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A. Note On Terminology

In colloquial terms, two things are said to interact when
they depend on each other in some way. Similar to [4], this
can be formalized as follows:

Definition A.1. Entity Interaction Given an entity e; with
attributes (ay, ..., a, ), an interaction exists with another en-
tity e with attributes (b1, ...,b,) if some a; depends on
some b; or some b; depends on some a;.

Now we will define mathematical relation.

Definition A.2. Relation Given sets A and B, the binary
relation from A to B is a subset of the Cartesian product
A x B.

We would like to unify our colloquial understanding of
interaction in Definition A.1, our mathematical definition of
relation in Definition A.2, and our definition for statistical
interaction effects in Definition 1 of the main paper.

To connect this to Definition 1, we will reframe features
as entities with the following theorem:

Theorem 1. Given a function F(x) and feature x;, let en-
tity e; consist of attributes (x;, F/0x;). An interaction ex-
ists between ey and es if there is a nonzero interaction effect
between x1 and xs.

Proof. 1f there is a nonzero interaction effect between x1
and x5, then 02F(x)/(0z10x2) # 0 for some input .
Then F'/dx1 depends on x5 and consequently, there exists
an interaction between entities e; and es. O

We have shown that our statistical interaction implies an
interaction according to our colloquial understanding. An
interaction exists between e; and e if (but not only if, since
the change need not be local) F'(x)/(0x10x2) # 0, mean-
ing F'/Ox1 depends on xo. This is considered a binary re-
lation between the two attributes, as all functions are re-
lations, though not all relations are functions. Formally:
given a function F'(x), a feature x;, and entity e; consisting
of attributes (z;, F'/dx;), if there is a nonzero interaction
effect between x; and o, then a relation exists between the
attributes of the two entities.

We have shown that, under this framing, an interaction
effect is a relation, and if the interaction effect is nonzero,
there must be a dependency/interaction between those en-
tities. Since feature vectors in CNNs could be treated as
entities [15, 19, 14], and if one interprets their gradients on
the output to be implicit attributes, computing interaction
effects between CNN feature vectors is equivalent to iden-
tifying the colloquial interactions and relations described in
this formulation.

This is trivially generalized to interactions/relations of
higher orders.

To summarize, a mathematical relation is implied by a
colloquial interaction is implied by a statistical interaction,
and this hierarchy can be formalized by regarding a feature
x; as an entity whose attributes include its gradients with
respect to the function of interest. Thus, we offer a simple,
formal connection between our statistical interaction effects
definition and mathematical relations, as well as an integra-
tion of both into the colloquial understanding of “interac-
tion” as merely a dependency between two “things.”

B. Representative Samples & Aggregations

Aggregation Of Representative Samples AUC Score
Mean Of Mean-Min-Mode-Rand 0.61825
Mean Of Med-Min-Mode-Rand 0.61825
Mean Of Mean-Med-Min-Mode-Rand 0.61775
Mean Of Mean-Min-Max-Mode-Rand 0.6155
Mean Of Med-Min-Max-Mode-Rand 0.6155
Med Of Mean-Min-Mode-Rand 0.61525
Med Of Med-Min-Mode—Rand 0.61525
Mean Of Mean-Med-Min-Max-Mode-Rand 0.61525
Mean Of Mean-Min-Rand 0.614
Mean Of Med-Min-Rand 0.614

Table 1: Top average (across all orders) AUC scores for
different aggregations of representative samples

Table 1 displays the top 10 aggregations and representa-
tive samples discovered via our power sweep.



C. T-NID Algorithm

Our complete T-NID is described in Algorithm 1. Note
that each derivation of interaction effect using Definition 1
of the main paper for an interaction I = Iu j of size i
where |f | = { —1 for sample x can be derived as a single-
order partial derivative 9/F;/0x; and does not need to be
recomputed from the ground up.

Algorithm 1 T-NID algorithm in pseudocode

Inputs /-times differentiable trained neural network F,
dataset X with ith sample features X1, ..., X;y,, order £,
orders without subsampling o, subsampling size k.
Outputs Interaction effects IE for top estimated interac-
tions I C {1,...,n}, where |I| < £.

Get representative samples:
For jth aggregation € mean, minimum, mode, random
¢ = argmin, || X; — aggregation(X,axis = 0)||
r;= XC
For each representative sample:
Forr;cr
Compute all non-redundant partial derivatives up to or-
der o:
For I C {1,...,n}, where |I| <o
I = sort(I)
If IEY) uninitiated
Initiate IE? ) according to Definition 1 of the
main paper
Compute remaining partial derivatives up to order ¢ by
subsampling top k from previous orders:
For { € o + 1,....¢
For [ € top k argmax of IEY) where I =0—-1
For I C {1,...,n}, where |[I[| = ¢and I C T
If IEY uninitiated
Initiate IEy) according to Definition 1
of the main paper
Take the mean interaction effects across representative sam-
ples:
For I C {1,...,n} if IEY initiated for some j
IE; = mean(IEgj)) for all j where IEgJ) initiated
Return IE

D. Test Suite Of Synthetic Functions

The test-suite of synthetic functions used to evaluate T-
NID may be found in Table 2, courtesy of [ 7].

E. Additional Architectures For N-Way Inter-
actions

Table 3 shows results for T-NID + MLP-M (T-NID us-
ing a neural network equipped with a main effects network
as well as trained with sparsity regularization) and NID +
MLP-M, the architecture used in [17].

F. COCO Multi-Object Detection

The task is to identify whether a pair of objects are each
present in tandem. If only one is present, then the class label
is negative. We tested this on the objects “car” and “person”
in the COCO annotated-image dataset. We configured the
frequency of the labels such that an even amount of positive
and negative samples were in the training set. We found the
COCO task to be somewhat inconclusive, because of model
overfitting and rather low test accuracy, but still observed
reasonable explanations, as seen in Figure 2. Taylor-CAM
often prioritizes the car-person interaction correctly.

G. Grad-CAM On Relational Reasoning

Grad-CAM is a first-order explanatory tool that ranks
different image regions and produces a heatmap of
saliences. As shown qualitatively in Figure 3, Grad-CAM’s
heatmaps are much harder to interpret and to reverse en-
gineer questions and objects from compared to the results
obtained from Taylor-CAM, shown in Figure 3 of the main
paper, as corroborated quantitatively with our human study.

H. Interactional Relation Network (IRN)

A standard RN pools a set of feature vectors O =
{01, ..., 0}, their corresponding positional encodings C' =
{c1,...,¢n}, and a question ¢ as follows:

RN(Ovcvq):ft,ﬁ(Zg(f(Oi;Oj»civcj,q))v 9]
i,J

where f and g are modeled by neural networks parame-
terized by ¢ and 6 respectively.

We observed through Taylor-CAM that many of the top
interactions in the RN’s reasoning were between individual
regions and themselves, even when we zeroed out diago-
nals, such as in Figure ?? of the main paper. We found that
we could mitigate this by making a simple modification to
the RN architecture which we found to yield better test ac-
curacy:

IRN(O, C, q) =

f¢ (Zga(hw(ozv Ci, Q)v hw(ojv Cj, Q)vciv ijq)>a (2)
2]
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Table 2: Synthetic test-suite functions

T-NID 3-Way NID 3-Way T-NID 4-Way NID 4-Way T-NID 5-Way NID 5-Way
Fi(x) 0.831 £0.064 0.122£0.028 0.777 £0.389 0.555 £ 0.456 N/A N/A
Fy(x) 0.629 £0.165 0.07+£0.011  0.032 £0.065 0.185+£0.37 N/A N/A
F3(x) 0.991 £0.013 0.095 £ 0.008 0.997 £ 0.006 1.0+£0.0 N/A N/A
Fy(x) 0.993 £ 0.007  0.09 £ 0.028 0.96 +£0.08  0.996 + 0.009 N/A N/A
F5(x) 0.493 £0.009 0.035 £ 0.005 N/A N/A N/A N/A
Fs(x) 0.103 £0.025 0.034 £ 0.005 N/A N/A N/A N/A
Fr(x) 0.417+0.264 0.156 £0.031 0.363 +£0.322 0.711 £0.046 0.303 £0.367 0.536 = 0.453
Fy(x) 1.0£0.0 0.141 4+ 0.008 1.0+0.0 0.994 4+ 0.008 N/A N/A
Fy(x) 0.838£0.146 0.113+0.01 0.859£0.068 0.618£0.084 0.988 £0.024 0.549 £ 0.452
Fio(x) 1.0£0.0 0.03 £ 0.002 N/A N/A N/A N/A
average 0.73+£0.069 0.089 £0.014 0.713+0.133 0.723£0.139 0.646 £ 0.200 0.543 +£0.453

Table 3: N-Way AUC scores for T-NID + MLP-M and NID + MLP-M, both using a main effects network and sparsity

regularization, as described in [17]

where h is an MLP parameterized by .

We refer to this as Interactional Relation Network (IRN)
since it explicitly separates within its architecture the con-
cerns of reasoning about interactions from reasoning about
individual objects. While IRN does not relate to Taylor-
CAM directly, it does highlight how visualizing a network’s
relational reasoning can inspire potential ideas for improve-
ment to a network’s architecture.

I. Taylor-CAM Pipeline

In Figure 1, we illustrate the full pipeline of Taylor-
CAM. A model consisting of a CNN and Relation Network
predicts answers based on images and questions. Taylor-
CAM intercepts the model’s gradients, reverse engineers
the question asked, and visualizes for a human observer.

Given three possible question categories (closest, fur-
thest, and same shape), the user is able to interpret which
the model is reasoning about by looking at Taylor-CAM’s
proposed interactions, as shown quantitatively in Table ??
of the main paper.

J. Biomedical Analysis

We applied these techniques to the Parkinson’s Pro-
gression Marker Initiative (PPMI) study (http://www.
ppmi-info.org/) dataset, which follows persons liv-
ing with early-stage Parkinson’s disease for up to approx-
imately eight years collecting clinical and biological data
from participants. Parkinson’s disease (PD) is a neurode-
generative progressive disease, characterized clinically by
motor (e.g., tremor, rigidity) and non-motor (e.g., cognition
and autonomic dysfunction) symptoms that vary over time
within and between patients. Progression of motor and non-
motor symptoms are likely not independent of each other.
Instead, collateral damage may be inflicted multilaterally
with non-motor and motor pathological features progress-
ing interdependently. As an example, depressive symptoms
in Parkinson’s disease are common and may perpetuate mo-
tor and cognitive deficits, which could impact function, and
ultimately diminish quality of life. Therefore, it is neces-
sary to take as comprehensive of an approach as possible in
unraveling the clinical progression of Parkinson’s disease.


http://www.ppmi-info.org/
http://www.ppmi-info.org/

Input “Square”
“ Image 1 CNN Feature
Maps Output
—
Answer

Question

“Which shape is closest
to the blue square?”

From looking at the top-2
interactions proposed by
Taylor-CAM, | guess that the
question was, ‘which shape is
closest to the blue square?’

Figure 1: Full Taylor-CAM pipeline on the problem of relational visual question answering. A CNN + RN take in an image
and question, and output an answer. Taylor-CAM is able to visualize the model’s reasoning from just its gradients such that

a human can interpret what and how the model reasoned.

As PD progresses, cognitive impairment leading to de-
mentia may affect up to 80% of patients, ultimately im-
pairing one’s functional independence. Within the PPMI
study, we tested 2-, 3-, 4- and 5-way interactions to un-
derstand multivariable features at baseline that distinguish
patients with a more severe progression in decline of cog-
nitive function (“fast progressors”) compared to those with
a more benign course of cognitive changes, as measured
by the MontrealCognitive Assessment (MoCA) scale. Top
2-way interaction effects identified (Figure 4) among “fast
progressors” included feature interactions between handed-
ness (handed) and severity of rigidity in the neck (np3rign);
presence of resting tremor at disease diagnosis (dxtremor)
and severity of rigidity in the lower extremities (np3rigll);
and, severity of tremor (np2trmr) and alternating trail mak-
ing test from the MoCA scale (mcaalttm) — which ultimately
is a measure of processing speed, mental flexibility, ability
to sequence, and visuo-motor skills. Each of these features
individually have some established associations with cogni-
tive dysfunction or neuropsychological disorders; however,
their interactions together have not been previously con-
sidered. For example, handedness, has been significantly
associated with functional connectivity between language
networks, as well as specific genetic loci implicated in the
pathogenesis of neurologic disorders including Parkinson’s
disease [18]. More severe rigidity symptoms in Parkin-
son’s disease are also associated with faster cognitive de-
cline [13]. Our analysis, for the first time, suggests that
measures of both handedness and rigidity severity together

are important to consider when predicting faster cognitive
progression in Parkinson’s disease. As shown in Figure 4,
we provide 3-, 4-, and 5-way interactions between features.

When broadening the interactions to 3-, 4-, and 5-way
interactions between features that predict fast cognitive de-
cline, we observe additional features with some consis-
tency (Figure 5 provides 3-, 4-, and 5-way interactions
between features). Broadly speaking, some of the most
important interactions occurred between symptoms of au-
tonomic dysfunction: urinary (nplurin, scaull, scaul3)
and constipation issues (nplcnst, scau5), problems toler-
ating cold/heat [scau20]); mood and sleep disturbances:
depression (npldprs), apathy (nplapat), and restless sleep
(nplslpn, slplmbmv); postural instability and balance is-
sues (np2walk, np3pstbl); overall severity of Parkinson’s
disease (nhy); and, memory impairment: delayed recall
(mcarec2, mcarec4). Each of these symptoms, singularly,
have been thought to be associated with cognitive impair-
ment [11, 8, 16, 9]. It is novel, yet biologically plausible
to consider these symptoms interacting, as the neuropathol-
ogy underlying Parkinson’s disease involves multiple areas
of the brain and nervous system beyond the nigrostriatal
dopamine pathway. For instance, Lewy Body pathology af-
fects the limbic cortex and frontal neocortical areas, sym-
pathetic ganglia and even the peripheral autonomic nervous
system including the myenteric plexus [3].

We also performed our analysis to predict fast progres-
sion of ambulatory impairment which stems from worsen-
ing progression of motor symptoms and is a major source






Figure 2: Taylor-CAM interacts “car” and “person” in the custom COCO multi-object detection task. Taylor-CAM’s top 4
discovered interactions per image are shown. As discussed in the main paper, in cases where the interaction is not present (as
in 4th example), Taylor-CAM interacts immediately adjacent regions around whichever of the two objects is present.



a) Q: “How many objects have shape of purple object?”

¢) Q: “How many objects have shape of orange object?”

e) Q: “Which shape is closest to the purple square?”

g) Q: “Which shape is furthest from the green circle?”

i) Q: “Which shape is furthest from the green circle?”

d) Q: “Which shape is closest to the yellow square?”

f) Q: “How many objects have shape of pink object?”

h) Q: “Which shape is closest to the blue circle?”

j) Q: “Which shape is furthest from the pink circle?”

Figure 3: Grad-CAM’s salience heatmaps per image/question. Left, the raw image. Right, Grad-CAM’s explanatory heatmap.
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a) Top 2-way interactions for MoCA fast progression

N-Way Interaction Strength

id_num, scau20, mcarec4 4.77E-06
id_num, drmagrac, mcarec4 4.69E-06
educyrs, nplapat, bmi 4.56E-06
npldprs, np2walk, np3pstbl 4.27E-06
scaul3, nplslpn, nplcnst, nhy 6.00E-07
scaull, scaul3, scau20, bmi 5.66E-07
scaull, scaul3, nplslpn, nhy 5.64E-07
scaul3, scau20, nplurin, nhy 5.43E-07

slplmbmv, np1ldprs, np2walk, np3rigru, np3pstbl 1.23E-07
slplmbmv, np1dprs, np2walk, np3rign, np3pstbl 1.22E-07
scau5, npldprs, np2walk, np3rigru, np3pstbl 1.19E-07
slplmbmv, np1dprs, np2walk, np3pstbl, mcarec2 1.18E-07

b) Top 3-way, 4-way, and 5-way interactions for MoCA fast pro-
gression

Figure 4: Interaction effects for classifying fast clinical progression of MoCA scores from baseline
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a) Top 2-way interactions for uMCA fast progression

N-Way Interaction Strength
scaul, np3lgagr, np3risng 1.97E+00
scaul, scau9, np3lgagr 1.41E+00
scaul, np2hwrt, np3lgagr 1.31E+00
scaul, senllrsp, np3lgagr 1.19E+00
time_from_diag, scaul, np2frez, np3lgagr  5.39E+00
scaul, np2walk, np2frez, np3lgagr 5.28E+00
ranos, scaul, np2frez, np3lgagr 5.25E+00
scaul, rls, np2frez, np3lgagr 5.21E+00

scaul, np3lgagr, np3risng, np3gait, np3rtarl 1.93E+01
scaul, np2hygn, np3lgagr, np3risng, np3gait 1.80E+01
scaul, mslarsp, np3lgagr, np3risng, np3gait 1.68E+01
dxrigid, scaul, np3lgagr, np3risng, np3gait 1.47E+01

b) Top 3-way, 4-way, and 5-way interactions for uMCA fast pro-
gression

Figure 5: Interaction effects for classifying fast clinical progression of uMCA scores from baseline

of disability for patients with Parkinson’s disease. Sever-
ity of ambulatory impairment was measured by an ambula-
tory capacity score derived from sum of scores of the MDS-
UPDRS items 2.13 (freezing), 2.12 (walking and balance),
3.10 (gait), 3.12 (postural stability), and 3.11 (freezing of
gait). The top 2-way interaction among “fast progressors”
of ambulatory capacity was between severity of freezing
(np2frez) and gait (np3gait), which is unsurprising as both
are components of the ambulatory capacity scale score. In-
terestingly, however, the next top 2-way interactions were
between handwriting (np2hwrt) and gait (np3gait); and,
sensory of legs (senllrsp) and gait (np3gait). Worsening
of handwriting is often reported as an initial symptom of
Parkinson’s disease and is reported to be more problematic

in people with Parkinson’s disease who experience freez-
ing of gait [12, 6]. Periphery sensory defects in the lower
limbs are also commonly noted in people with Parkinson’s
disease, and could be a main contributor to balance control
issues and postural instability [7]. As interactions were ex-
panded to 3-, 4-, and 5-ways, other items that were consis-
tently identified were difficulty in swallowing and chewing
(scaul), and leg agility (np3lgagr). While these items are
not often considered as obvious predictors of ambulatory
capacity by themselves, their interactions with some more
apparent features (e.g., gait, freezing, arising from chair)
provide new insights on how symptoms in Parkinson’s dis-
ease patients contribute to disease progression.



K. Architecture Configurations

T-NID For T-NID, we trained a GELU-activated
multi-layer perceptron with hidden layer sizes 140, 100,
60, and 20 for 200 epochs with a learning rate of 0.003
using early stopping [!] with a patience of 10. Results
were averaged across 10 trials. Input data was normalized
by standard deviation. T-NID hyperparameters were set as
{=50=2k=10.

Taylor-CAM  For our COCO [10] task, we used Py-
torch’s ResNet-50 [5] pretrained on ImageNet [2], except
we replaced the global average pooling layer with an addi-
tional convolutional layer composed of 1024 out-channels,
size 2 kernel, 2 stride, and 2 padding, followed by 3 hidden
linear layers of size 512, 256, 64, because global average
pooling yields no higher-order derivatives. For our Relation
Network, we used an open source reference implementa-
tion, which can be found here: https://github.com/
kimhc6028/relational—-networks, since [15] did
not release code to the public. We trained for 50 epochs.
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