





Figure 2. We visualize the coupling during training and the learned flow from ¢ = 0 to ¢ = 1 during testing for FM, OT, and our proposed
method C*>OT. The prior is defined as g(z0) = N(0, 1), while the target distribution is given by q(z1) = 2q(z1|c = 0) + Sq(z1]c =
1)) = %N (—2,0.5) + %N (2,0.5). Note, FM results in curved flows during testing, while OT degenerates due to skewed training samples
(q(xo|c) # q(z0)). In contrast, our method successfully learns straight flows without degeneration.

(ODE) with an initial boundary value specified via noise z,
randomly drawn from a prior distribution (e.g., the standard
normal). To compute the sample z;, this ODE is commonly
solved by numerically integrating from time ¢t = 0 to time
t = 1 alearned flow/velocity field vy, where 6 denotes the
set of trainable deep net parameters. For conditional gen-
eration, we additionally obtain a condition c, e.g., a class
label from user input, which adjusts the flow. We use vg . to
denote this conditional flow. At training time, we find the
deep net parameters 6 by minimizing the objective

Et,(xo,zl,c)wﬂ(xo,zl,c) ||'U9,c(ta xt) - u($t|$0, .’L’1)||2, (1)

where t is uniformly drawn from the interval [0, 1], and
where 7(x, 1, ¢) denotes the joint distribution of the prior
and the training data. In practice, often, independent cou-
pling is used, i.e., the prior and the training data are sampled
independently, such that

(2o, r1,¢) = q(x0)q(x1, C). )

Further,
xy =try + (1 —t)xo 3)

defines a linear interpolation between noise and data, and
u(z¢|zo, 1) = 21 — T 4

denotes its corresponding flow velocity at ;. Note, simply
dropping the condition ¢ leads to the unconditional flow
matching formulation.

Although rectified flow matching is trained with straight
paths, the learned flow is often curved (Figure 1, bottom-
left) since there are many possible paths induced by the
independently sampled couplings z(, 1 through any z; at
time ¢ [29]. Curved paths require more numerical integration
and network evaluation steps, which is not ideal.

Optimal Transport (OT) Coupling. To address this issue
for unconditional generation, Tong et al. [35] and Poola-
dian et al. [29] concurrently proposed to use minibatch opti-
mal transport to deterministically couple the sampled prior
and a sampled batch of the data. This minimizes flow path
lengths and straightens the flow. Concretely, given a mini-
batch of b e-dimensional samples, an OT coupling seeks a
b x b permutation matrix P such that the squared Euclidean
distance is minimized, i.e.,

min | Xo — PX,|3. 6))

Here, Xo, X1 € Rb*€ are matrices containing a minibatch
of samples from the prior and the data. Instead of an “in-
dependent coupling”, in the unconditional setting we then
optimize a variant of Equation (1) using the coupled tuple
(X0, PX1). Note that this algorithm corresponds to sam-
pling tuples (zq, 1) from a joint distribution 7o (o, z1).
Importantly, for unconditional generation, i.e., when
using the joint distribution (g, 1), the marginals remain
unchanged from independent coupling (see [35]):

/ To(0, 21)q(0) drg = g(a1), and

/Wot(ffo,xl)Q(xl) dz; = q(xo). (6)

Hence, during test-time, we can sample from the prior g(x()
and integrate the flow vy to simulate data from the data
distribution ¢(z1).

Unfortunately, as shown in the next section, this does not
hold for conditional generation. Said differently, naively
extending the unconditional joint distribution 7y (g, 1) to
a conditional joint distribution 7y (o, x1,c) by using the
coupled tuple (X, PX;, PC), where C' € R**" is a batch
of h-dimensional conditions, does not maintain marginals
and leads to a gap between training time and test time. We
discuss this next.
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Algorithm 1 Independent Coupling

Algorithm 2 OT Coupling

Algorithm 3 C20T Coupling (Ours)

1: function INDEPENDENT(X 1, C)

1: function OT(X1,C)

1: function C2OT(X1,C)

2: Xo~N > Sample from prior 2: Xo~N > Sample from prior 2: Xo~N > Sample from prior

3: 3: Cost <— pairwise_dist(Xo, X1) 3: Cost < pairwise_dist(Xo, X1) +
pairwise_dist(C, C')

4: 4 i, j + Hungarian_matching(Cost) 4: i, j < Hungarian_matching(Cost)

5: return Xo, X1,C 5: return Xo[i], X1[j], C[J] 5: return Xo[i], X1[j], C[j]

respectively. We define f = f4 such that no transport is
allowed to modify the conditions (i.e., PC' = C). This is
achieved via

o0, €1 ?ﬁ C2,
0, otherwise.

faler, c2) = { (11)

As aresult, the unordered set of prior samples for any given
condition ¢ remains unchanged: {Xy;|c; = ¢} ig q(xg).
This formulation samples exactly from our ideal (Equa-
tion (8)), as OT is computed independently within each
class, and the data sample from each class is exposed to the
full prior without skew. This effect is illustrated in Figure 1
(middle) and Figure 2 (right). As expected, the results differ
from FM’s curved flow paths and OT’s inability to properly
capture the target distribution.

It is important to note that enforcing PC' = C' does not
necessarily imply P = I since we can still swap row ¢ and j
in P as long as ¢; = ¢;. Setting P = I would correspond to
a degeneration back to independent coupling in Equation (2)
and forfeit the benefits of straightened flow provided by OT.

Unfortunately, using fq with continuous conditions leads
to exactly this degeneration, since, in general, no ¢; = ¢;
unless ¢ = j. Hence, in the next section, we devise a relaxed
cost for handling continuous conditions.

3.3.3. Continuous Conditions

For continuous conditions, the condition is typically a feature
embedding, e.g., computed from a text prompt. Directly
applying fy in Equation (11) leads to a degeneration back to
independent coupling as discussed earlier. To avoid this, we
propose a relaxed penalty function f. based on the cosine
distance:

C1 - C2

lleal[flezll

fe(er, ) =w (1 ) = w - cdist(cy, c2). (12)

Here, w > 01is a scaling hyperparameter. Note, when w = 0,
this formulation degenerates to regular OT; when w — oo,
this formulation approaches Equation (11), i.e., independent
coupling if no two conditions are equal. The right section
of Figure 1 illustrates an example where the z-coordinate
of the target data point serves as the condition. Notably,
C20T preserves straight flow paths without exhibiting OT’s
apparent degradation.

Finding w. The optimal w is highly dependent on the data
distribution and the magnitude of features. To alleviate the
need for tuning the hyperparameter w, we propose to find
w adaptively for each minibatch. For this, we develop a
ratio r(w) which measures the proportion of samples that
are considered “potential optimal transport candidates”, i.e.,

1 .
r(w) = i Z 1 (|| Xo; — X1;|3 + w - cdist(c;, ;)
]

< || Xo: — Xu:[3), (13)

where 1(+) is an indicator function that evaluates to one if
the condition is satisfied and to zero otherwise. Then, we
introduce a hyperparameter 7, as the target ratio and find
w such that r(w) = 7. Note that setting r,, is invariant
to the scaling of distances between xy and x1. Namely, if
[ Xo; — X1;[3 is scaled by s, w would also be scaled by s to
preserve the same r,.. This invariance is particularly useful
when transitioning to a new dataset, such as changing image
resolutions in image generation tasks. In our implementa-
tion, we search for w in two steps: first with exponential
search to establish the upper/lower bounds, then with binary
search to locate a precise value. The final w is used as the
initial value in the subsequent minibatch. In practice, we
observe w differs very little between minibatches (<1%) and
the search converges quickly within 10 iterations with a neg-
ligible overhead. Next, we introduce oversampling, a simple
technique to obtain more accurate OT couplings.

3.3.4. Oversampling OT Batches

OT vs. Deep Net Batch Sizes. Typically, the “OT batch
size” b used to compute optimal transport is set equal to the
“deep net batch size” b,, used to compute forward/backward
passes of the deep net [29, 35]. While the OT batch size con-
trols the dynamics of prior-to-data assignments, the deep net
batch size affects gradient variances, training efficiency, and
memory usage. There is no reason why setting them equal
should be optimal. Particularly, with our proposed C2OT, the
effective OT batch size is reduced since we restrict transport
between samples with divergent conditions, which calls for
an increased OT batch size b. At the same time, keeping the
deep net batch size b,, unchanged prevents unwarranted side
effects in other aspects of training.

Reduced Effective OT Batch Size. In the case of
discrete conditions, OT is effectively performed within
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