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Abstract

Recent methods for point cloud surface normal estimation
predominantly use the generalized winding number field in-
duced by the normals. Optimizing the field towards sat-
isfying desired properties, such as the input points being
on the surface defined by the field, provides a principled
way to obtain globally consistent surface normals. How-
ever, we show that the existing winding number formula-
tion for point clouds is a poor approximation near the in-
put surface points, diverging as the query point approaches
a surface point. This is problematic for methods that rely
on the accuracy and stability of this approximation, requir-
ing heuristics to compensate. Instead, we derive a more
accurate approximation that is properly bounded and con-
verges to the correct value. We then examine two distinct
approaches that optimize for globally consistent normals
using point cloud winding numbers. We show how the origi-
nal unbounded formulation influences key design choices in
both methods and demonstrate that substituting our formu-
lation yields substantive improvements with respect to nor-
mal estimation and surface reconstruction accuracy.

1. Introduction

Surface normal estimation and 3D reconstruction are funda-
mental tasks in computer vision and graphics. Given a point
cloud, normal estimation assigns an outward pointing unit
normal vector to each point, providing crucial geometric in-
formation. Surface reconstruction, on the other hand, aims
to recover the underlying 3D surface from the point cloud.
These techniques are crucial for various applications, in-
cluding object recognition, scene understanding, rendering,
and 3D printing [9, 24].

In order to guarantee that the 3D representation is wa-
tertight, most methods use implicit fields, where the surface
of the object is represented as the level set of a continuous
field defined on the domain. Often these fields are parame-
terized by some function space, e.g., basis functions defined
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Figure 1. The winding number field robustly determines whether
points are inside or outside a shape. It resembles an indicator func-
tion: 1 inside, O outside, and intermediate values where uncertain.
Here, we plot the 2D winding number field induced by 50 (top)
and 10 (bottom) input surface points given their ground-truth at-
tributes such as normals (white arrows). The existing formulation
wy (q) (left) has values far outside [0, 1], while our corrected for-
mulation wg(q) (right) stays close to this range and better resem-
bles an indicator function. See Fig. 4 (a-b) for histograms of the
winding number values of these 2D examples.

on some spatial data structure or coordinate neural networks
[9, 26, 44]. These methods optimize the implicit field to best
represent the surface based on the input point cloud and de-
sirable properties of the field.

Recently, methods that directly parameterize a field with
normals rather than neural network parameters have be-
come popular for the unoriented reconstruction task [17,
31, 32, 49]. Similar to the previous approaches, they op-
timize towards appropriate properties of the parameterized
field. However, instead of optimizing the parameters of
some function space, they optimize the normals directly.
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This enables more efficient optimization, since modifying
local occupancy around the surface is easier when using a
normal-based parameterization. The most commonly used
field is the generalized winding number field [4, 23], which
has many desirable properties: it does not need extra ba-
sis function parameters, its values have clear meaning, and
there are fast ways to approximate it. However, we iden-
tify a key problem with the generalized winding number for
point clouds: it is a poor approximation near input points,
where it diverges rather than remaining finite, as it ought.
We derive a better approximation for the winding num-
ber for point clouds, and show that our formulation is
bounded and has correct limiting value (visualized in
Fig. 1). We then investigate two very different approaches
to optimizing the winding number field for globally con-
sistent surface normal estimation: GCNO [49] and WNNC
[32]. The former constructs multiple losses over the field
and optimizes with L-BFGS [42] while the latter solves an
underdetermined linear system with alternating steepest de-
scent and normal update steps. We demonstrate that substi-
tuting our formulation into each approach leads to signifi-
cant improvements. Our main contributions are
1. a more accurate approximation for point cloud winding
numbers that better aligns with key properties of the true
winding number; and
2. integrating our improved approximation into two dis-
tinct winding number-based normal estimation methods,
demonstrating its effectiveness.
We further analyze key components of both approaches,
emphasizing that both methods resort to particular design
choices to alleviate the divergent nature of the original point
cloud winding number formulation.

2. Related Work

Surface normal estimation. Surface normal estimation
can be divided into local and global methods. Local meth-
ods estimate the normals locally by fitting a local surface
and then propagate for a consistent orientation. Seminal
work by Hoppe et al. [16] used PCA for local normal esti-
mation and a minimum spanning tree for propagation. Fol-
lowing this, many methods improved either (or both) steps
[11, 13, 19, 20, 29, 38, 39, 48]. Global methods, on the
other hand, optimize a global function to determine all nor-
mal [1, 21, 36, 40, 47]. More recently, many neural network
based approaches have been proposed [6, 7, 14, 30].

Surface reconstruction with implicit fields. Surface re-
construction via implicit fields represents surfaces using an
implicit function optimized to satisfy desired properties.
Early methods relied on structured basis functions and re-
quired ground truth normals [10, 25, 26, 41, 43], with Pois-
son Surface Reconstruction (PSR) [26] being a notable ex-
ample. Recent neural implicit methods [37, 44] offer greater

flexibility and regularization, enabling reconstruction with-
out normals [2, 3, 8, 12, 27, 28, 45]. However, while robust
to defects, neural methods can be less reliable than classical
approaches on clean point clouds [22].

Generalized Winding Numbers. Jacobson et al. [23] gen-
eralize the classic winding number from 2D curves to 3D
meshes, enabling robust inside-outside segmentation. For
watertight meshes it matches the occupancy indicator func-
tion, and when defects are present it smoothly transitions,
enabling many volumetric applications for previously prob-
lematic meshes. Barill et al. [4] noted its high computa-
tional cost for large meshes and unstructured triangle soups,
such as scanned data. Thus, they adapt the winding number
formulation to work for point clouds—an extreme case of un-
structured data—and introduce a fast tree-based approxima-
tion to compute this. Since point clouds lack a well-defined
winding number, they also introduce point areas for their
adaptation. However, their formulation remains an approx-
imation of the true winding number. Although effective in
many applications, it lacks key theoretical properties of a
true winding number. In this work, we propose a more ac-
curate approximation that preserves these properties.

Normal-parametrized implicit fields. Recent work has
improved normal estimation and surface reconstruction by
directly optimizing normals via implicit fields parameter-
ized by those normals. Iterative Poisson surface reconstruc-
tion (iPSR) [17] iteratively alternates between running PSR
on the current normals and smoothing the implicit field
computed by PSR to generate new normals, while diffus-
ing winding gradients (DWG) [34] use the winding number
field instead. Parametric Gauss reconstruction (PGR) [31]
and winding number normal consistency (WNNC) [32] op-
timize for a winding number of % at input surface points,
with WNNC adding normal guidance. Globally consistent
normal orientation (GCNO) [49] optimize for the winding
number field to be peaked at zero and one and have high
variance around input surface points. The boundary inte-
gral method (BIM) [35] optimizes the boundary energy de-
rived from the Dirichlet energy of the winding number field.
Stochastic normal orientation (SNO) [18] optimizes for the
signed uncertainty of the stochastic PSR field to be mini-
mized. We investigate the effect of our bounded winding
number on GCNO and WNNC.

3. Preliminaries

The classic winding number counts the number of times a
closed curve C' in 2D encircles a query point ¢, defined as

w(q) = %]{Cd(?(cﬁ )

where 0(q) is the signed angle traversed in relation to query
point g, with positive angles indicating counterclockwise
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Figure 2. (A) In order to calculate the contribution of surface point p; to the winding number at ¢ we need the area of s;: the projection of
the surface s; at point p; onto the sphere S. This is then normalized by the surface area of .S to get the solid angle. (B) Eq. (4) approximates
this by the area of s;-, which is the projection of s; onto the tangent plane of S at p;. (C) We instead approximate it by the area of §;: we
first project s; onto the tangent plane, and then assume that this projected surface is distributed symmetrically around p; and finally project
that onto S, given by Eq. (12). (D) When the distance ||p; — ¢|| is small compared to the area of s7-, the latter can be much larger than the
theoretical maximum: half of the surface area of S. Our approximation a; is properly bounded by this.

rotation. It is commonly used to solve the point-in-polygon
problem [15], i.e., whether a point lies inside a polygon.

In order to determine whether a point lies inside a 3D tri-
angle mesh M, Jacobson et al. [23] generalize the winding
number to 3D by replacing the signed angle with the signed
solid angle. Note that the angle (in radians) of a line seg-
ment at a query point ¢ € R? can be defined by projecting
it onto the unit circle around ¢ and measuring the length of
the projection. Similarly, the solid angle (in steradians) of
a triangle ¢ at a query point ¢ € R3, §2;(q), is the area of
its projection onto the unit sphere around q. The solid angle
is then signed based on whether the triangle’s face normal
points towards or away from the query point. The general-
ized winding number is then defined as

1N
w(q) = Zl 27.(0), 2)
where the mesh has N faces { f;}¥ ;. If ¢ is inside the mesh
then w(q) = 1, otherwise w(q) = 0.
Barill et al. [4] extend this formulation to point clouds.
They start with the integral definition of the generalized
winding number and reformulate it as

vy =g [ a0 = [ o0 )

Az — qll3
where n, denotes the unit normal at . They then discretize

this to define the winding number for a point cloud in 3D
with IV points p; and unit normals n;

pz _ C]

Z s o @
where a; is the geodesic Voronoi area associated with point
p; on the surface of the shape. Barill et al. approximate
this by fitting a plane to p; and its k nearest neighbors, pro-
jecting the k£ 4 1 points onto the plane, and computing the
Voronoi area associated with the projection of p;.

We introduce notation for an individual term in the wind-
ing number formula, which will be used throughout:

wy(q) = ZwU(Q;pz’,nmai) ®)
i=1

(i —a)

Arllp; — qll3’

where wy (¢; pi, ni, a;) denotes the contribution from a sin-

gle surface point p; with normal n; and point area a; to the

winding number at query point ¢, wy (q).

u(q;pisni, ai) == a; (6)

4. A Bounded Point Cloud Winding Number

The winding number term wy (g; pi, ni, a;) should repre-
sent the solid angle of area a; at the query point g, signed by
the orientation of the normal vector n;. The area a; corre-
sponds to an unknown surface s; lying in a plane orthogonal
to n; that contains the point p; (see Fig. 2 A). To calculate
the solid angle, we project s; onto a unit sphere centered at
q and compute the area of the projection. Equivalently, as
shown in Fig. 2 A, we can project s; onto the sphere S cen-
tered at ¢ that passes through p;, producing s;, and divide
the projected area by the surface area of S, 47||p; — ¢||3.
To better understand Eq. (6), we rearrange it as

a;
u(a;pisni, a;) = ma )
i 2
where a- := a;((p; — q)Tn;). Here, al- is the signed area

of s;-, the projection of s; onto the tangent plane of S at p;
(see Fig. 2 B). This is because the angle between s; and s;-
is the same as the angle between n; and p; — g. The sign is
given by the relative direction of n; to p; — g. Note that this
area is trying to approximate the area of s;, it assumes that
the tangent plane is a good approximation of the sphere.
As a;t approaches zero, this approximation becomes
more accurate, hence its valid use in the integral definition
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in Eq. (3). However, when ¢ is very close to p; relative
to a;-, as shown in Fig. 2 D, the approximation becomes
highly inaccurate. In such cases, a;- can exceed half the
surface area of S, which is the upper bound of the projected
area from a flat surface. In fact, as ¢ — p;, aﬂ — 0.
This is demonstrated in Fig. 1, where the winding number
at query points close to p; are far outside [0, 1]. This causes
problems in optimization (see Fig. 5).

Ideally we would compute the true projection s;, but this
requires knowing how s; is distributed around p;. One can
make the assumption that s; is symmetric around p;, but
then projecting this onto S is difficult to compute efficiently.

Our solution involves a two-step projection approach,
shown in Fig. 2 C. First, we project onto the tangent plane
as before. Then, we project this onto the sphere .S, making
the assumption that the projected surface s~ is symmetric
around p;. Note that the second projection ensures that the
result is bounded by half the surface area of S. We denote
this bounded winding number formulation as wp, which we
now derive (the derivation in 2D is given in the supplement).

Define a;- as the area of a circle centered at p; on the tan-
gent plane of S with radius \/7~1|a;-|. This circle, made
to have area |aiL |, subtends an angle 0; at ¢, related by

T

t; == tan (01) = 7\/; . ®)
2 Vllpi — dl2

We compute the signed angle 6; by retaining the sign of

ai, 0; = 2sign(a;") arctan (t;). Then the (signed) area

of the projection of this circle onto S, a;, is the surface

area of the spherical cap with angle %. This is given by

2712 (1 — cos (&)) where r is the radius of the sphere. Re-

2
1
e 9
t§+1> ®

taining the sign again,
Thus, the bounded winding number becomes:

d; = 2 sign(a;") 7|lpi — ql3 <1 -

N
wgp(q) = ZUJB(Q;Pi,nmai) (10)
i—1
wB(Q7pl7n27a7,> :LQ (1])
Arllpi — qll3

o (L
_ sign (ai") L] 12
2 2 +1

4.1. Simplification and Analysis
We can further simplify the formulation by noting that
sign(wy (¢; pi, ni, a;)) = sign(a;):

wi(¢; pis i, a;) = ¢ (wu(q; pi, ni, ai)) 13)

__ sign(x) B 1
c(z) = 5 <1 \/W) . (14

N @ =gm
|- fo(@w) =

-
47 max(w,|z|)3

fB(x) =c\ 75hp

T

Figure 3. Plot of the signed distance kernels wy (q; ps, ns, ai)
(red) and wp(q; pi, ns, a;) (blue) defined in Sec. 4.1. The trun-
cated variant wy (q, w; ps, i) from PGR [31] and WNNC [32],
defined in Sec. 4.2.2, is also plotted, for w = 0.25 (dashed red).
The kernel used in existing work wy; diverges in the zero-distance
limit, whereas ours wp is bounded and attains the correct value.

Note that when ||p — ¢||2 limits to 0, wy (q; pi, 14, a;) di-
verges to +co making the inner fraction in Eq. (14) limit to
0, and thus wp(q; ps, 74, a;) limit to 44

We plot the distance kernel of wy(q;pi, ni,a;) and
wp(q; pi,ni,a;) in Fig. 3, denoted as fy(z) and fp(x).
To do this, we set a; = 1 and ¢ = p; — zn;, * € R so
p; —q = zn;. As expected for a signed solid angle approx-
imation, both functions are antisymmetric and decrease in
magnitude as |z| increases. However, as x — 0, the solid
angle should approach %, since when ¢ is infinitesimally
close to p;, the latter’s surface projects onto half of the unit
sphere at q. Furthermore at x = 0, the signed solid an-
gle should be 0. To see this, again assume ¢ is infinitesi-
mally close to p; in its inside direction (x > 0). Then the
contribution from p; is % Since it is inside the shape, its
overall winding number must be 1, so the contribution from
all other points should be % Since moving from x = € to
x = 0 does not affect contributions from other points, and
the overall winding number at the surface should be %, Di
must have zero contribution at x = 0. These two properties
only hold for fg(z), and the latter property is crucial for
Sec. 4.2.2.

In Fig. 4, we evaluate the winding number on evenly
sampled point clouds of a circle in 2D and a sphere in 3D
at dense grid locations, using ground-truth normals and ar-
eas. Both wy(¢) and wp(q) have modes at zero and one
(note the log y scale), but wy (¢) has many outliers outside
of [0, 1] (full range given in legend). As sampling becomes
denser, the number and range of outliers decrease, but ex-
treme outliers remain for the dense 3D case (100k points).
This makes sense as the projection approximation is much
worse in 3D. In contrast, wg(q) has few outliers in both 2D
and 3D, and has better convergence to an indicator function
as the sampling density increases.
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Figure 4. Histograms of the winding number field values of a cir-
cle in 2D (top row) and of a sphere in 3D (bottom row) with a log-
arithmic scale. The shapes are sampled evenly both sparsely and
densely, and the ground-truth point normals and areas are used.
We query the field in a regular grid of the domain. For wy (¢) we
truncate the x-axis, but give the full range of the values in the leg-
end. The corresponding 2D fields are visualized in Fig. 1.

4.2. Normal Estimation with Winding Numbers

We now examine two normal estimation approaches that
use point cloud winding numbers and analyze how they mit-
igate the poor approximation of w;(¢). We then show how
we can integrate our bounded formulation wg(q).

4.2.1. GCNO

Xu et al. [49] propose globally consistent normal orienta-
tion (GCNO), a method for normal estimation by regular-
izing the winding number field. They represent normals in
spherical coordinates, use precomputed point areas, and op-
timize the normals with L-BFGS.

A key part of their method is that they compute a Voronoi
diagram of the input points, which is used throughout their
method. In preprocessing, point areas are estimated from
Voronoi cell cross-sections, and during optimization, wind-
ing numbers are queried only at Voronoi vertices.

Their objective function has three terms: (1) a 0—1 term
encouraging winding numbers at the Voronoi vertices to
be zero or one; (2) a balance term maximizing variance in
winding numbers around each input point (ideally half zero,
half one); and (3) an alignment term encouraging normals
to align with a pole of the Voronoi cell, a common heuris-
tic for surface normal estimation. More details, including
equations, are in the supplement.

Their motivation for using Voronoi vertices is that the
vertices are far away from the input points, and thus the
winding number at those vertices is likely to be close to
either zero or one as required for their first loss term. They
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Figure 5. (Top) Comparing wy (left) to wp (right) for irregular
samples from a sphere with ground-truth point normals and areas.
Close to the surface points, wy is significantly outside the range
of [0,1], while wp is not. (Bottom) We optimize the normals
with sSGCNO’s loss and dense grid samples as query points. Op-
timization with wp (right) results in normals close to the ground
truth, while optimization with wy (left) fixates on reducing the
loss terms arising from winding numbers outside [0, 1], obtaining
a poor normal estimation result.

observe that when there is slight input noise, the winding
number at the Voronoi vertices still remains close to zero
or one. Furthermore, they show that when sampling query
points with Gaussian random noise around the input points,
as usually done in the literature [12, 33], their optimization
fails to produce consistent normals (their Fig. 23).

We argue that Voronoi sampling effectively mitigates the
poor approximation of wy; (q) close to the surface. Note that
the Voronoi vertices are points that are equidistant to multi-
ple input surface points, such that if you move in any direc-
tion you will be closer to one of those surface points. Thus,
they are using points that are well distributed around each
surface point, yet are maximally far from any surface point.
We also demonstrate this through an experiment in which
we sample densely near the input surface points, shown in
Fig. 5. As shown in the top row, wy(q) has values far out-
side of [0, 1]. As a result, even when starting from ground-
truth normals, optimizing with w; (¢) leads to extreme nor-
mal direction changes (bottom left), especially for points
with large areas, as they attempt to push those winding num-
bers toward zero or one. In contrast, optimizing with wg(q)
preserves the ground-truth normals.

Stochastic GCNO (sGCNQO). GCNO’s main issue is its
runtime: 100-1000x slower than competitors. This arises
from computing the Voronoi diagram, which is expensive
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for large point clouds, and using L-BFGS, which is known
to be slow due to requiring full batch optimization and re-
peated function evaluations for line search. We also hypoth-
esize that relying only on Voronoi vertices as query points
slows optimization as they are a sparse representation of the
entire winding number field.

Encouraged by our results in Fig. 5, we propose stochas-
tic GCNO (sGCNO), a stochastic approach based on GCNO
that uses our improved approximation wp(¢q) and random
sampling without a Voronoi diagram. We use stochastic gra-
dient descent (SGD), and randomly sample query points at
each iteration following common practice [3, 8, 12, 28, 46].
Note that replacing L-BFGS with SGD improves speed but
risks poor local minima. However, the random sampling
gives optimization a much denser representation of the en-
tire winding number field. Point areas are estimated with
a simple KNN scheme and optimized. We also make im-
provements to the loss terms from GCNO, which we explain
in detail in the supplement.

4.2.2. PGR and WNNC

A different approach to optimizing the winding number
field was proposed by Lin et al. [31], called Parametric
Gauss Reconstruction (PGR), and was improved in their
subsequent work Winding Number Normal Consistency
(WNNC) [32]. Their approach leverages the fact that the
winding number is equivalent to the Gauss formula from
potential theory and should be % on the surface. Thus, they
optimize the winding number field by solving the system of
equations where wy (p;) = % for all input points p;. When
forming this system, they combine point areas and normals
into a single parameter, area-weighted normals ji; = a;n;.
Thus winding numbers are expressed as

N
wu(q) = Zwy(q;pj,uj) 15
j=1
(s —9)"hy
wy (g pjs 1) ;:m. (16)

This leads to a linear system Ay = b where A € RV*3N,
p € R3N and b € RY are such that

(p; —pi)
Aigj23j =" — 3 7)
T Axlpy - pill3
M3j—2:37 = Hj (18)
bi = 3. (19)

However, as shown in Fig. 3, wy (¢) is undefined at input
points, so they introduce a smoothing width w that truncates
small distances in the denominator, replacing ||p; —q||3 with
max (w, ||p; — qll2)®. When this truncation is used, we will
add w as aninput, e.g., wy (¢, w; pj, 145), wy (¢, w) and simi-
larly for wg. The effect of this truncation is shown in Fig. 3.

As explained in Sec. 4.1, it is crucial that this function pass
through the origin so that the winding number at surface
points can be % However, the system is underdetermined
and ill-conditioned, so PGR solves for a regularized least-
norm solution using conjugate gradient steps on the GPU.
This optimization is very efficient, but forming A explicitly
is quadratic in the number of points, making it memory-
intensive.

WNNC improves efficiency by using the fast approxi-
mation for winding numbers from Barill et al. [4], which
approximates the sum over all NV input points p; using the
Barnes—Hut treecode algorithm [5]. They thus replace the
explicit matrix A with an operator A(u,w), which is the-
oretically still linear but computationally faster and less
memory intensive. They solve for A(u,w) = b using steep-
est descent on the least squares formulation, which has a
closed form for the optimal step size [42].

They further note that with ground-truth parameters p,
the negative gradient of the winding number field with re-
spect to the query points evaluated at the input points aligns
with the normals, i.e., =V wy (¢, w)|,_, = Ain; for some
Ai > 0. They call this the winding number normal consis-
tency (WNNC) property, and propose WNNC steps

s = aafla 2D
1G]

G, w)zi—2:3i = —Vqwy (g, w)|

(20)

.

ey

q4=Pi
This maintains the current area estimates ||zu;]/2, but
changes the direction to be the current field’s negative gra-
dient direction. Due to the smoothing width w, they zero out
gradient terms in G (1, w) that are affected by smoothing, so
V,wy (g, w) is set to zero when [|p; — ¢z < w.

They start with 4 = 0 and run for 40 iterations, where
in each iteration they first do a steepest descent step and
then do a WNNC step. An important part of their method
is their schedule for the smoothing width w. For multiple
noise levels, they define an initial and final values of w for
the first and last iteration, and linearly interpolate between
these two for intermediate iterations. For example, for zero
noise they recommend w € g := [0.002,0.016], and for
low noise they recommend w € €; := [0.01, 0.04]. When
WNNC uses a specific range for the smoothing width 2, we
denote it as WNNC (£2).

Integrating our bounded formulation. Replacing the
winding number terms from wy to wp converts the original
system A(u,w) = bto Ag(u,w) = b, and the negative gra-
dient in the WNNC step from G(p,w) to Gp(u, w), where

= wp(pi,w) (22)
O

Note that we still apply the smoothing width w, and evalu-
ate if it is needed with our bounded formulation in Sec. 5.3.

AB (H7 w)i
GB (,uv w)3i72:3i) = _vqu(Qa w)|
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Method PGPt /RSME CDJ]  Time(s)
1
iPSR [17] 99.702 15826  0.173 27.8
PGR [31] 99.889  14.534  0.141 33
GCNO [49] 99.783 15926 0204 9123
WNNC (SD, A, G, Qo) [32] 98.700 43259  0.224 0.4
WNNC (SD, A, G, Q1) [32] 99.944 14516  0.143 0.4
sGCNO wys (q) 49.191  98.836  4.499 32.0
sGCNO w5 (q) 99913 12772 0.140 32.0
WNNC (SD, A, G, Qo) 99.728  21.844  0.169 0.4
WNNC (SD, A, G, Q1)  99.954  10.798  0.144 0.4
WNNC (LM, Ap, Gp,0)  99.880 12515  0.139 15
WNNC (LM, Ap, Gg, Q0) 99.904 11705 0.139 15
WNNC (LM, Ap, Gg, Q1) 99.944 10158  0.140 L5

Table 1. Normal estimation and surface reconstruction results on
the GCNO [49] dataset of 18 shapes. We randomly sample 3k
points from each shape. The chamfer distance is computed after
surface reconstruction with SPSR [25]. SD denotes steepest de-
scent and LM denotes Levenberg—Marquardt.

However, Ap (i, w) = bis now a nonlinear system of equa-
tions, making steepest descent inefficient as we no longer
have an analytical optimal step size. However, we can eas-
ily change the WNNC step to use G'5 (1, w). The analytical
form of the gradient is provided in the supplement.

To solve the nonlinear system of equations, we use the
Levenberg—Marquardt optimizer [42], which is memory-
intensive since it requires the formation of an N x 3N Jaco-
bian matrix. However, for small point clouds, it optimizes
effectively, with comparable or better results than steepest
descent on the initial linear system. It takes steps using

r+ Ap(p,w)—0> (24)
Jp = V,r (25)
§ + JN(JJ] + Mdiag (J,. 7)) (26)
W4 — 0. 27)

Overall, for small point clouds we propose taking gradient
steps on the nonlinear system formed from wp(q, w) us-
ing Levenberg—Marquardt, and taking WNNC steps using
wp(q,w). We denote this method as WNNC (LM, Apg,
Gp, ), where w € Q as with WNNC. For large point
clouds, since Levenberg—Marquardt is too expensive we
propose taking steepest descent steps on the original lin-
ear system formed from wy (¢, w), and taking WNNC steps
using wp(q, w), which we denote WNNC (SD, A, G, Q).

5. Experiments

We evaluate the original winding number-based normal es-
timation methods and our modifications on two datasets.
The first dataset, from GCNO [49], consists of 18 shapes
of varying complexity, with 3k randomly sampled points
per shape. The second dataset, Top20SION [28], con-
tains 20 challenging shapes from ShapeNet (100k points per

/ RMSE | ToU 1
Method Mean Median Std  Mean Median Std
SAP [45] - - - 0.7616 0.8872 0.2665
PG-SDF [28] - - - 0.9153 0.9598 0.0906
iPSR [17] 22.288 18.447 14.447 0.9709 0.9836 0.0391
PGR [31] Did not fit in GPU memory
GCNO [49] Did not finish within 12h
WNNC (20) 22.518 19.703 11.076 0.9723 0.9815 0.0292
sGCNO wg(q) 38.714 34.703 11.472 0.9460 0.9758 0.0804

WNNC (SD, G g, §£20) 21.100 18.162 11.230 0.9724 0.9820 0.0284

Table 2. Surface reconstruction results on the Top20SION dataset,
a subset of ShapeNet (100k points).

Method Q=0 Q=Q Q=0 Time
PGP RSME PGP RSME PGP RSME (s)

SD A 87.754 60.750 99.019 28.344 98.989 25.155 0.4
SD A, G 90.657 63.122 98.835 42.180 99.930 14.516 0.4
SDA,Gp 90970 61.289 99.728 21.844 99.954 10.798 0.4
LM A 99.389 28.321 93.500 49.658 86.430 65.732 1.5
LM A, G 99.800 16.084 99.630 16.892 99.909 12.070 1.5
LM Ap 99.307 27.946 99.152 27.198 97.056 30.761 1.5
LM A, Gg 99907 11.633 99.907 11.284 99.957 10.073 1.5
LM Ap,Gp 99.880 12.515 99.904 11.705 99.944 10.158 1.5

Table 3. Ablation study on components of our WNNC variants
on the GCNO [49] dataset of 18 shapes. We randomly sample
3k points from each shape. The chamfer distance is computed af-
ter surface reconstruction with SPSR. SD denotes steepest descent
and LM denotes Levenberg—Marquardt.

shape), selected based on their SION metric, a measure of
shape complexity. We report two normal estimation met-
rics, percentage of good points (PGP) and angular RMSE
(£ RMSE), and two surface reconstruction metrics, cham-
fer distance (d¢) and intersection over union (IoU). For all
normal estimation methods, when computing surface recon-
struction metrics (chamfer and IoU) we use SPSR [25] to
reconstruct a mesh on the optimized normals. In the sup-
plement, we provide full details on the datasets and metrics
and present additional results and visualizations, including
for corrupted inputs.

5.1. GCNO Dataset Results

Results are shown in Tab. 1. All methods perform well on
this dataset, although WNNC requires adjusting its smooth-
ing width setting from no noise ({2 = €)g) to low noise
(2 = Q). Our sGCNO approach slightly outperforms
GCNO in PGP and Chamfer Distance (CD) and shows a
significant improvement in angular RMSE. As expected,
when using wy (q) it fails to converge. We find that us-
ing our bounded formulation with WNNC—for the WNNC
step alone (SD, A, Gp) and for both steps (LM, Ap, Gp)—
achieves better results than the original WNNC. This is con-
sistent across both width settings. We visualize the recon-
structed shapes in Fig. 6.
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Ground Truth WNNC-B WNNC [32]

e e =g =

e =g

SPSR+GT n WNNC-B sGCNO

PG-SDF [28]

iPSR [17]

GCNO [49]
e e

OG-SIREN [27] SAP [45] DiGS [8]

Figure 6. (Top) Comparison of normal estimation methods on two shapes from GCNO’s dataset. WNNC-B denotes our bounded formu-
lation WNNC (LM, Ag, G5, £21); sSGCNO denotes our stochastic bounded formulation of GCNO; and WNNC denotes WNNC (€21).
(Bottom) Comparison of surface reconstruction methods on a shape from Top20SION. WNNC-B denotes our bounded formulation with
no smoothing WNNC (SD, A, G g, £20). SPSR+GT n denotes using SPSR with ground truth normals.

5.2. Top20SION Dataset Results

Since Top20SION consists of shapes that are particularly
difficult for direct surface reconstruction, as shown in Tab. 2
top-performing direct reconstruction methods like SAP [45]
and PG-SDF [28] achieve high median IoUs but lower mean
IoUs indicating they struggle with a few shapes. Normal es-
timation methods that optimize for global consistency per-
form better, with both iPSR and WNNC performing consis-
tently across all shapes, though PGR and GCNO fail to run
within reasonable time or memory constraints. Our sGCNO
approach successfully runs on these large point clouds but
does not reach the performance level of iPSR or WNNC,
suggesting that SGD is not able to optimize well for these
difficult shapes. Our LM-based WNNC variant runs out of
GPU memory on this dataset, but our SD-based variant (SD,
A, G p) achieves slightly better IoU and significantly better
angular RMSE compared to WNNC. iPSR, which does not
use a winding number field, gets comparative performance.

5.3. Ablation Study

We show ablations on using our bounded winding numbers
in Tab. 3. Here we vary using different smoothing widths,
whether steepest descent (SD) or Levenberg—Marquardt
(LM) is used for the gradient steps, whether WNNC steps
are used, and using wp(q) in the two steps. We use A and
Ap to refer to the gradient step using wyy(¢) and wp(q), re-
spectively, and G and G g to refer to the WNNC step using
wy (q) and wp(q), respectively.

One key finding is that the smoothing width w, intro-
duced to avoid singularities in wys, also helps SD find better
minima, especially improving WNNC steps. On the other

hand, LM converges to better minima, even with no smooth-
ing, mostly likely because of its inbuilt damping providing
better regularization benefits than smoothing.

When WNNC steps were not used, the best results with
LM and were obtained without the smoothing width. In all
cases, replacing wy (¢) with wg(g) resulted in lower RMSE
and equal or better PGP. With WNNC steps included, us-
ing wp(q) consistently led to significantly better results in
both PGP and RMSE compared to wy(g). Interestingly,
the hybrid approach where wy;(q) was used for the gradient
step while wp(q) was used for the WNNC step performed
slightly better than using wz(q) in both steps.

6. Conclusion

In this work, we introduced a better, bounded approxima-
tion for point cloud winding numbers, wg(g), and demon-
strated its benefits for normal estimation. Our formula-
tion aligns with key theoretical properties, ensuring that it
is bounded and attains the correct value at the limit ¢ —
p;. By integrating wg(g) into two existing methods, we
showed that it enhances normal estimation performance.

We also provided insights into both of these methods.
We demonstrated that the reason the use of Voronoi ver-
tices in GCNO is crucial is due to the poor approximation of
the original winding number formulation. We showed that
while WNNC’s smoothing width regularization is essential
when using steepest descent, Levenberg—Marquardt’s built-
in regularization is sufficient. Additionally, we found that
our improved approximation is not necessary for solving for
consistent normal alignment within WNNC’s framework,
but is valuable for reducing angular error.
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