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1. Prove the proposed hierarchy-aware frame
satisfies the frame condition

First, we give the definition of the frame condition in Eu-
clidean space:

Definition 1 (Frame). A set of vectors {¢, }22, in RY is
called a frame for R, if there exist constants 0 < A <
B < o0 such that

M
Allel® <) e, @)* < Bllz|*, V& e RV (1)
k=1

where (.,.) and ||.|| denote the dot product on R and its
corresponding norm.

Then we repeat the definition of our Hierarchy-Aware
Frame (HAFrame):

Definition 2 (Hierarchy-Aware Frame). Let a set of vectors
{w;}E | in RE with ||w;||2 = 1, fori = 1, ..., K, and their
pair-wise cosine similarities satisfy the following equation:

cosZ(w;,w;) = wlij =5;V1I<i<j<K (2

where S;; is the cosine similarity between classes ¢ and j
given by our exponential mapping function. Next, let W =
[wy w3 ... wk] be the proposed hierarchy-aware frame, W
is in RX*X and satisfies

S=wTw (3)

Since S is guaranteed to be positive definite by our search
for the proper s,,;, in the mapping function, we can con-
struct W with the following matrix factorization:

S=QDQ" = QDU (UD>Q") =W'W @)

where Q € RE*K and D € RE*X are acquired from
eigenvalue decomposition of S, and U € RX*¥ js an or-
thonormal matrix obtained from QR-decomposition [2] of
a random matrix in R¥>X that allows an arbitrary rotation

and satisfies UTU = UUT =1 i. Therefore, the pro-
posed hierarchy-aware frame is given by:

W =UD:Q" (5)

Theorem 1. The proposed HAFrame W satisfies the frame
condition (Eqn. 1) if the associated cosine similarity matrix
S is positive definite.

Proof. To prove the proposed HAFrame W satisfies the
frame condition [1] given in Eqn. 1, we substitute the set
of vectors {¢, }2, in the Eqn. 1 with the set of vectors
{w;}K | consisting the HAFrame W. It’s equivalent to
proving the following condition is satisfied when S is posi-
tive definite:

K
Allal P < Y, wi) P < Bllal P, va € RE ()
i=1

Therefore, we need to prove the following:

K
AxTz < Z(xTwl)(w?w) < Bz"x @)
i=1
Since W = [w; wy ..
Yic (@ w;) (w] ) as:

wgl, we can further write

g

(3
Therefore, we have:

Z(a:Twi)(w»T Y= (ETW)Wlz) =T WW'e

i=1
€))
Combining inequalities in Eqn. 7 and Eqn. 9, we have:

AxTxe < 2"WW7Tz < Bx'x (10)
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108 If ||z|| = 0, the frame condition in Eqn. 6 is met. Other- 162
109 wise, we have: 163
110 164
111 2TWWTg 165
112 AS— 7 —<B (1) 166
113 167
114 where % is the Rayleigh quotient R(WWT,x) 168
115 [3] for a real symmetric matrix W W7, and it is bounded by 169
116 the minimum and maximum eigenvalues of WWT. There- 170
17 fore, we have: 1m
118 172
119 eTWWlg 173
120 )\mzn S T S )\maw (12) 174
121 175
122 where A, and A,,., are the minimum and maximum 176
123 eigenvalues of WWT. Hence, we only need to prove that 177
124 WWT is a positive definite matrix when S is positive def- 178
125 inite, i.e., for any & # 0, we need to prove: 179
P TWW e = (W) (W) = W[ >0 (13) 0
127 181
123 It isT equivalent to prove W7 = QD% u” i.s invertible (if" :g;
120 W+ x # 0 when & # 0). We can find the inverse of W™ : 184
131 -1 1T 185
130 (W)™ =UD 2Q (14) .
133 where U is orthonormal, @ and D are acquired via eigen- 187
134 decomposition of real symmetric positive definite similar- 188
135 ity matrix S = QDQ, therefore Q is also orthonormal, 189
136 and D™ 7 is a real matrix (eigenvalues of S are all positive 190
137 real numbers). Since w7 is invertible, Wiz = 0 when 191
138 x # 0, this finish proving of Eqn. 13. Therefore, the ma- 192
139 trix WW7 is guaranteed to be positive definite when S is 193
140 positive definite, and our HAFrame W satisfies the frame 194
a1 condition in Eqn. 1. The proof is completed. [ 195
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