that running our suggested algorithms for
a polynomial number of iterations yields a provable constant factor approximation for the alignment and registra-

Figure 2: (Left): Two corresponding sets of points 𝑃 (in
blue) and 𝑄 (in red), where 𝑝1 and 𝑞1 have the smallest distance among all pairs. (Right): Translating 𝑃 by
𝑡 = 𝑝1 − 𝑞1 (i.e., 𝑝1 now intersects 𝑞1 ). By the triangle
inequality, each distance ‖𝑝𝑖 − 𝑡 − 𝑞𝑖 ‖ (green lines) is at
most 2 · ‖𝑝𝑖 − 𝑞𝑖 ‖ (blue lines).

Figure 3: (Top left): Two sets of corresponding points 𝑃 (in
blue) and 𝑄 (in red). (Top right): Rotating 𝑃 such that some
𝑝1 ∈ 𝑃 aligns with its corresponding 𝑞1 ∈ 𝑄. (Bottom left):
Projecting the rotated set 𝑃 and the set 𝑄 onto the plane
orthogonal to 𝑞1 . (Bottom right): Rotating the projected
𝑃 such that one of its points aligns with its corresponding
point from 𝑄. Observe that the initial aligned pair of points
(𝑝1 , 𝑞1 ) are not affected by the proceeding steps.
tion problems, including sum of distances to the power of
𝑟 > 0 and sum of M-estimators; see Theorems 3 and 5,
Table 1, and Algorithms 2 and 4.
(iv) A probabilistic linear time algorithm for solving the alignment problem, which also supports e.g., sum of Mestimators; see Algorithm 3 and Theorem 4.

1.3. Novel Technique: Witness Set
We now introduce our novel technique. We first assume
the correspondence between 𝑃 and 𝑄 is given. We then
generalize to the case with unknown correspondence.
Our main technical result is that for every corresponding ordered point sets 𝑃 = {𝑝1 , · · · , 𝑝𝑛 } , 𝑄 =
{𝑞1 , · · · , 𝑞𝑛 } ⊆ R𝑑 , every cost function cost which satisfies
some set of properties (see Definition 2), and every possible alignment (𝑅* , 𝑡* ), there is a subset of 𝑃 and a subset
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of 𝑄, both of size equal to the dimension 𝑑, which we call
a witness set. Using those subsets, our algorithm can determine an alignment (𝑅′ , 𝑡′ ), that approximates the cost of
(𝑅* , 𝑡* ), i.e., cost(𝑃, 𝑄, (𝑅′ , 𝑡′ )) ≤ 𝑐·cost(𝑃, 𝑄, (𝑅* , 𝑡* )),
for small constant 𝑐 > 0. Here, cost assigns a non-negative
value for every pair of input point sets and alignment, and
(𝑅* , 𝑡* ) can be the globally optimal (unknown) alignment.
For the sake of analysis only, we assume that (𝑅* , 𝑡* ) is
known beforehand. The proof assumes an initial position
of the point clouds where (𝑅* , 𝑡* ) has already been applied
to 𝑃 . It then applies a series of steps which alter this initial alignment (𝑅* , 𝑡* ), until a different alignment (𝑅′ , 𝑡′ )
is obtained, where a (witness) set of points from 𝑃 and 𝑄
satisfies a sufficient number of known constraints, making
it feasible (given this witness set) to recover (𝑅′ , 𝑡′ ). Each
step in this series is guaranteed to approximate the cost of its
preceding step. Hence, the cost of (𝑅′ , 𝑡′ ) approximates the
initial (optimal) cost of (𝑅* , 𝑡* ). The steps are as follows:
(i) Consider the set 𝑃 ′ obtained by applying the optimal (unknown) alignment (𝑅* , 𝑡* ) to 𝑃 . Now, consider the single corresponding pair of points 𝑝′ = 𝑅* 𝑝 − 𝑡* ∈ 𝑃 ′ and
𝑞 ∈ 𝑄 which have the closest distance ‖𝑝′ − 𝑞‖ between
them among all matched pairs. Using the triangle inequality, one can show that translating the set 𝑃 ′ by 𝑝′ −𝑞 (that is,
such that 𝑝′ now intersects 𝑞) would not increase the pairwise distances of the other pairs of points by more than a
multiplicative factor of 2; see Fig. 2. Hence, we proved the
existence of a translation 𝑡′ of 𝑃 ′ , where some 𝑝 ∈ 𝑃 intersects its corresponding 𝑞 ∈ 𝑄, and where the cost is larger
than the initial optimal cost by at most a constant factor.
Now, assume that 𝑝′ and 𝑞 are located at the origin.
(ii) Similarly, we prove there is a corresponding pair of points
𝑝′ ∈ 𝑃 ′ , 𝑞 ∈ 𝑄 such that aligning their direction vectors via
′
𝑞
, would increase the paira rotation 𝑅′ , i.e., 𝑅′ ‖𝑝𝑝′ ‖ = ‖𝑞‖
wise distances of the other pairs by at most a small factor.
𝑝′ and 𝑞 are the pair with the smallest angle between them.
(iii) We can repeat step (ii) above iteratively as follows: Find
such a pair (𝑝′ , 𝑞), align their direction vectors, project the
two sets of points onto the hyperplane orthogonal to the direction vector of 𝑞, and repeat at most 𝑑 − 2 times. Such
a projection insures that the next uncovered rotation will
maintain the alignment of (𝑝′ , 𝑞); see Fig. 3. Each such step
proves the existence of yet another corresponding pair of
points which contribute at least 1 constraint on 𝑅′ , without
damaging the cost by more than a constant factor. Hence,
there exist 𝑑 − 1 pairs of points which uniquely determine
our approximated rotation 𝑅′ . We call the 𝑑 (unknown)
pairs from the steps above a witness set. Given a witness
set, the approximated alignment (𝑅′ , 𝑡′ ) can be recovered.
Recovering such a witness set requires recovering 𝑑
points from 𝑃 (where 𝑑 is the dimension of 𝑃 ), which, us-

ing the known correspondence, uncover the 𝑑 corresponding points from 𝑄. When the correspondence is unknown,
the minor difference is that we need to recover 𝑑 points from
𝑃 as well as 𝑑 independent points from 𝑄; see Theorem 5.

2. Provable Approximations
We now prove the existence of a witness set for the alignment and registration problems and their variants presented
above. We then present algorithms that recover such a witness set for each of the problems. Due to lack of space, all
our proofs are placed in the supplementary material.
Notation. We denote [𝑛] = {1, · · · , 𝑛} for any integer 𝑛 ≥ 1. We assume every vector is a column vector.
Let SO(𝑑) be the set of all rotation matrices in R𝑑 . For
𝑡 ∈ R𝑑 and 𝑅 ∈ SO(𝑑), the pair (𝑅, 𝑡) is called an alignment. We define A LIGNMENTS(𝑑) to be the union of all
possible 𝑑-dimensional alignments. A correspondence (or
matching) function is simply a function 𝑚 : [𝑛] → [𝑛].
For a correspondence function 𝑚{︀and an ordered set}︀𝑃 =
{𝑝1 , · · · , 𝑝𝑛 }, we define 𝑃[𝑚] = 𝑝𝑚(1) , · · · , 𝑝𝑚(𝑛) as a
new ordered set obtained from 𝑃 after reordering its elements according to 𝑚.

2.1. Existence of a Witness Set
In what follows we present our main alignment algorithm and our main technical result; see Algorithm 1 and
Theorem 1. Theorem 1 proves the existence of some witness set that, when plugged into Algorithm 1, produces an
alignment with some provable guarantees.
Overview of Algorithm 1. Algorithm 1 gets as input
two sets {𝑝1 , · · · , 𝑝𝑑 } and {𝑞1 , · · · , 𝑞𝑑 } in R𝑑 , and implements the scheme described in Section 1.3. At Line 1,
we translate both sets so that 𝑝𝑑 and 𝑞𝑑 intersect at the
origin. At Line 4 we compute a rotation matrix 𝑆 that
aligns the directions of 𝑝1 and 𝑞1 . In Lines 5– 6 we compute an orthogonal matrix 𝑊 whose column space spans
the (𝑑 − 1)-dimensional subspace 𝜋 orthogonal to 𝑞1 and
project 𝑆𝑝2 , · · · , 𝑆𝑝𝑑 , 𝑞2 , · · · , 𝑞𝑑 onto 𝜋, and repeat 𝑑 − 1
times. Hence, at the 𝑖’th iteration, we compute a rotation 𝑆 that aligns the directions of 𝑝𝑖 (after 𝑖 − 1 rotations and projections) and 𝑞𝑖 (after 𝑖 − 1 projections),
but also maintains the alignment of the previously aligned
pairs (𝑝1 , 𝑞1 ), · · · , (𝑝𝑖−1 , 𝑞𝑖−1 ). Such a matrix exists since
𝑝𝑖 , · · · , 𝑝𝑑 , 𝑞𝑖 , · · · , 𝑞𝑑 are, by construction, orthogonal to
𝑝1 , · · · , 𝑝𝑖−1 , 𝑞1 , · · · , 𝑞𝑖−1 ; see Fig. 3. We output an alignment which replicates the composition of the steps above.
Overview of Theorem 1. Consider 𝑃 = {𝑝1 , · · · , 𝑝𝑛 }
and 𝑄 = {𝑞1 , · · · , 𝑞𝑛 } and any variant of either the alignment or registration problems, e.g., (1)–(3). Now, assume
that (𝑅* , 𝑡* ) and 𝑚* are respectively the globally optimal
alignment and correspondence function for the task at hand.
Observe that, in the alignment problem, 𝑚* is given as input. Theorem 1 proves the existence of a set of 𝑑 points
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Algorithm 1: A LIGN({𝑝1 , · · · , 𝑝𝑑 } , {𝑞1 , · · · , 𝑞𝑑 })
Input : Two sets of points that each spans a 𝑑 − 1
dimensional subspace in R𝑑 .
Output: An alignment (𝑅, 𝑡); see Theorem 1
1 𝑝𝑖 := 𝑝𝑖 − 𝑝𝑑 and 𝑞𝑖 := 𝑞𝑖 − 𝑞𝑑 for every 𝑖 ∈ [𝑑]
𝑑
2 𝑅 := the identity matrix in R
3 for every 𝑧 ∈ [𝑑 − 1] do
4
𝑆 := an arbitrary rotation matrix that satisfies
𝑆𝑝𝑧
𝑞𝑧
‖𝑝𝑧 ‖ = ‖𝑞𝑧 ‖ , and 𝑆𝑝𝑖 = 𝑝𝑖 for every 𝑖 ∈ [𝑧 − 1].
5

6

7
8
9
10

𝑊 := an arbitrary matrix in R𝑑×(𝑑−1) such that
[︀
]︀
𝑊 | ‖𝑞𝑞𝑧𝑧 ‖ ∈ R𝑑×𝑑 forms a basis of R𝑑 .
𝑝𝑖 := 𝑊 𝑊 𝑇 𝑆𝑝𝑖 and 𝑞𝑖 := 𝑊 𝑊 𝑇 𝑞𝑖 , for every
𝑖 ∈ [𝑑] ∖ [𝑧]
𝑝𝑧 := 𝑆𝑝𝑧
𝑅 := 𝑆𝑅
𝑡 := 𝑅𝑝𝑑 − 𝑞𝑑
return (𝑅, 𝑡)

from 𝑃 and 𝑑 points from 𝑄 that, when plugged into Algorithm 1, produce an alignment (𝑅, 𝑡) which guarantees:
⃦
⃦
⃦
⃦
⃦𝑅𝑝𝑖 − 𝑡 − 𝑞𝑚* (𝑖) ⃦ ≤ 𝜎·⃦𝑅* 𝑝𝑖 − 𝑡* − 𝑞𝑚* (𝑖) ⃦ , ∀𝑖 ∈ [𝑛]
for some small 𝜎 ≥ 1. For 𝑑 = 3 the constant is 𝜎 < 15. In
other words, using (𝑅, 𝑡) we can approximate each of the 𝑛
pairwise distances of the optimal alignment (𝑅* , 𝑡* ). In the
registration problem, 𝑚* can be recovered afterwards, e.g.,
via nearest neighbour algorithm. Theorem 1 thus successfully decouples the two problems of recovering the alignment and recovering the correspondence function.
Theorem 1 (Witness sets). Let 𝑃 = {𝑝1 , · · · , 𝑝𝑛 } and 𝑄 =
{𝑞1 , · · · , 𝑞𝑛 } be two ordered sets each of 𝑛 points in R𝑑 .
Then, for every alignment (𝑅* , 𝑡* ) and matching function
𝑚* , there exist 𝑃 ′ ⊆ 𝑃 and 𝑄′ ⊆ 𝑄 of size |𝑃 ′ | = |𝑄′ | =
𝑑 such that the output (𝑅, 𝑡) of the call A LIGN(𝑃 ′ , 𝑄′ ) to
Algorithm 1 satisfies the following for every 𝑖 ∈ [𝑛]:
√
⃦
⃦
⃦
⃦
⃦𝑅𝑝𝑖 − 𝑡 − 𝑞𝑚* (𝑖) ⃦ ≤ (1 + 2)𝑑 · ⃦𝑅* 𝑝𝑖 − 𝑡* − 𝑞𝑚* (𝑖) ⃦
Furthermore, (𝑅, 𝑡) is computed in 𝑂(𝑑3 ) time.
In Section 2.2 we prove that individually approximating
the pairwise distances, as in Theorem 1, implies an immediate approximation to a wide range of cost functions.
While Theorem 1 guarantees the existence of at least one
such witness set, empirically we have observed that many
subsets of 𝑃 and 𝑄 serve as good witness sets, in the sense
that they produce approximation factors smaller than predicted in the theorem. Those factors are usually even close
to 1. Hence, in Sections 2.3– 2.4 we apply RANSAC-type
algorithms to recover a witness set. Theorem 1 also implies

that running the suggested algorithms for a sufficient number of iterations produces a guaranteed constant factor approximation to the global optimum of the problems at hand.

2.2. Generalization
In what follows we define a wide family of cost functions which this work tackles, including the cost functions
in (1)–(3). We then show that the approximation guarantees obtained in Theorem 1 suffice to approximate each such
cost function; See Table 1 for examples. In what follows,
for 𝑟 > 0, an 𝑟-log-Lipschitz function is a function that, in
every dimension individually, may be large but cannot increase too rapidly (in a rate that depends on 𝑟); see formal
definition in Section B at the appendix.
Definition 2 (Cost function). Let 𝑃 = {𝑝1 , · · · , 𝑝𝑛 } ⊆ R𝑑
and 𝑄 = {𝑞1 , · · · , 𝑞𝑛 } ⊆ R𝑑 . Let 𝐷 : R𝑑 × R𝑑 → [0, ∞)
be a function that assigns a non-negative weight for each
pair of points in R𝑑 , ℓ : [0, ∞) → [0, ∞) be an 𝑟-logLipschitz function and 𝑓 : [0, ∞)𝑛 → [0, ∞) be an 𝑠-logLipschitz function. Let (𝑅, 𝑡) be an alignment. We define
cost(𝑃, 𝑄, (𝑅, 𝑡))
= 𝑓 (ℓ (𝐷 (𝑅𝑝1 − 𝑡, 𝑞1 )) , · · · , ℓ (𝐷 (𝑅𝑝𝑛 − 𝑡, 𝑞𝑛 ))) .
From pairwise distances to complex cost functions.
Observation 5 in [19] (see Section B in the appendix) states
that in order to approximate a given cost function from Definition 2, relative to the globally optimal alignment and correspondence (𝑅* , 𝑡* ) and 𝑚* respectively, it is sufficient
to approximate,
simultaneously,
each of the pairwise dis⃦
⃦
tances ⃦𝑅* 𝑝𝑖 − 𝑡* − 𝑞𝑚* (𝑖) ⃦ for every 𝑖 ∈ [𝑛]. By Theorem 1, there exists a witness set which provides the desired
approximation for the above pairwise distances. Combining the above yields a provable approximation for any cost
function from Definition 2. It is only left to recover a designated witness set, which is the goal of Sections 2.3 and 2.4.

2.3. Approximations for the Alignment Problem
We now provide an algorithm which computes a provable approximation for the alignment problem (1) and its
variants, i.e., when the matching between 𝑃 and 𝑄 is given.
This is by recovering a designated witness set.
Overview of Algorithm 2. Using Theorem 1 and assuming the matching between 𝑃 and 𝑄 is given, one can construct a RANSAC-type algorithm that iterates over 𝛾 subsets of 𝑃 and 𝑄 of size 𝑑, applies Algorithm 1 to each two
such corresponding subsets to obtain a candidate alignment,
and returns the alignment that minimizes the cost function
at hand. Algorithm 2 implements the scheme above.
Theorem 3. Let 𝑃 and 𝑄 be two ordered sets of 𝑛 points
1
1
in R𝑑 , 𝛾 ∈ Ω(𝑛𝑑 ), 𝑧 > 0, and 𝑤 = 𝑑| 𝑧 − 2 | . Let
cost, 𝑟 and 𝑠 be as defined in Definition 2 for 𝐷(𝑝, 𝑞) =
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Algorithm 2: A PPROX -A LIGNMENT(𝑃, 𝑄, 𝛾, cost)
𝑑

1
2

3
4

5
6

𝑑

Input : A pair of sets 𝑃 ⊆ R and 𝑄 ⊆ R , number
of iterations 𝛾 > 0, and a cost function.
Output: An alignment (𝑅, 𝑡); see Theorem 3
𝑀 := ∅.
𝐼 := randomly sample, with no repetition, a set of 𝛾
tuples of 𝑑 distinct indices from [𝑛]. // |𝐼| = 𝛾
for every (𝑖1 , · · · , 𝑖𝑑 ) ∈ 𝐼 do
(𝑅′ , 𝑡′ ) :=
A LIGN({𝑝𝑖1 , · · · , 𝑝𝑖𝑑 } , {𝑞𝑖1 , · · · , 𝑞𝑖𝑑 })
// see Algorithm 1
𝑀 := 𝑀 ∪ {(𝑅′ , 𝑡′ )}
(𝑅, 𝑡) ∈ arg min cost (𝑃, 𝑄, (𝑅′ , 𝑡′ ))
(𝑅′ ,𝑡′ )∈𝑀

7

Algorithm 3: P ROB -A LIGN(𝑃, 𝑄, 𝑟)
Input : A pair of sets 𝑃 = {𝑝1 , · · · , 𝑝𝑛 } and
𝑄 = {𝑞1 , · · · , 𝑞𝑛 } in R𝑑 and 𝑟 > 0.
Output: A rotation matrix; see Theorem 4
1 Sample an index 𝑘 ∈ [𝑛] uniformly at random
2 𝑝 := 𝑝 − 𝑝𝑘 for every 𝑝 ∈ 𝑃
3 𝑞 := 𝑞 − 𝑞𝑘 for every 𝑞 ∈ 𝑄
4 𝐽 := {𝑘} and 𝑅 := the 𝑑-dimensional identity matrix
5 for every 𝑧 ∈ [𝑑 − 1] do
𝑟
6
𝑤𝑖 := ∑︀ ‖𝑝𝑖 ‖‖𝑝𝑗 ‖𝑟 for every 𝑖 ∈ [𝑛].
𝑗∈[𝑛]

7

8

return (𝑅, 𝑡)
9

‖𝑝 − 𝑞‖𝑧 . Let (𝑅, 𝑡) be the output of a call to A PPROX 10
A LIGNMENT(𝑃, 𝑄, 𝛾, cost); See Algorithm 2. Then,
11
√
12
′ ′
cost(𝑃, 𝑄, (𝑅, 𝑡)) ≤ 𝑤𝑟𝑠 ·(1+ 2)𝑑𝑟𝑠 · min
cost(𝑃,
𝑄,
(𝑅
,
𝑡
)),
13
′ ′
(𝑅 ,𝑡 )

14

where the minimum is over every (𝑅′ , 𝑡′ ) ∈ A LIGNMENTS.
Moreover, (𝑅, 𝑡) is computed in 𝑛𝑂(𝑑) time.
2.3.1

15
16

Randomly sample an index 𝑗 ∈ [𝑛] ∖ 𝐽, where
𝑗 = 𝑖 with probability 𝑤𝑖 .
𝑆 := an arbitrary rotation matrix that satisfies
𝑞𝑗
𝑆𝑝𝑗
‖𝑝𝑗 ‖ = ‖𝑞𝑗 ‖ and 𝑆𝑝𝑖 = 𝑝𝑖 for every 𝑖 ∈ 𝐽.
𝑊[︀ := a matrix
in R𝑑×(𝑑−1) such that
𝑞𝑗 ]︀
𝑊 | ‖𝑞𝑗 ‖ ∈ R𝑑×𝑑 forms a basis of R𝑑 .
𝐽 := 𝐽 ∪ {𝑗}
𝑝 := 𝑆𝑝 for every 𝑝 ∈ 𝑃
𝑝 := 𝑊 𝑊 𝑇 𝑝 for every 𝑝 ∈ 𝑃 ∖ {𝑝𝑖 | 𝑖 ∈ 𝐽}
𝑞 := 𝑊 𝑊 𝑇 𝑞 for every 𝑞 ∈ 𝑄 ∖ {𝑞𝑖 | 𝑖 ∈ 𝐽}
𝑅 := 𝑆𝑅
𝑡 := 𝑅𝑝𝑘 − 𝑞𝑘
return (𝑅, 𝑡)

Run-Time Improvement

We now propose a randomized algorithm (see Algorithm 3)
with the same goal as Algorithm 1, that succeeds with constant probability. By running this algorithm for a constant
number of times, we can recover an alignment that, with
probability approaching 1, has the same guarantees as the
output of Algorithm 2. However, this new randomized algorithm requires linear, rather than polynomial, time.
Overview of Algorithm 3. Unlike Algorithm 1, which
expects to receive a witness set as input, Algorithm 3 takes
as input two full point clouds, and internally identifies a
potential witness set. Intuitively, points in 𝑃 with larger
norm negatively affect our cost function more than points of
smaller norm, when misaligned properly; see Fig. 11 at the
appendix. Algorithm 3 thus samples a pair of corresponding
points (𝑝, 𝑞) with probability that depends on the norm of
𝑝 and rotates 𝑃 to align the direction vectors of 𝑝 and 𝑞.
Then, similarly to Algorithm 1, it projects the sets onto the
hyperplane orthogonal to 𝑞 and repeats.
Theorem 4. Let 𝑃 and 𝑄 be two ordered sets of 𝑛 points in
R𝑑 and 𝑧 > 0. Let cost be as in Definition 2 for 𝑓 = ‖𝑣‖1 ,
some 𝑟-log Lipschitz function ℓ and 𝐷(𝑝, 𝑞) = ‖𝑝 − 𝑞‖𝑧 .
Let (𝑅, 𝑡) be an output of a call to P ROB -A LIGN(𝑃, 𝑄, 𝑟);
see Algorithm 3. Then, with probability at least 21𝑑 ,
cost(𝑃, 𝑄, (𝑅, 𝑡)) ≤ 𝜎·

min

(𝑅′ ,𝑡′ )∈A LIGNMENTS(𝑑)

for a constant 𝜎 that depends on 𝑑 and 𝑟. Furthermore,
(𝑅, 𝑡) is computed in 𝑂(𝑛𝑑3 ) time.
Success probability. For the usual case of 𝑑 = 3, the
success probability of Algorithm 3 is at least 1/8. Hence,
repeating Algorithm 3 for less than 6 repetitions amplifies
the success probability in Theorem 4 to more than 1/2.

2.4. Approximations for the Registration Problem
As explained in Section 1.3, a witness set from 𝑃 and 𝑄
also exists in the much harder variant where the matching
between 𝑃 and 𝑄 is unknown. We now provide an algorithm that, for any given variant of the registration problem,
can recover a witness set. The formal statement is given in
Theorem 5, which is one of our main contributions.
Overview of Algorithm 4. Unlike Algorithm 2 which
samples 𝑑 indices used to index both 𝑃 and a 𝑄, we now
have to independently sample 𝑑 indices for points in 𝑃 as
well as 𝑑 indices for points in 𝑄. Furthermore, we need to
compute the nearest neighbour matching for every candidate alignment returned by Algorithm 1, before evaluating
the cost function. Algorithm 4 applies the above scheme 𝛾
times and returns the alignment and matching function that
minimize the given cost function.

Theorem 5. Let 𝑃 = {𝑝1 , · · · , 𝑝𝑛 }, 𝑄 = {𝑞1 , · · · , 𝑞𝑛 } be
cost(𝑃, 𝑄, (𝑅′ , 𝑡′ )), two ordered sets of 𝑛 points in R𝑑 , 𝛾 ∈ Ω(𝑛2𝑑 ), 𝑧 > 0,
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Algorithm 4: A LIGN - AND -M ATCH(𝑃, 𝑄, 𝛾, cost)

6

Input : A pair of sets 𝑃 ⊆ R𝑑 and 𝑄 ⊆ R𝑑 , number
of iterations 𝛾 > 0, and a cost function.
Output: An alignment and a matching function; see
Theorem 5
𝑀 := ∅.
𝐼 := randomly sample, with no repetition, a set of 𝛾
tuples of 2𝑑 indices (𝑖1 , · · · , 𝑖𝑑 , 𝑗1 , · · · , 𝑗𝑑 ) from
[𝑛], such that 𝑖1 , · · · , 𝑖𝑑 are distinct and
𝑗1 , · · · , 𝑗𝑑 are distinct. // |𝐼| = 𝛾
for every (𝑖1 , · · · , 𝑖𝑑 , 𝑗1 , · · · , 𝑗𝑑 ) ∈ 𝐼 do
(𝑅′ , 𝑡′ ) :=
A LIGN({𝑝𝑖1 , · · · , 𝑝𝑖𝑑 } , {𝑞𝑗1 , · · · , 𝑞𝑗𝑑 })
// see Algorithm 1
𝑀 := 𝑀 ∪ {(𝑅′ , 𝑡′ , NN(𝑃, 𝑄, (𝑅′ , 𝑡′ )))}
/* NN(𝑃, 𝑄, (𝑅, 𝑡)) is the nearest
neighbour matching between 𝑄,
and 𝑃 after applying (𝑅, 𝑡).
/
(︀
)︀ *
˜ 𝑡˜, 𝑚)
(𝑅,
˜ ∈ arg min cost 𝑃[𝑚′ ] , 𝑄, (𝑅′ , 𝑡′ ) .

7

˜ 𝑡˜, 𝑚)
return (𝑅,
˜

1
2

3
4

5

(𝑅′ ,𝑡′ ,𝑚′ )∈𝑀

1
1
and 𝑤 = 𝑑| 𝑧 − 2 | . Let cost and 𝑟 be as in Definition 2
˜ 𝑡˜, 𝑚)
for 𝐷 = ‖𝑝 − 𝑞‖𝑧 and 𝑓 (𝑣) = ‖𝑣‖1 . Let (𝑅,
˜ be the
output of a call to A LIGN - AND -M ATCH
(𝑃,
𝑄,
𝛾,
cost);
See
√
Algorithm 4. Then, for 𝑐 = 𝑤𝑟 (1 + 2)𝑑𝑟 , we have

(︁
)︁
(︀
)︀
˜ ˜
cost 𝑃[𝑚]
˜ , 𝑄, (𝑅, 𝑡) ≤ 𝑐 · min cost 𝑃[𝑚] , 𝑄, (𝑅, 𝑡) ,
(𝑅,𝑡,𝑚)

where the minimum is over every alignment (𝑅, 𝑡) and per˜ 𝑡˜, 𝑚)
mutation 𝑚. Moreover, (𝑅,
˜ is computed in 𝑛𝑂(𝑑) time.
Substituting 𝑧 = 𝑟 = 2 in Theorem 5 yields a provable
approximated alternative to ICP.
Comparison to RANSAC. RANSAC has some similarity to Algorithms 2 and 4 above in the sense that they both
randomly sample points from 𝑃 and 𝑄. However, while
RANSAC recovers a candidate alignment via common least
squares on such candidate 𝑑 pairs (see Section 1), our algorithms utilize a novel method (Algorithm 1) which is not
necessarily optimal for those 𝑑 pairs, but will be (almost)
globally optimal for the overall cost of all the 𝑛 pairs. In
theory, unlike our algorithms, RANSAC does not guarantee
global optimality; see comparison in Section 3.1.
Our approximation constants. While the approximation constants in Theorems 3- 5 above might seem large,
they are only roughly < 14 in the pessimistic worst-case
theory, they are smaller than 2 in practice, and can be obtained much faster than the suggested time; see Section 3.

3. Experimental Results
We now apply our algorithms to solve either the alignment or the registration problems. Additional experiments
on real-world scans from the SUN3D dataset [48] are placed
in Section F at the appendix.
Datasets. We used the Bunny, Armadillo, and Asian
Dragon models from the Stanford 3D scanning repository [9, 23, 43]. Those models were scaled to [−0.5, 0.5]3
due to the constraints of some competing methods (e.g.,
GO-ICP). We also used a synthetic dataset comprising uniformly sampled 𝑑-dimensional points in [−0.5, 0.5]𝑑 .
Generating 𝑃 and 𝑄. In all experiments, given some
data model (real or synthetic), we uniformly sample 𝑛
points named 𝑄. An alignment (𝑅, 𝑡) is generated, where
𝑡 is uniformly sampled such that ‖𝑡‖ ≤ 0.1 and 𝑅 rotates
the data around each axis by an angle uniformly sampled
from [−𝜋, 𝜋]. 𝑃 is then obtained by applying (𝑅, 𝑡) to 𝑄
and adding Gaussian noise with zero mean and 𝜎 2 variance.
In Section 3.2 we also apply a random shuffle to 𝑃 .
Evaluation. We present two evaluation metrics: (i)
The value of the minimized cost function itself, e.g., the
value of (1) or (3). If not given, the optimal correspondence is trivially computed, after applying (𝑅, 𝑡) to 𝑃 ,
via
neighbor.
(ii) Rotation and translation errors:
⃦ 𝑇nearest
⃦
⃦𝑅 𝑅* − 𝐼 ⃦ and ‖𝑡 − 𝑡* ‖ , where (𝑅* , 𝑡* ) and (𝑅, 𝑡)
2
𝐹
are the ground truth and the recovered alignments, respectively. Every experiment in this section was conducted 20
times and averaged. The variance is presented in the graphs.

3.1. Alignment Experiments
Here, we assume the correspondences function is given.
We applied three algorithms: (i) P-RANSAC: Provable
RANSAC - an implementation in Python of Algorithm 2,
(ii) RANSAC: A RANSAC scheme equipped with the common least squares solution to recover an alignment, and (iii)
TEASER++: The state of the art TEASER++ [49].
In Fig. 4 we compare the algorithms above, and in Fig. 5
we demonstrate P-RANSAC’s fast recovery of an alignment
with an approximation constant close to 1, even in high
dimensions. In the latter test, the ground truth solution
(𝑅* , 𝑡* ) is computed via SVD as explained in Section 1.1.
Discussion. Fig. 4 demonstrates that Algorithm 2 outperforms state of the art methods, in multiple common metrics. Fig. 5 shows that it suffices for our algorithm, in practice, to sample roughly 40 subsets (in 𝑑 = 3) until an error
of at most x1.5 the globally minimal cost is obtained. Furthermore, recall that Algorithm 3 provides a probabilistic
alternative for Algorithm 2, by reducing number of iterations in the cost of larger approximation constants. However, Algorithm 2 was sufficient in practice as it produced
very small approximation constants in very few iterations.
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Figure 4: The Bunny model, 𝑛 = 2000 points and 𝜎 2 =
0.009 noise variance were used. The cost in our algorithm
2
was SSD with M-estimator min{‖𝑝 − 𝑞‖ , 1}. The inliers
cost is the mean error over the ground truth inlier pairs.

Figure 5: The approximation quality 𝛼 (the cost of
P-RANSAC divided by the ground truth) as a function of
the number of iteration 𝛾. (Left): Bunny, Armadillo, and
Asian Dragon models. The obtained alignment is also visualized. (Right): Synthetic data. In both figures 𝑛 = 2500
and 𝜎 2 = 0.01. The cost in our algorithm was the SSD.

3.2. Registration Experiments
In this section we compared the following algorithms:
(i) ICP(𝑃, 𝑄) - An implementation of the ICP algorithm [7]. (ii) P-ICP(𝑃, 𝑄, 𝛾, cost) - Provable ICP; A parallelized implementation in Python of Algorithm 4. (iii)
P-ICP-Refined(𝑃, 𝑄, 𝛾, cost) - Applying the output
alignment of P-ICP to the set 𝑃 , then refining the alignment via single ICP run, on 𝑄 and the transformed 𝑃 . As
the ICP is guaranteed to converge to a local minimum, it can
only help reduce the cost of our (approximately optimal)
output result to the closest (hopefully global) minimum. (iv)
CPD(𝑃, 𝑄) - The Coherent Point Drift algorithm [31]. (v)
GO-ICP(𝑃, 𝑄) - The common ICP variant [50].
We tested multiple cost functions. Fig. 6 and Fig. 7
present the results for noisy input data, and data containing
outliers respectively. Visual comparison is shown in Fig. 1.

Figure 6: Armadillo model with 𝜎 2 = 0.01 noise variance.
The SSD cost function was used in our algorithms. The
test was executed on the AWS platform, on a c5a.8xlarge
machine with 32 CPUs.

Figure 7: Robustness to outliers using the Armadillo model.
𝑛 = 800 was used. Noise with variance 𝜎 2 = 1 was added
to 𝑘 percentage of the points in 𝑃 , which are considered
2
as outliers. The SSD with M-estimator min{‖𝑝 − 𝑞‖ , 0.2}
was used in our algorithms. The computational time was
roughly constant for each method for all tested 𝑘 values,
and is presented in Fig. 6 at 𝑛 = 800.
Discussion. Fig. 6 demonstrates the accuracy of our algorithms, which yield an error smaller by x2-x10 than other
methods, while also being among the fastest. Fig. 7 and 1
demonstrate our robustness to outliers in practice, due to
our provable approximation to M-estimators cost functions.

4. Conclusions, Limitations, and Future Work
We present provable and practical non-trivial approximation algorithms for the alignment and registration problems
and their hard variants. The algorithms rely on our proof
that a witness set, which determines an approximated alignment, exists for both problems. Experiments show that our
algorithms are efficient in practice, produce smaller errors,
and are more stable than competing methods. The main
limitation of our algorithm is their high running-time dependency on the dimension 𝑑. However, fortunately, for most
applications 𝑑 is a small constant. Future work includes: (i)
generalizing to the non-rigid registration problem, and (ii)
fast recovery of a witness set via deep learning.
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