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In this document we recall the most relevant equations related to our formulation, and we show how they look like on
some examples, where we also analyze the output of our algorithm (Sec. 1). In addition, we report some visualization of the
real experiments reported in the main paper (Sec. 2).

1. Examples

Let G = (V, &) be a graph with n vertices and m edges, and let ci,...,c, € R* be n generic camera centres (e.g.,
sampled at random). Recall that sampling centres at random permits to check solvability in a generic sense, namely with
cameras in a generic position, hence relying on the graph structure only. This is a standard procedure in solvability theory
(see [7, 1]). Of course, there is a very small chance (with probability 0) to sample a degenerate configuration.

Let £(G) = (V, £) denote the line graph associated with G. Viewing graph solvability [7] can be expressed as the problem
of (uniquely) recovering an unknown matrix G € G L(4, R) for each node 7 € V, in addition to an unknown vector v, € R*
and an unknown scale a.,, € R for each edge (7,v) € &, such that the following equation holds for all the edges in £(G):

GTG;:L = Z‘I’U (l)

where
ZT'U = a'rle + Civ-,-—ru- (2)

Recall that the index ¢ of the camera is defined as {i}=7Nwv.

As shown in the main paper, the above system of equations can be equivalently expressed in terms of cycle consistency.
Specifically, a fundamental cycle basis [4] (or, more generally, a cycle consistency basis [3]) for the line graph is considered,
which is denoted by {C1,...,Ci}, and equations of the following form are built for each cycle {71, 72, 73,...,7¢, 71} in the
basis:

Zrirg Doy Zryey = 1y 3)

By exploiting a suitable a change of variables, Eq. (3) rewrites:
WiirsWeyrg - - Wopry = bl )
where by, € R, is an unknown scale, u,,, € R* is an unknown vector and W, is defined by the following expression:
Wy = Iy + ciul. (5)
Finally, recall that an auxiliary equation of the following form is also considered for each edge in the line graph:
Zrpdet(Iy +cu),) +1=0 (6)

where z,,, € R is an auxiliary variable. Equation (6) has the effect of automatically discarding non-invertible matrices and
null scales from the solution set of our problem.

Hereafter, for a given edge (7,v) € £ in the line graph — which corresponds to two adjacent edges in the original graph
(.e., 7= (h,i)e Eand v = (4, ) € £) — we will use the triplet (h, ¢, j) instead of (7, v) for simplicity of exposition.



Example 1 (Non-solvable graph with infinite number of solutions). Suppose that G is a cycle of length 4, represented in
Fig. 1. Let c1, ca, c3, ¢4 € R* represent known (generic) camera centres. Equation (1) rewrites

G12G;31 = a3y + CQV—1|—23
G23G541 = o341y + C3V3—34 )
G34G211 = agqls + C4Vér41
G41G1_21 = aq12l4 + cleQ
where the following variables are unknown
Glg, Ggg, G34, G41 € GL(4)
@123, 234, A341, A412 € R 3)

4
V123, V234, V341, V412 € R™.

The line graph consists of a single cycle (of length 4), which is also a fundamental cycle basis (associated, e.g., with the
spanning tree 7 = {(12,23), (23, 34), (34,41)}), as shown in Fig. 1. Equation (3) rewrites

I = (a19314 + cavieg) - (a23als + €3Vasy) - (azar s + €4vigy) - (asi2ly + €1vyy) 9)

where the following variables are unknown

@123, 234, G341, @412 € R

(10)
V123, Va3, Va1, Vai2 € R
Equation (4) rewrites
bly = (I + cQuI%) (g + C3u534) (g + c4ug41) (g + cluLQ) an
where the following variables are unknown
beR
#0 (12)

4
U123, U234, U341, Ug12 € R™.

Observe that Eq. (11) involves less unknowns than (9), which in turn involves less unknowns than (7), as already observed in
the main paper. Finally, the auxiliary equations given in (6) become

2123 det + CQuI

T
234

T

(14
2934 det(I + c3u (13)
2341 det([ + cqugyy

(14

e — — —

Z412 det + C1u412

where 2123, 2234, 2341, 2412 € R are unknown.
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Figure 1: Non-solvable viewing graph with 4 vertices (left) and corresponding line graph (middle), where edges are oriented arbitrarily.
Colors clarify correspondences between edges in the line graph and vertices in the original graph. On the right a spanning tree is reported,
where the root is coloured in black and the only non-tree edge is drawn with a dashed arrow.



The fact that the graph in Fig. | is not solvable can be easily deduced by counting the number of edges: the necessary
condition m > (11n — 15)/7 is not satisfied here (see [7]). However, it is useful to analyze the output of our algorithm
on this simple example. Specifically, Fig. 2 shows the generators of the Grobner basis [2] associated with the polynomial
system in Eq. (11) and (13), for a specific configuration of camera centers (sampled at random). Such generators encode a
set of equations which is equivalent to the original system but at the same time it is much simpler. Let us consider the last
generator (i.e. z_2z_3 — 1 = 0): note that the product of z_2 and z_3 is fixed (it is equal to 1), but there is an infinite number
of solutions that satisfy such equation. Observe also that the remaining variables are uniquely determined — given z_2 and
z_3 — as all other equations are linear and they involve one unknown at a time (in addition to z_2 or z_3).

2_1-z_3, z_B-z_2, u_15-559z_2-559, u_14-18B3Bz_3-18838, u_13+7287z_2+7287, u_12-T283z_3-T283, u_11+7762z_2+7762, u_18-122087z_3-12207,
u_0-12548z_2-12548, u_8-734Bz_3-7348, u_7-14623z_2-14623, u_6-6734z_3-6734, u_5+11215z_2+11215, u_4-2201z_3-2201, u_3-4301z_2-4301,

u_2+14484z 3+14484, u_1+11757z_2+11757, u_@-11483z_3-11403, b_@+z_3, z_ 2z 3-1

Figure 2: Grobner basis associated with the polynomial system in Eq. (11) and (13), for a specific set of camera centres. For coherence
with our Macaulay2 implementation, here variables are linearly (0-based) indexed. Each term represents a polynomial which should be
equal to zero for the sought solution(s).

Example 2 (Non-solvable graph with finite number of solutions). The previous example refers to a non-solvable graph
with an infinite number of solutions. We now consider an example of a non-solvable graph where the number of solutions
is finite but strictly greater than one. Specifically, let us consider the graph with 9 nodes reported in Fig. 5 (left) of the
main paper. Our algorithm computed two solutions on this example, meaning that the graph is not solvable. Since a lot of
variables are involved here, we do not explicitly write all the equations for this example, but we only analyze the associated
Grobner basis obtained for a specific configuration of random cameras (see Fig. 3). Let us consider the last generator (i.e.,
22072 — 4598z _20 — 4599 = 0): observe that it defines an equation of degree two in one unknown. Observe also that
all other equations are linear and they involve one unknown at a time (in addition to z_20). Since we know that one of the
solutions is z_20 = —1, we see that the other solution for z_20 has to be real as well (namely z_20 = 4599). Thus, all other
variables have to be real too, since they are linear functions of z_20. Hence, the whole polynomial system admits two distinct
real solutions.

z_19+12604z_20+126@5, z_18-11727z_20-11726, z_17+B94z_20+805, z_16-z_2@, z_15-3343z_20-3342, z_14+B94z_20+895, z_13+11565z_20+11566,
2_12-137912_20-13790, z_11+B203z_20+8284, z_10-85227_20-8521, z_0+7215z_20+7216, z_8-1877z_20-1876, z_7-11118z_20-11117, z_6-7063z_20-7062,
z_5-7412z_20-7411, z_4+84372_20+8438, z_3+1796z_20+1797, z_2+5030z_20+5031, z_1-284Bz_20-2847, z_@-9253z_20-9252, u_B3-B414z_20-8414,
u_B2+10987z_20+18987, u_B1-3019z_20-3010, u_B@+373z_20+073, u_79-18847z_20-10B47, u_7B-5300z_20-5308, u_77+431z_20+431, u_76-13455z_2@-13455,
u_75-3615z_20-3615, u_T4+3100z_20+3100, u_73-9420z_20-9420, u_72-18243z_20-10243, u_71+4517z_20+4517, u_70+1766z_20+1766, u_69+6136z_20+5198,
U_BB+681z_20+681, u_67-71492_28-7148, u_66-20772_20-2077, u_65+114852_20+11405, u_64-34372_20-3437, u_63-78362_20-7836, u_62+13583z_20+13583,
u_61+1799z_20+1799, u_60-B356z_20-8356, u_59-10495z_20-10485, u_58-9989z_20-9989, u_57+9771z_20+9771, u_56+12B65z_20+12865, u_55+10476z_20+10476,
u_54-136B4z_20-13684, u_53-144302_28-14430, u_52-6145z_20-6145, u_51-11189z_20-11189, u_58-3733z_20-3733, u_40+10275z_20+10275, u_48-4355z_2@-4355,
U_47+14504z_20+14504, u_46+135062_28+13506, u_45+10101z_20+10191, u_44-1472z_208-1472, u_43+6220z_20+6228, u_42+97162z_20+9716, u_41-66z_20-66,
U_48+2077z_20+2077, u_39+00702_28+0070, u_3B+6@3z_20+603, u_37-7500z_2@8-7509, u_36-12738z_20-12738, u_35-1863Bz_20-10638, u_34+1764z_20+1764,
u_33-9@09z_20-9829, u_32-8517z_28-8517, u_31+8333z_20+8333, u_30+1920z_20+1820, u_29-10090z_20-10008, u_28-14078z_28-14978, u_27-13238z_20-1323E,
U_26-041z_20-041, u_25-13909z_20-13000, u_24-11470z_20-11478, u_23-14R44z_20-14044, u_22-1202z_20-1292, u_21+10834z_20+1034, u_20-4116z_20-4116
u_19-1995z_20-1995, u_18-14030z_28-1493@, u_17+3607z_20+3607, u_16-10633z_20-108633, u_15-90@z_20-908, u_l14+458z_20+458, u_13+5448z_20+5440,
u_12-11618z_20-11618, u_11-24652_20-2465, u_10-247z_20-247, u_9-10781z_20-10781, u_B-6754z_20-6754, u_T7-48B3z_20-4BB3, u_f-6092z_20-6092,
U_5+5548z_20+5548, u_4-239092_208-2399, u_3-4745z_2@-4745, u_2-3226z_20-3226, u_1-5879z_20-5879, u_0-1620z_20-1620, b_0-1, b_8+6278z_20+6277, b_T-1

b_6+111182_20+11117, b_5+7063z_20+7862, b_4+71672z_20+7166, b_3-1, b_2+8004z_28+8993, b_1-1, b_@-1, z_2@"2-4508z_20-4599

Figure 3: Grobner basis for checking solvability for the graph in Fig. 5 (left) of the main paper. For coherence with our Macaulay2
implementation, here variables are linearly (0-based) indexed. Each term represents a polynomial which should be equal to zero for the
sought solution(s).



Example 3 (Solvable graph). Suppose that G is the graph reported in Fig. 4. Let c1,co,c3,c4 € R* represent known
(generic) camera centres. Equation (1) rewrites

—1 T
G41G12 = ag12l4 + C1Vy19

—1 T
G12023 = a3y + CoVio3

—1 T
G23G34 = Q93414 + C3Vo3y

—1 T
G34G41 = a341]4 + C4V3yq

14
G12G221 = a4y + CQV—1|—24 (14

G42G2_31 = auo3ly + C2VI23

GGy = aranly + caviy,

Gi2G3} = anazly + c4viy,

where the following variables are unknown
G12,G23,G34,G41,Gaz € GL(4)

412, @123, A234, 4341, @124, 4423, 4142, 0243 € R;éo (15)

4
V412, V123, V234, V341, V124, V423, V142, V243 € R*.

If we consider the spanning tree 7 = {(12,42), (42, 23), (42, 34), (42,41)}, then the line graph admits a fundamental cycle
basis composed of four cycles (see Fig. 4): C; = (12,23,42), C; = (42,23,34), C3 = (42,34,41) and C4 = (41, 12,42).
Observe that each cycle consists of a sequence of vertices that is traversed in a cyclic order (clockwise or anticlockwise):
for each edge in the cycle, we consider the associated matrix or its inverse if the edge is traversed in forward or backward
direction, respectively. Thus Eq. (3) becomes

Iy = (a123[4 + C2V1r23) . (CL423I4 + C2V1—23)71 . (a124I4 + CQV—{24)71

Iy = (asosls + €2Ving) - (azals + €3V334) - (a24314 + Caviys) ™! (16)
Iy = (a243]4 + €4viy3) - (a3a1ls + €aVig) - (ara2ls + €4Viy)

Iy = (aq1214 + clez) (ar2414 + CQV-{24) (ara2ly + C4VI42)_1

where the following variables are unknown

(412, 4123, G234, 0341, 4124, G423, G142, 0243 € R a7
Va12, V123, V234, V341, V124, V423, V142, Va3 € RE.
Equation (4) rewrites
bily = (Is + caufyy) - (Is + Caujoy) ™" - (Iy + caugyy) !
boly = (Is + coufy) - (Lo + caugsy) - (Is + caugys) ™" (18)
bals = (14 + catigy) - (Iu + cauyy) - (Is + cauyy)
baly = (Is + cruys) - (I + coufyy) - (In + caufy) ™
where the following variables are unknown
b17 b27 b37 b4 € R#O
., (19)
Ugq12, U123, U234, U341, U124, U423, U142, U2g3 € R™.
Observe that the formulation implemented by our method (given in Eq. (18)) involves less unknowns than the one proposed
in [7] (given in Eq. (14)). By computing inverses explicitly', Eq. (18) rewrites:

T

(1 + C-erl423)(1 + C-2I—U124)b1]4 = (I4 + c2u123) . ((1 + C-QI—U423)I4 c2u423) (1 + Co 11124)]4 — CQUIQ4)

(I1+cy u243)b2]4 =(I4+ czu423 I, — C4u243)

(

) ( )< (1 + cfuaas) (20)
baly = (14 + caugyy) - (Iy + cqudyy) - (I + caujyy)

)+ ( ) )

(1 +cy L1142)b4_[4 = (I4 + Clll412

Iy + C3u234

Iy + cQu124 ((1+ C4 uigo)ly — 0411142)

I'The inverse of a matrix of the form Iy + cu' is given by I4 + cw ! where w = — 71+::Tu u



Finally, the auxiliary equations given in (6) become
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Z412 det +ciu

Z123 det I + cou

2934 det (I + csu
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2493 det(Iy + cou
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z142 det(Iy + CyUqy9
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2124 det(I4 + cou
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2243 det + c4u243

where 2412, 2123, 2234, 2341, 2124, 2423, 2142, 2243 € R are unknown.
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Figure 4: Solvable viewing graph with 4 vertices (left) and corresponding line graph (middle), where edges are oriented arbitrarily. Please
note that a vertex of the original graph (e.g., vertex 2) can appear multiple times as an edge of the line graph, as clarified by colors. On the
right a spanning tree is reported, where the root is coloured in black and non-tree edges are drawn with dashed arrows.

The graph in Fig. 4 is solvable according to [5] and our algorithm returns exactly one solution. Such conclusion can also
be easily deduced from Fig. 5, which reports the generators of the Grobner basis associated with the polynomial system in
Eq. (20) and (21). Observe that each generator has exactly one solution, being a linear equation in one variable. In particular,
wegetzO0=z1l=.---=2z7=-1,b0=bl=b2=b3=1andul =ul=- --=udl =0, as expected for a
solvable graph.

2_7+1, z_B+1, 2_5+1, z_4+1, z_3+1, 2_2+1, z_1+1, z_@+1, u_31, u_38, u_29%, u_28, u_27, u_26, u_25, u_24, u_23, u_22, u_21, u_20, u_19, u_1B, u_17,

u_l16, wuw_15, w_14, w 13, v 12, w_11, w_ 1@, w 9, u B, v 7, u 6, u_5, u_4, u_3, u_2, ul, u®, b_3-1, b_2-1, b_1-1, b_B-1

Figure 5: Grobner basis associated with the polynomial system in Eq. (20) and (21), for a specific set of camera centres. For coherence
with our Macaulay2 implementation, here variables are linearly (0-based) indexed. Each term represents a polynomial which should be
equal to zero for the sought solution.

2. Visual Results

In this section we report some visual results associated with the real experiments reported in the main paper, where small
subgraphs (with 9 nodes) were sampled from large graphs appearing in real datasets. Figure 6 shows some unsolvable cases
whereas Fig. 7 reports some solvable examples.
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Figure 6: Examples of unsolvable sub-graphs with nine nodes sampled from the viewing graph of the Pumpkin data set [6].
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