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Figure 1. Left: Illustration of our approach for geometrically consistent matching of 3D shape X to 3D shape )). We represent shape

X using n surface cycles Cy, . .

., Cn and then consistently match these to shape ) while preserving neighbourhood relations between the

cycles. Middle: The triangulation- and colour-transfer between shapes using computed matchings of Cao ef al. [13] (not geometrically
consistent) and ours (geometrically consistent) illustrates the importance of geometric consistency. Right: Our method is the first 3D shape
matching approach that yields globally geometrically consistent matchings, that is globally optimal, and scalable in practice, opposed to
all competing methods (OOM stands for ‘out of memory’ and the dashed line indicates a weak notion of geometric consistency, see

explanation of methods in Sec. 5).

Abstract

Geometric consistency, i.e. the preservation of neighbour-
hoods, is a natural and strong prior in 3D shape matching.
Geometrically consistent matchings are crucial for many
downstream applications, such as texture transfer or sta-
tistical shape modelling. Yet, in practice, geometric consis-
tency is often overlooked, or only achieved under severely
limiting assumptions (e.g. a good initialisation). In this
work, we propose a novel formalism for computing globally
optimal and geometrically consistent matchings between
3D shapes which is scalable in practice. Our key idea is
to represent the surface of the source shape as a collection
of cyclic graphs, which are then consistently matched to the
target shape. Mathematically, we construct a hyper product
graph (between source and target shape), and then cast 3D
shape matching as a minimum-cost circulation flow prob-
lem in this hyper graph, which yields global geometrically
consistent matchings between both shapes. We empirically
show that our formalism is efficiently solvable and that it
leads to high-quality results. Our code is publicly avail-
able.'

https://github.com/paulOnoah/geco
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1. Introduction

The availability of correspondences between visual data are
a key prerequisite for many visual computing tasks, includ-
ing 3D reconstruction [50], loss computation for deep learn-
ing [14], protein alignment [45], anomaly detection [86],
object recognition [44], shape modelling [24] and others.
In many practical cases, it is desirable that correspondences
preserve neighbourhood relations. For example, in 3D
shape matching this could mean that when bringing a pair
of neighbouring points on a source shape into correspon-
dence with a pair of points on a target shape, the pair of
points must remain neighbours on the target. Such a neigh-
bourhood preservation can serve as strong topological prior,
for example to resolve ambiguities, achieve robustness,
or ensure well-posedness of an otherwise ill-posed prob-
lem. However, despite its crucial importance, neighbour-
hood preservation is in practice often-times overlooked.
This is because many of the well-known formalisms are
not efficiently solvable (e.g. the quadratic assignment prob-
lem [64], or general integer programming [76], which have
been used to tackle image keypoint matching [55], graph
matching [39, 91], or 3D shape matching [8, 34, 58, 89]).

In this work we specifically focus on the task of non-
rigid geometrically consistent 3D shape matching, in which



Globally Geometr.

Method Optimal Consistent Scalable
MINA [8] ) X X
SIGMA [34] ) X X
PMSDP [58] X X v
Windheuser et al. [89] X v X
SpiderMatch [67] v ) )
Ours v v v

Table 1. Comparison of axiomatic 3D shape matching methods.

neighbourhood-preserving correspondences between two
given 2D manifolds (embedded in 3D space) are sought
for. So far, there does not exist any 3D shape matching
approach that combines the following three desirable prop-
erties: (i) global optimality, (ii) neighbourhood preserva-
tion, and (iii) scalability, see Tab. 1. While the recent ap-
proach SpiderMatch [67] fulfils (i)-(iii) to some extent, its
scalability relies heavily on the choice of the cycle that is
used to represent one of the shapes (cf. Fig. | right: solid
vs. dashed purple line), thereby trading off neighbourhood
preservation with scalability. Furthermore, proper geomet-
ric consistency (Definition 4) can only be enforced at in-
tersection points of the cycle and thus also the quality of
geometric consistency depends on the choice of the cycle.

Inspired by this idea of representing a shape using a cy-

cle, we represent one shape using a collection of cycles and

show that this leads to an (in practice) efficiently solvable
formalism which ensures proper geometric consistency. We
summarise our main contributions as follows:

* For the first time, we present a globally geometrically
consistent formalism for 3D shape matching that is ef-
ficiently solvable to global optimality in practice.

* To achieve this, we introduce a novel 3D shape repre-
sentation in which we represent a 3D shape using a col-
lection of surface cycles, so that 3D shape matching can
be cast as finding a minimum-cost flow circulation in a
hyper product graph.

* We experimentally show that our formalism leads to high
quality and geometrically consistent matchings between
two 3D shapes.

* In addition to 3D shape matching, we also show, in a
proof-of-concept manner, that our formalism can gener-
alise to specific instances of other matching problems,
such as graph matching when the source graph is planar.

2. Related Work

In the following we discuss works that are most relevant to
our approach. We start by discussing efficiently solvable
matching problems, continue with 3D shape matching, and
conclude with geometrically consistent 3D shape matching.

Efficiently Solvable Matching Problems. There are
various instances of correspondence problems that can be
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solved efficiently. Among them is the linear assignment
problem (LAP) [46], which matches points without con-
sidering their neighbourhood relations. For matching time
series data, sequences, or (open) contours, the popular
dynamic time warping algorithm can efficiently compute
solutions while preserving neighbourhood relations [70].
Closed contours can be matched analogously via graph cuts
in product graphs [71]. Certain tracking problems can be
formulated as efficiently solvable flow problems [49], and
model-based image segmentation can also be solved effi-
ciently by matching a 2D contour to an image [18, 32, 74].
The matching of a 2D contour to a 3D shape can be solved
using variants of Dijkstra’s algorithm for finding minimum
cost cycles in product graphs [48, 68]. The mentioned
approaches show that there are formalisms to efficiently
solve a diverse range of matching problems. Yet, these ap-
proaches do not directly generalise to 3D shape matching.
In this work, we propose a novel geometrically consistent
3D shape matching formalism that is (in practice) efficiently
solvable to global optimality.

3D Shape Matching is the task of finding correspon-
dences between two non-rigidly deformed surfaces. For an
in-depth overview on 3D shape matching we refer the reader
to survey papers [19, 82, 85]. Many axiomatic shape match-
ing approaches [11, 60, 65] build on the functional maps
framework, efficiently solving shape matching in the spec-
tral domain [28, 35, 56, 58, 59, 62]. In addition, functional
maps have been adopted in several deep shape matching
variants, either trained in a supervised [36, 52, 54, 83, 88]
or in a unsupervised manner [2, 4, 13, 20, 22, 38, 51, 78].
There are also alternative approaches based on consensus
maximisation [61], or using convex relaxations [15, 58] or
mixed integer programming [8, 34]. Yet, many of the exist-
ing 3D shape matching methods neglect geometric consis-
tency, as it leads to hard-to-solve formalisms.

Geometrically Consistent 3D Shape Matching. There
are several approaches that have recognised the importance
of geometric consistency in 3D shape matching. Some
of them incorporate neighbourhood information by us-
ing formalisms based on the quadratic assignment prob-
lem (QAP) — yet, the QAP is NP-hard [64], so that re-
spective approaches consider relaxations [12, 23, 47] or
heuristics [7, 40, 79]. Opposed to such discrete formula-
tions, there are also approaches that tackle 3D shape match-
ing by deforming a continuous shape parametrisation us-
ing local optimisation. However, due to the severe non-
convexity of resulting problems, they rely on a good ini-
tialisation, e.g. in the form of sparse sets of landmark cor-
respondences [72, 73, 75, 77, 81], or in the form of dense
correspondences [30, 31, 87]. Windheuser et al. [89, 90]
have modelled geometrically consistent shape matching in
the discrete domain by matching triangles to triangles us-
ing an (expensive to solve) integer linear program. Re-



Symbol Description
= (Vx,Fx) 3D shape

Gx = (Vx,Ex) 3D shape graph of X

C=We, &) surface cycle (cycle in Gx)

{C1,...,Cn} Representation of X’ with n surface cycles

n Number of surface cycles

YV=0Wy, Fy) 3D shape )

Gy = Vy,Fy) 3D shape graph of Y

Pi = (Vp,;,Ep;)  Product graph (of C; and mesh )

{P1,...,Pn} Product graph collection (of {C1,...,Cn}
and mesh )))

H=Vu,Exn) Hyper product graph (coupled product
graphs {P, ..., Pn})

m Number of hyper edges |Ex|

H Vertex edge incidence matrices of H

Table 2. Summary of the notation used in this paper.

cently, approximative solvers [66, 69] and extensions for
partial shapes [26, 27] have been proposed. Furthermore,
3D shape matching has recently been formulated as a short-
est path problem with additional constraints [67]. In this
work, the surface mesh of the source 3D shape is repre-
sented using a long self-intersecting curve that traces the
shape surface, and is then matched to the other shape while
preserving intersections of the curve. While their idea of
considering alternative 3D shape representations is promis-
ing, in the presented framework proper geometric consis-
tency is only enforced at intersection points of the curve (see
Tab. 4). In addition, runtimes grow drastically with an in-
creasing number of intersection points, which can be seen
in Fig. 1 right when comparing SpiderMatch [67] (using
a curve with few intersections) to SpiderMatch (geo.) (us-
ing a curve with many intersections). Inspired by the idea
of an alternative path-based 3D shape representation, we
represent a 3D shape as a collection of cyclic graphs, and
then tackle 3D shape matching by solving coupled match-
ing problems of the individual cyclic paths. Based on the
couplings, we are able to ensure global geometry consis-
tency. Furthermore, we empirically observe that the result-
ing formalism is efficiently solvable to global optimality.

3. Background

We consider the task of finding a matching between a source
shape & and a target shape ) (Sec. 3.1) such that the match-
ing is geometrically consistent (Sec. 3.2). Our main nota-
tion is summarised in Tab. 2

3.1. Shapes and Graphs

In the following, we define shapes and other relevant con-
cepts, which are also illustrated in Fig. 2. We consider 3D
shapes represented as triangular surface mesh:

Definition 1 (3D shape). A 3D shape X is defined as a
tuple (Vx, Fx) of vertices Vx and consistently oriented
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3D Shape (Triangle Mesh) Shape Graph Surface Cycle C

N7
Y4

Figure 2. We represent a 3D shape (left) as a (directed) shape
graph Gx (middle). We call acycle C in G a surface cycle (right).

(e.g. clock-wise) triangles Fx C Vx X Vx X Vx, such that
X forms an orientable continuous 2D manifold (possibly
with boundary) embedded in 3D space.

For our formalism it is advantageous to interpret a 3D
shape as a graph, which we denote the shape graph:

Definition 2 (Shape graph). The shape graph (of 3D shape
X)is atuple Gy = (Vx,Ex) of vertices Vx and directed
edges Ex C Vy X Vx, such that each triangle in Fx is
represented by three unique and consistently directed edges.

In addition to the shape graph (representing the whole
3D shape X'), we consider certain subgraphs of Gx:

Definition 3 (Surface cycle). A surface cycle (on 3D shape
X)is a tuple C = (Ve, Ec) with (non-empty) vertices Ve C
Vx and (non-empty) directed edges E¢ C Ve X Ve, such
that (i) E¢ C Ex, and (ii) each vertex v € V¢ has exactly
one incoming and one outgoing edge in Ec.

3.2. Geometrically Consistent 3D Shape Matching

We define geometrically consistent 3D shape matching in
terms of the respective shape graphs:

Definition 4 (Geometrically Consistent Matching). The
mapping ¢ : Vx — Vy is a geometrically consistent match-
ing from the source shape X to the target shape ) if ¢ pre-
serves neighbourhoods as follows: whenever two vertices
x,T € Vx are connected (i.e. (x,) € Ex or (T,x) €
Ex), then their corresponding vertices ¢(x), p(T)
must either be (i) connected (i.e. (¢p(z),d(T)) €
(¢p(Z), d(x)) € Ey), or (ii) the same vertex (i.e. ¢
¢(7)).

The intuition is that neighbouring elements of X must
be matched to neighbouring elements of ). We note that
we require both shapes to have equal genus such that our
definition of geometric consistency makes sense.

€ Vy
Ey or

¢(x) =

4. Our 3D Shape Matching Approach

In this section we develop our geometrically consistent 3D
shape matching formulation which ensures global geomet-
ric consistency. Our approach is based on representing the
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Figure 3. Surface cycle collection (middle) for representing the
3D shape of an icosahedron (left). Individual surface cycles are
glued together via shared edges (neighbouring surface cycles share
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source 3D shape using a collection of surface cycles, which
we then match to the target shape (Sec. 4.1). To this end,
we formulate an individual subproblem for each surface cy-
cle (Sec. 4.2.1). Further, we couple individual subprob-
lems (Secs. 4.2.2 and 4.2.3) so that our matchings are ge-
ometrically consistent according to Definition 4. Finally,
we show that our overall formalism can be interpreted as a
minimum-cost circulation flow problem on a hyper product
graph (Sec. 4.5).

4.1. Surface Cycle-based 3D Shape Representation

We aim to represent the surface of 3D shape X with a col-
lection of surface cycles which are glued together at oppo-
site edges:

Definition 5 (Opposite edge). The opposite edge to an edge
(v, w) is defined as —(v,w) = (w,v).

We note that for every non-boundary edge e € £y of
shape X, the opposite edge —e € Ex is also part of the
shape graph G (cf. Fig. 3 right) because the pair of oppo-
site edges e and —e belong to two neighbouring triangles.

Definition 6 (Shape as collection of surface cycles). We
represent a 3D shape X with a collection of n € NT surface
cycles Cy, . ..,C, (on shape X ) that partition the surface of
X into n polygonal patches, such that:

(i) Ec, NEc, =W foralli,j € {1,...,n},i# j, and

(ii) for every non-boundary edge e € Ec, of shape X there
exists j such that —e € Ec,.

Condition (i) ensures that each edge of X’ can be part of
at most one surface cycle, and (ii) ensures that neighbouring
surface cycles cover opposite edges, see Fig. 3. We note that
from here on we assume that each surface cycle represents
an individual triangle of shape X. We discuss more general
polygonal surface cycles in Sec. C.3 in the supplementary.

4.2. Our Coupled Product Graph Formalism

On a high-level, we use the product graph formalism in-
troduced in [48] to address the matching between individ-
ual surface cycles and shape ), which results in geomet-
ric consistency along the path within each individual cycle.
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Further, we introduce coupling constraints that have the ef-
fect of glueing neighbouring product graphs together. Com-
bined with additional injectivity constraints, our match-
ing is globally geometrically consistent, i.e. it preserves
neighbourhoods between surface cycles, see Fig. 4 for an
overview.

4.2.1. Individual Surface Cycle Matching Subproblems

Each individual surface cycle C; of X can be matched to
shape ) by finding a cyclic path in their product graph P; =
(Vp,,Ep,). It has been introduced in [48] for the problem
of matching a 2D shape to a 3D shape and reads:

Definition 7 (Product graph P;). The product graph P; =
(Vp,,Ep,) between the i-th surface cycle C; and the 3D
shape Y is a directed graph defined as

Vpi = Vci X Vy,

gpi = {(U’@) € Vpi X VPL' | v= (Z
(:L’,.’f) € gCia (yvg) € g;;r}v

)o=)W

with the extended edge set £ := &y U{(y,y) | y € Vy}.

The key idea is that each edge (v, 7) € Ep, in the prod-
uct graph can be interpreted as a (potential) matching be-
tween an edge of C; and an edge (or a vertex to account
for stretching/compression) of shape ). As shown in [48],
matching surface cycle C; to shape ) amounts to solving a
cyclic shortest path problem in the product graph P;.

However, for our setting of 3D-to-3D shape matching,
the neighbourhood between pairs of surface cycles cannot
be ensured when considering vanilla shortest path algo-
rithms, since they would solve the n individual surface cy-
cle matching subproblems independently. To tackle this, we
consider the linear programming (LP) formalism of cyclic
shortest path problems and add additional constraints to
couple the individual product graphs Pi,...,P,, as ex-
plained next.

4.2.2. Subproblem Coupling

We couple the individual surface cycle matching subprob-
lems Pq,...,P, by glueing them together at opposite
edges. To this end, we introduce coupling constraints V.
which serve the purpose of ensuring that matchings of oppo-
site edges are consistent, i.e. resulting matchings (or rather
resulting shortest cyclic paths of neighbouring surface cy-
cles) must go through opposite edges, see Fig. 4 (iii). De-
facto, this enforces the glueing of neighbouring product
graphs, and thus ensures geometric consistency of neigh-
bouring surface cycles. In addition to the coupling, we want
to ensure injectivity for each surface cycle edge, i.e. each
such edge is matched exactly once.



(i) Product Graph of C; and Y

(ii) Neighbouring Product Graphs P; and P;

(iii) Product Graphs with Additional Constraints
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Figure 4. Conceptual summary of our formalism. Left: Illustration of product graph P; between the surface cycle C; and shape graph ).
Each black dot inside the big yellow circle represents a product vertex. Overall, the product graph can be thought of having one copy of
Y for each vertex of C;, which are appropriately connected via edges (only a subset of edges are drawn to reduce visual clutter). Middle:
Two neighbouring product graphs P; and P; that arise from two neighbouring surface cycles C; and C;. Right: Illustration of constrained
neighbouring product graphs. We add additional coupling constraints so that opposite edges of the product graphs (i.e. edges with same

colour, see coloured lines

,====) are coupled via coupling constraints q” ,q” 7(]” € Vr (see green dots

). Furthermore, we bundle

edges of the product graphs so that each edge of the surface cycles is matched exactly once. To this end, we add injectivity constraints Szz,

szz € Vs (see blue dots ¢ within bundles of edges).

4.2.3. Surface Cycle Matching Injectivity

To enforce that each surface cycle edge is matched exactly
once, i.e. it is matched to exactly one edge (or vertex) of
Y, we introduce injectivity constraints Vs. For that, let us
denote the set of all edges (in the product graph) that are
potential matching candidates of the edge (x,Z) € &, as
the edge bundle of (x,). For each such edge bundle, we
introduce one injectivity constraint (see Fig. 4 (iii)), which
has the purpose to ensure that only a single edge of each
edge bundle is part of the final matching.

4.3. Constraint Matrices

As mentioned, we use the LP formalism of the independent
cyclic shortest path problems and add additional constraints
for coupling an matching injectivity. To this end, we con-

. . . P e
sider the constraint matrix H = {g} consisting of subma-

trices P, L and S. Here, submatrix P represents the col-
lection of incidence matrices of individual product graphs,
submatrix L the couplings, and submatrix S the injectivity
components.

The matrix P. The vertex edge incidence matrix P €
{=1,0,1}c*™ (with m = |Ex| columns, i.e. one column
for each product edge, and c S Ve, ||Vy| many
rows) represents all n product graphs and is defined as
P := diag(Py,..., P,), i.e. it contains the vertex edge in-
cidence matrices P; of individual product graphs P; as di-
agonal blocks. To illustrate the structure of the matrix rep-
resentation of one P;, we now discuss the simplified case
of non-degenerate matchings (i.e. we do not allow edge to
vertex matchings, see Sec. A in the supplementary for more
details). In this case, the incidence matrix P; reads

P=CleYt-Cc oy, )
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with ® being the Kroenecker product and with C; €
{~1,0,1}Veilxl€eil and V' € {~1,0,1}"IXI& ] being
the incidence matrices of surface cycle C; and shape graph
Gy respectively (we note that C; has exactly two non-zeros
of opposite sign in each row and column since it is the in-
cidence matrix of a cycle). We use the notation + and —
split the incidence matrix into incoming and outgoing inci-
dence matrix, respectively. In other words, C;" and C; as
well as Y and Y~ are the non-negative and non-positive
entries of the incidence matrices C; and Y, respectively. We
note that the sign splitting of incidence matrices C; and Y
is necessary to account for proper edge directions in the re-
sulting product graph. By definition, their edge directions
induce edge directions of product edges of respective prod-
uct graph P;. Each P; has a block structure with [Vy | x |Ey|
sized blocks and each block contains either only +1 or —1
entries. Further, each block contains exactly one non-zero
per column, see Fig. A.l in the supplementary.

The matrix L. The coupling of opposite edges of neigh-
bouring product graphs is captured in the matrix

L=K®Igy,. 3)
v
Here K € {—1,0,1}?*I€xl (p is the number of undirected
non-boundary edges of &’) is an incidence matrix which
represents the incidence of opposite edges across all n sur-
face cycles. K has at most one non-zero element per col-
umn and exactly two non-zeros per row (with opposite sign)
and thus L has identical block structure with non-negative
and non-positive blocks respectively. We note that the def-
inition of P requires columns of the non-positive blocks of
L to be permuted (so that it maps opposite edges of neigh-
bouring product graphs), see Sec. A in the supplementary.
The matrix S. The bundling of edges of all n product
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Figure 5. Visualisation of edge cost ¢ ((v,?)) computation for
the product edge (v,v). The product edge defines a potential
matching between edges (x, Z) € Ex of shape X and (y,y) € S;,'
of shape ). Thus, we define the matching cost ¢((v, 7)) as feature
difference between features || fz — fy|| and || fz — f3|| at respective
source vertices x, y and target vertices 7, ¥.

graphs can be described using the matrix

S = Ig, ® 1L

Nk @)
Here, S has block diagonal structure consisting of |Ex|
many non-negative blocks (i.e. 1‘Tg+| blocks). We note that

Yy
Sx = 1 enforces matching injectivity by enumerating prod-
uct edges such that all |5;§ |-many matching candidates of a

single surface cycle are grouped.

4.4. Resulting Integer Linear Program

We use the previously described constraint matrix H to cast
geometrically consistent shape matching as a linear pro-
gram which essentially represents n many coupled cyclic
shortest path problems.

Matching costs. The matching cost ¢(e) of product edge
e = ((%), (7)) measures how well the edge (z,Z) € Ex
of shape X" and the edge (y, ) € 8; of shape ) fit together,
e.g. by comparing geometric properties or feature descrip-
tors, see also Fig. 5.

Optimisation problem. We collect matching costs of all
m edges of the n product graphs in the vector ¢ € R'". With
that, we can use an indicator representation x for each edge
(zr, = 1 means that k-th edge is part of the final matching)
so that our matching formalism reads
st. Hx=0b. (GeCo3D)

min
ze{0,1}m

Here, H is the previously introduced constraint matrix and
b == [0y, |vs|i Ljvs|] is a column vector with all zeros
except for ones in rows belonging to rows of submatrix S
of H. We solve (GeCo3D) by considering its LP-relaxation,
i.e. we replace x € {0,1}™ with z € [0,1]™. We em-
pirically observe in our experiments, that all solutions are
integral and consequently globally optimal.

Lemma 8. Matchings between shapes X and ) obtained
by solving (GeCo3D) are globally geometrically consistent
according to Definition 4.
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Proof. We represent each triangle of the source shape X
using a surface cycle. Furthermore, matchings obtained by
solving (GeCo3D) preserve neighbourhood relations along
the path of a matched surface cycle as well as between the
surface cycles. Overall, this ensures that connected vertices
on X are only matched to connected vertices (or the same
vertex) on shape ). O

4.5. Hyper Product Graph Interpretation

Our optimisation problem (GeCo3D) can be interpreted as
finding a minimum-cost flow circulation in a directed hyper
product graph H, see [6] for definitions of flows in directed
hyper graphs. Here, H can be obtained by interpreting [
as a vertex hyper edge incidence matrix, i.e. by interpreting
rows of H as vertices and columns of H as directed hyper
edges, see Fig. 6 for an illustration. For a formal definition
of H we refer to Sec. B in the supplementary.

In general, such flow circulation problems on hyper-
graphs are NP-hard [5]. However, there are certain
subclasses that are known to be solvable in polynomial
time [10, 29, 42, 80, 84]. Unfortunately, the specific struc-
ture of our hyper graph is not listed among the known
polynomial-time solvable subclasses [10, 29, 42, 80, 84].
Nevertheless, we empirically observe that all instances con-
sidered in our experiments yield an integral (and thus glob-
ally optimal) solution when solved using LP-relaxations.

5. Experiments

In this section, we experimentally evaluate our method’s
performance for 3D shape matching. Further, we show as
proof of concept that our method is applicable to planar
graph matching.

Setup. We conduct runtime experiments on an Intel
Core 19 12900K with 128 GB DDR5 RAM. For solving
our linear programm (GeCo3D), we use off-the-shelf solver
Gurobi [37] (version 10). We explicitly resolve coupling
constraints during problem construction to obtain smaller
constraint matrices, see Sec. C.2 in the supplementary. To
better account for shrinking and stretching, we integrate a
distortion bound, see Sec. C.I in the supplementary. For

H
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Figure 6. Illustration of interpreting our constraint matrix H as
the vertex hyper edge incidence matrix of a hyper product graph
H, see Sec. B in the supplementary. To obtain H, rows of H are
interpreted as vertices, and columns as directed hyper edges of .



quantitive comparison, we decimate shapes to 1000 trian-
gles using algorithms provided in [41]. We use the deep
features [13] for all methods except for SmoothShells [28]
and DiscrOpt [62] for which we use the original (axiomatic)
features as reported in respective papers.

Metrics. We evaluate matching accuracy using geodesic
errors, i.e. geodesic distance to ground-truth matchings. We
follow the Princeton protocol [43] and normalise errors by
the square-root of the shape area (see [43, Sec. 8.2]). Fur-
thermore, we evaluate geometric consistency of matchings
using Dirichlet energies, i.e. the deformation energy in-
duced by the matching (see [67, Sec. 8]).

Methods. We compare the matching quality of the meth-
ods ULRSSM [13], SmoothShells [28], DiscrOpt [62] and
SpiderMatch [67]. ULRSSM [13] is an unsupervised deep
shape matching method achieving best matchings results on
numerous benchmarks. Because of its good performance
and its extensive evaluation, we consider it to be representa-
tive for deep shape matching methods. SmoothShells [28] is
a functional map based shape alignment method which iter-
atively adds geometric information to compute matchings.
DiscrOpt [62] is a functional map based method which re-
lates functional maps to point-wise maps. SpiderMatch [67]
is the only other method that is scalable and at the same time
considers geometric consistency. Furthermore, for runtime
evaluations, we only compare to other geometrically consis-
tent methods since these aim to solve a much harder to solve
problem (yet most of these methods do not scale well to rel-
evant shape resolutions, see also Fig. 1 right). In this sense,
we consider Windheuser et al. [89], SM-Comb [69], Disco-
Match [66] and SpiderMatch (geo.). Windheuser et al. [89]
propose a geometrically consistent 3D shape matching for-
malism which they solve using LP-relaxations and iterative
variable fixations. The methods SM-Comb [69] and Disco-
Match [66] aim to solve this formalism approximately on
CPU and GPU, respectively. We use SpiderMatch (geo.)
to indicate the SpiderMatch [67] method when using a dif-
ferent curve to represent the source shape: we consider a
curve that covers all edges of the source shape and thus,
contains intersections at every vertex of the source shape.
This is necessary to guarantee global geometric consistency
since SpiderMatch [67] can only ensure geometric consis-
tency (according to Definition 4) at intersection points of the
curve. Thus, SpiderMatch (geo.) yields a stronger notion of
geometric consistency compared to SpiderMatch [67].

Datasets. We evaluate shape matching on four different
datasets: remeshed FAUST [9, 21, 63] (100 near-isometric
deformed human shapes from which we sample 100 test
set pairs), SMAL [92] (49 non-isometric deformed animal
shapes of eight species from which we sample 100 test set
pairs), DT4D-H [57] (9 different classes of humanoid/game
character shapes in different poses taken from Deform-
ingThings4D [53] from which we sample 100 intra class test
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Method \FAUST SMAL DT4D Intra DT4D Inter BeCoS
ULRSSM [13] 0.031 0.048 0.033 0.041 0.057
SmoothShells [28]| 0.379 0.376 0.373 0.420 0.370
DiscrOpt [62] 0.110 0.268 0.075 0.170 0.270
SpiderMatch [67] | 0.029  0.044 0.027 0.041 0.057
Ours 0.027 0.044 0.024 0.039 0.056

Table 3. Comparison of mean geodesic errors (]) of various
shape matching methods. We can see that our method consistently
outperforms other methods on all five datasets.

set pairs and 100 inter class test set pairs) and BeCoS [25]
(2543 animal and humanoid shapes from various datasets of
which we consider the 141 full-to-full test set pairs).

5.1. 3D Shape Matching

In the following, we evaluate our method’s shape matching
performance w.r.t. runtime and matching quality.

Runtime. In Fig. | right, we show runtime compari-
son to formalisms which consider geometric consistency.
Curves show median runtimes over five instances of FAUST
dataset. Among all methods, ours and SpiderMatch [67]
scale best. They can handle 3D shapes with approximately
twice as many vertices as their fastest competitors Disco-
Match [66], which tackles the problem proposed by Wind-
heuser et al. [89]. However, we note that when considering
SpiderMatch (geo.) and consequently curves with more in-
tersections (which is necessary for global geometric consis-
tency) the scalability of SpiderMatch (geo.) degrades dras-
tically. This stems from the branch and bound algorithm
(having exponential worst-case runtime in general) which
is used to solve SpiderMatch [67]. In contrast, we empir-
ically observe (in all of our tested instances) that the lin-
ear programming relaxation of (GeCo3D) is always tight
(i.e. yields an integral optimal solution) which explains the
scalability of our approach. We emphasise that matchings
computed from (GeCo3D) are provably geometrically con-
sistent according to Definition 4, while the matchings of
SpiderMatch [67] are not (cf. also Tab. 4).

Full Shape Matching. In Tab. 3 and Tab. 4, we quan-
titatively compare the shape matching performance of vari-
ous methods. Our method consistently produces best results
across all datasets w.r.t. mean geodesic errors and smoothest
results w.r.t Dirichlet energies. This showcases the ben-
eficial effect of strong priors induced by geometric con-
sistency. In addition, in Fig. 7, we show qualitative re-
sults, which further showcases high-quality matching re-
sults computed with our method. We provide more results
as well as ablation studies in Sec. D.1 in the supplementary.

Partial-to-Full Shape Matching. As proof of concept
we show qualitative results of matchings computed with our
method in the partial-to-full setting, see Fig. 8.



Method \FAUST SMAL DT4D Intra DT4D Inter BeCoS
ULRSSM [13] 2.1 2.6 34 2.6 4.1
SmoothShells [28]| 1.9 2.8 1.6 2.3 5.7
DiscrOpt [62] 8.9 13.6 7.5 10.7 1.1
SpiderMatch [67] 1.7 1.8 1.7 2.1 0.81
Ours 046 053 0.48 0.62 0.77

Table 4. Comparison of mean Dirichlet energies (]) of various
shape matching methods to measure smoothness of the matching.
Our method consistently yields best results, which shows the effect
of strong priors induced by global geometric consistency.

LER LR
?/ K;{\W
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Figure 7. Qualitative shape matching results computed with
ULRSSM [13], SpiderMatch [67] and ours. We visualise match-
ings using colour and triangulation transfer from source to target
shape. At legs and arms of shapes we can see stronger geometric
consistency of ours compared to SpiderMatch [67] (see red and
green arrows and distorted triangles).

Source

ULRSSM [13]

SpiderMatch [67]

Ours

5.2. Application to Planar Graph Matching

As a proof of concept we show that our formalism directly
applies to planar graph matching. To this end, we use key-
points on images of the WILLOW [16] dataset and obtain
graphs by computing Delaunay triangulations of keypoints.
Furthermore, we represent one of the resulting graphs using
surface cycles to match it to the other graph, see Fig. 9 and
in Sec. D.2 in the supplementary.

AW R A1

Figure 8. Qualitative results computed with ours for partial-to-
full shape matching of test set shapes [26] from SHREC’16 [17].
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Figure 9. Examples of planar graph matching results using our
method on ducks and cars from WILLOW [16] dataset.

6. Discussion & Limitations

Our algorithm enforces geometric consistency and thus in-
troduces a strong prior to resolve ambiguities in 3D shape
matching problems. Yet, in theory our formalism contains
undesirable matchings in the solution space: On the one
hand, multiple surface cycles could be matched to the same
vertex on the target shape. While this ensures our optim-
sation problem is always feasible (since it contains the ex-
treme case of matching all surface cycles to a single vertex),
this is an undesirable solution. In the future, this could be
resolved by generalising our approach towards a symmet-
ric formalism. On the other hand, our formalism allows for
inside-out flips, as each individual matching element (i.e. an
edge) cannot disambiguate extrinsic orientations.

We have empirically shown that results can be computed
efficiently using off-the-shelf LP-solvers [37] and that in
all considered instances the linear the programming relax-
ations are tight, i.e. we find a globally optimal solution for
all instances. Yet, we observe that our constraint matrix is
not totally unimodular. We leave an in-depth analysis of
our formalism, along with answering the question whether
there exists a polynomial time algorithm for geometrically
consistent 3D shape matching, for future works.

7. Conclusion

We have presented a novel formalism for non-rigid 3D
shape matching which globally enforces geometric consis-
tency. Our key idea is to consider a shape representation that
allows to cast 3D shape matching as an integer linear pro-
gram, which is efficiently solvable in practice. In addition,
we illustrate that the resulting problem can be interpreted as
a minimum-cost flow circulation problem in a hyper graph.
Overall, we consider our work to be important for the 3D
shape analysis community. Geometric consistency is cru-
cial in most practical 3D shape matching settings, which
is often times ignored (especially by learning-based meth-
ods). Our work allows to obtain such matchings efficiently
and with that poses a step towards integrating geometric
consistency into learning-based methods. Furthermore, we
hope to inspire follow-up works on neighbourhood preserv-
ing matching formalisms within the broader field of visual
computing and beyond.
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