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Supplementary Material

In appendix, we provide additional details and experi-
mental results to enhance understanding and insights into
our proposed method. This supplementary document is or-
ganized as follows:

• Detailed Dataset Information: Comprehensive details
about the datasets used in our experiments, including
their key characteristics and distributions, are provided.

• Text Templates for Each Dataset: The text templates
used in our experiments for each dataset are listed for
reproducibility.

• Further Discussion on Related Work: We presented
further details of the baselines and highlighted the dis-
tinctions between our approach and theirs.

• Additional Experimental Results: We provide the ac-
curacy of our method based on the ResNet-50 backbone
on natural distribution shifts and cross-dataset general-
ization, and also provide ablation experimental results
of alignment loss, contrast loss, and sensitivity analysis
of negative cache size.

• Theoretical Analysis: A formal derivation is provided
to demonstrate that, compared to using an entropy cache
alone, the addition of an align cache results in a lower
excess error bound, thereby improving generalization
performance.

A. Detailed Dataset Information
In Table A1, we provide comprehensive statistics for each
dataset utilized in our experiments, detailing the number of
classes, the sizes of the training, validation, and test sets,
as well as their associated original tasks. These datasets
have emerged as key benchmarks for evaluating the test-
time adaptation of vision-language models [9, 17, 33, 36].

B. Text Templates for Each Dataset
In Table B2, we detail the specific hand-crafted prompts uti-
lized for each dataset, following previous work [17]. We
also employ CuPL [27] prompts to further enhance perfor-
mance.

C. Further Discussion on Related Work
We acknowledge that our approach shares some high-level
similarities with certain existing methods; however, there
are some critical differences. In the following, we discuss

Table A1. Statistics of datasets used in our experiments.

Dataset Classes Train Val Test Task

Standard benchmarks
Caltech101 [8] 100 4 128 1 649 2 465 Object recognition
DTD [5] 47 2 820 1 128 1 692 Texture recognition
EuroSAT [14] 10 13 500 5 400 8 100 Satellite scene classification
FGVCAircraft [22] 100 3 334 3 333 3 333 Aircraft type recognition
Flowers102 [24] 102 4 093 1 633 2 463 Flower species classification
Food101 [3] 101 50 500 20 200 30 300 Food image classification
ImageNet [7] 1 000 1.28 M — 50 000 Large-scale object recognition
OxfordPets [26] 37 2 944 736 3 669 Pet breed recognition
StanfordCars [18] 196 6 509 1 635 8 041 Car model recognition
SUN397 [37] 397 15 880 3 970 19 850 Scene recognition
UCF101 [35] 101 7 639 1 898 3 783 Action recognition

Robustness benchmarks
ImageNet-V2 [31] 1 000 — — 10 000 Collocation robustness
ImageNet-A [15] 200 — — 7 500 Natural adversarial robustness
ImageNet-R [6] 200 — — 30 000 Multi-domain robustness
ImageNet-S [13] 1 000 — — 50 899 Sketch-domain robustness

Table B2. Textual prompts template used in experiments.

Dataset Prompts

Caltech101 [8] “a photo of a {CLASS}.”
DTD [5] “{CLASS} texture.”
EuroSAT [14] “a centered satellite photo of {CLASS}.”
FGVCAircraft [22] “a photo of a {CLASS}, a type of aircraft.”
Flowers102 [24] “a photo of a {CLASS}, a type of flower.”
Food101 [3] “a photo of {CLASS}, a type of food.”
OxfordPets [26] “a photo of a {CLASS}, a type of pet.”
StanfordCars [18] “a photo of a {CLASS}.”
SUN397 [37] “a photo of a {CLASS}.”
UCF101 [35] “a photo of a person doing {CLASS}.”

“itap of a {CLASS}.”
ImageNet [7] “a origami {CLASS}.”
ImageNet-S [13] “a bad photo of the {CLASS}.”
ImageNet-R [6] “a photo of the small {CLASS}.”
ImageNet-V2 [31] “a photo of the large {CLASS}.”
ImageNet-A [15] “a {CLASS} in a video game.”

“art of the {CLASS}.”

the distinctions between our method TDA [17], DPE [39]
and PromptAlign [1] individually, and further compare var-
ious approaches from several perspectives as summarized
in C3. Moreover, following these comparisons, we devote
an entire chapter to Prototype Learning to further discuss
prototype-based research.

C.1. TDA [17]
While both DMN [45] and TDA [17] enhance test-time gen-
eralization by storing historical test samples in a cache or
memory module, they share some similarities in this re-
gard. However, these methods rely solely on entropy to as-
sess sample quality, which limits the potential benefits of
caching. In contrast, our MCP method fully leverages cat-
egory distribution information by introducing an alignment



Table C3. Comparison of different methods. Multimodal: whether multimodal learning is employed; HistInfo: whether historical
information is utilized; NoEncGrad: no access to encoder gradients; NoExtraData: no requirement for extra data or models; HighEntro:
leverages information from high-entropy samples ; ExpTestDist: explicitly considers the distribution of test samples.

Method Multimodal HistInfo NoEncGrad NoExtraData HighEntro ExpTestDist

TPT ✗ ✗ ✗ ✓ ✗ ✗
DiffTPT ✗ ✗ ✗ ✗ ✗ ✗
PrompAlign ✓ ✗ ✗ ✗ ✗ ✓

TDA ✗ ✓ ✓ ✓ ✓ ✗
DMN ✗ ✓ ✓ ✓ ✗ ✗
BoostAdapter ✗ ✓ ✓ ✓ ✗ ✗
DPE ✓ ✓ ✓ ✓ ✗ ✗

MCP ✗ ✓ ✓ ✓ ✓ ✓
MCP++ ✓ ✓ ✓ ✓ ✓ ✓

cache to promote intra-class compactness, thereby further
enhancing the performance gains from caching. Moreover,
MCP++ incorporates learnable residual parameters to refine
prototype representations, enabling the model to dynami-
cally adapt based on test samples.

C.2. DPE [39]
Similarly, DPE [39] relies solely on entropy as the crite-
rion for caching samples and does not utilize high-entropy
samples within the test stream. Its performance gains pri-
marily come from evolving visual and textual prototypes to
enhance the model’s generalization capability during test-
ing. In contrast, our MCP method requires no additional
training and achieves superior performance and higher ef-
ficiency than DPE by fully exploiting the complementary
multi-cache mechanism.

Similar to DPE, MCP++ augments both visual and tex-
tual prototypes with learnable residual vectors, and per-
forms multimodal fine-tuning. However, the three-way
cache (Entropy, Align, Negative) supplies a diverse, com-
plementary test sample set, and the Prototype Center con-
straint pushes the visual prototypes to high quality before
any multimodal residual tuning. As a result, turning off
residual tuning (i.e., MCP++ → MCP) causes only a mi-
nor drop, whereas the same ablation on DPE leads to a
much larger degradation showing that that our initial pro-
totypes are intrinsically stronger. Moreover, DPE lever-
ages only low-entropy samples and lacks a negative cache to
constrain and calibrate its visual prototypes. Furthermore,
our method does not adopt the textual prototype evolution
mechanism used in DPE.

C.3. PromptAlign [1]
PromptAlign [1] is the only existing method that explic-
itly considers the distribution of test samples. However, it
still differs significantly from our MCP approach. Specif-
ically, PromptAlign relies on an ImageNet subset as the
source domain and computes the mean and variance of the

token representations produced by the CLIP encoder on this
subset. At test time, it constrains the prompt-tuning pro-
cess by aligning the token statistics of test samples to the
source-domain statistics, thereby reducing the domain shift
between source and test domains. In contrast, MCP requires
no ImageNet subset for initialization; instead, it dynami-
cally constructs the Prototype Center at test time by com-
bining textual and visual information and uses this center
solely for sample selection rather than as part of the op-
timization loss. Moreover, MCP does not access internal
token-level statistics (such as mean and variance) of the en-
coder, but only retrieves the final [CLS] embedding and ap-
plies a lightweight residual vector for fine-tuning.

C.4. Prototype Learning
Prototype learning was formally introduced to the few-shot
classification paradigm by Snell et al. [34] and has since
rapidly expanded into a wide array of research domains: se-
mantic segmentation [21, 32], object detection [16], OOD
detection [19], continual learning [10, 11, 30], action recog-
nition [23], domain adaption [2, 12, 20, 25, 29, 36, 38, 39,
43, 44, 47]. Similar to previous work [12, 36, 38, 39], we
construct text prototypes by averaging the embeddings of
multiple prompts and derive visual prototypes by averaging
the cached image features. Because plain averaging often
yields prototypes that are neither discriminative nor robust,
much recent research has focused on refining or calibrating
prototype quality. Representative approaches include: DPE
[39], which co-evolves visual and textual prototypes while
learning a multimodal residual online for precise align-
ment; ClusterAdapter [12], which clusters prototypes and
performs fine-grained tuning inside a lightweight adapter;
TPS [36], which combines richer textual descriptions with
online residual learning to correct text prototypes; BPRE
[28], which introduces a multidimensional quality-aware re-
ward and a prototype–reward interactive evolution mecha-
nism; and ProtoMM [47] aligns visual and textual particles
via optimal transport and dynamically re-weights them to



Table C4. Results on the Cross-Domain Benchmark. Top-1 accuracy (%) results are presented for all evaluated methods employing the
ResNet-50 visual backbone of CLIP. The best results are highlighted in bold.

Method Aircraft Caltech Cars DTD EuroSAT Flower Food101 Pets SUN397 UCF101 Average

CLIP–ResNet50 15.66 85.88 55.70 40.37 23.69 61.75 73.97 82.57 58.80 58.84 55.82
CoOp 15.12 86.53 55.32 37.29 26.20 61.55 75.59 87.00 58.15 59.05 56.18

TPT 17.58 87.02 58.46 40.84 28.33 62.69 74.88 84.49 61.46 60.82 57.66
DiffTPT 17.60 86.89 60.71 40.72 41.04 63.53 79.21 83.40 62.72 62.67 59.85

TDA 17.61 89.70 57.78 43.74 42.11 68.74 77.75 86.18 62.53 64.18 61.03
DMN 22.77 90.14 60.02 50.41 48.72 67.93 76.70 86.78 64.39 65.34 63.71
DPE 19.80 90.83 59.26 50.18 41.67 67.60 77.83 85.97 64.23 61.98 61.93

MCP 23.04 90.99 61.27 53.19 55.60 68.49 78.37 87.35 65.39 67.14 65.08
MCP++ 23.40 91.13 61.76 53.61 55.74 69.96 78.44 87.49 65.55 67.86 65.49

Table C5. Results on the OOD Benchmark. Top-1 accuracy (%) results are presented for all evaluated methods employing the ViT-B/16
visual backbone of ResNet-50. The best results are highlighted in bold

Method ImageNet A V2 R S OOD Avg. Average

CLIP–ResNet50 58.16 21.83 51.41 56.15 33.37 40.69 44.18
CoOp 63.33 23.06 55.40 56.60 34.67 42.43 46.61

TPT 60.74 26.67 54.70 59.11 35.09 43.89 47.26
DiffTPT 60.80 31.06 55.80 58.80 37.10 45.69 48.71

TDA 61.35 30.29 55.54 62.58 38.12 46.63 49.58
DMN 63.87 28.57 56.12 61.44 39.84 46.49 49.97
DPE 63.41 30.15 56.72 63.72 40.03 47.66 50.81

MCP 64.19 29.30 56.93 64.40 41.16 48.02 51.20
MCP++ 64.44 29.29 57.12 64.92 41.35 48.17 51.42

refine multimodal prototypes. Our method MCP boosts vi-
sual prototype quality without extra training by screen-
ing test samples on two criteria, entropy and distance to the
prototype center. The extended variant, MCP++, performs
prototype residual tuning at test time, incorporating cross-
modal alignment and negative-sample distance constraints
to further improve prototype accuracy and robustness.

D. Additional Experimental Results

D.1. Cross-Dataset Generalization
Table C4 presents the results of our cross-dataset general-
ization experiments on the ResNet-50 backbone, compar-
ing our method against state-of-the-art approaches across
ten diverse datasets. The results demonstrate that our pro-
posed methods, MCP and MCP++, achieve superior per-
formance under significant distributional shifts. On the
ResNet-50 backbone, our methods achieve the best perfor-
mance on 9 out of 10 tasks, with MCP++ obtaining the
highest average accuracy of 65.49%. Compared to both
prompt-based methods (e.g., CoOp [46], TPT [33], and
DiffTPT [4]) and cache-based methods (e.g., TDA [17],
DPE [39], DMN [45]), MCP and MCP++ achieve superior
results.

D.2. Natural Distribution Shifts

We evaluate the robustness of our proposed methods on in-
domain ImageNet and its four out-of-distribution variants
using the ResNet-50 backbone, with the results presented in
Table C5. Our approach outperforms leading prompt-tuning
methods, achieving a 4.16% improvement over TPT with
MCP++ and a 2.71% improvement over DiffTPT. When
compared to cache-based methods, MCP++ surpasses TDA
by 1.84%, DMN by 1.45%, and DPE by 0.61%. This re-
sult indicates that our method is generally effective in both
domain-specific variations and out-of-distribution robust-
ness scenarios, demonstrating its ability to maintain high
performance under natural distribution shifts.

D.3. Ablation Study Results for Losses

As shown in Table D6, introducing either the alignment or
contrastive loss improves model performance compared to
the baseline. Specifically, applying only the alignment loss
yields 30.07% accuracy, while the contrastive loss alone
achieves 29.92%. Notably, combining both losses leads
to the best result, with 30.18% accuracy on the Aircraft
dataset.



Table D6. Ablation Study Results for Align and Contrast Losses

Lalign Lcontrast Aircraft

29.74
✓ 30.07

✓ 29.92
✓ ✓ 30.18

D.4. More Sensitivity Analyses of Cache Size
In Fig.4 (Middle), we have analyzed the sensitivity of model
performance to the sizes of the Align Cache and Entropy
Cache on cross-domain datasets. We further investigate the
effect of the Negative Cache size on the model’s adaptation
capability.

As shown in Table D7, the model achieves optimal per-
formance when the negative cache size is set to a moderate
value (e.g., 3), while both smaller and larger cache sizes
lead to performance degradation. This observation suggests
that a moderate number of high-entropy negative samples
helps mitigate the impact of noisy pseudo-labels and sup-
press misclassification near category boundaries. However,
an excessive number of negative samples may introduce ad-
ditional noise, impairing the model’s discriminative ability.

Overall, model performance exhibits a certain degree of
sensitivity to cache size. Larger cache capacity does not
necessarily yield better results; instead, a balance must be
struck between “information coverage” and “representation
purity.” In addition, we observe that the optimal cache con-
figuration may vary across datasets. To ensure consistency
and fairness throughout all experiments, we adopt a uni-
fied configuration of |M entropy

c | = 10, |M align
c | = 10, and

|M negative
c | = 3.

Table D7. Effects of different negative cache sizes on cross-
domain datasets under ResNet-50.

Negative Cache Size 2 3 5

Accuracy (%) 64.97 65.08 64.73

E. Theoretical Analysis
In this section, we demonstrate that incorporating Align
Cache further reduces the error upper bound compared to
using only Entropy Cache. First, we present the fundamen-
tal theoretical setup for our analysis; then, we introduce
several key assumptions. Finally, we derive the error up-
per bounds for both approaches and prove that the method
employing Align Cache achieves a tighter bound. We adopt
the proof strategy of BoostAdapter [41]. Unlike their set-
ting, which automatically satisfies the Strong Density Con-
dition in Assumption E.4 (i.e., ca > ct) due to its construc-
tion, our setting does not guarantee this inequality a priori.

Therefore, we explicitly prove that ca > ct holds within our
framework.

E.1. Problem Setting.
We formalize the foundational setup for test-time adapta-
tion. Consider a binary classification task (extensible to
multi-class scenarios) with joint data distribution pt(x, y)
over the target domain. Assume we observe n i.i.d. test
samples:

{(xi, yi)}ni=1
i.i.d.∼ pt(x, y)

where yi ∈ {0, 1} represents one-hot encoded labels in the
binary case (and, in the multi-class case, yi is an one-hot
vector of length N ).

E.2. Definitions
Classification Error. For a binary classifier f : X →
{0, 1}, its error under distribution pt(x, y) is defined as:

ϵ(f) = Ept(x,y)[1{f(x)̸=y}] = Ept(x,y)[|f(x)− y|] (1)

The equality holds specifically for binary classification.

Excess Error. Let f∗ denote the Bayes-optimal classifier
defined as

f∗(x) = I{η(x)≥1/2}

where η(x) = E[y|x]. The excess error of f is:

E(f) = ϵ(f)−ϵ(f∗) = 2Ex∼pt(x)

[∣∣∣∣η(x)− 1

2

∣∣∣∣ · I{f(x)̸=f∗(x)}

]
(2)

Cache Classifier. Given an encoder g : X → Rd and a
cache of K stored samples, Tip-Adapter [40] proposes

pcache(x) = A
(
g(x)G⊤

cache

)
Y, (3)

where A(z) = α exp
(
−β(1 − z)

)
is a scaling function,

Gcache ∈ RK×d contains features of cached samples, and
Y ∈ RK×N holds their labels.

Aligned Distribution pa(x) In addition to the original
target distribution pt(x, y), we define an aligned distribution
pa(x) that focuses on test samples near a category anchor
µc ∈ Rd. Specifically, we retain only those x satisfying

∥g(x)− µc∥ ≤ d0,

where d0 > 0 is a constraint threshold. Formally,

pa(x) = pt
(
x | ∥g(x)− µc∥ ≤ d0

)
.

Hence, pa(x) captures the center-constrained subset of the
target domain.



Aligned Cache Classifier. While existing cache-based
methods generally keep only historical test samples, we fur-
ther incorporate aligned samples near µc. Suppose kt his-
torical samples and ka aligned samples reside in the cache.
Building on Eq. 3, we define:

palign(x) = A
(
g(x) G̃⊤

cache

)
Ỹ , (4)

where G̃cache ∈ R(kt+ka)×d mixes historical and aligned
features, and Ỹ ∈ R(kt+ka)×N is the corresponding label
matrix.

E.3. Practical Implementation.
In practice, we adopt an entropy-based threshold to pick re-
liable historical samples, and require ∥g(x)− µc∥ ≤ d0 for
the aligned ones. The distance d0 is computed dynamically
from the cache statistics, defined as the distance between
the class anchor µc and the farthest retained sample in the
cache. Each class is capped at k slots, replacing higher-
entropy or out-of-reach samples. We omit further details
here, as our main focus is on the theoretical guarantees.

E.4. Assumptions
Strong Density Condition. Let x0 be any test sample
from pt(x) and also from the aligned distribution pa(x0).
We assume there exist positive constants m and M , scaling
factors ct and ca, and a radius R > 0. Define B(x, r) =
{x′ | ∥x′ − x∥ ≤ r}. We assume pt(x) and pa(x0) are
absolutely continuous w.r.t. the Lebesgue measure λ in Rd.
Then, for any r ∈ (0, R],

λ
[
pt(x) ∩ B(x0, r)

]
≥ ct λ

[
B(x0, r)

]
,

λ
[
pa(x0) ∩ B(x0, r)

]
≥ ca λ

[
B(x0, r)

]
,

m < dpt(x)
dλ < M, m < dpa(x)

dλ < M.

Intuitively, in any local region, the target distribution occu-
pies at least ct fraction of that area’s mass, while the aligned
distribution pa has an area fraction ca that is strictly greater
than ct.

Proof of ca > ct. Recall that we defined the aligned distri-
bution as

pa(x) = pt

(
x | ∥g(x)− µc∥ ≤ d0

)
,

which, by the definition of conditional probability, can be
written as

pa(x) =
pt(x)

P (∥g(x)− µc∥ ≤ d0)
, for ∥g(x)− µc∥ ≤ d0.

Now, consider any test sample x0 and any ball B(x0, r)
(with r ∈ (0, R]) that is fully contained in the region

{x : ∥g(x)− µc∥ ≤ d0}.

For the aligned distribution, the probability mass within
B(x0, r) is given by

λ
[
pa(x) ∩ B(x0, r)

]
=

∫
B(x0,r)

pa(x) dx

=
1

P (∥g(x)− µc∥ ≤ d0)

∫
B(x0,r)

pt(x) dx.

(5)

By the Strong Density Condition for the target distribution,
we have ∫

B(x0,r)

pt(x) dx ≥ ct λ
[
B(x0, r)

]
.

Thus,

λ
[
pa(x)∩B(x0, r)

]
≥ ct

P (∥g(x)− µc∥ ≤ d0)
λ
[
B(x0, r)

]
.

By definition of the local density constant for the aligned
distribution, we require that

λ
[
pa(x) ∩ B(x0, r)

]
≥ ca λ

[
B(x0, r)

]
.

Comparing the two inequalities, it follows that

ca ≥ ct
P (∥g(x)− µc∥ ≤ d0)

.

Since the filtering condition ensures that not all samples sat-
isfy ∥g(x)− µc∥ ≤ d0, we have

P (∥g(x)− µc∥ ≤ d0) < 1.

Therefore, it must hold that

ca > ct.

L-Lipschitz Condition. We assume there is a positive con-
stant L such that the classification function f is L-Lipschitz:

|f(x)− f(x′)| ≤ L ∥x− x′∥.

Intuitively, f is smooth, so small changes in input cannot
produce large output variations.

Low Noise Condition. Let β and Cβ be positive constants.
We assume that for any t > 0,

Px∼pt(x)

(∣∣f(x)− 1
2

∣∣ < t
)

≤ Cβ t
β .

Intuitively, the probability mass near the threshold (f(x) ≈
1
2 ) is small, ensuring high confidence in that region.



E.5. Proof Sketch
Under these three assumptions, we show how the cache
classifier can achieve low empirical risk by retrieving suffi-
ciently representative samples. The key arguments rely on:
• Strong Density: guarantees local coverage of the target

domain and (separately) of the aligned distribution near
µc. In particular, ca > ct implies the aligned region is
“denser” when restricted to center-based samples.

• Lipschitz Smoothness: ensures f does not fluctuate ex-
cessively around similar points.

• Low Noise: limits the mass near the decision boundary,
avoiding high uncertainty.

We leverage these properties to analyze two scenarios: one
that uses only an entropy cache, and another that combines
it with an align cache.

E.6. Propositions
Based on the above assumptions, we propose the fol-
lowing two propositions. These results were origi-
nally derived in AdaNPC[42] and further extended in
Boostadapter[41]. For more detailed derivations and
complete proofs, please refer to the appendices of both
AdaNPC[42] and Boostadapter[41].

Proposition 1 (Entropy Cache Reduces Empirical Risk).
Consider a training-free classifier f that uses only historical
low-entropy samples, as defined in Eq. 3. Let nt be the
number of confidently predicted low-entropy samples from
the target domain, and kt the subset of those stored in the
cache. Under Assumptions 1–3, and for sufficiently large
nt and kt, it holds with high probability that

E(f) ≤ O
((

1
kt

) 1
4 +

(
kt

ct nt

) 1
d
) 1+β

. (6)

This guarantees that by selecting kt high-quality historical
samples out of nt, one can achieve low empirical risk if
nt is large enough, since the cache captures representative
information from the target domain.

Proposition 2 (Entropy Cache Benefits from Align
Cache). Next, let nt again be the count of low-entropy his-
torical samples, while na is the number of aligned samples
obtained via distance-to-center filtering. Suppose the cache
stores kt low-entropy samples and ka aligned samples. Let
wti and wai denote the instance weights assigned to low-
entropy and aligned samples, respectively, with the explicit
normalization constraint

∑kt

i=1 wti+
∑ka

i=1 wai = 1. Then,
the empirical risk of f (as in Eq. 4) is bounded by

E(f) ≤ O
((

1
kt+ka

) 1
4 +

kt∑
i=1

wti

(
kt

ct nt

) 1
d

+

ka∑
i=1

wai

(
ka

ca na

) 1
d
) 1+β

.

(7)

Hence, the historical cache can reduce empirical risk even
further by incorporating ka aligned samples, thereby captur-
ing both general historical information and center-focused
aligned information about the target domain.

E.7. Proof of Proposition 2 Improvement
We now show that, incorporating aligned samples leads to
a strictly tighter error bound than using only historical sam-
ples. For a more rigorous proof, please refer to the appen-
dices of AdaNPC [42] and BoostAdapter [41].

Step 1: Retention Ratio Consistency
Let the filtering rule select samples satisfying event A
(Here, entropy is less than ≤ τ ), which is statistically in-
dependent of the alignment condition R = {x : ∥g(x) −
µc∥ ≤ d0}. Then:
• For historical samples from pt(x):

kt
nt

= pt(A)

• For aligned samples from pa(x) = pt(x | R):

ka
na

= pt(A | R)
(indep.)
= pt(A)

This implies:
kt
nt

=
ka
na

(8)

Step 2: Error Bound Reformulation
Since we have normalized weights wti, wai as:

kt∑
i=1

wti +

ka∑
i=1

wai = 1

Let a =
∑kt

i=1 wti, 1−a =
∑ka

i=1 wai. The bounds become:

• Proposition 1 (Historical only):

E(f) ≤ O

((
1

kt

)1
4

︸ ︷︷ ︸
Term 1

+

(
kt
ctnt

)1
d

︸ ︷︷ ︸
Term 2

)1+β

• Proposition 2 (Historical + Aligned):

E(f) ≤ O

((
1

kt + ka

)1
4

︸ ︷︷ ︸
Term’ 1

+

(
a
( kt
ctnt

)1
d
+ (1−a)

( ka
cana

)1
d
)

︸ ︷︷ ︸
Term’ 2

)1+β



Step 3: Strict Dominance of Proposition 2
• Sample Size Advantage(

1

kt + ka

) 1
4

︸ ︷︷ ︸
Term’ 1

<

(
1

kt

) 1
4

︸ ︷︷ ︸
Term 1

(∵ kt + ka > kt).

• Convex Combination Advantage From

kt
nt

=
ka
na

and ca > ct :

ka
cana

=
kt
cant

<
kt
ctnt

=⇒
(

ka
cana

) 1
d

<

(
kt
ctnt

) 1
d

.

Thus,

a

(
kt
ctnt

) 1
d

+ (1− a)

(
ka
cana

) 1
d

︸ ︷︷ ︸
Term’ 2

<

(
kt
ctnt

) 1
d

︸ ︷︷ ︸
Term 2

.

• Combined Effect

Term’ 1 + Term’ 2︸ ︷︷ ︸
Proposition 2

< Term 1 + Term 2︸ ︷︷ ︸
Proposition 1

.

E.8. Concluding Discussion
Overall, we have theoretically explored the problem of
test-time adaptation by developing a cache-based classifier
model and defining the relevant concepts. Under the as-
sumptions of strong density, Lipschitz smoothness, and low
noise, we analyzed the error bounds for both using only
historical samples and combining them with aligned sam-
ples. The theoretical proofs demonstrate that the overall
error bound is significantly smaller when aligned samples
are incorporated, providing solid theoretical support for the
introduction of the Align Cache method.
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