A. Proofs

A.l. Proof of Lemma 2.1

Proof. Since f is sufficiently smooth in a neighborhood of (x;, t), near ¢, we can expand:

-2 [@f(xt, 1) + Vi (x4, 1) - f<xt,zs)} + O((t' — 1)),

Xy = X¢ + (t/—t>f(Xt7t) + B

and
('

=t [8tf()~(t,t)+vxf()~(t,t) -f(it,t)} + O((t = 1)%).

Xp =% + (' —t)f(X¢,t) + 5

Subtracting the expansions, we get
Xy — Ryr = [xt - it} ot — 1) (f(xt, t) — f(%e, t))

(t ~ 1

T

{@f(xt, 1) + Vaf(x, 1) - £(x0,8) — [atf(gt,t)Jrvxf(it,t).f(sct,t)}} + O((t —t)?).
Hence for small ¢’ — ¢,

X —%p =[x — %] + (£ —1) [f(xt,t) _f(sct,t)} + Ot —1)?).

After the rectification

)A{t/ = it’ —+ I‘g(Xt,it,t,tl — t) = it’ —+ (t/ _ t) |:f(Xt,t) — f(f(t,t)] + [Xt — it] .

Then
Xt — )A(t/ :[Xf/ — it/] — (tl — t) I:f(Xt,t) — f(it7t)] — [Xt — 5{4

=0((t' —t)?).

Since x+ — Xy has precisely a linear term in ¢’ — ¢ given by (' —¢) [f(x¢,t) — £(X¢, t)] plus possibly lower-order terms, we
can conclude that
[xer = %prl[2 = oll[xe —%|[2),

which completes the proof.

A.2. Proof in Definition 2.4

Throughout the proof in this and the next section, we show the result for each coordinate of x, and the claim holds by
aggregating all the coordinates together. We use x to represent a coordinate of x.

Proof. We prove each property separately.

Given that fp(z,t) = z and 2o = 1, it can be easily derived that z; = €.

Optimality. For single-core solve, R([0]) = Ine! = 1, and S([0]) = ﬁ = 115 = 1. For any I such that S(I) > 1, we
have t > 0. Denote ¢ as the solution of the i-th core at time ¢. Then we have rf = 1+t, 29 = e’. Since e’ > 1—|—t we have
) >z}, forany ¢ > 0. Suppose we have z} > z;*!, then 2}t = (et — (' —t)=1)al (¢ —t)+ 1)t < et ~tal < i,
for some ¢ < ¢’. Hence, by induction we have z} > :ct+ for any i < K — 1,t € [0,1]. In that way, we can calculate that

R(I) <2l . = Inel=t" =1 — ¢(K) <1,

Monotonicity. By induction, it suffices to show that inserting a core to I; while not changing S(I;) will improve the
reward R (I;). By the derivation in the part of optimality, and by Lemma 2.1, we have that updating with rectification can



increase the value at the same time step. Suppose the solution at time ¢ on the new inserted core is 3°", and suppose the
new core is inserted between core ¢ and core ¢ + 1. We now prove that xi“ increases for any ¢ > 0. For t; < ¢, we
calculate the contribution of xil to xi“ through rectification. Here, we choose ¢; to be the smallest ¢; such that xf;l has
a contribution to the current rectification but has no contribution to the previous rectification. Before inserting "%, the
contribution of x o x! through rectification is z? (1 4+t —ty)et~". After inserting 2"V, this contribution will either
remain the same, or increase due to the new rectification interacting with ™°V. Specifically, if rectification happens with
2™V, then this contribution will be (1 + s1)(1 + s2)e? 1. Here, s1, s2 > 0 are two times such that s; + sy = t — ¢y, thus
(14+s1)(1+82) =1+1t—t; + 8182 > 1+t~ ty. This is because the accurate solver will always contribute e*~*1, while
the coarse solver will be improved by adding a middle point. Notice that there must be at least one rectification happening

with "¢V, xffl will increase as a result.

Then, by induction, it can be easily shown that R(I;) increases after core insertion, which indicates, again by induction,
R(I1) < R(Ig) for I; g L.

For any I; as the prefix of I, suppose the last time step of I; is tx, and the last time step of Iy is tx,, with K7 < Ko.
From the result in the proof of optimality, we have that x{( > x{( 2, which means R(I) > R(Is).

Trade-off. For any speed-up ratio 1 < s; < s2, suppose by contradiction we have maxs—, R(I) < maxgsp—s, R(I).
In this case, there exists I3 such that S(I) = s and for any Iy with S(I;) = s; we have R(I) > R(I;). Still by the result
in monotonicity, we can insert an additional core to I to be I, such that I, C I} and 1 — 91—1 € I,,. Further, R(I}) > R(Io).
However, based on the part of monotonicity, we can find I that is a prefix of I and S(I}) = s1, and R(I}) > R(I}), which
is a contradiction. By contradiction, we completed the proof.

O

A.3. Proof of Theorem 2.5

Proof. Denote z¢ as the solution of the i-th core at time t, i = 1, 2, 3. Notice that the update solver solving 2 — x{, follows
the following rules: (1) Fine solver: F(zi — x?,) = xie! ~t; (2) Coarse solver: G(z} — aJ,) = zi(1 4+t —t), fori = j or
(4,7) = (1,2),(2,3).

Suppose T = [0, ¢, ==L

S

]. First, we prove the case for s < 3.

Ift<1- % then the second core will not help update any point on the trajectory of the third core, which is trivial, so

w.l.o.g we assume ¢ > 1 — 2.

Casel.s<3,1—2<¢< st

Since s > 2, we have 1 — % —t>1-—1_—351 > L which means in this case the trajectory of the third core will have

s 2s 2s?
only one multi-core communication update. Suppose there are k — 1 communications between the first and the second cores,
then w.l.o.g we can assume ¢ = (1 — 1)1.

Now, by update rules, we have z; = ef, 12 = 1 + ¢,

a3, =F(z} = 23,) + G2} — 23,) — G(ay — x7),
=e'(14+t)+ (1 +t)(e' —t—1),
= — (e —t—1)2

By induction, we can show that for: = 1,... k&

3 :F(x%z;nt) — xh) + G(‘r%ifl)t — x,) — G(x%ifl)t — z7,),
=(et —t —1) (el — (et —t — 1)) 4 (1 4 t)el =Vt
=e't — (el =t — 1)

Hence, 72, = e* — (e! —t — 1)*. By the update rule x?—§+(k—1)t = F(x?_% — x?—%-&-(k—l)t) + G(a:‘;’_% —
x?_%+(k_1)t) -G a:f_% - $§—§+(k—1)t)’ and 3 = F(mg—%-t,-(k’—l)t — x3), we can calculate that



¥ =el~(2h-1)t [(e“f—l)t (k- 1)t — 1) (L4+8) (14 (k= 1)) + ((k— 1)t +1) (X — (¢ —t — 1)’6)} :
:el—(2k—1)t(1 + (k _ l)t) [ekt _ (et - 1)k + (1 + t)(e(k—l)t _ (k‘ _ 1)t _ 1):| )

It’1l be shown later that xi{’ is maximized at £k = 2, which corresponds to ¢t = s—=1

2s
s—1 s—1
Case 2. s < 3, o St <

Suppose there are k — 1 communications between the second core and the third core, which gives t = (1 — %) % Since
¢ > 2, for the same reason as in Case 1, there will be only one communication between the first core and the second core.
Now, we have ),y = 1+ (1= D af = (1+ (1= DN+ (1 = )f). Denote 1(1 — 1) = a, then
x?l_%)% =1+ (k—1)a, x:{’_% =1+ (k—1a)(1+a).

Denote (i) = :L'?k_,'_i)a, then f(0) = (1 + (k — 1)a)(1 + a). And further, we have

fi) = (" —a—=1)f(i 1) + (a+ 1)1 + (k = 1)a)e’, (®)
fori = 1,...,k — 2. This gives (eaigll)i = (e,,,fgj;%_l +(1+a)(1+ (k—-1)a) (ﬁ) . By induction, we can
X e i+1_
calculate that % =1+a)(l+ (k- 1)a)(e“*‘2;71)_11, which gives

eT—a—1
e(i—i—l)a _ (ea —a-— 1)i+1
14+a

fG)=1+a)1+ (k—1)a) = (14 (k—1)a)(eMe — (e* —a — 1)), 9)

Now we get that f(k —2) = (14 (k — l)a)(e(k‘—l)a (e —a—1)*1).

Since communication happens between the first and second core at time 2(k — 1)a, we have

flk=1)=(e*—a—-1)f(k—2)+ (1 +a)1+ (k- 1)a)(2e* D — (k —1)a - 1),
=(e—a—1)(1+4 (k—1Da)e®* Ve — (" —a -1+ 1 +a)(1+ (k—1a)2e* 1 — (k—1)a—1),
1+ (k- 1)a) (e’w — (" —a—1)F+ (a+1)(e* D — (k- 1)a— 1)) .

Finally, we get

fk) == Dag( 1),

—e!=Ch-Da(] 4 (£ —1)a) (e’m — (" —a—1)F+ (a+1)(e* D — (k- 1)a— 1)) .

Notice that 23 = f(k) and this is exactly the same formula as in Case 1. Hence we have z§ maximized at k& = 2, which

corresponds to t = -1
S

Next, we prove the case for s > 3. In this case, the first core is completely idle in that its communication with the second

core won’t help the hit. To ensure that there exists at least one communication between the second and the third core, we
should considert > 1 — 2

2,
Case3.s>31-2<t<1

w |[=

Suppose there are kK communications between the second and the third core. In this case, t = 1 — %(1 + %)

It can be calculated that 27 = 1+ ¢, 2% _, = (1+1)(2— % — ). Denote a = . Notice that this is exactly the update
of Case 2, except that there is no communication between the first core and the second core. Hence, by the update rule 8 and
the derivation of 9, we can get that



23 = (2= (k+1D)a) (et — (¢ — g — 1)k,

Next, we prove that xi’ is maximized at k¥ = 1, which corresponds to ¢t = 1 — % The other two cases follow a similar
argument.

Denote ¢ = %, then ¢ € (0, 3]. When k = 1, a = 1 = ¢. Now it suffices to prove

(2—c—a)(e®™ —(e"—a—1)at1) < (2—2¢)(c+1)(2 —c— 1),

which is equivalent to proving, for a € (0, ¢],

2-c-a)a+ -0 - 1= 2 < @20+ HE -T2,

(10)

Notice that (2 — ¢ —a)(a+1) = —a® + (1 — ¢)a+ 2 — c increases in a for a < ¢ < 15, The last equality holds because
¢ < 1. Therefore, we have (2 — ¢ — a)(a + 1) < (2 — 2¢)(c + 1). To show equation 10, it remains to show

1. e 1
C - -tt sy oot
a+1 el ec
Define h(c) = ;_:1(1—(1—‘%1)5“)—2—1—c;'cl,thenit suffices to show h(c) < 0 for ¢ > a. Since h(a) = 0, it then
suffices to show h’(¢) < 0 for ¢ > a.
e’ a+1 a+1 . a+1.1 ¢
h'(c) = -1 - aln(l—- —)= —
(@ =5 -na- im0 2 - £

_a+1

- ((1 © e —a—1)FIn(1 - a“)l—c).

Now it suffices to show (1 — aej:l)(e“ —a—1)aln(1 -2t <.

Denote g(c) = (1 — £7)(e” —a—1)% In(1 — %)L — ¢, then we have

a

T - a_ . 1\E _at+1.1 a1\
g'(c)=(1 o 1)(6 a—1)aIn(1 )a2 In(e* —a—1) -1,
g'(c) = (1= 2" —a—1)i In(1 - a;1)$ (e —a—1)]* >0,

Since g”(¢) > 0, ¢’(c) monotonically increases in ¢. Next, we show ¢’'(c) < 0, to show which suffices to show
lim. o g'(¢) < 0. Indeed, since a € (O,%], e —a—1<es — % < 1, hence lim, o, ¢'(c)) = 0—-1 = -1 < 0.
Now we proved that ¢’(c) < 0 for ¢ > a.

Finally, it remains to show g(a) < 0 for a € (0, ], which is

a

(1— - o —a—1yma - 211

——a<0.
a+1 ee )a =

This is equivalent to proving

1
(€ —a—12l(1- "5 2@+ >0

ea

a+1
: : x a 2 a+l a 2_—ea
By the inequality In(1 + z) > = forz € (—1,0], we have (e —a —1)*In(1 — £5=) > (e —a — 1)

:

a_ 3 . a__ 3 . . . a_ . 1)\3
(e a% 1)z (—a — 1). Now it suffices to show % < a?, which is equivalent to (ee+1) < at.
e e
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Figure 5. Convergence curve on HunyuanVideo and SD3.5-Large.

B. More Experiment Results

Indeed, (e“—e+1)3 < (e* —a—1)? < a*. The last inequality holds because e* — 1 — a — a? < 0 fora € (0, 5]. Now we
have completed the proof.

Convergence curve of different initialization sequences. We additionally provide Figure 5 to show the convergence curve
of the L1-distance between the early-hit samples and the final output. The result strongly verifies the importance of initial-
ization by showing that our strategy yields remarkably faster convergence compared with uniform initialization sequence.

More qualitative results. Here we provide more qualitative results of our model in different video diffusion models and
image diffusion models. Note that we also present additional video samples obtained by our approach on the project website.

Figure 6. More results on image diffusion model Flux.



‘A bustling, futuristic street market glowing vibrantly under neon lights of cyan, magenta, and electric green. Animated holographic signs flash
dressed in cyberpunk fashion navigate the smoky [..]”

“An advanced futuristic city bathed in vibrant neon lights. Skyscrapers adorned with glowing holographic billboards rise high into the night sky.
Hovering vehicles silently glide along neon-lit highways suspended in midair. Below, bustling streets filled with people [..]”

Figure 7. More results on video diffusion model HunyuanVideo.
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