Mathematical derivations of the optimal formulae

Formula/equation numbers refer to the ones in the article.

In this file, components of the normal vectorin (1) are denoted by n=(n1, n2, n3);
the components of the 4 vectors w;;fori=1,2and;=1, 2 are denoted by

(wll, wl2, wi3), (w21, w22, w23), (w31, w32, w33)and (w41, w42, w43);
components of the vector w, are w, = (w51, w52, w53); and

entries of the matrix A are (all, al2, a21, a22).

The following expression is f(n), this expression is to be minimized:

Out[e]=

Nnlwll+n2wl2+n3wl3)2 N1w2l+n2w22+n3w23)2
all - ] + (al2 - ) +
nlw51+n2w52+n3w53 nlw51+n2w52+n3w53
N1w3l+n2w32+n3w33)2 Nn1w4l+n2w42 +n3w4s3)2
a2l - ) + |a22 - J
nlw51+n2w52+n3w53 nlw51+n2w52+n3w53
Case A, n3=1

We make the substitution n3 =1:

nlwll+n2wl2+n3wl3)2 nlw2l +n2w22 +n3w23)2
In[e]:= (all— ) + (a12— ) +
nl w51 +n2w52 +n3 w53 nl w51 +n2w52 +n3 w53
nl1w3l+n2w32+n3w33)\2 nlw4l +n2 w42 + n3w43\2
(azl— ) +(a22— ] /.n3-1
nlw51+n2w52 +n3 w53 nl w51 +n2w52 +n3 w53
Out[+]=
Nnlwll+n2wl2+wl3)?2 Nn1w2l+n2w22 +w23)2
all - ] + |al2 - ] +
nlw51+n2w52+w53 nlw51 +n2w52 +w53
nlw3l+n2w32+w33)2 nlw4l+n2 w42 +wa3)?2
a2l - ) + a2 )
nlw51+n2w52+w53 nlw51+n2w52+w53

We compute its partial derivative w.r.t. the first variable (that is, alg(nx, ny) in the article) and take

only the numerator (it is assumed that the denominator is non-zero):
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nlwll+n2wl2+wl3)2 nlw2l +n2w22 +w23)2
Inf]:= D[(all— ) +(a12— ] +
nlw51 +n2 w52 + w53 nl w51 +n2 w52 +w53

nlw3l+n2w32+w33)2 nlw4l + n2 w42 + w432
(a21 - ) + (a2 - )

nlw51+n2w52 +w53 nl w51 +n2 w52 +w53
nl] // Together // Numerator // Simplify
out[« ]=
2 (-w13% w51 -w23? w51 - w33% w51 - w43 w51 +

n2% (-w12? w51 - w22® w51 - w32? w51 - w42® w51 + w31 w32 w52 + w41l w42 w52 +
221 w32 w51 w52 + a22 w42 w51 w52 +wl2 (wll +allw51) w52 +
w22 (w21 +al2w51) w52 - allwll w522 -al2 w21l w522 - a21 w31l w522 - a22 wdlws22) +

wll wl3 w53 + w21l w23 w53 + w31 w33 w53 +w4l wad3 w53 +allwl3w51ws3+

al2 w23 w51 w53 + a21 w33 w51 wh3 + a22 w43 w51 w53 -

allwllw53%-al12w21w53%-a21w31lw53”-a22w4l w532+

N2 (-2wl2wl3 w51 -2w22w23 w51 -2w32w33w51-2w42 w43 w51 +wllwl3 w52+
w21l w23 w52 + w31 w33 w52 +w4l w43 w52 +allwl3w51lw52 +al2w23w51wh2+
221 w33 w51w52 +a22w43 w51 w52 +w31 w32 w53 +w4lwd2 ws3 +a21 w32 w51 w53 +
222 w42 w51 w53 +wl2 (wll +allw51) w53 +w22 (w21 +al2w51) w53 -
2allwllw52w53-2al2w2lw52w53-2a21lw31w52w53-2a22w4lw52w53) +

nl (—WZl w23 w51 - w31l w33 w51 - w4l wa3 w51 +allwl3 w512 +
al2 w23 w51% + a21 w33 w51% + a22 w43 w512 +
n2 (-w3lw32w51 - w4l w42 w51 +allwl2w51% + al2 w22 w51° + a2l w32 w51° +

a22 w42 w512 + wll? w52 + w21% w52 + w31% w52 + w412 w52 - a21 w31 w51 w52 -
222 w4l w51 w52 -wllw51l (wl2 +allw52) -w21w51 (w22 +al2w52) ) +

wl1? w53 + w212 w53 + w312 w53 + w412 w53 - al2 w21 w51 w53 -
a21w31w51 w53 -2a22w4lw51 w53 -wllw51 (w13 +allws3)))

Now we express the first component to obtain formula (6):
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il 1= Solve[2 (-w13? w51 - w23% w51 - w33? w51 - wa3? w51 +
n2? (-w12? w51 - w22? w51 - w32? w51 - w42% w51 + w31 w32 w52 + w4l w42 w52 +
a21 w32 w51 w52 + a22 w42 w51 w52 + wl2 (wll+allw51) w52 +w22 (w21l +al2w51)
w52 - allwllw52” - al2 w21 w52% - a21 w31 w52% - a22 w4l w52?%) +
wllwl3 w53 +w21l w23 w53 +w31w33 w53 +w4l w43 w53 +allwl3w51ws3+
al2 w23 w51 w53 + a21 w33 w51 w53 + a22 w43 w51 w53 -
allwll w532 -a12 w21 w532 -a21 w31 w53” - a22 wal w532 +
n2 (-2wl2wl3 w51 -2w22w23 w51 -2w32w33 w51 -2w42 w43 w51 +wllwl3 w52+
w21l w23 w52 + w31l w33 w52 + w4l w43 w52 + allwl3 w51 w52 +al2w23 w51 w52+
a2l w33 w51 w52 +a22 w43 w51 w52 +w31 w32 w53 +w4l w42 w53 + a21 w32 w51 w53 +
a22 w42 w51 w53 +wl2 (wll +allw51) w53 +w22 (w2l +al2w51) w53 -
2allwllw52w53-2al2w2lw52w53-2a21w31w52w53-2a22w4l w52w53) +
nl (—w21 w23 w51 - w31 w33 w51 - w4l w43 w51 + all wl3 w512 +
al2 w23 w512 + a21 w33 w512 + a22 w43 w512 +
n2 (-w31w32w51 - w4lw42 w51 +allwl2w51%+al2w22w51% +a21w32w51% +
a22 w42 w512 + w1l? w52 + w21? w52 + w31? w52 + w41? w52 - a21 w31 w51 w52 -
a22 w4l w51 w52 -wllw51 (wl2+allw52) - w2l w51 (w22 +al2w52)) +
w11? w53 + w212 w53 + w312 w53 + w412 w53 - al2 w21 w51 w53 - a21 w31l w51 w53 -
a22 w4l w51 w53 -wllw51 (w13 +allw53))) =0, nl] // Simplify
out[« ]=
Hnl -
- ((-w13® w51 - w23? w51 - w33? w51 - w43 w51 + n2? (-w12? w51 - w22® w51 - w32? w51 -
w422 w51 + w31l w32 w52 + wdl wa2 w52 + a2l w32 w51 w52 +
a22 w42 w51 w52 +wl2 (wll+allw51) w52 +w22 (w21l +al2w51) w52 -
allwllw52” - al2w2lw52” - a21w31w52%-a22 walw52%) +
w21 w23 w53 + w31 w33 w53 + w4l wd3 w53 + al2 w23 w51 w53 +
221 w33 w51 w53 + 222 w43 w51 w53 + wl3 (wll +allw51) w53 -
allwllw53%-al2 w21 w532 - a2l w31l w532 -a22 w4l w532+
N2 (-2wl2 wl3 w51 - 2 w22 w23 w51 - 2 w32 w33 w51 - 2 w42 w43 w51 +
wllwl3 w52 +w21l w23 w52 + w31 w33 w52 +w4l w43 w52 +allwl3w51lws2+
al2 w23 w51 w52 + a21 w33 w51 w52 + a22 w43 w51 w52 + w31 w32 w53 +
w4l w42 w53 + a21 w32 w51 w53 + a22 w42 w51 w53 +wl2 (wll +allw51) w53 +
w22 (w21l +al2w51) w53 -2allwllw52w53-2al2w2lw52w53-
2 221 w31 w52 w53 -2 a22 w4l w52 w53) ) /
(—WZl w23 w51 - w31 w33 w51 - w4l w43 w51 + all wi3 w512 +
al2 w23 w512 + a21 w33 w512 + a22 w43 w51° +
n2 (-w31w32w51 - w4l w42 w51 +allwl2w51%+al2w22w51% +a21 w32 w51° +
a22 w42 w512 + wll? w52 + w21? w52 + w31% w52 + w412 w52 - a21 w31 w51 w52 -
a22 w41l w51 w52 -wllw51 (wl2 +allw52) -w21w51 (w22 +al2w52) ) +
wl1? w53 + w212 w53 + w312 w53 + w412 w53 - al2 w21l w51 w53 -
a21 w31 w51 w53 - a22 w4l w51 w53 -wllw51 (wl3+allw53) ) ) }}

We compute the partial derivative w.r.t. the second variable (that is, 8, g(ny, n,)):
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nlwll+n2wl2+wl3)2
Inf- ]:= D[(all- J N

nlw51 +n2 w52 + w53
nlw2l+n2w22 +w23)2 nlw3l+n2w32+w33)2
[alz - J + (aZl -

+
nl w51 +n2 w52 +w53

nlw4l +n2 w42 + w43

nl w51 +n2w52 +w53

2
(a22 - ) , nZ] // Together // Simplify
nlw51 +n2 w52 +w53

Out[e]=

1

2 (7w132 w52 - w232 w52 - w332 w52 - w432 w52 +
(N1 w51 + N2 w52 + w53)3

n1? (w31 w32 w51 + w4l w42 w51 - allwl2 w51° - al2 w22 w51 - a21 w32 w51° -
a22 w42 w512 - w1l? w52 - w21? w52 - w31% w52 - w412 w52 + a21 w31l w51 w52 +
a22 w41l w51 w52 +wllw51 (wl2 + allw52) +w21lw51 (w22 +al2w52) ) +
wl2 wl3 w53 + w22 w23 w53 + w32 w33 w53 + w42 w43 w53 + all wl3 w52 w53 +
al2 w23 w52 w53 + a21 w33 w52 w53 + a22 w43 w52 w53 -
allwl2 w532 - al2 w22 w532 - a21 w32 w532 - a22 w42 w532 +
nl (w12 wl3 w51 + w22 w23 w51 + w32 w33 w51 + w42 w43 w51 -
2wllwl3 w52 -2w21lw23 w52 -2 w31lw33w52-2w4lwid3d w52 +
allwl3 w51 w52 +al2 w23 w51 w52 + a2l w33 w51 w52 +a22 w43 w51 w52 +
n2 (wi2? w51 +w22? w51 +w32% w51 + w42? w51 - w31 w32 w52 - w4l w42 w52 - a21 w32
w51 w52 - a22 w42 w51 w52 -wl2 (wll +allw51) w52 -w22 (w21l +al2w51)
w52 +allwllw52” +al2 w2l w52” +a21 w31 w52% + a22 walw52?) +
wllwl2 w53 +w21lw22 w53 +w31w32w53 +w4lw42w53-2allwl2w51ws3-
2al2w22w51w53-2a21w32w51w53-2a22w42 w51 w53 +
allwllw52w53+al2w2lw52w53+a2lw3lw52w53+a22w4l w52 W53> +
n2 (-w32w33 w52 - w42 w43 w52 + all wl3 w52% + al2 w23 w52 + a21 w33 w52° +
a22 w43 w522 + w122 w53 + w222 w53 + w322 w53 + w422 w53 - a21 w32 w52 w53 -
a22 w42 w52 w53 - wl2 w52 (wl3 + allw53) - w22 w52 (w23 + al2 w53) ) )

We then substitute the “red” expression (that is, n1 expressed with n2) into the “blue” one (that s,
into 8,9(ny, ny)) to define the expression “factorize”
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1
factorize = 2 (-w132 w52 - w232 w52 - w332 w52 - w432 w52 +

(N1 w51 + n2 w52 +w53) 3
n1? (w31 w32 w51 + w4l w42 w51 - allwl2 w51% - al2 w22 w51 - a21 w32 w51° -
a22 w42 w512 -w11? w52 - w212 w52 - w312 w52 - w412 w52 + a21 w31 w51 w52 +
a22 w4l w51 w52 +wll w51 (wl2 + allw52) + w21l w51 (w22 + al2 w52) ) +
wl2 wl3 w53 + w22 w23 w53 + w32 w33 w53 + w42 w43 w53 + all wl3 w52 w53 +
al2 w23 w52 w53 + a21 w33 w52 w53 + a22 w43 w52 w53 -
all wl2 w532 - a12 w22 w532 - a21 w32 w532 - a22 w42 w532 +
nl (w12 wl3 w51 + w22 w23 w51 + w32 w33 w51 + w42 w43 w51 -
2wllwl3w52-2w2lw23 w52 -2w31lw33w52-2w4lwi3 w52+
allwl3 w51 w52 +al2 w23 w51 w52 +a21w33w51w52 +a22 w43 w51 w52 +
n2 (w12? w51 +w22® w51 + w32? w51 + w42? w51 - w31 w32 w52 - w41l w42 w52 - a21 w32
w51 w52 - a22 w42 w51 w52 - wl2 (wll +allw51) w52 -w22 (w21 +al2w51)
w52 + all wllw52” + al2 w21 w52% + a21 w31 w52% + a22 w4l w52?) +
wllwl2 w53 +w21l w22 w53 +w31w32w53 +w4lwi42w53-2allwl2w51ws3-
2 al2 w22 w51 w53 -2 a21 w32 w51 w53 - 2 a22 w42 w51 w53 +
allwllw52 w53 +al2w2lw52w53 +a21 w31 w52 w53 +a22 w4l w52 w53) +
n2 (-w32w33 w52 - w42 w43 w52 + all w13 w52% + al2 w23 w52° + a21 w33 w52° +
a22 w43 w522 + w122 w53 + w222 w53 + w322 w53 + w422 w53 - a21 w32 w52 w53 -
a22 w42 w52 w53 -wl2 w52 (wl3 + allw53) - w22 w52 (w23 + al2 w53) ) ) /.

nl - - ((-w13®w51 - w23? w51 - w33 w51 - w43% w51 + n2? (-w12? w51 - w22? w51 -
w322 w51 - w422 w51 + w31 w32 w52 + w4l wd2 w52 + a21 w32 w51 w52 +
a22 w42 w51 w52 +wl2 (wll +allw51) w52 +w22 (w2l +al2w51) w52 -
allwllw52” - al2 w21 w52” - a21 w31 w52% - a22 w4l w52%) +
w21l w23 w53 + w31 w33 w53 + w4l w43 w53 + al2 w23 w51 w53 +
a2l w33 w51 w53 + a22 w43 w51 w53 +wl3 (wll +allw51) w53 -
allwllw53%-a12 w21 w532 -a21 w31l w53 -a22 w4l w532+
n2 (-2wl2 wl3 w51 - 2 w22 w23 w51 -2 w32 w33 w51 - 2 w42 w43 w51 + wll wl3 w52 +
w2l w23 w52 + w31l w33 w52 + w4l w43 w52 + allwl3w51w52 +al2w23 w51 w52+
a2l w33 w51 w52 +a22 w43 w51 w52 + w31 w32 w53 +w4l w42 w53 + a21 w32 w51
w53 + a22 w42 w51 w53 + w12 (wll +allw51) w53 +w22 (w2l +al2w51) w53 -2
allwllw52w53-2al2w2lw52w53-2a21w31lw52w53-2a22w4lw52w53)) /
(—w21 w23 w51 - w31l w33 w51 - w4l w43 w51 + all wl3 w512 + al2 w23 w512 +
a21 w33 w512 + a22 w43 w512 +
n2 (-w31w32w51-w41lwa2 w51 +allwl2w51%+al2w22w51% +a21 w32 w51° +
a22 w42 w512 + w112 w52 + w21? w52 + w312 w52 + w41? w52 - a21 w31l w51 w52 -
a22 w4l w51 w52 -wllw51 (wl2 +allw52) -w21lw51 (w22 +al2w52) ) +
w11? w53 + w212 w53 + w312 w53 + w412 w53 - al2 w21 w51 w53 -
a21 w31 w51 w53 -a22w4lw51 w53 -wllw51 (wl3+allw53)))

The expression “factorize” to be factorized appears below, depending only on n2:

(2 (—wl32 w52 - w232 w52 - w332 w52 - w432 w52 + w12 wl3 w53 + w22 w23 w53 +

w32 w33 w53 +w42 w43 wh3 +allwl3 ws52wh3 +al2w23w52w53+a21l w33 w52 w53+
a22 wa3 w52 w53 — allwl2 w532 - al2 w22 w532 - a21 w32 w532 - a22 w42 w532 +
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n2 (-w32w33 w52 - w42 w43 w52 + all wl3 w52° + al2 w23 w52° + a21 w33 w52° +
a22 w43 w522 + w122 w53 + w222 w53 + w322 w53 + w422 w53 - a21 w32 w52 w53 -
a22 w42 w52 w53 - wl2 w52 (wl3 +allw53) -w22 w52 (w23 +al2w53) ) -
( (w12 wl3 w51 + w22 w23 w51 + w32 w33 w51 + w42 w43 w51 -2 wllwl3 w52 -
2w21lw23 w52 -2w31lw33w52-2w4lwi43w52+allwl3ws5lwh2+
al2 w23 w51 w52 + a21 w33 w51 w52 + a22 w43 w51 w52 +
n2 (w12? w51 +w22° w51 + w32% w51 + w42° w51 - w31 w32 w52 - w4l w42 w52 -
a21lw32w51w52 -a22w42 w51 w52 -wl2 (wll+allw51l) w52 -w22 (w2l +al2
w51) w52 + allwllw52” + al2 w21 w52” + a21 w31 w52% + a22 w4l w52%) +
wllwl2 w53 +w21lw22w53 +w31lw32w53 +w4lw42w53-2allwl2w51lws3-
2al2 w22 w51 w53 -22a21w32w51w53-2a22w42w51 w53 +
allwllwbh2w53+al2w2lw52w53+a21lw31lw52w53+a22w4l w52 w53)
(-w13? w51 - w23% w51 - w33? w51 - w43% w51 + n2® (-w12% w51 - w22 w51 -
w322 w51 - w422 w51 + w31l w32 w52 + wdl wd2 w52 + a2l w32 w51 w52 +
a22 w42 w51 w52 +wl2 (wll+allwb51l) w52 +w22 (w21 +al2w51) w52 -
allwllw52?-al2w21w52%-a21w31w52% - a22 w4l w52%) + w21 w23 w53 +
w31l w33 w53 +w4l w43 w53 +al2w23w51w53 +a21l w33 w51 w53+
222 w43 w51 w53 +wl3 (wll+allw51l) w53 -allwll w532 - al2 w21 w532 -
a21 w31 w532 - a22 w4l w532 + n2 (-2wl2wl3 w51 -2 w22 w23 w51 -2 w32w33w51 -
2 w42 wad3 w51 +wllwl3 w52 +w21lw23 w52 + w31l w33 w52 +w4lwid3 ws2 +
allwl3w51w52+al2w23w551w52 +a21lw33w51w52+a22w43 w51 w52+
w31 w32 w53 +w41l w42 w53 +a2l w32w51 ws53 +a22 w42 w51 wh3 +
wl2 (wll+allw51l) w53 +w22 (w21l +al2w51) w53 -2allwllw52w53-
2212 w21 w52 w53 -2 a21w31w52 w53 -2 a22w4lw52w53) ) ) /
(-w21w23 w51 -w31w33 w51 -w4lw43 w51 +allwl3w51%+al2w23w51% +
a21 w33 w512 + a22 w43 w512 +
n2 (-w31w32w51 - w4l w42 w51 +allwl2w51%+al2 w22 w51% + a2l w32 w51° +
a22 w42 w512 + wll? w52 + w212 w52 + w312 w52 + w412 w52 - a21 w31l w51 w52 —
a22w4lw51w52 -wllw51 (wl2 +allwb52) -w21lw51 (w22 +al2w52) ) +
wl1? w53 + w212 w53 + w312 w53 + w41l? w53 - al2 w21 w51 w53 -
221 w31 w51 w53 -a22 w4l w51 w53 -wllw51l (wl3 +allw53) ) +

( (W31 w32w51 + w4l w42 w51 -allwl2 w512 — al2 w22 w512 - a21 w32 w512 -

a22 w42 w51% - w11? w52 - w21% w52 - w31? w52 - w41? w52 + a21 w31 w51 w52 +
a22 w4l w51 w52 +wllw51 (wl2 +allw52) +w21lw51 (w22 +al2w52) >
(-w13? w51 - w23% w51 - w33? w51 - w43% w51 + n2® (-w12? w51 - w22? w51 - w32?
w51 - w42% w51 + w31 w32 w52 + w4l w42 w52 + a21 w32 w51 w52 + a22
w42 w51 w52 +wl2 (wll+allw51) w52 +w22 (w21 +al2w51) w52 -all
wll w52 - al2 w21 w52° - a21 w31l w52” - a22 w4l w52%) + w21 w23 w53 +
w31 w33 w53 +w4l w43 w53 +al2w23w51w53+a21lw33w51w53+
a22 w43 w51 w53 +wl3 (wll+allw51) w53 -allwllw532-al2 w21 w532 -
a21 w31 w532 - a22 w4l w532 + n2 (-2wl2wl3 w51 -2 w22 w23 w51 - 2 w32 w33
w51 -2 w42 w43 w51 + wllwl3 w52 + w21l w23 w52 + w31 w33 w52 + w41 w43
w52 + allwl3w51w52 +al2w23 w51w52 +a21lw33w51w52+a22w43
w51 w52 + w31 w32 w53 + w4l w42 w53 + a21 w32 w51 w53 + a22 w42 w51
w53 +wl2 (wll+allw51) w53 +w22 (w21 +al2w51) w53 -2allwllw52
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w53 -2 al2w21w52w53-2a21w31w52w53-2a22w4l w52 w53) )2) /

(-w21w23 w51 -w31w33 w51 -w4lw43 w51 +allwl3w51%+al2w23w51° +
a21w33w51% + a22 w43 w512 +
n2 (-w31w32w51 - w4lw42 w51 +allwl2w51% + al2 w22 w51 + a21 w32 w51° +
a22 w42 w51% + w112 w52 + w21? w52 + w31% w52 + w41 w52 - a21 w31 w51 w52 -
222 w4l w51 w52 -wllw51 (wl2 +allwb52) -w21lw51 (w22 +al2w52) ) +
w11? w53 +w21? w53 + w31% w53 + w412 w53 - al2 w21 w51 w53 -
a21 w31 w51 w53 - a22 w4l w51 w53 - wll w51 (wl3 +all w53) )2) ) /

(n2w52 +w53 - (w51 (-w13? w51 - w23% w51 - w33® w51 - w43? w51 + n2® (-w12® w51 -
w222 w51 - w322 w51 - w422 w51 + w31 w32 w52 + w4l w42 w52 + a21 w32 w51 w52 +
222 w42 w51 w52 +wl2 (wll+allw51) w52 +w22 (w21 +al2w51) w52 -
allwllw52° -al2w2lw52” -a21w31lw52% -a22walw52%) + w21l w23 w53 +
w31 w33 w53 +w4l w43 w53 +al2w23 w51 w53 +a21l w33 w51 w53+
a22 w43 w51 w53 +wl3 (wll+allw51) w53 -allwllw532-al12 w21 w532 -
a21 w31 w532 - a22 w4l w532 + n2 (-2wl2 wl3 w51 -2 w22 w23 w51 - 2 w32 w33 w51 -
2w42 w43 w51 +wllwl3 w52 +w21lw23 w52 + w31 w33 w52 +wdlwd3 ws2 +
allwl3w51w52+al2w23w51w52+a21lw33w51w52+a22w43 w51 w52 +
w31l w32 w53 +w4l w42 w53 + a2l w32 w51 w53 +a22w42 w51 wh3 +
wl2 (wll+allw51) w53 +w22 (w21l +al2w51) w53 -2allwllw52w53-
2al2w21lw52w53-22a21w31w52w53-2a22w4l w52 w53) ) ) /
(—w2l w23 w51 - w31l w33 w51 - w4l wa3 w51 + all wl3 w51? + al2 w23 w512 +
a21w33w51% + a22 w43 w512 +
n2 (-w31w32w51 - w41l w42 w51 +allwl2w51%+al2w22w51% +a21w32w51° +
a22 w42 w512 + w1l? w52 + w212 w52 + w31? w52 + w41? w52 - a21 w31 w51 w52 -
a22 w4l w51 w52 -wllw51 (wl2+allw52) - w21 w51 (w22 +al2w52)) +
wl1? w53 + w212 w53 + w312 w53 + w412 w53 - al2 w21 w51 w53 -
a21w31w51 w53 -a22w4lw51 w53 -wllw51 (w13 +allw53)) )3

The actual factorization takes place below, and we obtain formula (7):

Factor[factorize]
Out[e]=

- ( (2 (n2 wllwl2 w51 +wllwl3 w51 +n2w2lw22w51 +w21lw23w51+n2w31w32w51 +

w31 w33 w51 +n2 w4l wd2 w51 +wdlwa3 w51 -alln2wl2w51%-allwl3ws1%-

al2 n2 w22 w512 - al2 w23 w512 - a21 n2 w32 w51% - a21 w33 w512 -

a22 n2 w42 w512 - a22 w43 w512 - n2 wll? w52 - n2 w212 w52 - n2 w312 w52 -

N2 wal? w52 + all n2 wll w51 w52 + al2 n2 w21l w51 w52 + a21 n2 w31 w51 w52 +

a22 n2 w4l w51 w52 - wll? w53 - w21? w53 - w31? w53 - w4l? w53 +

allwllw51w53+al2w2lw51w53+a21lw31lw51w53+a22w4lwsl W53>
(n2wl2wi3 w21 w22 w51 +wl13? w21 w22 w51 -n2wllwl3w22”w51 -

N2 wl2? w2l w23 w51 - wl2 wl3 w2l w23 w51 + n2 wll wl2 w22 w23 w51 -

wllwl3 w22 w23 w51 +wllwl2 w232 w51 + n2 wl2 wl3 w3l w32 w51 +

w13Z w31 w32 w51 +n2 w22 w23 w31l w32 w51 +w232 w31 w32 w51 - n2wllwl3 w322 w51 -

n2 w2l w23 w322 w51 - n2 wl2? w31l w33 w51 - wl2 wl3 w3l w33 w51 -

n2 w222 w3l w33 w51 - w22 w23 w31l w33 w51 + n2 wll wl2 w32 w33 w51 -

wllwl3w32w33w51+n2w2lw22w32w33w51 -w21 w23 w32w33 w51 +
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wllwl2w33%w51 +w21w22w33% w51 +n2wl2wl3 w4l wd2 w51 +wl32 walws2 w5l +
N2 w22 w23 wdl wd2 w51 + w232 wal wd2 w51 + n2 w32 w33 wal wd2 w51 +

w332 w4l w42 w51 - n2 wllwl3 w422 w51 - n2 w21l w23 w422 w51 - n2 w31 w33 w422 w51 -
n2 wl2? w4l w43 w51 - wl2 wi3 w4l w43 w51 - n2 w222 w4l w43 w51 -

w22 w23 wdl w43 w51 - n2 w322 w4l wa3 w51 - w32 w33 wal wa3 w51 +

n2wllwl2 w42 w43 w51l -wllwl3 w42 w43 ws51l +n2w2lw22wd2wld3 w51 -

w21l w23 w42 w43 w51 + n2 w31 w32 w42 wad3d w51 -w31w33 w42 wa3 w51 +

wllwl2 w43% w51 +w21 w22 wé3? w51 +w31lw32 w432 w51 -al2 n2wl2wl3 w22 w512 -
al2 wi3Zw22 w512+ all n2 wl3 w22?w51% + al2 n2 wi2? w23 w512 +

al2 wl2 wi3 w23 w512 - all n2 wl2 w22 w23 w512 + all wl3 w22 w23 w512 -

allwl2 w23?w51% - a2l n2 wl2 wl3 w32 w51% - a21 wl3? w32 w512 -

a21 n2 w22 w23 w32 w512 - a21 w23’ w32 w512 + all n2 wi3 w322 w512 +

al2 n2 w23 w322 w512 + a21 n2 wl2? w33 w512 + a21 w12 wi3 w33 w512 +

a21 n2 w222 w33 w51% + a21 w22 w23 w33 w512 - all n2 wl2 w32 w33 w512 +
allwl3w32w33w51%-2al2 n2 w22 w32 w33 w512 + al2 w23 w32 w33 w512 -

allwl2 w332 w512 - a12 w22 w332 w512 - a22 n2 wl2 wl3 w42 w512 - a22 wi3? w42 w512 -
a22 n2 w22 w23 w42 w512 - a22 w23% w42 w512 - a22 n2 w32 w33 w42 w512 -

a22 w332 w42 w512 + all n2 w13 w422 w512 + al2 n2 w23 w422 w512 +

a21 n2 w33 w422 w512 + a22 n2 wl2? w43 w51° + a22 wl2 wl3 w43 w512 +

a22 n2 w222 w43 w512 + a22 w22 w23 w43 w512 + a22 n2 w322 w43 w512 +

a22 w32 w33 w43 w512 - all n2 wl2 w42 w43 w512 + all wl3 w42 w43 w512 -

al2 n2 w22 w42 w43 w512 + al2 w23 w42 w43 w512 - a21 n2 w32 w42 wa3 w512 +

a2l w33 w42 w43 w512 - a1l wl2 w432 w512 - a12 w22 w432 w512 -

a2l w32 w432 w512 - n2 wl2 wid w21? w52 - w132 w212 w52 + n2 wll wl3 w21 w22 w52 +
N2 wllwl2 w2l w23 w52 +2wllwl3w2lw23 w52 -n2wll? w22 w23 w52 -

wl1? w232 w52 - n2 w12 wi3 w31? w52 - wl3? w31% w52 - n2 w22 w23 w312 w52 -

w23Z w312 w52 + N2 wll wl3 w31l w32 w52 + n2 w21l w23 w31l w32 w52 +
N2wllwl2w3lw33w52+2wllwl3w31lw33w52+n2w2lw22w31lw33w52+
2w21w23w31w33w52-n2wll?w32w33w52-n2w21?w32 w33 w52 -

wl1? w332 w52 - w212 w332 w52 - n2 wl2 wi3 wdl? w52 - wi32 w412 w52 -

N2 w22 w23 w412 w52 - w23% w41? w52 - n2 w32 w33 w412 w52 - w332 w412 w52 +
n2wllwl3 w4l w42 w52 +n2w2lw23wdlwd2 w52 +n2w3lw33wsdlwld2ws2 +
n2wllwl2 w4l w43 w52 +2wllwl3wdlwd3d w52 +n2w2lw22wdl wa3 w52 +

2w21l w23 w4l w43 w52 + n2 w31l w32 w4l wd3 w52 +2w31lw33wsl wid3 ws2 -

n2 wll? w42 w43 w52 - n2 w212 w42 w43 w52 - n2 w31? w42 w43 w52 -

wll? w432 w52 - w212 w432 w52 - w31? w432 w52 + al2 n2 wl2 wl3 w21l w51 w52 +

al2 wl3? w2l w51 w52 +al2 n2wllwl3w22w51w52 -2 alln2wl3 w2l w22 w51 w52 -
2al12n2wllwl2 w23 w51 w52 -al2wllwl3 w23 w51 w52 +
alln2wl2w2lw23w51w52-allwl3w2lw23w51w52+alln2wllw22w23w51w52+
allwllw23?w51w52 +a21n2wl2wl3w3lw51w52+a21wl3?w3lw51w52+

a2l n2 w22 w23 w31lw51 w52 + a2l w23?2w31lw51w52 +a2l n2wllwl3 w32 w51 w52 +
a2l n2w21lw23w32w51w52-2alln2wl3w3lw32w51w52-
2al2n2w23w31lw32w51w52-2a21n2wllwl2w33w51w52-
a21lwllwl3w33w51w52-2a21n2w2lw22w33w51w52-a21w21lw23w33w51w52+
alln2wl2 w31l w33 w51 w52 -allwl3w3lw33w51w52+al2n2w22w3lw33w51w52-
al2 w23 w31lw33w51w52+alln2wllw32w33w51w52+al2n2w2lw32w33w51w52+
allwllw332w51w52+al2w2lw33?w51w52+a22n2wl2wl3w4lws51lws2 +



ICCV2023_supplementary.nb | 9

a22 wl3? w4l w51 w52 +a22 n2 w22 w23 w4l w51 w52 + a22 w23? w4l w51 w52 +

a22 n2 w32 w33 w4l w51 w52 + a22 w33? w4l w51 w52 + a22 n2 wll wl3 w42 w51 w52 +
a22n2 w21 w23 w42 w51 w52 + a22 n2 w31 w33 w42 w51 w52 -
2alln2wl3w4lw42w51w52-2al2n2w23wldlwid2 w51 w52 -
2a21n2w33w4lw42w51w52-2a22n2wllwl2wi43 w51w52-

322 wllwl3 w43 w51w52-23a22n2w21lw22w43 w51 w52 -a22w21l w23 w43 w51 w52 -
23a22n2w31w32w43 w51 w52 -a22w31w33w43 w51 w52 +alln2wl2wé4lwld3 w51l w52 -
allwl3 w4l w43 w51w52 +al2n2w22w4l w43 w51 w52 -al2w23 w4l wqd3wslws2 +
a2l n2w32w4lw43w51lw52-2a21 w33 w4l w43 w51w52 +all n2wllwd2 w43 ws51w5s2+
al2 n2 w21l w42 w43 w51 w52 + a21 n2 w3l w42 w43 w51 w52 + all wll w432 w51 w52 +
al2 w21 w43 w51 w52 + a21 w31l w432 w51 w52 - al2 n2 wllwl3 w2l w522 +
alln2wl3w21?w52% +al2 n2 wll? w23 w52% - all n2 wll w21 w23 w52° -
a21n2wllwl3w31w52?-a21n2w2lw23w31w52%+alln2wl3w31?w52?%+

al2 n2 w23 w31% w522 + a21 n2 w11? w33 w52% + a21 n2 w212 w33 w522 -
alln2wllw31lw33w52?-al2n2w2lw3lw33w52%-a22n2wllwl3w4lws52?-

a22 n2 w21 w23 w41l w52% - a22 n2 w31 w33 w4l w522 + all n2 wl3 wal? w522 +

al2 n2 w23 w41? w522 + a21 n2 w33 w41? w52% + a22 n2 w1l w43 w522 +

a22 n2 w21? w43 w522 + a22 n2 w31? w43 w52% - all n2 wll w41l w43 w522 -

al2 n2 w21l w4l w43 w52 - a21 n2 w3l wdl w43 w522 + n2 wi2? w21? w53 +

wl2 wl3 w21?w53 -2 n2 wllwl2 w2l w22 w53 - wllwl3 w21l w22 w53 +

n2wll? w222 w53 -wllwl2 w21 w23 w53 +wll? w22 w23 w53 + n2 wl2? w31? w53 +

w12 w13 w31? w53 + n2 w222 w31? w53 + w22 w23 w31? w53 - 2 n2 wll wl2 w31 w32 w53 -
wllwl3 w31lw32w53-2n2w2lw22w31lw32w53-w21w23w31w32w53+

n2 wll? w322 w53 + n2 w21? w322 w53 - wll wl2 w31 w33 w53 - w21 w22 w31 w33 w53 +
w11? w32 w33 w53 + w21% w32 w33 w53 + n2 w12? w41% w53 + w12 wl3 w41? w53 +

n2 w222 w41? w53 + w22 w23 w41? w53 + n2 w322 w41? w53 + w32 w33 w41? w53 -
2n2wllwl2 w4l w42 w53 -wllwl3wdlwd2 w53 -2n2w2lw22wlqdlwl2 wh3 -

w21l w23 w4l w42 w53 -2 n2w31lw32w4lwld2 w53 -w31w33wlsl ws2 w53 +

n2 wll? w422 w53 + n2 w212 w42% w53 + n2 w312 w422 w53 - wll wl2 w4l w43 w53 -

w21 w22 w4l w43 w53 - w31l w32 wal wa3 w53 + wll? wa2 wa3 w53 +

w21 w42 w43 w53 + w31? w42 w43 w53 - al2 n2 wi2? w21 w51 w53 -

al2 wl2 wl3 w21l w51w53 +al2n2wllwl2w22w51w53+2al2wllwl3w22w51w53+
alln2wl2 w2l w22 w51 w53 -allwl3w2lw22w51w53-alln2wllw22?w51w53-
al2 wllwl2 w23 w51 w53 +2 allwl2 w2l w23 w51w53-allwllw22w23w51w53-

a21 n2 w122 w31 w51 w53 - a21 wl2 wl3 w31l w51 w53 - a21 n2 w222 w31 w51 w53 -

a2l w22 w23 w31lw51w53+a21n2wllwl2w32w51w53+2a21lwllwl3w32w51w53+
a2l n2w21lw22w32w51w53+2a2lw2lw23w32w51w53+alln2wl2w3lw32w51w53-
allwl3w3lw32w51w53+al2n2w22w31lw32w51w53-al2w23w31w32w51w53-
alln2wll w322 w51 w53 -al2 n2w21lw322w51 w53 -a21wllwl2 w33 w51 w53 -
a2lw21l w22 w33 w51w53+2allwl2w3lw33w51w53+2al2w22w31lw33w51w53-
allwllw32w33w51w53-al2w2lw32w33w51w53-a22n2wl2?w4lw51lws3-

a22 wl2 wl3 w4l w51 w53 - a22 n2 w222 w41l w51 w53 - a22 w22 w23 w4l w51 w53 -

a22 n2 w322 w4l w51 w53 - a22 w32 w33 w4l w51 w53 + a22 n2 wll wl2 w42 w51 w53 +
2a22wllwl3 w42 w51 w53 +a22 n2 w21 w22 w42 w51 w53 +2 a22 w21 w23 w42 w51 w53 +
a22n2w31lw32w42w51 w53 +2a22w31w33w42w51w53 +alln2wl2wdlwid2w51ws3-
allwl3 w4l w42 w51 w53 +al2n2w22w4lwd2 w51 w53 -al2w23 w4l wd2 w51 w53 +
a21 n2 w32 w4l wd2 w51 w53 - a21 w33 w4l w42 w51 w53 - all n2 wll w42? w51 w53 -
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al2 n2 w21 w422 w51 w53 - a21 n2 w31l w42% w51 w53 - a22 wll wl2 w43 w51 w53 -
a22 w21l w22 w43 w51 w53 -a22w3lw32w43wS51wsh3+2allwl2wdlwsd3 w51l ws3+
2al2w22w4lw43ws51w53+2a21lw32wdlwd3dws51lws3-allwllwid2wlsd3d w51l wh3 -
al2 w21l w42 w43 w51 w53 -a21lw3lwld2 w43 w51ws53+al2n2wllwl2w2lw52ws3-
al2 wllwl3 w21lw52 w53 -alln2wl2w21?w52 w53 +allwl3 w212 w52 w53 -

al2 n2 wll? w22 w52 w53 + all n2 wll w2l w22 w52 w53 + al2 wll? w23 w52 w53 -
allwllw2lw23w52w53+a21ln2wllwl2w3lw52w53-a21lwllwl3w3lw52w53+
a2l n2 w2l w22 w31lw52 w53 -a2lw2lw23w31lw52w53-alln2wl2w31?w52 w53+
allwl3 w312 w52 w53 -al2n2 w22 w31? w52 w53 +al2 w23 w312 w52 w53 -

a2l n2 wll? w32 w52 w53 - a21 n2 w212 w32 w52 w53 + all n2 wll w3l w32 w52 w53 +
al2 n2 w21 w31 w32 w52 w53 +a21 wll? w33 w52 w53 +a21 w21? w33 w52 w53 -
allwllw3lw33w52w53-al2w2lw31lw33w52w53+a22n2wllwl2 w4l w52w53-
a22wllwl3w4lw52w53 +a22n2w2lw22w4lws52w53-a22w2l w23 w4l w52 w53 +
a22 n2 w31l w32 w4l w52 w53 - a22 w31 w33 w4l w52 w53 - all n2 wl2 wal? w52 w53 +
allwl3 w412 w52 w53 - al2 n2 w22 w412 w52 w53 + al2 w23 w41? w52 w53 -

a21 n2 w32 w4l? w52 w53 + a21 w33 w412 w52 w53 — a22 n2 wll? w42 w52 w53 -

a22 n2 w21? w42 w52 w53 - a22 n2 w312 w42 w52 w53 + all n2 wll w4l wa2 w52 w53 +
al2 n2 w2l w4l w42 w52 w53 + a21 n2 w3l w4l w42 w52 w53 + a22 wll? w43 w52 w53 +
a22 w212 w43 w52 w53 + a22 w312 w43 w52 w53 - all wll w4l wd3 w52 w53 -

al2 w2l w4l wi3 w52 w53 - a2l w3l wadl wa3 w52 w53 + al2 wll wl2 w2l w532 -
allwl2 w212 w532 -al12wll? w22 w532 + all wll w21l w22 w532 +

a21wllwl2 w31l w53%+a21w2lw22w31lws3%-allwl2w31?w53?-

al2 w22 w312 w532 - a21 wll? w32 w53 - a21 w21? w32 w53% + all wll w31l w32 w532 +
al2 w21l w31l w32 w532 +a22 wllwl2 w4l w532 +a22 w21l w22 wdl w532 +

a22 w31l w32 w4l w532 - all wl2 w412 w532 - al2 w22 w412 w532 -

a21 w32 w412 w532 - a22 wll? w42 w532 - a22 w21% w42 w53% - a22 w312 w42 w532 +

allwllw4l w42 w532 +al2w2lwdlwd2 w532+ a2l w3lwal wa2 w532) ) /

(n2? w12? w517 + 2 n2 w12 w13 w517 + w13? w51% + n2% w22? w517 + 2 n2 w22 w23 w517 +
w232 w512 + n22 w322 w512 + 2 n2 w32 w33 w512 + w332 w512 + n2% w422 w512 +
2Nn2 w42 wa3 w512 + wa3? w512 -2 n22 wllwl2 w51 w52 - 2 n2 wll wl3 w51 w52 -
222 w21 w22 w51 w52 -2 n2 w2l w23 w51 w52 - 2 n22 w31 w32 w51 w52 -
2N2w31lw33w51 w52 -2 n2% w4l wd2 ws51w52 - 2 n2 wal wa3 w51 w52 + n22 wll? w522 +
n2%2 w212 w522 + n22 w312 w522 + n22 w412 w522 - 2 N2 wll wl2 w51 w53 -
2wllwl3w51w53-2n2w2lw22w51w53-2w21w23w51w53-
2n2w31lw32w51w53-2w31w33w51w53-2n2w4l w42 w51 w53 -
2 w4l w43 w51 w53 +2n2wll? w52 w53 +2 n2 w212 w52 w53 + 2 n2 w312 w52 w53 +

2n2w41? w52 w53 + wll? w532 + w212 w532 + w312 w532 + w412 w532) 2)

Itis seen that its structure js ineantinear,
quadratic

linear, linear,

We need to solve =0 for n2. Clearly, we can ignore the denominator, so we consider only

quadratic?

the two factors in the numerator as two separate equations.
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linearl =n2wllwl2 w51 +wllwl3 w51 +n2w2lw22w51+w21w23 w51 +n2w31w32w51+
w31 w33 w51 + n2 w4l w42 w51 + w4l w43 w51 - all n2 wl2 w51% - a1l wi3 w512 -
al2 n2 w22 w512 - al2 w23 w512 - a21 n2 w32 w512 - a21 w33 w512 - a22 n2 w42 w512 -
a22 w43 w512 - n2 w112 w52 - n2 w212 w52 - n2 w312 w52 - n2 w412 w52 + all n2 wll w51 w52 +
al2 n2 w21 w51 w52 +a21 n2 w31 w51 w52 +a22 n2 w4l w51 w52 - wll? w53 - w212 w53 -
w31? w53 - w41? w53 + all wll w51 w53 + al2 w21l w51 w53 + a21 w31l w51 w53 + a22 w4l w51 w53

linear2 = n2 w12 wl3 w21 w22 w51 + wl3? w21 w22 w51 - n2 wll w13 w222% w51 -
n2 w122 w21 w23 w51 - wl2 w13 w21l w23 w51 + n2 wll wl2 w22 w23 w51 -
wll w13 w22 w23 w51 + wll wl2 w232 w51 + n2 wl2 w13 w31l w32 w51 + w132 w31l w32 w51 +
N2 w22 w23 w31 w32 w51 +w23° w31 w32 w51 - n2 wll wl3 w32% w51 - n2 w21 w23 w322 w51 -
n2 w122 w31 w33 w51 - wl2 w13 w31l w33 w51 - n2 w222 w31 w33 w51 - w22 w23 w31 w33 w51 +
nN2wllwl2w32w33w51-wllwl3w32w33w51+n2w2lw22w32w33w51-
w21 w23 w32 w33 w51 + wll wl2 w332 w51 + w21 w22 w33? w51 + n2 wl2 wl3 w4l w42 w51 +
w132 w4l w42 w51 + n2 w22 w23 w4l wd2 w51 + w232 wdl wa2 w51 + n2 w32 w33 wal wa2 w51 +
w332 w4l w42 w51 - n2 wll wi3 w422 w51 - n2 w21 w23 w422 w51 - n2 w31 w33 w422 w51 -
n2 wi2? w4l w43 w51 - w12 wl3 w4l w43 w51 - n2 w222 w4l w43 w51 - w22 w23 w4l w43 w51 -
n2 w322 w4l w43 w51 - w32 w33 w4l w43 w51 + n2 wll wl2 w42 w43 w51 - wll wl3 w42 wé3 w51 +
n2 w2l w22 w42 w43 w51 -w2l w23 w42 w43 w51 + n2 w31 w32 w42 w43 w51 -
w31 w33 w42 w43 w51 + wll wl2 w432 w51 + w21l w22 w43? w51 + w3l w32 w432 w51 -
al2 n2 wl2 wl3 w22 w512 - al2 w132 w22 w512 + all n2 wl3 w222 w512 + al2 n2 wi2? w23 w512 +
al2 wl2 wid w23 w512 - all n2 w12 w22 w23 w51 + all wl3 w22 w23 w512 - all w12 w23? w512 -
a21 n2 w12 wl3 w32 w512 - a21 w13? w32 w512 - a21 n2 w22 w23 w32 w512 - a21 w23? w32 w512 +
alln2 wi3d w322 w512 + a12 n2 w23 w322 w512 + a21 n2 w122 w33 w512 + a21 wl2 w13 w33 w512 +
a21 n2 w222 w33 w512 + a21 w22 w23 w33 w51% - a1l n2 w12 w32 w33 w512 +
allwl3 w32 w33 w512 -a12 n2 w22 w32 w33 w512 + al2 w23 w32 w33 w512 -
allwl2 w332 w512 - a12 w22 w332 w512 - a22 n2 wl2 wl3 w42 w512 - a22 w132 w42 w512 -
a22 n2 w22 w23 w42 w512 - a22 w23? w42 w51% - a22 n2 w32 w33 w42 w51% - a22 w332 w42 w512 +
all n2 w13 w422 w51% + al2 n2 w23 w422 w512 + a21 n2 w33 w422 w512 + a22 n2 w122 w43 w512 +
a22 w12 wi3 w43 w512 + a22 n2 w22? w43 w512 + a22 w22 w23 w43 w512 + a22 n2 w322 w43 w512 +
a22 w32 w33 w43 w512 - all n2 w12 w42 w43 w512 + all wl3 w42 wa3 w512 -
al2 n2 w22 w42 w43 w512 + al2 w23 w42 w43 w512 - a21 n2 w32 w42 wa3 w512 +
a21 w33 w42 w43 w51% - all wl2 w432 w512 - a12 w22 w432 w512 - a21 w32 w432 w512 -
N2wl2 wi3w21? w52 - w132 w212 w52 + n2 wll wl3 w21 w22 w52 + n2 wll wl2 w21 w23 w52 +
2wllwl3 w2l w23 w52 -n2wll? w22 w23 w52 -wll? w23 w52 - n2 wl2 wi3 w31? w52 -
w13? w312 w52 - n2 w22 w23 w31? w52 - w232 w312 w52 + n2 w1l w13 w31 w32 w52 +
n2w2l w23 w3lw32w52+n2wllwl2w3lw33 w52 +2wllwl3w3lw33 w52+
n2 w2l w22 w31 w33 w52 + 2 w21l w23 w31 w33 w52 - n2 wll? w32 w33 w52 -
n2 w212 w32 w33 w52 - w1l? w332 w52 - w212 w332 w52 - n2 w12 wl3 w412 w52 -
w132 w412 w52 - n2 w22 w23 w41? w52 - w23% w41% w52 - n2 w32 w33 w412 w52 -
w332 w412 w52 + n2 wll wl3 w4l w42 w52 + n2 w21l w23 w4l wd2 w52 + n2 w31l w33 wal wa2 w52 +
n2wllwl2 w4lw43 w52 +2wllwl3 w4l wd3 w52 +n2w2lw22widl wls3d w52 +
2w2l w23 w4l w43 w52 + n2 w3l w32 w4l w43 w52 + 2 w31l w33 wdl wid3 ws2 -
N2 wll? w42 w43 w52 - n2 w21? w42 w43 w52 - n2 w31? w42 w43 w52 - wil? w432 w52 -
w212 w432 w52 - w312 w432 w52 + al2 n2 wl2 wl3 w21l w51 w52 + al2 w13? w21 w51 w52 +
al2 n2wllwl3w22w51w52-2alln2wl3w2lw22w51w52-2al2n2wllwl2w23w51w52-
al2 wllwl3 w23 w51w52 +alln2wl2w2lw23w51w52-allwl3w2lw23w51w52+
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alln2wllw22 w23 w51 w52 +allwllw23?w51w52+a21n2wl2wl3w31lw51w52+
a21wl3? w31 w51 w52 + a2l n2 w22 w23 w31l w51 w52 + a21 w23” w31 w51 w52 +

221 n2 wll wl3 w32 w51 w52 + a21 n2 w21 w23 w32 w51 w52 -2 all n2wl3 w31l w32w51w52-
2al2n2w23w31lw32w51w52-23a21 n2wllwl2w33w51w52-2a21wllwl3w33w51w52-
2321 n2w21lw22w33w51w52-2a21w21lw23 w33 w51w52 +alln2wl2w3lw33w51w52-
all wl3 w31l w33 w51w52 +al2 n2 w22 w31 w33 w51 w52 -2a12w23 w31 w33 w51w52 +
alln2wllw32w33w51w52+al2n2w2lw32w33w51 w52 +allwllw33?w51w52+

al2 w21l w332 w51 w52 +a22 n2wl2 wl3 w4l w51 w52 + a22 wl3? w4l w51 w52 +

a22 n2 w22 w23 w4l w51 w52 + a22 w232 w4l w51 w52 + a22 n2 w32 w33 w4l w51 w52 +

a22 w332 w4l w51 w52 + a22 n2 wll wl3 w42 w51 w52 + a22 n2 w21l w23 w42 w51 w52 +

a22 n2 w31 w33 w42 w51 w52 -2all n2wl3 w4l w42 w51w52-2al2n2w23wll wls2 w51 w52 -
2a21n2w33w4lw42w51w52-2a22n2wllwl2 w43 w51w52-a22wllwl3 w43 w51ws2-
2 a22 n2 w2l w22 w43 w51 w52 - a22 w21 w23 w43 w51 w52 - 2 a22 n2 w31 w32 w43 w51 w52 -
a22 w31 w33 w43 w51 w52 + all n2wl2 w4l w43 w51 w52 - all wl3 w4l w43 w51 w52 +

al2 n2 w22 w4l w43 w51 w52 - al2 w23 w4l w43 w51 w52 + a21 n2 w32 w4l w43 w51 w52 -
a2l w33 w4l w43 w51w52 +alln2wllw42wd3 w51w52 +al2n2w2lwis2 wsd3 w51 w52 +
a21 n2 w3l w42 w43 w51 w52 + all wll w432 w51 w52 + al2 w21l w432 w51 w52 +

a21 w31 w432 w51 w52 - al2 n2wllwl3w2lw52?+alln2wl3w21®w52%+

al2 n2 wll? w23 w52% - a1l n2 wll w21 w23 w52% - a21 n2 wll wl3 w31l w522 -

a21 n2 w21 w23 w31 w52 +all n2wl3 w31®w52% + a12 n2 w23 w31? w522 +

a21 n2 wll® w33 w522 + a21 n2 w21? w33 w52% - a1l n2 wil w3l w33 w527 -

al2 n2 w21 w31w33w52%-a22n2wllwl3w4lw52-a22n2w2l w23 w4l w52% -

a22 n2 w31 w33 w4l w522 +all n2 wi3d w412 w522 + al2 n2 w23 w4l? w522 +

a21 n2 w33 w41? w52% + a22 n2 wll? w43 w52 + a22 n2 w21% w43 w522 + a22 n2 w31? w43 w52% -
alln2wllw4lw43w52?-al2n2 w2l w4l w43 w52 -a21 n2 w3l walwa3 w522 +

n2 w12 w21% w53 + w12 wli3 w21? w53 - 2 n2 wll wl2 w21l w22 w53 - wll w13 w2l w22 w53 +
n2 wil? w22? w53 - wllwl2 w21l w23 w53 + wll” w22 w23 w53 + n2 w12? w31* w53 +

w12 w13 w31? w53 + n2 w22% w31? w53 + w22 w23 w31 w53 - 2 n2 wll wl2 w31 w32 w53 -
wllwl3 w3lw32w53-2n2w2lw22w31lw32w53-w21w23w31w32w53+

n2 wll? w32% w53 + n2 w21% w32% w53 - wll wl2 w31 w33 w53 - w21 w22 w31 w33 w53 +

w1l? w32 w33 w53 + w21 w32 w33 w53 + n2 w12’ w412 w53 + w12 wl3 w4l® w53 +

n2 w222 w41% w53 + w22 w23 w41? w53 + n2 w322 w41% w53 + w32 w33 w41? w53 -
2n2wllwl2 w4l w42 w53 -wllwl3 w4l w42 w53 -2n2w2l w22 w4l wd2 ws3 -

w21 w23 w4l w42 w53 - 2 n2 w31 w32 w4l w42 w53 - w31 w33 w4l wé2 w53 + n2 wil? w422 w53 +
n2 w21 w42? w53 + n2 w31? w42? w53 - wll wl2 w4l w43 w53 - w21 w22 w4l wa3 w53 -

w31 w32 w4l w43 w53 + wll? wa2 wa3 w53 + w21% w42 wa3 w53 + w31? w42 w43 w53 -

al2 n2 wl2? w21 w51 w53 - al2 wl2 wl3 w21 w51 w53 +al2 n2 wll wl2 w22 w51 w53 +
2al2wllwl3w22w51w53+alln2wl2w2lw22w51w53-2al11lwl3 w2l w22w51w53-
alln2 wllw22? w51 w53 -al2 wllwl2 w23 w51 w53 +2 all wl2 w2l w23 w51 w53 -
allwllw22 w23 w51w53-a21n2wl2?2w31lw51w53-a21wl2wl3w3lw51w53-

a21 n2 w222 w31 w51 w53 - a21 w22 w23 w31 w51 w53 + a21 n2 wll wl2 w32 w51 w53 +
2a21lwllwl3w32w51w53 +a2ln2w2lw22w32w51w53+2a21lw2l w23 w32w51 w53+
alln2wl2 w31l w32 w51 w53 -allwl3 w3lw32w51w53+al2n2w22w31w32w51w53-
al2 w23 w31 w32 w51 w53 - alln2 wllw32?w51w53-al2n2w2lw32?w51 w53 -

a2l wllwl2 w33 w51 w53 -a21 w21l w22w33w51w53+2allwl2w3lw33w51w53+
2al2w22 w31 w33 w51w53-allwllw32w33w51w53-al2w2l w32w33w51w53-

a22 n2 w12? w4l w51 w53 - a22 w12 wl3 w4l w51 w53 - a22 n2 w22? w4l w51 w53 -
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a22 w22 w23 w4l w51 w53 - a22 n2 w322 w4l w51 w53 - a22 w32 w33 w4l w51 w53 +

a22 n2wllwl2 w42 w51 w53 +2a22wllwl3w42w51w53 +a22n2w2lw22w42 w51 w53+
2 222 w21 w23 w42 w51 w53 + a22 n2 w31 w32 w42 w51 w53 + 2 a22 w31 w33 w42 w51 w53 +
alln2wl2 w4l w42 w51 w53 -allwl3wldlwd42ws51w53 +al2n2w22widl wlsd2 w51 ws3 -
al2 w23 w4l w42 w51 w53 + a21 n2 w32 w4l w42 w51 w53 - a21 w33 w4l w42 w51 w53 -
alln2wllw42? w51 w53 -al2n2w2l w422 w51 w53 -a21n2 w3l w422 w51 w53 -
a22wllwl2 w43 w51 w53 -a22 w2l w22 w43 w51 w53 - a22 w3l w32 w43 w51 w53 +
2allwl2w4l w43 w51w53+2al2w22w4lwls3 w51 w53 +2a21lw32w4lws3 w51 ws3 -
allwll w42 w43 w51w53-al2w2l w42 wqd3 w51 w53 -a21w3lwld2wls3d ws1lws3+

al2 N2 wllwl2 w2l w52 w53 - al2 wll wl3 w21l w52 w53 - all n2 wl2 w21 w52 w53 +
allwl3 w21? w52 w53 - al2 n2 wl1? w22 w52 w53 + all n2 wll w21 w22 w52 w53 +

al2 w1l? w23 w52 w53 - all wll w21 w23 w52 w53 + a21 n2 wll wl2 w31 w52 w53 -

a2l wllwl3 w3lw52w53 +a21ln2w2lw22w3lw52w53-a21w2l w23 w31lw52 w53 -

all n2 w12 w31? w52 w53 + all wl3 w31? w52 w53 - al2 n2 w22 w312 w52 w53 +

al2 w23 w312 w52 w53 - a21 n2 wll? w32 w52 w53 - a21 n2 w212 w32 w52 w53 +

all n2 wllw31lw32 w52 w53 +al2n2w2lw3lw32w52w53+a21wll?w33 w52 w53 +

a21 w21? w33 w52 w53 - all wll w31l w33 w52 w53 - al2 w21 w31 w33 w52 w53 +
a22n2wllwl2 w4l w52w53 -a22wllwl3 w4l w52w53+a22n2w2lw22widl w52 w53 -
a22 w21l w23 w4l w52 w53 +a22 n2 w31 w32 w4l w52 w53 -a22 w31 w33 w4l w52 w53 -
alln2wl2 w41? w52 w53 + all wl3 w4l? w52 w53 - al2 n2 w22 wdl? w52 w53 +

al2 w23 w41? w52 w53 - a21 n2 w32 w41? w52 w53 + a21 w33 w412 w52 w53 -

a22 n2 wll? w42 w52 w53 - a22 n2 w212 w42 w52 w53 - a22 n2 w312 w42 w52 w53 +

all n2wllw4lw42w52w53 +al2 n2w2l w4l w42 w52 w53 +a21 n2w3lwidlwd2 w52 w53 +
a22 wll? w43 w52 w53 + a22 w212 w43 w52 w53 + a22 w312 w43 w52 w53 -

allwll w4l w43 w52 w53 -al2w2lw4lwd3 w52 w53 -a21l w3lwidl wlsd3d w52 w53 +

al2 wllwl2 w21l w53 -allwl2w21?w53%-a12wll? w22 w532 +allwll w2l w22 w532 +
a21 wllwl2 w31 w53%+a21 w2l w22w31w53%-al1lwl2w31?w532-3a12 w22 w312 w532 -
a21 w112 w32 w532 - a21 w21? w32 w53% + a1l wll w31l w32 w532 + al2 w21 w31 w32 w532 +
a22 wll wl2 w4l w532+ a22 w21 w22 w4l w532 + a22 w31 w32 w4l w532 - all wl2 w412 w532 -
al2 w22 w412 w532 - a21 w32 w41? w532 - a22 w1l? w42 w532 - a22 w21% w42 w532 -

a22 w312 w42 w53 + all wll w4l w42 w532 + al2 w21l w4l w42 w532 + a21 w31 w4l w42 w532

First we solve the equation linearl = 0 for n2 and substitute its solution into the “red” equation:

Solve[linearl == 0, n2]
Out[e]=
{{n2> (wllwl3w51+w21w23 w51 +w31w33 w51 +w4lws3w51-allwl3 w512 - al2 w23 w512 -

a21w33w51% - a22 w43 w51% - w11? w53 - w21? w53 - w31% w53 - w412 w53 +
allwllw51w53+al2w2lw51w53+a21lw31lw51w53+a22w4lwsl W53) /
(—wll wl2 w51 - w21 w22 w51 - w31l w32 w51 - w4l w42 w51 + all wl2 w512 +
al2 w22 w51% + 221 w32 w51% + a22 w42 w512 + w11? w52 + w21? w52 + w31? w52 +
w41? w52 - allwll w51 w52 - al2 w21l w51 w52 - a21 w31 w51 w52 - a22 w4l w51 w52) }}
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mi-= nl > - ((-w1l3? w51 - w23? w51 - w33% w51 - w43® w51 +
n2? (-w12? w51 - w22? w51 - w32? w51 - w42% w51 + w31 w32 w52 + w4l w42 w52 + a2l
w32 w51 w52 + a22 w42 w51 w52 +wl2 (wll +allw51) w52 +w22 (w21l +al2w51)
w52 - allwllw52” - al2 w21 w52” - a21 w31 w52% - a22 w4l w52?) +
w21l w23 w53 + w31 w33 w53 + w4l w43 w53 + al2 w23 w51 w53 +
a2l w33 w51 w53 + a22 w43 w51 w53 +wl3 (wll +allw51) w53 -
allwllw53%-al12w21w53%-a21w31w532-a22wdl w532+
n2 (-2wl2wl3 w51 -2 w22 w23 w51 -2 w32 w33 w51 - 2 w42 w43 w51 +
wllwl3 w52 + w2l w23 w52 + w31l w33 w52 +w4lw43 w52 +allwl3ws51ws2+
al2 w23 w51 w52 + a21 w33 w51 w52 + a22 w43 w51 w52 +
w31l w32 w53 +w4l w42 w53 + a21 w32 w51 w53 + a22 w42 w51 w53 +
wl2 (wll+allw51) w53 +w22 (w2l +al2w51) w53 -2 allwll w52 w53 -
2 al2 w21 w52 w53 - 2 a21 w31 w52 w53 - 2 a22 wdl w52 w53)) /
(—w21 w23 w51 - w31l w33 w51 - w4l w43 w51 + all wl3 w512 + al2 w23 w512 +
a21 w33 w512 + a22 w43 w512 +
n2 (-w31w32w51-w4lwa2 w51 +allwl2w51%+al2w22w51% +a21w32w51° +
a22 w42 w512 + w1l? w52 + w21? w52 + w31% w52 + w412 w52 - a21 w31 w51 w52 -
a22 w4l w51 w52 -wllw51 (wl2 +allw52) -w21lw51 (w22 +al2w52) ) +
w11? w53 + w212 w53 + w312 w53 + w412 w53 - al2 w21 w51 w53 -
a2l w31l w51 w53 -2a22w4lw51 w53 -wllw51 (wl3+allw53))) /.
n2 -» (wll wl3 w51 + w21 w23 w51 + w31l w33 w51 + w4l wd3 w51 - all wl3 w512 -
al2 w23 w512 - a21 w33 w51% - a22 w43 w512 - w11? w53 -
w212 w53 - w312 w53 - w41? w53 + all wll w51 w53 +
al2 w21l w51 w53 +a21 w31lw51 w53 +a22 w4l w51 w53) /
(—wll wl2 w51 - w21 w22 w51 - w31 w32 w51 - w4l w42 w51 + all wi2 w512 +
al2 w22 w512 + a21 w32 w512 + a22 w42 w512 + wll? w52 + w21? w52 +
w31? w52 + w412 w52 - all wll w51 w52 - al2 w21 w51 w52 -
a21 w31 w51 w52 - a22 w4l w51w52) // Simplify

-« Simplify : Expression

(<1>>) <132
—|l<22> + ——— + (W1Tw13whT + w2Tw23wh1 +w31w33whb1l + 17> + alTwlTwbTwb3 +

(<<1>>)7
al2w21wb1wb3 + a2Tw3Twblwb3 + a22w41wb51wb3 )(<<1>>))/(7vv‘l1 w12 wb1l — w21
w22 w51 —w31w32w51 —walwa2w51 +allwl2wb1 2 + <65 + wa12 wb52 — a1l w1l wh1

wb2 —a12w2Twb1wb2 —a21w3Twblwb2 —a22w41wblwb2 )

//(<<21>> +((~w31w32

w51 — w1 w42 w51 +allwi2w51 2 +al2 w22 w51 2 + <<14>>] WI1Twi3wb1 +w21w23
w51 + w3Tw33 w51 + 19> + a21w31wb1wb3 + a22 w1 wb51w5b3 ))/vaﬂ w12

wb1 —w21w22wh51 —w31w32wb1 —waTwd2wb1 +allwl2Power [K2>] + <6> + <1

> —allwlTwbTwb2 —al2w21wb1wb2 —a21w3Twblwb2 —a22w41wblwb2 )]]

simplified to ComplexInfinity.
out[s]=
nl - ComplexInfinity

This means that the solution of linearl = 0 would yield a formula that makes a denominator identi-
cally equal to 0, hence the equation linearl = 0 cannot yield the optimal solution.
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We thus have to deal with the only remaining candidate, linear2 = 0.
We solve this equation for n2 and get formula (8):

Solve[linear2 == 0, n2]
Out[e]=

{{n2 > (7w132 w21 w22 w51 + w12 wl3 w21l w23 w51 +wll wl3 w22 w23 w51 - wll wl2 w232 w51 -
w13% w31 w32 w51 - w232 w31 w32 w51 +wl2 wli3 w3l w33 w51 + w22 w23 w31 w33 w51 +
wll wl3 w32 w33 w51 + w21l w23 w32 w33 w51 - wll wl2 w332 w51 - w21 w22 w33% w51 -
w132 w4l w42 w51 - w232 w4l wa2 w51 - w332 w4l wa2 w51 + wl2 wl3 wal wa3 w51 +
w22 w23 w4l w43 w51 + w32 w33 w4l w43 w51 +wll wl3 w42 w43 w51 +
w21 w23 w42 w43 w51 + w3l w33 wd2 w43 w51 - wll wl2 w432 w51 -
w21 w22 w432 w51 - w31 w32 w432 w51 + al2 wli3? w22 w512 - a12 wil2 wi3 w23 w512 -
allwl3 w22 w23 w512 + a1l wl2 w232 w512 + a21 wl3? w32 w512 + a21 w23% w32 w512 -
a21 wl2 wi3 w33 w51% - a21 w22 w23 w33 w51% - a1l wi3 w32 w33 w512 -
al2 w23 w32 w33 w51% + a1l wl2 w332 w512 + al2 w22 w332 w512 + a22 wl3? w42 w512 +
a22 w232 w42 w512 + a22 w332 w42 w512 - a22 wl2 wl3 w43 w512 -
a22 w22 w23 w43 w512 - a22 w32 w33 w43 w512 - all wl3 w42 wa3 w512 -
al2 w23 w42 w43 w51% - a21 w33 w42 w43 w512 + all wi2 wa32 w512 +
al2 w22 w432 w512 + a21 w32 w432 w512 + w13? w212 w52 - 2 wll wi3 w21l w23 w52 +
wl1l? w232 w52 + w132 w31? w52 + w232 w312 w52 - 2 wll w13 w31l w33 w52 -

2 w21 w23 w31 w33 w52 +wll? w332 w52 + w212 w332 w52 + wl3? wdl? w52 +

w232 w412 w52 + w332 w412 w52 - 2 wll wi3 w4l w43 w52 — 2 w21 w23 wél wa3 w52 —

2 w31 w33 w4lwa3 w52 +wll? w432 w52 + w21 w432 w52 + w31 w432 w52 -

al2 w13 w2l w51 w52 +al2 wllwl3 w23 w51 w52 +all wl3 w2l w23 w51 w52 —
allwllw23?w51w52-a21wl3?w31lw51ws2-a21w232w31w51 w52+

a21wll wl3w33w51w52 +a21w2lw23w33w51w52 +allwl3w3lw33w51w52+
al2 w23 w31l w33 w51 w52 - allwll w332 w51 w52 - al2 w2l w332 w51 w52 —

a22 w132 w4l w51 w52 - a22 w232 w4l w51 w52 — a22 w33 w4l w51 w52 +

a22 wll wl3 w43 w51 w52 + a22 w21 w23 w43 w51 w52 + a22 w31 w33 w43 w51 w52 +
allwl3 w4l w43 w51 w52 +al2w23 w4l wd3 w51 wh2 + a2l w33 w4l wad3d w51 w52 -
allwll w432 w51 w52 - al2 w2l w432 w51 w52 - a2l w3l w432 w51 w52 -

wl2 wi3 w21% w53 +wll wl3 w21 w22 w53 +wll wl2 w21 w23 w53 - wll? w22 w23 w53 -
wl2 w13 w31? w53 - w22 w23 w312 w53 + wll wl3 w31l w32 w53 + w21 w23 w31 w32 w53 +
wll wl2 w31l w33 w53 + w21l w22 w31l w33 w53 - wll? w32 w33 w53 - w212 w32 w33 w53 —
w12 wi3 w41l? w53 - w22 w23 w412 w53 - w32 w33 w412 w53 + wll wl3 wal w42 w53 +
w21l w23 w4l w42 w53 + w31l w33 wdl w42 w53 +wllwl2 wédl wd3 w53 +

w21 w22 wal w43 w53 + w31l w32 wdl wa3 w53 — wll? w42 wa3 w53 — w212 wd2 wa3 w53 —
w31% w42 w43 w53 + al2 wl2 wl3 w2l w51 w53 - 2 al2 wll wl3 w22 w51 w53 +

allwl3 w2l w22w51w53 +al2wllwl2w23w51w53-2allwl2w2lw23w51w53+
allwllw22w23w51w53+a2lwl2wl3w3lw51w5s3+a2lw22w23w31lw51ws3-
2a21lwllwl3w32w51w53-2a21lw2lw23w32w51w53+allwl3w3lw32w51w53+
al2 w23 w31l w32 w51 w53 + a21wllwl2 w33 w51 w53 +a21lw2lw22w33w51 w53 -
2allwl2w3lw33w51w53-2al2w22w31lw33w51w53+allwllw32w33w51w53+
al2 w21l w32 w33 w51 w53 +a22wl2wl3 w4l w51 ws3 +a22w22w23 w4l w51 w3 +
a22 w32 w33 w4l w51 w53 -2a22wllwl3w42w51w53-2a22w2l w23 w42 w51 w53 -
2 222 w31 w33 w42 w51 w53 +allwl3 w4l wd2 w51 w53 +al2w23wdl wd2 w51 ws3 +
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a2l w33 w4l w42 w51 w53 +a22wllwl2 w43 w51 w53 +a22 w2l w22 w43 w51 w53 +
a22 w31l w32 w43 w51 w53 -2allwl2 w4l wd3ws51lw53-2al2w22wdl wid3d3 w51 ws3 -
2 a2l w32 w4l w43 w51 w53 +allwll w42 wd3 w51l w53 +al2w2l wd2 wsd3 w51 ws3 +
a21 w31l w42 w43 w51 w53 + al2 wll wl3 w2l w52 w53 — all wl3 w21? w52 w53 -

al2 wll? w23 w52 w53 + all wll w21l w23 w52 w53 + a21 wll wl3 w31l w52 w53 +

a21 w21 w23 w31 w52 w53 - all wl3 w31% w52 w53 - al2 w23 w31? w52 w53 -

a21 wll? w33 w52 w53 - a21 w212 w33 w52 w53 + all wll w31 w33 w52 w53 +

al2 w21 w31l w33 w52 w53 +a22wllwl3 w4l w52 w53 +a22w2l w23 w4l w52 w53 +
a22 w31 w33 w4l w52 w53 - all wl3 w41l® w52 w53 - al2 w23 w4l? w52 w53 -

a21 w33 w412 w52 w53 - a22 wll? w43 w52 w53 — a22 w212 w43 w52 w53 —

a22 w31? w43 w52 w53 + all wll w4l w43 w52 w53 + al2 w2l wdl wd3 w52 w53 +

a21 w31l w4l w43 w52 w53 - al2 wllwl2 w21l w532 +allwl2w21? w532 +

al2 wll? w22 w532 - a1l wll w21 w22 w532 - a21 wll wl2 w31 w532 -

a21 w21 w22 w31 w532+ all wl2 w312 w532 + al2 w22 w312 w532 +

a21 wll® w32 w532 + a21 w21? w32 w532 - all wll w31l w32 w532 -

al2 w21 w31 w32 w53% - a22 wll wl2 w4l w532 - a22 w21 w22 wél w532 -

a22 w31 w32 w4l w532 + all wl2 w412 w532 + al2 w22 w412 w532 +

a21 w32 w412 w532 + a22 wll? w42 w532 + a22 w21% w42 w532 + a22 w312 w42 w532 -
allwllw4l w42 w53% - al2 w2l w4l w42 w53% - a21 w3l walwa2w53?) /

(w12 wl3 w21l w22 w51 - wll wl3 w222 w51 - w122 w21l w23 w51 + wll wl2 w22 w23 w51 +
w12 wli3 w31 w32 w51 +w22 w23 w31 w32 w51 - wll wl3 w322 w51 - w21 w23 w322 w51 -
w122 w31l w33 w51 - w222 w31 w33 w51 + wll wl2 w32 w33 w51 + w21 w22 w32 w33 w51 +
wl2 wl3 w4l w42 w51 + w22 w23 w4l w42 w51 + w32 w33 w4l w42 w51 -
wllwl3 w422 w51 - w21 w23 w422 w51 - w31 w33 w422 w51 - wl2? wal w43 w51 -
w222 w4l w43 w51 - w322 w4l w43 w51 + wll wl2 wa2 wa3 w51 + w21l w22 w42 wa3 w51 +
w31 w32 w42 w43 w51 - al2 wl2 wl3 w22 w512 + all wl3 w222 w512 + al2 wi2? w23 w512 -
allwl2 w22 w23 w51% - a21 wl2 wl3 w32 w51% - a21 w22 w23 w32 w512 +
allwl3 w322 w51% + al2 w23 w322 w512 + a21 w122 w33 w512 + a21 w222 w33 w512 -
allwl2 w32 w33 w51% - al2 w22 w32 w33 w51% - a22 wl2 wl3 w42 w512 -
a22 w22 w23 w42 w512 - a22 w32 w33 w42 w512 + all wli3 w422 w512 +
al2 w23 w422 w512 + a21 w33 w422 w512 + a22 w122 w43 w512 + a22 w222 w43 w512 +
a22 w322 w43 w512 - all wl2 w42 w43 w512 - al2 w22 w42 w43 w512 -
a21 w32 w42 w43 w512 — w12 wl3 w21? w52 + wll wl3 w21l w22 w52 +
wllwl2 w21l w23 w52 -wll? w22 w23 w52 - wl2 w13 w31? w52 - w22 w23 w31? w52 +
wllwl3 w31l w32w52 +w21l w23 w31w32w52 +wllwl2w3lw33 w52+
w21 w22 w31 w33 w52 - wll? w32 w33 w52 - w21% w32 w33 w52 - wl2 wl3 w41 w52 -
w22 w23 w4l w52 - w32 w33 w4l? w52 + wll wl3 wdl wd2 w52 + w2l w23 wdl wid2 w52 +
w31l w33 w4l w42 w52 +wllwl2wdlwid3d w52 +w2l w22 wdl wid3 w52 +
w31 w32 wal w43 w52 - wll? w42 wa3 w52 - w21% w42 wa3 w52 - w31? wa2 wa3 w52 +
al2 wl2 wl3 w21 w51 w52 + al2wllwl3w22w51w52 -2allwl3w2lw22w51 w52 -
2al2wllwl2w23w51w52 +allwl2w2lw23w51w52+allwllw22w23w51w52+
a2l wl2 wl3 w31lw51 w52 +a21lw22w23w31lw51w52+a21lwllwl3w32w51w52+
a2l w21l w23 w32w51w52-2allwl3w3lw32w51w52-2al2w23w31w32w51w52-
2321 wllwl2w33w51w52-23a21w2lw22w33w51w52+allwl2w31lw33w51w52+
al2 w22 w31 w33 w51 w52 +allwllw32w33w51w52+al2w2lw32w33w51w52 +
a22 wl2 wl3 w4l w51 w52 + a22 w22 w23 w4l w51 w52 + a22 w32 w33 w4l w51 w52 +
a22 wll wl3 w42 w51 w52 + a22 w21 w23 w42 w51 w52 + a22 w31 w33 w42 w51 w52 -
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2allwl3w4lwd42 w51 w52 -2 al2w23 w4l wd2 w51 w52 -2 a21 w33 w4l wd2 w51 w52 -
2a22wllwl2 w43 w51 w52 -2 a22 w2l w22 w43 w51 w52 -2 a22w31w32w43 w51 w52 +
allwl2 w4l w43 w51 w52 +al2w22wdlwd3 w51 wh2 + a2l w32 w4l wad3 w51 w52 +
allwllw42 w43 w51 w52 +al2w2lwid2wd3 w51 w52 +a21 w3lwid2wld3d w51 ws2 -
al2 wllwl3 w21 w522 +allwl3 w212 w522 +al2 wll? w23 w522 -
allwllw2lw23w52%-a21wllwl3w3lw52%-a21 w2l w23 w31lw52%+

allwl3 w312 w522 + al2 w23 w31? w522 + a21 wll? w33 w522 + a21 w212 w33 w522 -
allwllw31lw33w522-2al12w2lw31lw33w52%-2a22wllwl3w4lw52%-

a22 w21 w23 w4l w522 - a22 w31 w33 w4l w522 + all wi3 wal? w522 +

al2 w23 w412 w522 + a21 w33 w412 w522 + a22 wll? w43 w522 + a22 w212 w43 w522 +
a22 w312 w43 w522 - all wll w4l w43 w522 - al2 w21 w4l w43 w522 -

a21 w31 w4l wa3 w522 +wl2? w21? w53 - 2 wll wl2 w2l w22 w53 +

w11? w222 w53 + w122 w31? w53 + w22% w312 w53 - 2 wll wl2 w31l w32 w53 -

2 w21 w22 w31 w32 w53 +wll? w322 w53 +w21? w322 w53 + wl2? w41? w53 +

w222 w412 w53 + w322 w41? w53 - 2 wll wl2 w4l w42 w53 - 2 w21l w22 wél wé2 w53 -
2 w31 w32 w4l w42 w53 + wll? w422 w53 + w212 w422 w53 + w31? wé2% w53 -

al2 wi2? w21l w51 w53 + al2 wll wl2 w22 w51 w53 + all wl2 w2l w22 w51 w53 -
allwllw22?w51 w53 -a21wl2?w31l w51 w53 -a21w22?w31w51ws3 +
a21lwllwl2 w32w51w53+a21lw2lw22w32w51w53+allwl2w3lw32w51w53+
al2 w22 w31 w32 w51 w53 - all wll w32% w51 w53 - al2 w21 w32% w51 w53 -

a22 w122 w4l w51 w53 - a22 w222 w4l w51 w53 — a22 w322 w4l w51 w53 +
a22wllwl2 w42 w51 w53 +a22 w21 w22 w42 w51 w53 + a22 w31l w32 w42 w51 w53 +
allwl2 w4l w42 w51 w53 +al2 w22 w4l w42 w51 w53 +a21 w32 wél w42 w51 w53 -
allwll w422 w51 w53 -al2 w2l w422 w51 w53 - a21 w3l w422 w51 w53 +

al2 wll wl2 w21l w52 w53 - allwl2 w21? w52 w53 - al2 wll? w22 w52 w53 +
allwllw2lw22w52w53+a21lwllwl2w3lw52w53+a2lw2lw22w31w52w53-
allwl2 w312 w52 w53 - al2 w22 w312 w52 w53 - a21 wll? w32 w52 w53 —

a21 w21? w32 w52 w53 + all wll w31l w32 w52 w53 + al2 w21l w31 w32 w52 w53 +
a22wllwl2 w4l w52 w53 +a22w2lw22w4l w52 w53 +a22 w31l w32wdl w52 w53 -
allwl2 w412 w52 w53 - al2 w22 w412 w52 w53 - a21 w32 w41% w52 w53 -

a22 wll? w42 w52 w53 - a22 w212 w42 w52 w53 — a22 w312 w42 w52 w53 +
allwllw4l w42 w52 w53 +al2 w2l w4l w42 w52 w53 + a2l w3lwalwa2w52w53)}}

This yields the second component of the optimal vector ng* in Case A.

If we now substitute this last “yellow” expression into the “red” expression for n1, we obtain the
first component of the optimal vector ng* in Case A.

Case B, n3=0

We make the substitution n3 =0:
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nlwll+n2wl2+n3wl3)2 nlw2l+n2w22 +n3w23)2
Infe]:= (all— ) + (alZ- ) +
nlw51+n2w52 +n3w53 nlw51+n2w52+n3w53

nlw3l+n2w32+n3w33)2 nlw4l +n2 w42 + n3 w43
(a21— J +(a2 -

2
] /.n3 -0
nl w51 +n2w52 +n3w53 nl w51 +n2w52 +n3 w53

Out[+]=

Nn1wll+n2wl2)2 N1w2l +n2w22)\2
all——) + alZ——) +
nlw51+n2w52 nlw51+n2w52
nlw3l+n2w32)2 nlw4l+n2w42)2
a2l - —mMMMMM— ] +la22 - ——mMmMmMmMmm ]
nlw51+n2w52 nlw51+n2w52

We compute its partial derivative w.r.t. the first variable (that is, 8; h(ny, ny)):

nlwll+n2wl2)2 nlw2l +n2w22)2
) [Tk Y PR L L
nl w51 + n2 w52 nl w51 + n2 w52
nlw3l+n2w32)2 nlw4l +n2w42\2
(a21 - —] + (a22 - —) , nl] // Together
nl w51 +n2 w52 nl w51 +n2 w52

Out[e]=
1

(N1w51 +n2w52)3
2 (-n1n2wllwl2w51-n2%wi2?w51-nln2w21w22w51-n2°>w22° w51 -nln2w31w32w51 -
n22 w322 w51 - n1 n2 w4l w42 w51 - n22 w422 w51 + allnl n2 wl2 w512 +
al2 nln2w22w51% + a21 n1 n2 w32 w512 + a22 n1 n2 w42 w512 + n1 n2 wll? w52 +
n22 wllwl2 w52 + n1 n2 w212 w52 + n22 w21 w22 w52 + n1 n2 w312 w52 + n22 w31 w32 w52 +
nln2 w412 w52 + n2? w4l w42 w52 - all nl n2 wll w51 w52 +all n2?wl2 w51 w52 -
al2 nl n2 w2l w51 w52 +al2 n2?2 w22 w51 w52 - a2l nl n2 w31l w51 w52 +
a21 n22 w32 w51 w52 - a22 nl n2 w4l w51 w52 + a22 n2% w42 w51 w52 —
alln2?wllw52® - al2 n2® w21 w52% - a21 n2° w31l w52% - a22 n2® w4l w52?)

By solving for n1, we get formula (10):

inl-]:= Solve [- nln2wllwl2 w51 - n2%2 w122 w51 - n1 n2 w21 w22 w51 - n2% w222 w51 -
nln2 w31l w32 w51 - n22 w322 w51 - n1 n2 w4l w42 w51 - n22 w422 w51 + all nl n2 wl2 w51% +
al2 n1 n2 w22 w512 + a21 n1 n2 w32 w512 + a22 n1 n2 w42 w512 + n1 n2 w112 w52 +
n22 wllwl2 w52 + n1l n2 w212 w52 + n2% w21 w22 w52 + n1 n2 w31? w52 + n22 w31 w32 w52 +
nln2w4l? w52 + n2? w4l w42 w52 - all nl n2 wll w51 w52 +all n2? wl2 w51 w52 -
al2 n1 n2 w21 w51 w52 +al2 n2? w22 w51 w52 - a21 n1l n2 w31 w51 w52 +
a21 n22 w32 w51 w52 - a22 nl n2 w4l w51 w52 + a22 n22 w42 w51 w52 -
alln2? wllw52? - a12 n2® w21 w52” - a21 n2? w31 w52” - a22 n2® w41 w52” = 0, ni]

Out[e]=

{{nl -

(n2w12? w51 + n2 w22 w51 + n2 w32? w51 + N2 w42? w51 - N2 wllwl2 w52 - n2 w21 w22 w52 -
n2w31lw32w52 -n2w4lw42 w52 -alln2wl2w51lw52-al2n2w22w51w52-
a2l n2 w32 w51 w52 - a22 n2 w42 w51 w52 + all n2 wll w522 +
al2 n2 w21lw52% + a21 n2 w31 w52° + a22 n2 wal w52?%) /

(—Wll wl2 w51 - w21l w22 w51 - w31l w32 w51 - w4l w42 w51 + allwl2 w512 +

al2 w22 w512 + a21 w32 w51% + a22 w42 w512 + wll? w52 + w212 w52 + w312 w52 +
w41? w52 - allwll w51 w52 - al2 w21l w51 w52 - a21 w31 w51 w52 - a22 w4l w51 w52) }}
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By taking the partial derivative w.r.t. the second variable (that is, 8, h(ny, n,)) and replacing n1 with

the above expression, we get an expression which is identically equal to 0:

nlwll+n2wl2)2 nlw2l+n2w22\2
) +(a1 —) .

Infe]:= [D[(all -
nl w51 +n2 w52 nl w51 +n2 w52

nlw3l+n2w32)2 nlw4l + n2 w42
—) . (azz o

2
(a21— ) , nz] /7 Together] /.

nl w51 +n2 w52 nl w51 +n2 w52
nl - (n2 w122 w51 + n2 w222 w51 + n2 w322 w51 + n2 w422 w51 - n2 wll wl2 w52 -

n2 w2l w22 w52 - n2 w31 w32 w52 - n2 w4l w42 w52 - all n2 wl2 w51 w52 -
al2 n2 w22 w51 w52 - a21 n2 w32 w51 w52 - a22 n2 w42 w51 w52 +
alln2wllw52? +al2 n2 w21 w52° + a21 n2 w31 w52% + a22 n2 w4l w52?) /
(-wll w12 w51 - w21 w22 w51 - w31 w32 w51 - w4l w42 w51 + all wl2 w512 +
al2 w22 w51% + a21 w32 w51% + a22 w42 w51 + wll? w52 + w21® w52 + w31? w52 + w41l? w52 -
allwllw51w52-2al2w2lw51w52-a21w31lw51w52-a22w4lw51 w52) // Simplify

Out[e]=

0

This means that the second equation is automatically satisfied, hence system (9) has a one-parame-
ter family of candidate optima.

By substituting the expression for n1 into the objective function, we get (14):
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Infe]:= (all -

Out[e]=

nlwll+n2wl2)2 nlw2l+n2w22)2
—] +(a12-—) .

nl w51 +n2 w52 nl w51 + n2 w52
nlw3l+n2w32)2 nlw4l +n2 w422
R Y L,

nl w51+ n2 w52 nl w51 +n2 w52

nl - (n2 w122 w51 + n2 w222 w51 + n2 w322 w51 + n2 w422 w51 - n2 wll wl2 w52 -

N2 w2l w22 w52 - n2 w31 w32 w52 -n2 w4l w42 w52 -alln2wl2 w51 w52 -
al2 n2 w22 w51 w52 - a21 n2 w32 w51 w52 - a22 n2 w42 w51 w52 +
alln2wllw52? +al2 n2w21w52° + a21 n2 w31 w52% + a22 n2 w41l w52?) /

(—wll wl2 w51 - w21 w22 w51 - w31 w32 w51 - w4l w42 w51 + all wl2 w512 +

al2 w22 w512 + a21 w32 w512 + a22 w42 w512 + w11? w52 + w212 w52 + w312 w52 + w412 w52 -

allwllw51w52-al2w2lw51w52-a21w3lw51w52-a22w4lws1 w52) // Simplify

(wzz2 w31? -2 w21 w22 w31 w32 + w21? w322 + w222 w412 + w322 wal? - 2 w21l w22 wal w42 -

2 w31 w32 w4l wa2 + w212 w422 + w31? w42? - 2 a21 w222 w31l w51 +2 a21 w2l w22 w32 w51 +
2al2w22w31lw32w51-2al2w2lw322w51-2a22w222w4lw51 -2 a22 w322 wélws1 +
2a22 w21l w22 w42 w51 +2a22w31lw32w42w51 +2 al2w22 w4l wd2 wsl +
2221 w32w4lw42 w51 -2 al2w2lwa2?w51 -2 a2l w3lwa2? w51 +all®w22? w512 +
a212 w222 w512 + a222 w222 w512 - 2 al2 a21 w22 w32 w512 + a11? w322 w512 +
a122 w322 w512 + a222 w322 w512 -2 al2 a22 w22 w42 w512 - 2 a21 a22 w32 w42 w512 +
all® wa2® w51% + a12® w42? w51% + a21% w42 w517 + w12? (w21? + w31? + w41? -
2al2w21w51-2a21w31w51-2a22w4lw51+al2®w51%+a21%w51% + a22? w51%) +
2a21lw2lw22w3lw52 -2 al2w22w31?w52 - 2 a2l w212 w32 w52 +
2al2w21lw31lw32w52+2a22w2lw22w4lw52+2a22w31w32w4lw52 -
2212 w22 w412 w52 - 2 a21 w32 w412 w52 - 2 a22 w212 w42 w52 - 2 a22 w31? w42 w52 +
2al2w2lw4lwd2 w52 +2 a2l w3lwldlwd2 w52 -2 all?w2l w22 w51 w52 -
22217 w21 w22 w51 w52 -2 a222 w21 w22 w51 w52 + 2 al2 a21 w22 w31 w51 w52 +
2al2a21lw2lw32w51w52-2all?w31lw32w51w52 -2 al2?w31lw32w51w52 -
2a222w31lw32w51w52 +2al2a22w22wdlw51lw52 +2 a2l a22 w32 wal w51 w52 +
2al2a22w2lw42 w51 w52 +2 a2l a22 w3l w42 w51 w52 - 2 all? wal w42 w51 w52 —
2212’ w4l w42 w51 w52 - 2 a212 w4l wa2 w51 w52 + all? w21? w522 + a21%2 w212 w522 +
a222w21? w522 -2 al2 a21 w21 w31 w522 + al1? w312 w522 + a122 w31? w522 +
a222 w312 w522 -2 al2 a22 w21 w4l w522 - 2 a21 a22 w31 w4l w522 + a1l? w412 w522 +
al2® wal® w52 + a21% w41% w52% + wil? (w22% + w32% + w42? - 2 al2 w22 w52 -
2221 w32 w52 - 2 a22 w42 w52 + al2® w52% + a21% w52% + a22? w52%) - 2 allwll
(w22% w51 + w32? w51 + w42” w51 - w4l w42 w52 - a22 w42 w51 w52 - w22 (w21 +al2w51)
w52 - w32 (w31 +a21w51) w52+ al2 w21 w52% + a21 w31 w52 + a22 w4l w52°) - 2 wl2
(wll (w41 w42 - al2 w22 w51 - a21 w32 w51 - a22 w42 w51 - a22 w4l w52 + al2? w51 w52 +
a21” w51 w52 +a22° w51 w52 + w21 (w22 - al2w52) +w31 (w32 - a21w52) ) +
all (-w4lw42w51+al2w22w51% +a21 w32 w51% + a22 w42 w517 +
w212 w52 + w312 w52 + w412 w52 - a22 w4l w51 w52 —
w21 w51 (w22 +al2w52) -w31lw51 (w32 +a21w52)))) /

(wlz2 w512 + w222 w512 + w322 w512 + w422 w512 - 2 wll wl2 w51 w52 —

2w21lw22w51w52 -2w31w32w51w52-2w4l wld2 w51 ws2 +
wll? w522 + w212 w522 + w312 w522 + wal? w522)



