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in Volume Rendering

Supplementary Material

This supplementary material is organized as follows:

Appendix A presents two challenging applications: recon-

struction under sparse views and reconstruction from re-

flective surfaces. These scenarios often pose significant

difficulties for existing neural implicit surface techniques.

We demonstrate that UNIS effectively addresses these chal-

lenges using a typical multi-stage training strategy with tai-

lored component choices for each stage. Appendix B ex-

plores various types of prior knowledge that can be lever-

aged to enhance neural implicit surfaces. Appendix E

presents the details of using alternative implicit function

fGWN within UNIS. Appendix F discusses the assumption of

UNIS. Appendix G presents visual results for all test mod-

els listed in Table 2 of the main paper. Finally, Appendix H

discusses the potential of UNIS.

A. Applications

Sparse-view reconstruction Reconstructing 3D models

from sparse-view settings poses significant technical chal-

lenges, primarily due to the increased risk of overfitting

caused by the limited number of views. As shown in Fig. 7,

HF-NeuS [23], which decomposes the SDF into base and

displacement components, struggles in this scenario as it

tends to overfit to colors rather than accurately learning ge-

ometry. Existing methods often incorporate 2D or 3D pri-

ors to enhance training stability and robustness [18, 26, 29].

Here, we demonstrate that a two-stage UNIS training strat-

egy, without relying on any priors, can achieve satisfactory

reconstruction results. Specifically, we utilize NeuS in the

first stage to learn a coarse geometry. Subsequently, we em-

ploy a new UNIS case study, referred to as UNIS-C6, which

utilizes an exponent k = 2, the kernel function hlaplace, and

the implicit function fSDF. Computational results show that

this configuration generates a stable SDF that effectively

captures both the geometry and appearance of the target ob-

ject. See Fig. 7 for the visual results.

Reflective surfaces Reflective surfaces also pose chal-

lenges in neural rendering due to their complex light inter-

actions, which often lead to ambiguous geometry and ap-

pearance information that traditional rendering techniques

struggle to disentangle. To address these challenges, we

adopt a two-stage training strategy similar to the one used

for sparse-view reconstruction. Specifically, we utilize

UNIS-C6 in the first stage to stabilize geometry learning,

followed by NeuS in the second stage to refine both geom-

etry and appearance. See Fig. 8 for two examples from the

ShinyBlender dataset [20].

B. Supervision with priors

Beyond kernel and implicit functions, prior knowledge is

essential in volume rendering, helping to reduce ambiguity

in this inherently ill-posed problem and enhancing surface

reconstruction quality. This section discusses commonly

used priors that improve reconstruction fidelity.

B.1. Common priors

Mask supervision. Though often overlooked, the origi-

nal NeuS [22] training framework supports mask supervi-

sion for neural implicit surface representations. This mask

supervision serves as a prior by effectively distinguishing

foreground objects from the background, simplifying the

training process.

3D supervision. Geo-NeuS [6] and PG-NeuS [30] adopt

point-based supervision by identifying multiple surface

points via SfM techniques [8]. They then apply loss func-

tions to encourage the implicit field values at these points to

approach zero, guiding the network toward accurate surface

representation.

Normal and depth information. MonoSDF [28] lever-

ages a pretrained model to predict normals and depths from

monocular input images, supervising the learned distance

field to align with these predictions. Similarly, NeuRIS [21]

integrates predicted normal information into the reconstruc-

tion framework, assigning confidence scores to predictions

and using only those deemed reliable for supervision.

Environmental priors. For indoor scenes, the Manhattan

World assumption [4] is commonly applied. This assump-

tion posits that walls and floors are planar and aligned with

the coordinate axes. Manhattan-SDF [7], for example, em-

ploys image segmentation to identify walls and floors, in-

troducing a planar constraint to enforce normal consistency

across pixels within the same planar surface.

Patch warping. Patch warping leverages color informa-

tion across images to improve reconstruction fidelity. For

instance, NeuralWarp [5] incorporates color from existing

image patches alongside the color predicted by the color

networks, refining volume rendering by guiding the geom-

etry network to learn a representation closer to the ground
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Figure 7. Sparse-view reconstruction of a human head. The input consists of five images with views covering the human face. We adopt a

two-stage training strategy, using NeuS in the first stage followed by UNIS-C6 in the second stage, to effectively learn both geometry and

appearance. This figure presents the reconstructed geometry alongside six rendered images: three from training views and three from novel

views, with PSNR values reported to quantify rendering quality for each method. Due to the limited number of views, HF-NeuS tends to

overfit to colors in the training views, producing high-quality renderings for these views. However, its inability to accurately reconstruct

geometry leads to a significant drop in performance for novel views. In contrast, our method, while slightly underperforming in PSNR for

training views, effectively reconstructs both geometry and appearance, achieving much better results on novel views.

Reference GT NeuS VolSDF HF-NeuS UNIS-C6+NeuS

Figure 8. Reconstruction from reflective surfaces. UNIS-C6, combined with NeuS, achieves the best results compared to VolSDF, HF-

NeuS, and NeuS alone. In this scenario, the zero-level sets of HF-NeuS include extraneous surfaces encapsulating the object. Its visual

results shown here were obtained after removing these unnecessary components.

truth. Similarly, Geo-NeuS [6] applies a patch-based loss to

enforce multi-view geometry consistency.

Color prediction with reflection models. For reflective

objects, material-based color functions are introduced to

improve color prediction. Rather than predicting color as

a single component, many methods decompose it into dif-

fuse and specular components or BRDF parameters [2, 17,

19, 24, 31], enhancing the accuracy of reconstructed colors

for objects with reflective surfaces.

C. Proof of Theorem 1

Theorem 1. Let f(t) be a monotonically decreasing im-

plicit function along the ray r, with its zero level set defin-

ing the surface S . Modeling the accumulated transmittance

T (t) as a function derived from f(t) is equivalent to mod-

eling the volume density σ(t) using f(t). These two repre-



sentations are inter-convertible as follows:

  \nonumber T(t)=\exp \left \{-\int _0^t\sigma (u)\,\mathrm {d}u\right \},  

















and

  \nonumber \sigma (t)=-\frac {T'(t)}{T(t)}.  





Similarly, modeling color weights w(t) is equivalent to

modeling accumulated transmittance T (t) as given by:

  \nonumber w(t)=-T^\prime (t),   

and

  \nonumber T(t)=1-\int _0^tw(u)\,\mathrm {d}u.  









Proof. We present the proof by showing the transforma-

tions for w ⇔ T and T ⇔ σ, respectively.

(1) Between weights w and accumulated transmittance

T

T ⇒ w: Straightforward calculation shows

  \nonumber T^\prime (t)&=\frac {\mathrm {d}}{\mathrm {d}t}\exp \left \{-\int _0^t\sigma (u)\,\mathrm {d}u\right \} \\ \nonumber &=\exp \left \{-\int _0^t\sigma (u)\,\mathrm {d}u\right \}\cdot \frac {\mathrm {d}}{\mathrm {d}t}\left (-\int _0^t\sigma (u)\,\mathrm {d}u\right ) \\ \nonumber &=\exp \left \{-\int _0^t\sigma (u)\,\mathrm {d}u\right \}\cdot \left (-\sigma (t)\right )\\ \nonumber &= -T(t)\sigma (t)\\ \nonumber &=-w(t). 








































































 



w ⇒ T : Given that T ′(t) = −w(t), we can integrate both

hand sides to get:

  \nonumber &\int _0^tT^\prime (u)\,\mathrm {d}u = -\int _0^tw(u)\,\mathrm {d}u \\ \nonumber \Rightarrow & T(t)-T(0)=-\int _0^tw(u)\,\mathrm {d}u \\ \nonumber \Rightarrow & T(t)=1-\int _0^tw(u)\,\mathrm {d}u.





   









    









  









(2) Between accumulated transmittance T and volume

density σ

T ⇒ σ: From w(t) = T (t)σ(t), we obtain

  \nonumber \sigma (t)=\frac {w(t)}{T(t)}=\frac {-T^\prime (t)}{T(t)}. 










σ ⇒ T : The accumulated transmittance T (t) can be de-

rived directly from the density σ by the definition of accu-

mulated transmittance.

We have shown that w and T are inter-convertible. T
and σ are also inter-convertible. Therefore, modeling any

one of these three quantities is equivalent to modeling the

other two.

Remark. The weights w(t) and the volume density σ(t) can

also be directly converted into each other.

σ ⇒ w: By the definition of weights, we have

  w(t)=T(t)\sigma (t)=\exp \left \{-\int _0^t\sigma (u)\,\mathrm {d}u\right \}\cdot \sigma (t).     

















w ⇒ σ: Conversely, to convert weights w(t) back into

volume density σ(t), we need

  \nonumber \sigma (t)=\frac {w(t)}{T(t)} =\frac {w(t)}{1-\int _0^tw(u)\,\mathrm {d}(u)}. 

















D. Sufficient conditions

In the main paper, we introduced the following necessary

condition for unbiased volume density mapping:

  \sigma ^\prime (t^*)=\sigma ^2(t^*).    (25)

To establish a sufficient condition, we additionally require

that w′(t) > 0 in the vicinity of t∗ for t ≤ t∗ and w′(t) < 0
in the vicinity of t∗ for t > t∗. This ensures that w(t)
reaches its maximum value at t∗. Below, we reformulate

these requirements on the color weights w in terms of the

density function σ.

Given that: w′(t) = T (t)
[

σ′(t)− σ2(t)
]

, the sign of

w′(t) is determined by the sign of σ′(t) − σ2(t). With the

proposed mappings, we have:

σ′(t) = g1(f(t), f
′(t))f ′(t)

= cs2(f ′(t))2k+2h′
(

sf(t)(f ′(t))k
)

and:

 \sigma ^2(t)=c^2s^2(f^\prime (t))^{2k+2}h^2\left (sf(t)(f^\prime (t))^k\right ).   







To facilitate discussion, we introduce the notation

l(t) ≜ sf(t) (f ′(t))
k
.

Then, the difference between σ′ and σ2 is given by:

  \sigma ^\prime (t)-\sigma ^2(t)=s^2\left (f^\prime (t)\right )^{2k+2}\left [ ch^\prime (l(t)) - c^2 h^2(l(t))\right ].     









Thus, the sign of w′(t) is determined by:

  ch^\prime (l(t)) - c^2 h^2(l(t)). 

For w(t∗) being a maximum value, we need to ensure that

w′′(t∗) < 0, which means:

  \label {eq:wdoubleprimelessthanzero} \frac {\mathrm {d}}{\mathrm {d}t}ch^\prime (l(t^*)) - \frac {\mathrm {d}}{\mathrm {d}t}c^2 h^2(l(t^*))<0. 







   (26)

Under the assumption of ray-plane intersection, f ′(t∗) is

a constant. Therefore, we have:

  \frac {\mathrm {d}}{\mathrm {d}t}ch^\prime (l(t))=cs\left (f^\prime (t)\right )^{k+1}h^{\prime \prime }(l(t)), 


   




and:

  \frac {\mathrm {d}}{\mathrm {d}t}c^2 h^2(l(t))=2c^2s\left (f^\prime (t)\right )^{k+1}h(l(t))h^\prime (l(t)). 


   




Inequality (26) is equivalent to

 s\left (f^\prime (t^*)\right )^{k+1}\left [ch^{\prime \prime }(l(t^*))-2c^2h(l(t^*))h^\prime (l(t^*))\right ]<0. 







Since f(t∗) = 0, it follows that l(t∗) = 0. Consequently,

the above inequality simplifies to:

  \label {eq:inequ1} s\left (f^\prime (t^*)\right )^{k+1}\left [ch^{\prime \prime }(0)-2c^2h(0)h^\prime (0)\right ]<0. 





  (27)

Substituting c = h′(0)/h2(0) into (27), and noting that the

learnable parameter s > 0, we arrive at the following con-

dition:

  \label {eq:sufficient} \boxed {(f^\prime (t^*))^{k+1}\frac {h^\prime (0)}{h^3(0)}\left [h(0)h^{\prime \prime }(0)-2{h^\prime (0)}^2\right ]<0.}  










  (28)

Inequality (28), together with the condition σ′(t∗) =
σ2(t∗), forms the sufficient conditions for achieving first-

order unbiasedness. In Tab. 3, we verify that UNIS-C0

as well as the proposed UNIS-C1 through UNIS-C7 satisfy

these conditions.

Mapping (f ′(t∗))k+1 h(0) h′(0) h′′(0)

UNIS-C0 < 0 0.5 −0.25 0
UNIS-C1 < 0 0.5 −0.5 0
UNIS-C2 < 0 0.5 −0.5 0
UNIS-C3 < 0 ln 2 −0.5 0.25
UNIS-C4 > 0 0.5 0.25 0
UNIS-C5 < 0 0.5 −0.25 0
UNIS-C6 < 0 0.5 −0.5 0
UNIS-C7 < 0 0.5 −0.25 0

Table 3. Verification of the sufficient conditions for the volume

density mappings proposed in the paper.

E. Implicit function fGWN

In this section, we explore yet another implicit function,

which is defined as the generalized winding number field [1,

10].

As mentioned in the main paper, we require the implicit

function f to be positive outside and negative inside, also

not increasing through the first intersection. In practical

scenarios, the ray would generally have more than one inter-

section. Our proposed framework allows for multiple color

weight local maximum at each ray-plane intersection point,

but the volume rendering formula ensures that later inter-

sections have much fewer color weights than the first inter-

section, so that the effect is negligible. In general, we do

not impose more restrictions on the implicit function.

While signed distance fields are a prime example of

the implicit functions discussed back in Sec. 5, where

fSDF(x) = 0 for x ∈ S and ∥∇fSDF(x)∥ = 1 for x /∈ S .

Other implicit functions, such as the indicator function in

Poisson surface reconstruction (PSR) [9, 12, 13] and the

generalized winding number field [10] used in recent 3D

reconstruction methods [14–16, 27], can also be integrated

within UNIS. As shown in [3], the indicator function in

PSR is equivalent to a regularized GWN field. Therefore,

we consider the GWN field fGWN, which is governed by

Poisson’s equation with either Dirichlet or jump boundary

conditions. For points off the surface x /∈ S , they can be

regularized using Laplacian constraints, ∆fGWN(x) = 0.

Since GWN takes a value of 1 for interior points and 0 for

exterior points, with the 1
2

-level set defining the target sur-

face, we use a shifted and inverted function fGWN(x) =
1
2
− GWN(x). Fig. 9 illustrates the implicit functions fSDF

and fGWN of the Stanford Bunny model.

fSDF fGWN

Figure 9. Illustrations of fSDF and fGWN on the Stanford Bunny

model. We show cross-sectional views of the fields, visualized

with a heat color map where warm colors represent high values

and cold colors represent low values.

To illustrate training with GWN, we introduce UNIS-C7.

This method utilizes GWN as the implicit function f . Its

density mapping is as follows:

  \boxed {\sigma _{\text {UNIS-C7}}(t)=-sf_{\text {GWN}}^\prime (t)h_\mathrm {logistic}(-sf_{\text {GWN}}(t)).} \label {eq:c7}   

 (29)

For the GWN-based case study C7, we first obtain a

dense point cloud, then initialize the GWN field using



DWG [16], which is an efficient method that computes the

GWN field from unoriented points in just a few seconds.

Following this, we pretrain a lightweight MLP network to

overfit the GWN field. During the main training process,

we adopt a similar approach to [3], using a network to pre-

dict the GWN of the space for rendering, with the pretrained

network providing supervision.

We observe that when GWN is used as implicit func-

tions, its performance on Chamfer Distances is still compa-

rable to other UNIS case studies. In some cases, it signifi-

cantly improves the reconstruction quality.

F. Assumption

Following the approach in NeuS [22], we assume through-

out this paper that the target surface is locally approximated

by a plane and analyze the ray-plane intersection scenario.

This assumption is reasonable, as smooth surfaces can be

well approximated by piecewise linear functions, achieving

a quadratic convergence rate. This explains why polygonal

meshes remain the dominant representation for 3D surfaces

of arbitrary geometry.

When representing surfaces using polygonal meshes, the

local planar approximation is exact within each individual

face. The only discrepancy arises at mesh edges, where

the surface normal is discontinuous. However, these edges

form a set of measure zero in the continuous domain, mean-

ing that the assumption holds almost everywhere except at

these singularities. In practice, this suggests that ray-plane

assumptions remains valid for most rays, with only a negli-

gible subset of cases violating the assumption.

G. Visual results

Figure 10 and Figure 11 present the visual results for all test

models from the DTU dataset [11] and the OmniObject3D

dataset [25]. For each model, we include results from the

two baseline methods, VolSDF and NeuS, alongside our

proposed UNIS case studies.

H. Final remarks

UNIS decomposes the volume rendering process for neu-

ral implicit surfaces into distinct modules: kernel function

h, exponent k, implicit function f , and the incorporation of

priors. This modular design offers flexibility, enabling the

development of multi-stage training strategies for handling

challenging scenarios, with tailored component choices for

each stage. We believe that this framework holds signifi-

cant potential for guiding the advancement of new neural

implicit surface techniques and fostering further innovation

in the field.
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