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Abstract

Current methods to estimate the rotation between two
spherical (S?) patterns typically rely on maximizing their
spherical cross-correlation. However, these approaches ex-
hibit computational complexities greater than cubic O(n®)
with respect to rotation space discretization. We propose a
rotation estimation algorithm between two spherical pat-
terns with linear time complexity O(n). Unlike existing
methods, we explicitly represent spherical patterns as dis-
crete 3D point sets on the unit sphere, reformulating rota-
tion estimation as a spherical point-set alignment (i.e., the
Wahba problem for 3D unit vectors). We introduce three
novel algorithms: (1) SPMC (Spherical Pattern Matching
by Correlation), (2) FRS (Fast Rotation Search), and (3)
a hybrid approach (SPMC+FRS) that combines the advan-
tages of the previous two methods. Our experiments demon-
strate that in the S? domain and in correspondence-free
settings, our algorithms are over 10x faster and over 10x
more accurate than current state-of-the-art methods for the
Wahba problem with outliers. We validate our approach
through extensive simulations on a new dataset of spherical
patterns, the “Robust Vector Alignment Dataset.”

Furthermore, we adapt our methods to two real-world
tasks: (i) Point Cloud Registration (PCR) and (ii) rotation
estimation for spherical images. In the PCR task, our ap-
proach successfully registers point clouds exhibiting over-
lap ratios as low as 65%. In spherical image alignment,
we show that our method robustly estimates rotations even
under challenging conditions involving substantial clutter
(over 19%) and large rotational offsets. Our results high-
light the effectiveness and robustness of our algorithms in
realistic, complex scenarios. Our dataset and code are
available at: hitps://github.com/ARLab-VT/Robust-Vector-
Set-Alignment

1. Introduction

The classical Wahba Problem [71] seeks to determine the
rotation between two coordinate frames based on vector
observations in each frame. Alongside the Wahba prob-
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Figure 1. Applications of our algorithms. (a) The spherical point
pattern registration algorithm takes a template point cloud and a
rotated, noisy source point cloud and performs registration to align
the source to the template. (b) 3D object point clouds can be
embedded onto a sphere using spherical embeddings, such as the
Extended Gaussian Image (EGI) or our method, Centroid Aware
Spherical Embedding (CASE), to perform rotation estimation. (c)
Our method can be adapted for spherical image registration with
large perturbations and noise.
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lem, the closely related Orthogonal Procrustes Problem
[26] is foundational to rotation search [6, 28]. Rotation
search is a fundamental task in various applications, in-
cluding attitude estimation [13, 16], point cloud registra-
tion [8, 14, 39], image stitching [54, 73], 3D reconstruction
[9], and robotics [7], among others. For closed-form cases
where true one-to-one correspondences are provided, the
problem is considered solved with elegant solutions such as
those in [3, 30, 34]. However, in real-world, non-closed-
form scenarios, the problem remains challenging and far
from resolved.

While the Wahba problem is generally defined for vec-
tor observations of arbitrary dimension, including both unit
and non-unit vectors, we focus on 3D unit vectors. In this
case, the observations can be interpreted as points on the
unit sphere S2. For example, in Fig. 1(b), top row, two
point clouds of a guitar—source (blue) and target (red)—are
shown on the left. In the middle, these 3D point clouds are
encoded as 3D unit vectors from the origin using the Ex-
tended Gaussian Image (EGI) embedding [29]. We can es-
timate the rotation of this spherical embedding, then apply
the resulting rotation to the original 3D point clouds to align
them. Thus, estimating the rotation between two spherical
patterns can be treated as a variant of the Wahba problem.

The problem of rotation estimation between two spher-
ical patterns is usually approached using spherical cross-
correlation of spectral coefficients [46—48]. Typically,
spherical patterns are transformed into the frequency
domain using spherical harmonics.  Spherical cross-
correlation [66] is then applied, where each potential ro-
tation of the target set is evaluated against the reference set
based on a correlation score that measures alignment. The
rotation maximizing this cross-correlation score is identi-
fied as the optimal rotation.

In general, spherical cross-correlation has shown
promising results across various applications, including
camera pose estimation [47], point cloud registration [49],
shape alignment [27], and localization using catadioptric
cameras [43]. It has also been used in other areas such
as analyzing 3D radiation patterns of musical instruments
[12] and spherical cortical surface registration [80, 81]. Im-
portantly, the development of spherical CNNs [20, 22] has
relied heavily on spherical cross-correlation operations.

However, these methods have certain drawbacks.
The accuracy of spherical cross-correlation methods is
resolution-dependent on the rotation space [47]. The com-
putational complexity of these methods is O(N2 log(Ny)),
where N represents the sampling of the rotation space [66],
constrained by the bandwidth, or the number of spherical
harmonic coefficients retained [47]. This complexity re-
stricts the scalability of methods that depend on spherical
cross-correlation [22]. Furthermore, limited studies have
examined performance under conditions of high rotation

errors, where the entire SO(3) space may need to be ex-
plored. For instance, in [47], the authors found their method
performed well for source rotation errors (Euler angle )
around 60 degrees, but struggled beyond 75 degrees. Our
work aims to address these limitations of spherical cross-
correlation. Our contributions are outlined below:

* We introduce two novel algorithms for spherical point-
pattern registration, along with a third hybrid algorithm
that combines the two. These solve the Wahba problem
in the presence of noise and outliers. Through extensive
analysis on simulated data, we demonstrate how the hy-
brid algorithm effectively addresses these limitations.

* We show that our algorithms operate with O(n) time
complexity, ensuring both speed and scalability.

* We demonstrate the adaptability of our algorithms for
point cloud registration, encompassing both complete-
to-complete and partial-to-complete tasks. Additionally,
we present the Centroid Aware Spherical Embedding
(CASE) method, which converts 3D object point clouds
onto a unit sphere to facilitate point cloud registration.

* We propose a novel approach for converting spherical
images to spherical point clouds, enabling tasks such as
rotation estimation between two spherical images. Our
method can accurately estimate rotation even when one
image undergoes large rotations and contains clutter.

* We present the “Robust Vector Alignment Dataset,”
which includes 5 template spherical patterns and 700
source patterns per template (a total of 3500 patterns)
generated by 100 rotations randomly sampled over the en-
tire rotation space (SO(3)), with varying levels of noise
and outliers.

2. Related Work

A vast literature addresses the Wahba problem. In the sim-
plest case—where there is no noise, no outliers, and true
one-to-one correspondences are provided—closed-form so-
lutions exist for both the Wahba problem [3, 24, 30, 31, 35,
51, 63] and the Orthogonal Procrustes Problem [64], where
orthogonal matrices are sought instead of a rotation matrix.
When vector observations are noisy or when the source
set contains more observations than the reference set, one
common practice is to estimate correspondences using var-
ious feature descriptors [17, 21, 60, 70]. Howeyver, falsely-
identified correspondences can introduce inaccuracies.
Local optimization methods are often used to solve these
correspondence-based approaches [1, 8, 14, 19, 33, 52, 56,
59, 73, 74], as well as robust methods based on RANSAC
[23, 40, 41, 68]. However, the success of these methods
largely depends on the quality of correspondences detected
by front-end feature detectors [69], and detecting robust
correspondences is computationally costly for larger point
clouds. To address this, some newer approaches focus on
outlier removal [10, 53, 54, 65]; however, they still rely









Algorithm 2 FRS: Fast Rotation Search

Input: Target spherical point cloud A, source spherical
point cloud B, bin multiplier K = 1, max iterations = 50,
target shift st = 0

Output: Rotation matrix R aligning B to A

1: Compute axis direction angles of A . N
angles

2: Compute fixed 1D histograms for A with k 360 bins.
Generate three fixed histograms, one for each axis di-
rection angle.

3 array of

3: Initialize Set B B,i 0

4: whilei <max_iterations do

5: Compute axis direction angles of Set_B

6: Compute 1D histograms for Set _B along each axis

7: Perform 1D circular cross-correlation between
the fixed and moving histograms to find x_shift,
y-shift,z_shift

8: Compute rotation matrices Rygnifi, Ryshift, Rz it
based on shifts

9: Combine rotations R~ R; Ry Ry

10: if x_shift = st and y_shift = st and
z_shift = st then

11: break

12: end if

13: Update Set B rotate(B;R)

14: i i+1

15: end while

16: Compute Ry using closed-form solution from initial
and final Set B

17: return Ry

4.4. Computational Complexity

The following is a breakdown of the computational com-
plexity of our algorithms.

SPMC: Referring to the algorithm described in Sec. 4.1,
from Step 1 to Step 3: obtaining the mean directions, pro-
jecting to the North Pole, performing 2D projection, and
histogram binning each have a computational complexity
of O(n). Step 4, which involves performing a 1D cross-
correlation, operates in constant time O(1), as the corre-
lation is between histograms with a fixed number of bins.
Additionally, the rotation estimation in Eq. (5) also runs in
O(1). Therefore, the overall complexity of the SPMC algo-
rithm is approximately O(n).

FRS: Computing the axis direction angles and histogram
binning both operate in O(n) time. Subsequently, the algo-
rithm employs a 1D cross-correlation procedure analogous
to SPMC, iterating up to a maximum of K times (we set
K = 50). Although our experiments indicate that the algo-
rithm converges on average in 11 iterations—with a maxi-
mum observed of 34 iterations—we conservatively choose

K =50 as an upper bound. More details are provided in the
Supplementary Material, Sec. 9.2. Consequently, this step
has a complexity of at most K O(1). Finally, estimat-
ing the final rotation via a closed-form solution also runs in
O(n) time. Overall, the FRS algorithm operates in linear
time, O(N).

SPMC+FRS: Since both SPMC and FRS run at O(n),
we can conclude that SPMC+FRS also runs at O(n).

5. Experiments

5.1. Experiment 1: Robust Alignment

Sec. 9.1 in the Supplementary Material provides an ex-
planation of the datasets and methods for this experiment.
Briefly, datasets A1-As are five spherical patterns with dif-
ferent features such as islands, lines, and non-uniform den-
sities; noise patterns B1-B7 are added, then these are ro-
tated in 100 different random orientations. We compare
our algorithms against FPFH+QUASAR, where correspon-
dences are provided by FPFH [60] and QUASAR [73] con-
ducts registration. QUASAR is used because it achieved
state-of-the-art results for the Wahba problem, even with up
to 95% outliers, when correspondences were given.

Results and Analysis of Robust Alignment: As shown
in Fig. 4, SPMC+FRS consistently achieves the best per-
formance across all datasets, with a median rotational an-
gle error of less than 1° when combining all datasets. In
contrast, the FPFH+QUASAR results reveal challenges in
finding the optimal rotation: while the backend can be cer-
tifiably optimal, they may still fail if the correspondence
detection produces inaccurate results [69].

The FPFH+QUASAR results also underscore the
dataset-dependent difficulty of finding correspondences in
spherical data. For example, in the one-to-one cases for
datasets A1B1 and A2B1, FPFH+QUASAR achieves a me-
dian angular error of 0:11° and 0:04°, respectively. How-
ever, for other one-to-one cases like A3B1, A4B1, and
A5SB1, median errors exceed 100°. This discrepancy re-
flects the challenges feature detectors face with spheri-
cal point clouds: unlike object point clouds with multidi-
mensional depth and non-uniform surfaces, spherical point
clouds on a unit sphere have a uniform surface and lack
depth, complicating correspondence detection. In con-
trast, SPMC+FRS consistently finds near-optimal rotations
across all datasets, demonstrating its robustness.

In Dataset Ay, FRS alone performs sub-optimally,
whereas SPMC+FRS achieves excellent registration across
all rotation combinations. This suggests that the FRS al-
gorithm alone is sensitive to initialization, especially for
shapes with sharp features and localized points (e.g. con-
centrated on only one side of the sphere).

In Dataset As, the accuracy of SPMC decreases (median
error rising from 0:24° to 11:32°) as the number of outliers
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Figure 4. Quantitative results of our algorithms and FPFH+QUASAR on the “Robust Vector Alignment Dataset” and Rotation Dataset
(R100). For each dataset, both methods display all 7 source set configurations in box plots. The median value of each box plot is noted
below each plot. The 7 configurations, labeled B1 through B7, are arranged from left to right, as shown in the zoomed-out section of the
plot for Dataset 3. In the bottom right, the distribution of 100 rotations (R100) over the SO(3) space is displayed.
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Figure 5. Analysis of time taken of our algorithms and

FPFH+QUASAR on “Robust Vector Alignment Dataset”. The
median value of each box plot is written below each plot. For each
method results of the 7 configurations, labeled B1 through B7,
are arranged from left to right, as shown in the result of SMPC.

increases (from B1 to B7). This is due to SPMC aligning
the mean of the source and destination clouds at the North
Pole. When there are many (e.g., 90%) added outliers, the
mean shifts toward the outliers, affecting the alignment.

As shown in Fig. 5, our algorithms operate in under 1
second across all cases, whereas FPFH+QUASAR has a
median computation time of approximately 23.18 seconds.
This suggests that our algorithm can efficiently handle large
point clouds without compromising accuracy.

Experimental Computational Complexity: In Fig. 6,
we experimentally show the computational complexity of
our method. For the template cloud, we use Dataset Az and
resample points at different scales ranging from 103, 104,
105, 108, to 107. We then generate source sets by applying
20 random rotations to each scale. The results show that for
larger point sets (10°, 108, and 107), the plot exhibits near-
linear time complexity O(n). There is some variability in
FRS due to fluctuations in the number of iterations required.
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Figure 6. Computational Complexity of our algorithms. Time
taken versus the number of points in the source set (B3) and tem-
plate set (A3), evaluated across 20 rotations. The X-axis repre-
sents the number of source and template points, while the Y-axis
displays the time taken in logarithmic scale.  is the empirical
slope of runtime scaling for SPMC.

5.2. Experiment 2: Point Cloud Registration

In this experiment, we implemented our algorithm for
both complete-to-complete (Comp2Comp) and partial-to-
complete (Part2Comp) point cloud registration with the
Modelnet40 dataset [72]. Additional details and compar-
isons with the 3DMatch [79] and KITTI [25] datasets are in
the Supplementary Material, Sec. 10.

Spherical Embedding for Point Cloud: Our method
starts with representing the point cloud in a robust spheri-
cal embedding, such as the Extended Gaussian Image (EGI)
[29], which maps surface normals onto the sphere. Nor-
mals are computed by fitting planes to local neighborhoods
found via a KD-tree (with a specified search radius), and
then refined using to ensure normal consistency across the
surface. We use EGI in our method and additionally use
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